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A POSTERIORI ERROR ESTIMATES
FOR NONLINEAR PROBLEMS.
L7(0,7; L?(Q2))-ERROR ESTIMATES FOR FINITE ELEMENT
DISCRETIZATIONS OF PARABOLIC EQUATIONS

R. VERFURTH

ABSTRACT. Using the abstract framework of [9] we analyze a residual a poste-
riori error estimator for space-time finite element discretizations of quasilinear
parabolic pdes. The estimator gives global upper and local lower bounds on
the error of the numerical solution. The finite element discretizations in par-
ticular cover the so-called 6-scheme, which includes the implicit and explicit
Euler methods and the Crank-Nicholson scheme.

1. INTRODUCTION

We analyze a residual a posteriori error estimator for space-time finite element
discretizations of parabolic pdes. Each space-time element K x J contributes the
weighted sum of three terms:

1. the residual of the computed numerical solution with respect to the strong

form of the differential operator evaluated on K x J,

2. the jump across K x J of that trace operator which naturally connects the

strong and the weak formulation of the differential equation, and

3. the jump of the numerical solution across K x 9J.

Here, K stands for an arbitrary element of the spatial mesh and J denotes an
arbitrary interval of the time mesh. We could also extend our analysis to error esti-
mators which are based on the solution of auxiliary local time-dependent problems.
We do not follow this line here, in order not to overload the presentation.

In order to construct our a posteriori error estimator and to prove that it yields
upper and lower bounds on the error, we use the techniques introduced in [9] and
consider in Section 2 abstract nonlinear problems of the form

(1.1) Fu)=0
and corresponding discretizations of the form
(1.2) F(u?) = 0.

Here, F € C'(X,Y*) and F, € C(X},,Y;’), X, C X and Y}, C Y are finite dimen-
sional subspaces of the Banach spaces X and Y, and * denotes the dual of a Banach
space.
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1336 R. VERFURTH

If up € X is a solution of problem (1.1) such that DF(ug) is an isomorphism of
X onto Y* and DF is Lipschitz continuous at ug, we know from Proposition 2.1 in
[9] that

(1.3) elF@ly+ < llu—uolx <e|F(u)lly-

holds for all u in a suitable neighbourhood of ug. The constants ¢ and ¢ depend on
DF(up) and DF(up)~!. They measure the sensitivity of the infinite dimensional
problem (1.1) with respect to small perturbations. For a simple model problem we
derive explicit bounds for ¢ and ¢ in Section 4.

When applying estimate (1.3) to an approximate solution up € Xp of problem
(1.2) one must evaluate the residual ||F(up)||y+. This is as expensive as the so-
lution of the original problem (1.1) since it amounts in the solution of an infinite
dimensional maximization problem. In order to obtain error estimates which are
better amenable to practical calculations, we approximate the left and right-hand
sides of inequality (1.3) by ||Fh(uh)||)~,h and ||(Idy — Rp)* Fy(up)|ly+, respectively.

Here ﬁh(uh) is obtained by locally projecting F'(up) onto suitable finite element
spaces, 37;1 consists of appropriate test functions having a local support, and Ry, is
a suitable quasi-interpolation operator.

For parabolic pdes, these general results lead to error estimates in

an L"(0,T; Wy*(Q))-norm.  The space Y then consists of functions in
LP'(0,T; W2™ () having their time derivative in LP' (0, T; W =17 (Q)). Due to
the non-local nature of the W=7 (©)-norm we get into troubles when deriving
lower bounds on the error. This problem is tackled in [10]. Here, we circumvent
this difficulty by imposing a weaker L"(0,T; L?(2))-norm on X and a stronger
LY (0, T; W2 (Q) N Wol’”/ (€))-norm on Y. The corresponding spaces will be de-
noted by X_ and Y., respectively. In particular, the functions in Y} now have time
derivatives in L? (0, T; L™ (2)).

In Section 4 we apply the general results of the previous sections to scalar quasi-
linear parabolic pdes of 2nd order. Problem (1.1) then is a variational formulation
which is weaker than the weak formulation and stronger than the very weak formu-
lation of the pde. The discrete problem (1.2) is a Petrov-Galerkin discretization.
The trial space X}, consists of functions which are discontinuous in time and piece-
wise polynomials of degree k > 0. The test space Y} consists of functions which
are continuous in time, piecewise polynomials of degree k + 1, and which vanish
at the final time 7. This discretization corresponds to an implicit (k + 1)-stage
Runge-Kutta scheme. When applied to a linear problem its stability function is
the (k + 1)-st diagonal Padé approximation. For k = 0 we in particular obtain the
Crank-Nicholson scheme. By slightly modifying the basis functions of Y} we may
also recover the popular #-scheme for all @ € [0,1]. This in particular covers the
explicit (0 = 0) and implicit (§ = 1) Euler schemes.

We obtain global upper and local lower bounds for the error measured in an
L"(0,T; LP(Q))-norm. The upper and lower bounds differ by a factor 1 +7-1h% +
Th™2. Here, h and 7 are the local mesh-sizes in space and time, respectively. This
factor reflects the fact that the differential operator is of 2nd order with respect to
the space variables but only of 1st order with respect to the time variable. The local
lower bounds may be combined to a global lower bound of the same type. In Remark
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A POSTERIORI ERROR ESTIMATES FOR NONLINEAR PROBLEMS 1337

4.5 we briefly comment on error estimates with respect to an L"(0,T; W1°(Q))-
norm and the corresponding difficulties. A more detailed analysis, also including
the time-dependent incompressible Navier-Stokes equations, may be found in [10].
When applied to the corresponding particular examples, our error estimates are
similar to those obtained in [7], [8]. However, only upper bounds on the error are
established there. Moreover, the techniques and, most important, the discretiza-
tions considerably differ from ours. The discontinuous Galerkin method of [7], [8]
is non-conforming with respect to both the weak and the very weak formulations of
a parabolic pde. It corresponds to an implicit (k + 1)-stage Runge-Kutta method
having the (k+ 1)-st subdiagonal Padé approximation as stability function. In par-
ticular, the lowest order scheme (k = 0) corresponds to the implicit Euler method,
and the Crank-Nicholson scheme is not covered by this family of discretizations.
In what follows we will always adopt the following convention:

a=b <<= a<ch
a~b <= a=<bandb<a.

Here, the constant ¢ must not depend on any mesh size.

2. ABSTRACT ERROR ESTIMATES

Let X,Y be two Banach spaces with norms ||.||x and ||.||y. For any element
u € X and any real number R > 0 set Bx(u,R) := {v € X : |Ju —v||x < R}
We denote by £(X,Y) and Isom(X,Y) C £(X,Y) the Banach space of continuous
linear maps of X in Y equipped with the operator norm ||.|z(x,y) and the open
subset of linear homeomorphisms of X onto Y. By Y* := L(Y,R) and (,,.)y
we denote the dual space of Y and the corresponding duality pairing. Finally,
A* € L(Y*,X™") denotes the adjoint of a given operator A € L(X,Y).

Let F € CY(X,Y*) be a given continuously differentiable function. Given a
solution ug € X of problem (1.1) and an arbitrary element u € X “close” to ug, we
may estimate the error |[u — ug||x by the residual |F(u)|ly= (cf. Proposition 2.1
in [9]). For parabolic pde’s we thus obtain control on the L"(0,T; W, *(§2))-norm
of the error. However, we are interested in controlling the L"(0,T’; L*(£2))-norm
of the error. In order to achieve this within the present abstract framework, we
must enlarge the space X and reduce the space Y. We therefore consider three
additional Banach spaces X_, X, and Y, such that X, C X C X_and Y; C Y
with continuous and dense injections. Here, the 4+/— sign indicates a space with a
stronger /weaker norm. We assume that X _ is reflexive.

Proposition 2.1. Let ug € X be a solution of problem (1.1). Assume that ug €
Xy, that DF (ug)* € Isom(Y;, X*), and that there are two numbers Ry > 0 and
B > 0 such that

I[DF (uo) = DF(uo + tw)]wlly; < Btflwllx, [Jw]lx_

2.1
(2.1) Vw € Bx, (0, Ro),t € [0, 1].

Set

: — Lt — — *
R:= mln{ROaﬁ 1||DF(UO) |‘£(1Xi,Y+)’2ﬁ 1||DF(UO) H,C(Y+,Xi)}'
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1338 R. VERFURTH

Then the following error estimate holds for all u € Bx_ (uo, R) :
(2.2)

1 *|—1
§||DF(UO) ||£(Y+)Xi)

Proof. Let u € Bx_ (ug, R). Consider an arbitrary element w € X* and set ¢ :=
DF(up)* 'w € Yy. We then have
(u = uo, w)x =(DF(uo)(u — uo), ¢y,
=(F(u), o)y,

+ / ([DF(uo) — DF(uo + t(u — uo))](u — uo), )y, dt.
0

[ F(u)|

*71
vy <llu—wollx < 2DF(u0)” e v IF @)l

Inequality (2.1) and the continuity of DF(ug)*  imply that
| /01<[DF(Uo) — DF(uo + t(u = uo))l(u = uo), p)v, dt|
< 38llu — wollx. e — wollx_ el
< SBIDF (o) looxe vy Bllu = uollx_wllx:
Combined with the above representation of (u — ug,w)x_, this yields

L1 1
(u—uo,w)x_ < {IDF(u0)” e yolF (v + 5 llw = uoll x_}Hlwlx- -

Since X_ is reflexive and w € X* was arbitrary, this implies the upper bound of
estimate (2.2).
In the same way, we obtain

<F(u) ) 90> Yy

1
— (u— g, w)x — /0 ([DF(uo) — DF (g + t(u — 10))}(u — o), )y, dt

1
< llu = uollx_flwllx= + 5B8llu — uollx, [lu — uollx_llelly:

< 2DF (uo) | cqvy xo)llu — ol x_ [l -
Since ¢ € Y} is arbitrary, this proves the lower bound of estimate (2.2). (]

The condition DF(ug)* € Isom(Yy, X*) of Proposition 2.1 is more restrictive
than the assumption DF(ug) € Isom(X,Y™) which is needed to bound ||u — uol| x
by [|F(u)|ly= (cf. Proposition 2.1 in [9]). For pdes, it is equivalent to an additional
regularity condition. For linear problems, i.e. when DF' is constant, one may
extend F' by continuity to a continuously differentiable map of X_ to Y. Then
the space X is not needed. For nonlinear problems, however, this extension may be
impossible, or the derivative of the extension may be no longer Lipschitz continuous.
This is the place where the space X} comes into play.

The factor [|[DF(uo)*| (v, x+) in the lower bound of estimate (2.2) corresponds
to a differential operator which is local and the norm of which can be estimated
in terms of its coefficients. The factor ||DF(uO)*71 llz¢x*,v,) in the upper bound
of estimate (2.2) is much more severe. In some applications, in particular when

X_ is a Hilbert space, | DF(ug)* |l z(x+ ,v,) can be replaced by |\DF(u0)*71w||y+7
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A POSTERIORI ERROR ESTIMATES FOR NONLINEAR PROBLEMS 1339

where w € X* satisfies |w|x+ =1 and (u — up,w)x_ = ||u — upl|x_. The quan-
tity ||DF(uo)* 'w|y, may be estimated numerically by approximately solving a
discrete analogue of the corresponding adjoint pde.

Let X;, € X4 and Y, C Y be finite dimensional subspaces and Fj, € C(Xp,Y)")
be an approximation of F. Given an approximate solution u; € X} of problem
(1.2), Proposition 2.1 allows us to estimate the error ||ug — up||x_ by the resid-
ual [[F(up)|ly;. The evaluation of the latter, however, is a difficult task since it
amounts in the solution of an infinite dimensional maximization problem. In order
to obtain an approximation of the residual which is easier to compute, we introduce
a restriction operator Ry € L(Y,Y},), a finite dimensional subspace }7;1 CcY:, and
an approximation th : Xp — Y™ of F at up. In the context of pdes ﬁh is ok)tained
by locally freezing the coefficients of the differential operator. We equip Y;, with
the norm of Y7 .

Proposition 2.2. The following estimates hold:
(2.3)
IF (un)llv: < [[(Idy, — Ru)*Fa(un)lly: + [[(Idy, — Ru)*[F(un) = Fn(un)]llv;
+ | RR[F (un) — Fuun)]lly: + [[RyFn(un)lly;

and

(2.4) 1BaCtun) g, < IF (a5 + 1 un) — FoCun) .-
If there is a constant cy, which does not depend on h, such that
(2.5) I(Zdy, = Rn)" Fu(un)llvz < coll Fa(un)l g

then both ||(Idy, — Rh)*ﬁh(uh)ﬂyi and ||ﬁh(uh)||)~,h* yield upper and lower bounds
for the residual || F'(up)]|y; -

Proof. Estimate (2.3) follows from the identity

(F(un), ©)vy =(Fu(un), o — Rug)y, + (Flun) — Fu(un), ¢ — Rrg)y.
+ (F(un) — Fr(un), Rap)y, + (Fr(un), Rap)y,

which holds for all ¢ € Y. Estimate (2.4) follows from the triangle inequality.
The statement concerning upper and lower bounds for the residual is an obvious
consequence of inequality (2.5). O

The second terms on the right-hand sides of estimates (2.3) and (2.4) measure
the quality of the approximation ﬁh(uh) to F(up). Usually, they are higher or-
der terms when compared with ||(Idy, — Rh)*ﬁh(uh)Hyl and ||ﬁh(uh)||}7h* The
term |[R;[F(upn) — Fr(un)]llyy is the consistency error of the discretization. It
can be estimated a priori and vanishes in the applications of Section 4. The term
[R5 Fh(un)||y; measures the residual of the algebraic equation (1.2) and can be
evaluated by standard methods. Inequality (2.5) is a non-trivial condition since
it claims that a supremum with respect to an infinite dimensional space may be
bounded from above by a supremum with respect to a finite dimensional space.

Propositions 2.1 and 2.2 will be used in the following way. Any upper bound
for ||(Idy, — Rh)*ﬁh(uh)ﬂyi yields a reliable error estimator. If in addition the

error estimator yields a lower bound for Hﬁh(uh)Hf,}, it is also efficient. Here,
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1340 R. VERFURTH

we adopt the standard convention that an error estimator is called reliable (resp.
efficient) if it yields an upper (resp. lower) bound for the error. Moreover, upper
and lower bounds may contain multiplicative constants which do not depend on
the discretization parameter h.

3. AUXILIARY RESULTS

Function spaces. Let ) be a bounded, connected, open domain in R", n > 2,
with polyhedral boundary I'. For any open subset w of Q with Lipschitz boundary
7, we denote by WFP(w),k € N,1 < p < oo, LP(w) := WP(w), and LP(v) the
usual Sobolev and Lebesgue spaces equipped with the standard norms (cf. [1] and
Vol. 3, Chap. IV in [6]). Let

Wi(©) = u e WH(@) 1w =0onT)
and set for 1 < p < oo
W=LP(Q) = WP (Q)*.

Here, p’ denotes the dual exponent of p defined by ; + - = 1. In what follows, a
prime will always denote the dual of a given Lebesgue exponent.

Let V and W be two Banach spaces such that V' C W with continuous and dense
injection. Given two real numbers a and b with a < b, we denote by LP(a,b;V),1 <
p < oo, the space of measurable functions u defined on (a,b) with values in V
such that the function t — ||u(.,t)|v is in LP((a,b)). LP(a,b; V) is a Banach space
equipped with the norm

b 1/p
sty = { [ .ol at}

(cf. [6], Vol. 5, Chap. XVIII, §1). Slightly changing the notation of [6], we further
consider the Banach space

WP(a,b; V,W) :={u € LP(a,b; V) : yu € LP(a,b; W)}
equipped with the norm

b » b » 1/p
by o= { [ TuColgde+ [ ot ae}

Here, the partial derivative d;u must be interpreted in the distributional sense (cf.
[6], loc. cit.). For all smooth functions ¢ € D((a,b)) it satisfies the identity

b b
/ Oyl ) p(t)dt = — / (o) (1),

where the integrals are taken in W. From Proposition 9 in [6], loc. cit., it follows
that the traces u(.,a) and u(.,b) are defined as elements of W, provided p > 1. We
therefore set for 1 < p < oo

We(a,b; V,W) :={u € WP(a,b;V,W) : u(.,b) = 0}.

Given an interval I C R, a suitable subset w C €2, and numbers 1 < p, 7 < 00, we
will use the following abbreviation:

LP(wx I):= LP(I; L™ (w)), WP(w xI):=WP(I;W>™(w), L™(w)).
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Finite element partition. Denote by T° > 0 an arbitrary but fixed time. Let
I, = {[tj,tjy1] : 1 < j < Ny}, 7 > 0, be a family of partitions of [0,7] with
O0=t1 <ta<..<tn,41 =T Forl<j<N; set

Jj = [tj,tj+1] 5 Tj = tj+1 — tj.

We assume that the family 7, is shape regular, i.e., the ratios 7; /741 and 7j41/7;
are bounded from above independently of j and 7.

With each 1 < j < N, we associate a partition 7; of 2 into n-simplices. We
denote by &; the set of the interior faces of 7;. For K € 7; and E € &; let hg,
pk, and hg be the diameter of K, the diameter of the largest ball inscribed into
K, and the diameter of E. We assume that the partitions 7; satisfy the following
two conditions:

(1) Admissibility: Any two simplices of 7} either are disjoint or share a complete
smooth submanifold of their boundaries.

(2) Shape regularity: The ratio hy /px is bounded from above independently of
K e7j,j,and 7.

Condition (2) allows the use of locally refined meshes. It implies that the ratio
hi/hg, for all K € T;, all faces E of K, and all j, is bounded from above and from
below by constants which do not depend on K, E, j, and 7.

Denote by

PT5:{KXJj:1§jSNTaK€7}}

the partition of the space-time cylinder 2 x [0, T] into prisms which is induced by
Z, and the 7;’s.

For any F € £;,1 < j < N,, and any piecewise continuous function u, we denote
by [u]g the jump of u across E in an arbitrary but fixed direction ng orthogonal
to E. Finally, we introduce the following neighbourhoods of elements and points:

U(t]) = [tmax{l,j—l}atmin{NT+1,j+1}]a 1 S] < Nra
U(JJ) = U(t]) U U(tj-l-l) = [tmax{l,j—l}atmin{NT+1,j+2}]a 1 S] < NT7

U(K) : U K', KeT;,1<j<N,,
K'NK#)
K'eT;
U(E) := U K', Ee€é&j,1<j<N,,
ENK'#0
K'eT;
U(P) := U P, PeP,,

PNP'#0
P'eP,

WK = U Kla KE?},lSjSNT,
K'nKeé&;
K'eT;

wg = U K', E€&,1<j<N,.

ECOK'
K'eT;

(3.1)

Here, K N K’ € & means that K and K’ share a complete (n — 1)-dimensional
smooth submanifold of their boundaries.
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1342 R. VERFURTH

Finite element spaces. Denote by P,k > 0, the space of polynomials (in x)
of degree at most k. Given an admissible partition 7, of €, we define the finite
element spaces (in ) as usual:

Si’_l;:{u:Q—»R:M}(GPk VK € T}, k>0,
(3.2) SFO= 8Pt nC@), k>1,
5}’_‘2:8 ;:{ueS}’?O:u:Oonl"}, k>1.

For any £ > 1 and any 1 < p < oo we obviously have S,].f’o c WLP(Q) and
k,0 1,
Spio €W, P(Q). _
Let V1, ..., Vv, be finite element subspaces of C'(2) associated with the partitions
T, ..., In, introduced above. For k > 0, we define finite element spaces in space
and time by

(33) Sfy_l(vh(r)) = span{XJj (t)tuvj-,#(z) 0 < k,1 < J < N, Vjpu € ‘/J}

Here, x, denotes the characteristic function of the interval J;. The elements of
Sf’_l(Vh(T)) are discontinuous at the intermediate points to, ..., ty, . But the left-
sided limits u(.,t; — 0) := Oiitmou(.,tj —t) exist for all 2 < j < N; + 1; and the
right-sided limits u(.,t; +0) := Oiign Ou(.,tj + 1) exist for all 1 < j < N,.. We have

S5 (Vi) C LE(Q2 % (0,T)) for all 1 < p, 7 < co. But due to the discontinuities
at the intermediate points to,...,tn_, the space Sf’_l(Vh(T)) is not contained in
any of the spaces WP(0,T; W™ (Q), L™(Q)),1 < p,m < oco. In order to obtain
conforming approximations of these spaces, we denote by \;(t),1 < j < N, + 1,
the piecewise linear function corresponding to Z, which takes the value 1 at the
point t; and which vanishes at all other points ¢;,1 < 4 < N, + 1,4 # j. Set
bi(t) :==4X;(t)Nj+1(t),1 < j < N,, and for 6 € [0,1] define

AD(t) = M (t) + g(o - %)[bj(t) =bj—1(t)],2<j < Ny,
B A0 =X+ 50 h)
M1 (6) 1= An i (6) — 50— 2)bw. (1),

Obviously, the functions /\5-1/ 2) and A; coincide. For k > 2 we then set
SO0 (Vi) = span{ A (#)v; () 1 1 < j < Ny, v5 € Vi),
(35)  STM(Viry) = ST (Vi) @ span{x, ()b (t)wj () -
Forall k > 1 and 1 < p, 7 < 0o we have SZ¥0(V},)) € WE(0,T; WH™(Q), L™(9)).
Moreover, on the open subintervals (¢;,t;41),1 < j < N;, the distributional de-

rivative dyu of u € S¥*0(V},(;)) coincides with the classical partial derivative. For
abbreviation, we introduce the space

(3.6) 0, = SIO0 (Vi) with V; = S3¢ , 1< j < N
It will play a fundamental role in deriving reliable error estimates. Figure 1 shows

the functions /\5-9) for some values of . The following lemma collects some properties

of these functions. We omit its straightforward proof (cf. Lemma 3.1 in [10]).
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0.5 1

=G>

FIGURE 1. )\;1/2) top left, )\;2/3) top right, A;5/6) bottom left, )\g-l)
bottom right

Lemma 3.1. The functions )\;0)7 1<j<N,+1,0 €]0,1], defined in (3.4) have
the following properties:

ti+1
/ AO(tydt = 0r;, V1<j <N, 0€(0,1],
t

J

ttj A (tdt = (1 -7, V2<j <N, +1,0€0,1],
-

A+ ) =10nd;, VI<j<N,L 00,1,

A1) = M50+t — ) on dj, V1< G < N0 €0,1],
Aty >0 VlgjgNT—i—l,Ge[%,;],te[O,T],
|)\§-9)(t)|§% VI<j <N, +1,0¢€[0,1],te0,T]

Interpolation in space. Let 7, be an admissible and shape regular partition of
into n-simplices. We denote by I, : L(Q) — Si’g the quasi-interpolation operator
of Clément (cf. [5] and Exercise 3.2.3 in [4]).

Lemma 3.2. The operator I, satisfies the following error estimates for all K €
Th,E €&h, and 1 <p < o0:

u = Inullwes ey = W Fllullwirwayy Y0 <k <1< 2,ue WP(U(K)),

-1
lw — Inull Loy = h " lullwiswe)y Y1<1<2,ue WPU(E)),
[ Tnull Loy 2 Pgcllullwzew iy + lullery Yo € WHP(U(K)).

Proof. The first two inequalities follow from [5] and Exercise 3.2.3 in [4]. The third
estimate follows from the first one and the triangle inequality. O
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1344 R. VERFURTH

Interpolation in time. Let V and W be Banach spaces as above. For 1 < j <
N, + 1 we denote by m; : W(0,7;V,W) — V the L*(U(t;))-projection, i.e.

tj+1
(3.7) iU = #/ u(., t)dt.

T+ Tj—1 i1
Here, we formally set
T0:=7N,+1:=0, to:=0, tn 42 :=T.
Note that the integral in (3.7) is taken in V.

Lemma 3.3. The operator m; satisfies the following estimates for all 1 < j <
N:+1,ue WP, T;V,W), and 1 < p < co:

Imjull o)z < llulle@yyzy, 2=V, W,

lu = mjull oW, w) < 2075 + Ti-) 0wl Lew e )wy,
1
[u(. t;) = mjullw < (75 + 75-1) 7" [|0wull Lo Ut )sw) -

Proof. From (3.7) and Holder’s inequality we obtain
1, ti+1
Imjull e ty)2) = (75 + 7j-1) ||/t u(, t)dt) z < llull Lo ty);2)-
j—1
From Hoélder’s inequality we get, for all t € U(t;),
¢ 1
Ju(,t) = ul t5)w = ||/t Opu(-, o)dollw < |t —t;]" |0l Lo ey sw)-

Taking the p-th power and integrating from ¢;_; to t;11, this yields
(3.8) lu =l tj) Lo ewy < (75 + -0l Lo s )w).
Combining estimate (3.8) with the first assertion of the lemma, we obtain

llw = mjull Lo e;)w)
<lu —ul t)llLewe,ywy + Il t5) — mull Lo, wy
= lu —ul t)ll e, )wy + Imsluls ty) = ulll Lo, yw)
< 2(7; + 7j—)10eul Lo (U (1) w) -

Estimate (3.8), the definition of 7; and Hélder’s inequality finally yield

lu(.,t;) — mjullw = |Im;ful., t;) — ulllw
1 ti+1
< (5 +7j=1)" /t llu(.,t;) —ul., t)|lwdt
j—1

-1+
< (75 +7j-1) P ”u_u('vtj)HLP(U(tj)?W)
1

< (15 + 71" 0wl Lo 2, )w) -

This proves the last assertion of the lemma. O
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Interpolation in space and time. Now, we combine the operators I;, corre-
sponding to 7;, and 7, and define the operator I, : WP(0, T} Wy (Q), L™ (Q)) —
0-,1 < p,m < oo, by

N,
(3.9) Lu:= Z )\g»e)(t)wjlju.

j=1
Note that 7; and I; commute for all 1 < j < N;.

Lemma 3.4. The operator I. satisfies the following error estimates for all Q =
KxJj,1<j<N., KeT;,E€é&,1<pm<oo,8el01], anduec WE(U(Q)):
lu = Lrull ey < (W + )llullwewqy)
1
lu— Lrullpe(exg,) = hg” (h% + millullwew gy

—1/p

lu( ) = Lu t) ey 275 P (W + ) lullwe wq))-

Proof. The definition of I, and Lemma 3.1 imply that the splitting
u—Lu= )\Ee){u — Ij’]Tj’U,} + )\gi)l{u — Ij+17Tj+1’U,}

holds on J;. Invoking Lemma 3.1 once more, we obtain

4
lu— LrullLe gy < §{||U = Iimjullpe ) + lu — Lipimivaullpe gy}
Let k=jor k=74 1. Lemmas 3.2 and 3.3 and the shape regularity of Z, yield
lw — Ikmgull L2 (@)
< lu = Ixul|pe gy + k(v — eyl L2 (@)
= Wcllull Lo, wer o)) + lu — mrul| e )
= (h% + ) lullwe )

This proves the first estimate of the lemma. The second one is established in the
same way.
In order to prove the third estimate, we now write

u(., tj) - L-u(., tj) = u(., tj) - Wj]ju(., tj)
u(., tj) — Wju(.,tj) + 7 [u(.,tj) — Iju(.,tj)].

Lemmas 3.2 and 3.3 and the definition of 7; then yield

., t;) = Lrul, )l L= (x)
< Hu('vtj) - 7Tju('vtj)”L"(K) + Hﬂj[u('vtj) - Iju('vtj)]HL"(K)

1, 11
<77 0wullrwy +77  llu—Livlrzwe)
=7 P + m)llullwewiy-

This completes the proof. O
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Local cut-off functions. Denote by K = {zeR": > " 4, <1,2>0,1<j<
n} the reference n-simplex and set £ := K N {& € R" : &, = 0}. Let

n n n n—1
er(@) = m+1)" 1= @] [[4, ep@) =n"1-> &[]
; o

i=1 =1 i=1

Given an arbitrary n-simplex K and a face E of K, we denote by Fy : K —
K,& — x := Fg(&) = bx + Bk an invertible affine mapping such that K is
mapped onto K and Eis mapped onto E. Let Fg : E — E be the tranformation
induced by Fx and denote by (g its Gram determinant. One easily checks that
Brc = det(B}: By )'/2. Here B}, denotes the matrix which is obtained by discarding
the last column of Bg.

Let J := [0, 1] be the unit interval, and set
@;(t) == 4t(1 —1).
Given an arbitrary interval J = [a,b], @ < b, we denote by F : J — J the invertible
affine mapping which maps J onto J and 0 onto a. Set
Q:=KxJ,oQr:=ExJ,0Qp:=K x{0}
and define the transformations Fg : Q — K x J,Faq, : 0Qr, — E x J, and
F(’)QB : 8QB — K x {0} by
FQ = (FK,FJ) s FOQL = (FE,FJ) s Fé)QB = (FK,G).

Finally, we denote by V;; C L®(Q),Vys, C L¥(0QL), and Vs C L*(0Qp)
three arbitrary finite dimensional spaces which are kept fixed in what follows. In

applications, these spaces will be subspaces of appropriate spaces of polynomials.
We set

Vo ={aoFy' i eVy},
Vo, = {60 Fyg, 16 €Vys, 1
Vogu = {00 Fa5, 10 € Vg, }

Let 7, be an admissible and shape regular partition of € into n-simplices. Given
an arbitrary simplex K € 7y, denote by Ak1, ..., A (n41) its barycentric coordinates,

and set
n+1
{(n+ )" [ \ki}? on K,
0 on O\ K.

The function ¥ g obviously has the following properties:
bk = lpg o FR'}2 on K.
0<9Yr(r) <1 VrxeQ,
maxx (z) =1,

Y = 0on 0K,

Vi = 0on 0K,

Yi € CHQ).

(3.11)
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Given E € &, denote by K7 and K> the two simplices adjacent to E, and enumerate

their vertices so that the vertices of E are numbered first. Set
n

2n . N2
(312) U)E = {TL 7;1;[1()\K11AK21)} on wg,

0 on N\we.
One easily checks that the function ¥g has the following properties:
ve={pgoFp'}" onkE,

h
0 <¢gp(x) <cln, max p—i) Vz € Q,

(3.13) maxe(®) = 1
Vg =0on dwg,
ViYg = on dwg,
Yp € CHQ).

In particular, the restriction of g to E depends only on the vertices of E.
For 1 <j < N,, we set

Lt —tj)(tj41 —t) iftedj,
3.14 () =47
(314 vilt) {0 it J;.

Obviously, we have

Wy =0 Fy
0<;(t) <1 VEER,
(3.15) max); (t) =1,
¥; =0on dJj,
¥; € C(R).
Let 1 < j < N;,K € 7j, and E € & be arbitrary. We then use the following
abbreviations:
(3.16) Q:=KxJ;, 0Qp:=Kx{tj}, 0Qr :=FE x Jj.
We define a continuation operator P; : L>*(0Qp) — L*™(K x U(t;)) by
(3.17) Pju(z,t) == u(z,t;) V(z,t) € K xU(t;).

Next, we want to define a continuation operator Pg : L*(9Qr) — L*®(wg x J;).
To this end, we denote by g = (g1, ..., £gn) a Euclidean coordinate system such
that £ is contained in the set {xg, = 0}. We then set z’; := (zEg1, ..., Tp(n—1)) and
define

YE(2y,0)o(zy,0,t) if (2/5,0) € E,

(3.18) Ppo(zp,t) = {0 if (2,0) ¢ E
E, .

Note that, without any restriction on the partition 7}, the factor g in the definition
of Pg ensures that V(Pgro) € C(wg x J;) if Vg 0 € C(E x J;). The factor g
may be dropped if 7; has the following property: For any E € &;, the orthogonal
projections of all vertices of wg onto the plane {zg, = 0} lie inside E. In two
dimensions this means that the triangulation 7; is weakly acute.
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Lemma 3.5. Let 1 < j < N, K € T;, and E € &; be arbitrary, and recall the
abbreviations (3.16). Assume that the functions in Vo Vag,» and Vyg, are con-
tinuously differentiable with respect to the time variable and twice continuously dif-
ferentiable with respect to the space variable. Then the following estimates hold for
allu € Vg,0 € Vag,,v € Vagy, and 1 < p,m < oo:

fQ u1/1j1/JKU
lullzz ) = sup = m———
wevg 1Yl er )

h il ziq) = IV W)l

7 g = lowr iz
faQL oY vEPEX

lollzoQ.) =  sup
x€Vaa, ||X||Lfrl,(8QL)

W 950 EPEO | Ly s xay) = IV @08 Pro)ll L2 wsx;) -
77 WsvePEol sy = 10 ¥ EPE0) 2wy

)

3

14568 Peo 12 e ) = P "ol 200,
[vllL=(x) =~ sup M,
wEVaq 5 ||w||Lfr’(K)
hf(2||/\j1/’KPjU||L£(U(Q)) = ||V2(/\j¢KPjU)||L£(U(Q)) )
Ik Pl e @) = 100N ¢k Po)ll e w o)) -
I\j v Pivll e gy = le/pHU”L"(K) :

Proof. We prove the estimates concerning u. The upper bound in the first estimate
follows from Holder’s inequality and 0 < g < 1,0 < 1p; < 1. In order to prove the
lower bound of the first estimate, one easily checks that the mapping

A Jo w0
U — sup —————
'L?EVQ ||U||LP;(Q)
defines a norm on VQ. Since dim VQ < 00, there is a constant ¢ such that
A U 5 20
< up J VR
veVy ||U||LT"/, s)
The definition of Vg therefore yields

whvky 1, Juo Fgth b
sup IQ—J =7 7 |detBK|1_% sup fQ SR

veVq ”’UHLiI/(Q) v€Vy ||,U||LI,:./(Q)

el e o Vi € V.

1 1
ér) | det Bre| 7 luo Fol 1o

Y

= ellullz )
In order to establish the second and third estimates, we observe that the mappings
@ — V295 n (o) and @ — [|0:(¥ 59z @) 1 (o) define norms on the finite
dimensional space Vi3 which are equivalent to the standard norm ||.[[;» ). The

desired estimates now follow in the usual way by transforming to (), using the
equivalence of norms there, and transforming back to Q.
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The estimates concerning o and v are established in the same way, taking into
account that Pro and Pjv are constant along lines perpendicular to E and with
respect to time, respectively. For a more detailed proof see Lemma 3.8 in [10]. O

4. QUASILINEAR PARABOLIC EQUATIONS OF 2ND ORDER

Variational setting. As a model problem we consider the parabolic boundary
value problem

Ou — V- a(z,u, Vu) = b(z,u, Vu) inQ x (0,T),
(4.1) u=0 onT x (0,7),
u(.,0) = uo in Q.
Here, b € C}(Q2 x R x R",R) and a € C'(Q x R x R",R") are such that the
matrix A(z,y, z) := (3(0:,ai(2,y, 2) + 02,4 (2, y, 2)))1<i,j<n is positive definite for
all x € Q,y € R,z € R™. Moreover, T' > 0 denotes an arbitrary final time which is
kept fixed.
Under suitable growth conditions on a,b, and their derivatives there are real

numbers 1 < p,r, 7, p < oo such that problem (4.1) fits into the abstract framework
of Section 2 with

X = L"(0,T; Wy (),
Y = WE (0,1 Wy ™ (), Wh (9)),
<F(u)v <P> = —<UO, ‘P(-, O)>W1v’r

(4.2) T
—/0 <u(.,t),8tg0(.,t)>wl,wdt

T
—|—/ /{Q(Ji,u,Vu)Vgp — b(z,u, Vu)p}drdt.
0o Ja

We recall that a prime denotes the dual of a Lebesgue exponent, i.e.
etc. In order to ensure that F' is well defined, we always assume that

(4.3) p>.

1 1 _
Lyl =1,

Within the framework of Section 2, we further set

Yy o= WE (0, T; W™ (Q) nWE™ (), L™ (Q)),
(4.4) X_:=L"(0,T; L"(Q)),

Xy o= L7(0,T; Wy ? (9)),

where p < 0 < c0.

In order to better understand the flavour of problem (1.1) and definition (4.2),
we recall the notions of weak and very weak solutions of problem (4.1) (cf. [2],
Sections 11 and 13). A function u € W7 (0, T; Wy ?(Q), W~17(Q)) is called a weak
solution of problem (4.1) if

u(.,0) = ugp in W™ (Q)

and

T T
/0 (Oru(., 1), 0( )y yprimr +/O /Q{Q(:z:,u,Vu)Vgo — b(z,u, Vu)ptdzdt = 0
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for all ¢ € L' (0,T; WH™ (Q)). Tt is a very weak solution if u € X_ and
T
— (ug, ¢(-,0)) e —/ (u(., 1), Opp(. 1)) Lodt
0

T
—l—/ {{a(.,u, Vu), V)i — (b(z,u, Vu), @)y tdt =0
0

for all € Y. Obviously, every solution of problem (1.1) is a very weak solution of
problem (4.1). Conversely, every very weak solution of problem (4.1) is a solution
of problem (1.1) if it is contained in X. Using integration by parts with respect to
the time variable, one sees that every weak solution of problem (4.1) is a solution
of problem (1.1), and that the converse is true if the solution of problem (1.1) is
contained in W7 (0,T; Wy *(Q), W=17(€)). In this sense, a solution of problem
(1.1) is weaker than a weak solution and stronger than a very weak solution of
problem (4.1).

One easily checks that DF(u)* € Isom(Y,, X*) if and only if the adjoint lin-
earized problem

—Opw — V - (A(x,u, Vu)Vw) + 0ya(z, u, Vu) - Vw
+V - (V.b(z,u, Vu)w) — 9yb(z, u, Vu)w = g in Q@ x (0,7,
w=0onT x(0,T),
w(.,,T)=0in
admits, for each g € X*, a unique solution w € Y such that ||wly, = ||g]/x=.

Examples. We consider two particular examples:
(1) A heat equation with nonlinear source term:

a(z,u, Vu) = Vu,
b(z,u, Vu) = f(u),
f€C'(R,R),
If(s)| <~ Vs € R,
p=r=m=p=2.
(2) A nonlinear convection-diffusion equation:
a(z,u, Vu) := k(u)Vu,
b(z,u, Vu) := f — c(z,u) - Vu,
feL™®(Q),ccCHQxR,R"), k € C*(R,R),
k(s)>a>0,[kV(s) <~y VseR,le€{0,1,2},
|Osc(x,s)] <v VxeseR,

n
=7me€((n,4),p> ,T > 2p.
p=mend)p>——7r=2p

If in example (1) the constant v is sufficiently small, we may use an energy esti-
mate and a perturbation argument to get explicit bounds on |[DF(u)* llzox= vy
in terms of the norm of the inverse Laplacian with homogeneous Dirichlet boundary
conditions. More precisely, denote by ca = [|(=A)7Y ;2 12 2,2 the
norm of the inverse Laplacian with homogeneous Diriﬁl(je‘égl)))xfncgz;VZonEigizu)ions.
This quantity only depends on the geometry of ). Inserting a and b given above
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into the adjoint linearized problem, we immediadely see that DF(u)* = L — N,
where L is the operator associated with the time-reversed heat equation

—0w—Av=g inQx(0,7),
(4.5) v=0 onT x(0,7T),
v(,T)=0 inQ,

and where the operator N is given by

(46) (N, 9y / | rw

From equations (4.5) and (4.6) we deduce that
1Ll v xsy <2, INlcove,xs) <,
and, hence,
I DF(u)* || 2oy, x) < 247
Multiplying the first equation of (4.5) by —0d;v, integrating over Q x (0,7), and
integrating by parts with respect to the space variable, we conclude that
(4.7) 190l L2 (2x (0,7)) < 19l L2(2x 0,7))-
Writing the first equation of (4.5) in the form
—Av =g+ 0w
and using the estimate (4.7), we obtain on the other hand that

(48) [l 20, msw22(0y) < caV2{lgllzz@x 0.7y + 1000l L2x 0,7 }
< CA\/_HQHL?(QX (0,T))-

Estimates (4.7) and (4.8) yield
1L (e vy < 1+ V8ea.
Assume that (1 + \/gcA) < 1. A standard perturbation argument then gives

w1 _ _ _
IDF ()" leexs vy < IL7 oo vy [L = I e vy IN 2oy x)]
14+ \/gca
—7(1+VBea)
Finite element discretization. For the discretization of problem (4.1) we pro-
ceed as in Section 3. We choose a family Z, of shape regular partitions of the interval
[0,T]. With each time ¢;,1 < j < N, we associate an admissible and shape reg-
ular partition 7} of Q into n-simplices and a finite element space V; C W, ()

corresponding to 7; and consisting of affine equivalent finite elements in the sense
of [4]. We choose an integer k and a parameter 6 € [0, 1], and set

Xy = Sf’_l(Vh(T)),
(4.9) Vi, = Sy (Vi)
(Fn(un), en)y,, == (F(un),¢en)y Yup € Xn,on € Y.

For simplicity, in (4.9) we use the parameter h for the mesh sizes both in space
and in time. We recall that the spaces on the right-hand side of (4.9) are defined
n (3.3) and (3.5) and that X}, € X4 and Y, C Y. Hence, the discretization
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(4.9) is conforming. It is also consistent, i.e ||R}[F'(un) — Fn(up)]lly; = 0. It is
a Petrov-Galerkin discretization since the test and trial spaces are different: The
trial functions are discontinuous in time, piecewise polynomials of degree k; the test
functions are continuous in time, piecewise polynomials of degree k + 1.

Relation to Runge-Kutta schemes. In order to better understand the flavour
of problem (1.2) and definition (4.9) we rewrite Fj,. Recalling that the functions in
Y}, are continuous at the intermediate times ts, ..., txy,. and vanish at the final time
T, and using integration by parts on each time interval, for up € X5 and ¢, € Y},
we get

(F'(un), on)y

— /Q[uh(x, 0 +0) — uo(x)]pn(x,0)dx

N,
+ jzz/ﬂ[uh(x,tj +0) — up(z,t; — 0)|on(z, t;)dz

Noo ptia
+ Z/ / [Orunpn + a(z, up, Vup)Veon — b(x, up, Vuy,)ep]dzdt.
j=1 t; Q

Using the convention that
(4.10) up(.,0 —0) := uo,
we may write this in the compact form

(4.11)
(F(un), en)y

12
N
— Z{/ﬂ[uh(x,tj +0) — up(z,t; — 0)|on(z, t;)dx

=1

<

tj+1
+ / / [Orunpn + a(x, up, Vur)Von, — bz, up, Vuh)goh]da:dt}.
t; Q

We first consider the case kK = 0 and set
w) = un(t; +0) = up(., tjy1 —0) V1< j<N,.

Observing that uy, is piecewise constant on the time intervals, inserting 5 = A§0)Uj,
2 <j < N-,v; €V;, as a test function in (4.11) and using Lemma 3.1, we obtain

(Fr(un), en)v,,
= /{u?I — ui_l}vjdx
Q
+ 075 /Q{Q(ZZ?, ui, Vufl)ij — b(z, ui, Vufl)vj}da:

+(1-0)1-1 /Q{Q(ZZ?, ui_l, Vui_l)ij — b(x, ui_l, Vui_l)vj}dz.
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Inserting ¢ = /\:(LG)Ul,vl € V4, as a test function in (4.11), we similarly get

(Fr(un), on)ys, :/{u,ll — up fvrdz
Q
+ 97—1 / {Q(ZIJ, U’}lu vulll)vvl - b(fE, U}ll, Vu,ll)vl}dz
Q

Hence, in the case k = 0, problem (1.2) yields the popular #-scheme. In particular,
the parameters § = 0,60 = 1, and § = % correspond to the explicit Euler scheme, the
implicit Euler scheme, and the trapezoidal rule (Crank-Nicholson scheme). Thus

the time discretization is of first order unless 0 = %; in this case it is of second

order. Moreover, the time discretization is A-stable if § > %
Next we consider the case £ > 1. Denote by p;, 0 < [ < k—1, a set of orthonormal
polynomials of degree [ with respect to the weight function 4¢(1 — ¢) on [0, 1]. Let

ai(t) == [ pu(s)ds,0 <1< k—1,and ¢_1(t) = 1. For 1 < j < N, set
PLi = o Fy Gmy = dmoFyl, 0Sl<k—1,-1<m<k—L
Then every up € X and every ¢, € Y}, have unique representations of the form

N, E—1
un =3, O 3 s O (@)

p=—1
N, N, k—1
on =2 M 0w (@) + 3 0 Oxs, O D P (@) |
j=1 7j=1 pn=0

with v, j,w, ;,w; € V;,1 < j < N,. Consider a fixed j € {2,...,N;} and insert
on = Vi(t)x1, ) (wy;(x),0 < p < k—1, as a test function in (4.11). We then
get

(Fn(un), on)vs,

tj+1
= / /{Btuhgoh + a(z, up, Vup)Vor — b(z, up, Vug)pp tdadt
tj Q
— [ tus@s ()i
tjt+1
+ / ( / (@, wn, Vun) Va5 — b, wn, Van)wplda s (Ep (£)dt.

Inserting ), = Age)(t)wj (z) as a test function in (4.11), we obtain on the other

hand
(Fn(un), on)yi,
— [ o15(0) — (ot — Oy (a)da
Q
ti+1 0
+/ {/ [Orupwj + a(x, up, Vup)Vw; — b(x, up, Vuh)wj]dx})\g- )(t)dt.

tj—1 Q

With the obvious modifications these expressions also hold for j = 1. Hence,

the coefficients vg j, ..., vx—1,; are functions of the coefficient v_; ;, and the latter
is determined by the values of u; on the previous time interval. Thus problem
(1.2) amounts in a (k + 1)-stage implicit Runge-Kutta scheme. A lengthy but
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straightforward calculation shows that, for linear problems, k € {1,2}, and 6§ =
%, this scheme corresponds to the (k + 1)-st diagonal Padé approximation. In
particular, the time discretization then is of order 2k 4+ 2 and A-stable.

Remark 4.1. When we write problem (1.2) in the form (4.11) it strongly resembles
the discontinuous Galerkin method (cf. e.g. [7], [8]). In the discontinuous Galerkin
method, however, the test and trial spaces are identical, and both consist of dis-
continuous in time, piecewise polynomials of degree k. In particular, the case k = 0
corresponds to the implicit Euler scheme. Due to the discontinuities at the interme-
diate times g, ..., tx, —1 the discontinuous Galerkin method is non-conforming with
respect to both the standard weak formulation of problem (4.1) and the formula-
tion (4.2). This complicates its analysis within the framework of Secction 2. This
difficulty is overcome in [10]. A different analysis of the discontinuous Galerkin
method is given in [7], [8].

Definition of Rh,ﬁ'h, and Y,. In order to put the discretization in the frame-
work of Section 2, we assume that Y}, contains the space 6, defined in (3.6). This
is equivalent to assuming that the space discretization at least consists of linear el-
ements, i.e. V; D S};g, 1 < j < N,. As restriction operator Rj we use the operator

I, defined in (3.9). For the construction of ﬁh and }7;1 we define integers p, v and
approximations a; of a and by of b as follows:

a(x, up, Vup), if a(z, vn, Vup)

€ SEH(SHT)) Yon € X,
Z m1,0a(x, un, Vug), =1, otherwise,
QEP-

ap(x, up, Vup) :=

(4.12)
b(x, up, Vup,), if b(x, vy, Vo)
€ SYH(Sy) ) Yo € Xp,

Z 70,0b(x, un, Vuy),v := 0, otherwise.
QEP-

bh(x, Up, Vuh) =

Here, uj, € X, is arbitrary and 7 g and 71,¢ denote the L?(Q)-projections onto
the spaces of polynomials of degree at most 0 and 1 in the variables x and ¢,
respectively. Now, ﬁh is defined in the same way as F’ with a and b replaced by a;,
and by, respectively, and

(413) Yy, = span{¢; ¥, bjpPro, Vb Pjw: 1< j < N, K € T;, E € §j,
v € fpm|Kij70 € ]I~Dm|Eij7w € E/Dm\KX{tj}}

Here, m := max{u — 1,v} and P,,, denotes the space of polynomials of degree at
most m in the variables x and t.
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The estimators. Given @ = K x J; € P, we recall the abbreviation (3.16) and

set
e = (e + )|V - lale, un, Vun) — ap (- un, Vur)]
+ [b(., un, Vun) — by (- un, Vun)llrz (g
(414) + hﬂ_ (hK + TJ)HQE la( un, Vup) — ap (-, up, vuh)]E”L’ﬁr(aQL)’
14

no.x = (Wi +7)10cun =V - @y (., un, Vun) — by (-, un, Vun)|| 1z ()
14
+hi (W +75)ng - lan (s un, Vun)lellizogr)
i1
+ij (h%-ﬁ-Tj)Huh(.,tj-i-O)—uh(.,tj—O)HLw(K)

The quantity €g,. obviously measures the quality of the approximation of a and b
by a;, and by, respectively, and can be estimated explicitly. Below, we will show that
it yields upper bounds on the second terms on the right-hand sides of estimates
(2.3) and (2.4). Note that in our second example

€Qr < hi|f — mo,@flle(Q) + h?{HVUhHLﬁ(Q)
if k=0and V; = S;¢,1<j<N,.
Estimation Of ||(IdyJr — Rh)*ﬁh (uh)||y+* and ||(Idy+ — Rh)*[F(uh) — ﬁh(uh)]||y+*.
Next, we will derive upper bounds for the first and second terms on the right-hand

side of inequality (2.3). Recalling equation (4.11) and using, for the space variables,
integration by parts elementwise, we obtain for all p € Y

(4.15)
<F(uh)7<p>Y
N,
Z Z {/ un(z,tj +0) —un(z,t; — 0)lp(x, t;)dx
+/1+1/ [Oup, — YV - alx, up, Vup) — b(x, up, Vuy )] pdrdt}
i " e law,un, Vun)ppdsdt
5[ et St
and
(4.16)
(Fu(un), o)y

= ‘ { {/K[uh(;v,tj +0) — up(z,t; — 0)]p(z, t;)dx

tj+1
+ / / [Osup, — V - ap, (z, up, Vur) — by (z, up, Vup)|pdzdt}

tit1
+ Z/ /nE [ap(x uh,Vuh)]Egodsdt}
t

Ec€&;

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1356 R. VERFURTH

Let ¢ € Y} = Wf,, (©Q x (0,T)) be arbitrary. From Lemma 3.4 we obtain for
Q=KxI;eP.,1<j<N, K ecTj,and E C OK\I the estimates

[ ot 40— unlast; — 0)(a.t) — Lol tyde
K
< Munsty +0) = un( 85 = O)llz=y 1o = Irll ot 0,
11
=77 (W +7)llun( by +0) —un(.,t; — Ol rollellyyr! xxwrey):
ti+1
/ / [Oyun, — V - ap (x, up, Vup) — b (z, upn, Vup )@ — Irpldedt
< NOrun =V - @y, (. un, Vun) = ba(s un, Vun) |z lle = Irell o )

= (h%( + Tj)Hatuh =V -a,(.,un, vuh) — b (., un, vuh)”Lfr(Q) HSDHWP/’(U(Q))ﬂ

ti+1
/ / ng - [ap(z, un, Vup)|ele — Irpldsdt
t; E
< llag - lan (o un, Vun)lelliz0au) v = 12l 1o 06,

19
= hﬁ (h%( + Tj)”ﬂE ’ [Qh('v Uhs Vuh)]EHLf,(aQL)||<P||W5/(U(8QL))-

Inserting these estimates in (4.16), using Holder’s inequality for finite sums, and
recalling the definition (4.14), we conclude that

(Fh(un), ¢ — )

’

ok T /7 /p ok i ! ! p
DD n DD D I L S

j=1 KeT; j=1 KeT;

PN

Assume that p’ < 7’ or, equivalently, p > 7. Then Jensen’s inequality implies that
N /
~ ’ /i 1/p
T p'/m
(O 1ol sy 2 el ooy
j=1 KeT;
Using the abbreviation

N,

(4.17) 0= {Z{ > ngg,ﬂ}p/”}up,

j=1 KeT;
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we have thus shown that
(4.18) [(Tdy, — Rn)*Fy(un)llys = n.

Replacing a;, and by, by a;, — a and by, — b, respectively, we conclude with the same
arguments that

(4.19) I(Idy, — Rn)*[Fh(un) — F(un)llly; =< e,
where

N, Y
(4.20) €= { { sg_’ﬂ}p/”} g

j=1 KeT;

Estimation of ||ﬁ'h(uh)||)~,; and ||F,(up) — F(un)|ly,- Now, we will bound the
terms in inequality (2.4). Given a subset Q of Q x (0,T), we set, for abbreviation,

Yiio = {¢ € Y) : suppp C Q}. In order to bound the second term on the right-
hand side of estimate (2.4), we conclude from the shape regularity of the partitions
and a standard scaling argument that the estimate

1
”(’OHLP/,(K/XJ’) + hlw( ||(p||Lp/,((9K/><J/) = h%(||(p||LP/(J’7W2’”/(K’))

holds for all ¢ € ?mU(Q),Q =K xJ;eP;,J CcU(J;),K CU(K). Combining
this with equations (4.14) — (4.16), and using Holder’s inequality, we obtain the
following estimate for all Q € P,

(4.21) | F(un) —Fh(uh)Hf/;‘U(Q) = Z €Q' s
Q'CU(Q)

where 37;1 is equipped with the norm of Y.
In order to derive lower bounds for the left-hand side of estimate (2.4), consider

an arbitrary () = K x J; € P,. From Lemma 3.5 with VQ = P,, and equation
(4.14) we then obtain

(4.22)
[0vun — V- ay, (-, un, Vun) = ba (., un, Vun)| Lz ()

= sup o]~ /[&uh =V oay,(un, Vup) = b (., un, Vup) v
Q

o Wl @
= sup [[oll ) (Flun), 50x0)y,
’Ueﬂwan Lf’rl(Q)
< En(un)llg  sup [lollze ) l5vxvlly.

vEP,,
= {0 + 7 F(un)|

Yy

Q
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Estimate (4.22), equation (4.16) and Lemma 3.5 with V5 = ]I~Dm|Exj yield for all
E Cc OK\T

(4.23)

g - lan (., un, Vun)l bl Lz (0.

= sup ||0||Lp (901 )/ ng - lay (- un, Vup) g pPro
UEPm‘aQ QL

< sup a7,

2 oy L Fr(un). U Poo)y,

Uer\BQL

— // [Oeup—V - ap, (., up, Vup)—bp(., uh,Vuh)]wdeEPEdedt}

K'Cwg
< sw ol o B, L, lssPeolly,
UEPm\BQL
+ > l0wun — V- @y (un, V) — ba (o, Vun)| pz x,)
K'Cwg

N PE0l 1 e |

1 ~
< b {hg” + 7 I ()5

EXJj ’
From estimate (4.22), equation (4.16) and Lemma 3.5 with V5 =~ = jfnm\f(X{O} we
further conclude that

(4.24)
lun(.st; +0) —un(.,t; — 0)| L~ (x)

_sup ||w||LW (K)/ [un(.,t; +0) —un(., t; — 0)]\j¥x Pjwdx

WEP | K x {5}

PN

=  sup Juwll}
WEP | K x {5}

-y // [Oyun — V- @y (-, un, Van) — ba (-, s Vun) Aok P wd:cdt}

JCU(t;)

I (K){< Fh(uh), )\deKij >y+

| Fn(un) |- [\jvx Pjwlly,

h|K x U( i)

< swo Jullt o f

WEP | K x (13

+ Y un — V- ay, (o un, Vun) = balun, Vun) | s <o)
JCU(t)

AR Pl e §

=7/ {h + 75 HIE (un) s

RIKXU(t; )

Estimates (4.22) — (4.24) and the definition (4.14) yield

(4.25) nox 2 {1+ 7kt + 7 h }||Fh(uh)||Y;‘U(Q)

where f”h is endowed with the norm of Y, .
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A posteriori error estimates. Combining estimates (4.18), (4.19), (4.21), and
(4.25) with Propositions 2.1, 2.2 and recalling that ||} [F(upn) — Fy(un)]|ly> =0,
we obtain the following result.

Proposition 4.2. Let u be a regular solution of problem (4.1) in the sense of
Proposition 2.1 and definition (4.2), and let up be an approzimation of u in the
sense of Proposition 2.2 and definition (4.5). Suppose that p > w. Then the follow-
ing a posteriori error estimates hold:

lu = unllLy@x o) = {n+e+ Ry Fn(un)lly; }

and

nox 2 {1+7 W + mhiHllu —wnllywen + Y. carnt
Q'CU(Q)
¥Q = K x J; € P,.

The quantities €q x, NQ.x, 1, and € are gien by equations (4.14), (4.17), and (4.20).

Remark 4.3. The local lower bounds for ||u — UhHLz(QX(Q7T)) can be combined in
the standard way to the global lower bound
—172 —2
n = e }(nea%{l + 75 hie + b A{llu = unl s x o) + €}
The factor 1 + Tj_lfL%( + 7;h% in this estimate and the second one of Proposition

4.2 reflects the fact that the differential operator is of 2nd order with respect to the
space variables but only of 1st order with respect to the time variable.

Remark 4.4. 1f p < 7w one may still obtain upper bounds on the error. Since, in
this case, Jensen’s inequality cannot be used in estimating (F}, (un), ¢ — Irp)y, and
(Fn(un) — F(up), o — I:¢)y, , one must now proceed as follows:

1. Bound the space-integrals by using Holder’s inequality and Lemma 3.2.

2. On each time-level add all contributions to that level and apply Holder’s
inequality for finite sums.

3. Bound the remaining time-integrals by using Holder’s inequality and Lemma
3.3.

4. Add all time-levels and use Hélder’s inequality for finite sums.

Remark 4.5. One can establish similar estimates for the L (0, T; W, *(§2))-norm of
the error (cf. Proposition 4.1 in [10]). To this end one must replace Y4, g x, €0Q,x,
and 1+ 7, "W + 7hi” by Yo hig'ng.m, B €qr and o (hic) + 75 ' hicon n(hic) +
Tjhl_(Q, resp., where

1 if m <n,

On,x(h) = ¢ |Inh| if m=n,

Y71 i > .
Moreover, the local lower bounds may be combined to global lower bounds at the
expense of an additional factor max{hi}l : K € 7;,1 < j < N;}. This factor
and the term o, »(hx) are due to the non-local nature of the W17 (€)-norm,

which allows only for weaker Poincaré and inverse inequalities (cf. Lemma 3.5 and
Remarks 3.6, 3.7 in [10]).
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