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This paper deals with a posteriori error estimators for the linear finite element approx-
imation of second order elliptic eigenvalue problems in two or three dimensions. First,
we give a simple proof of the equivalence, up to higher order terms, between the error
and a residual type error estimator. Second, we prove that the volumetric part of the
residual is dominated by a constant times the edge or face residuals, again up to higher
order terms. This result was not known for eigenvalue problems.
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1. Introduction

In many applications it is important to find the eigenvalues and eigenfunctions of
an elliptic partial differential equation. Finite element methods for these problems
have been widely used and analyzed under a general framework in many works. We
refer to Babuska and Osborn,* Raviart and Thomas,® Strang and Fix,'3 and their
references, where convergence and optimal error estimates for both eigenvalues and
eigenfunctions are obtained.

In numerical computations it is important to use adaptive procedures based on
a posteriori error estimators. Several approaches have been considered to construct
estimators based on the residual equations (see the books by Ainsworth and Oden?
and Verfiirth,'* and their references). For eigenvalue problems, Verfiirht!415 ob-
tained results based on a general analysis for non-linear equations. Also, Larson”
analyzed this problem obtaining similar results by using a different approach.

*Member of CONICET, Argentina.
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In the present paper, we give a simpler analysis for a residual type error esti-
mator for the linear finite element approximations of a model eigenvalue problem.
We prove that the estimator is equivalent to the error up to higher order terms.
We remark that in the above mentioned papers by Larson” and Verfiirth!®, the a
posteriori error estimates are obtained assuming that the numerical solution is close
enough to the exact one. We do not assume this and that is why we have to add ex-
plicit higher order terms in our reliability and efficiency estimates. If we neglect the
higher order terms, the constants appearing in the equivalence are independent of
the eigenvalue (they depend only on the regularity of the meshes). The constants in
front of the higher order terms depend also on the eigenvalue being approximated.

The second goal of this paper is to analyze a simpler error estimator based only
on the jumps of the normal derivative of the approximate solution, which turns
out to be equivalent to the error also up to higher order terms. Let us remark
that, in particular, this result allows proving the equivalence between the error
and a Zienkiewicz-Zhu type error estimator (see Rodriguez!?), which is the most
used by engineers. In this way, results that are well known for source problems
can be generalized to eigenvalue problems (see, for example, Babuska and Miller,3
Carstensen and Verfiirth®, Nochetto,® and Rodriguez'?).

The rest of the paper is organized as follows. In Section 2 we introduce the
model problem and recall some known a priori error estimates for its finite element
approximation. In Section 3 we define an error estimator and prove its equivalence
with the error up to higher order terms. Finally, in Section 4, we prove that the
edge or face residuals dominate the other part of the estimator and, therefore, a
simpler equivalent error estimator is obtained.

2. Model problem and finite element approximation

Let Q c R be a polygonal domain for d = 2 and a polyhedral domain for d = 3.
We consider the following model problem:
Seek a real number A and a non-zero real-valued function u satisfying

—Au = Au in Q,
u=20 on 0N).

We use standard notation for Sobolev spaces, norms, and seminorms. Hence,
the eigenvalues A and normalized eigenfunctions u of the problem above satisfy,
u € HY(Q) and,

/Vu-Vv:)\/uv Vv € H} (),
Q Q

/ fuf? = 1.
Q

It is well known that this problem attains a sequence of eigenpairs (\;,u;),
with positive eigenvalues A; diverging to +c0. We assume the eigenvalues to be

(2.1)
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increasingly ordered: A; < --- < A; < ---. The associated eigenfunctions satisfy
u; € H'7(9), for some r € (0, 1] depending on © (r = 1 when Q is convex).

We consider a family {7} of triangulations of €2, formed by triangles if d = 2,
or tetrahedra if d = 3, such that any two elements in 7} share at most a vertex, an
edge, or a face. Let h stand for the mesh-size; namely h = maxpecg, hr, with hp
being the diameter of the element 7. For each 7}, we denote with Vj, C H}(2) the
standard finite element space of continuous piecewise linear elements.

The finite element approximate solutions of our spectral problem are defined by
up € Vi, and,

/ Vuy, - Vo, = /\h/ UR VR Vup € Vg,
Q Q

/ fun|2 = 1.
Q

The problem above reduces to a generalized eigenvalue problem involving posi-

(2.2)

tive definite symmetric matrices. It attains a finite number of eigenpairs (Ajn, w;n),
1 < j < Np = dim V},, with positive eigenvalues, which we also assume increasingly
ordered: )\1h S s S )‘Nhh'

The following a priori error estimates are well known (see for example Theorem
6.4-3 and Lemma 6.4-4 in Raviart and Thomas®). If (\;,u;) is a solution of (2.1),
then there exists (Ajp,u;p) satisfying (2.2) such that

uj —ujnly o < O, (2:3)

”uj - U’jh”O,Q < Chr|uj - ujh|1,Qa (24)
2

1A = Anl - < Cluy —ugnl] g (2.5)

where, here and thereafter, C' denotes a positive constant, depending only on the
particular eigenvalue and the regularity of 7j,.

3. Error estimator

In this section we introduce the error estimator and prove its equivalence with the
error.

First we introduce some notation. Let F be the set of all interior faces of the
mesh (i.e., faces of elements not lying on 0€2) and Fr C F be the subset of faces of
T. For each face F' € F we choose an arbitrary unit normal vector nr and denote
the two elements sharing this face T}, and Ty, where ng points outwards Ti,. For
vp, € Vi, we introduce the jump Jr of the normal derivative of vy, across the face F,
namely,

JF =V (’Uh|T0ut) ‘Np — Vv (Uhlﬂn) “Np.
Note that this value is independent of the choice of ng.

We consider a particular eigenpair (A;, u;) and its corresponding finite element
approximation (A, u;;). From now on, we drop out the subindices j to simplify
the notation. Our goal is to estimate the error e = u — uy,.
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The following lemmas provide some error equations which will be the starting
points of our error analysis.

Lemma 3.1 For v € H}(Q) there holds

/QVG'VU—/Q()\uf)\huh)v: Z

TeT)

([ 3 [omr).

FeFr

Proof. Take v € Hi (). Integrating by parts in each element we have

Ode
V6~Vv—/ AU — Apup)v = (/)\uv—l—/ v)
/Q Q( in) Z T R o On

TEIZ—}L
1
= Z (//\huhv+2 Z /J}ﬂ]). O
Tet, \'T Ferr ' F

Lemma 3.2 There holds

/Q()\u—)\huh)ez()\—&-)\h) (1—/Quuh) = )\—;)\h/ﬂe?

Proof. It follows easily by using that [, |u|® = [, |up|* =1. O
Let us now define the local error indicator ny by

1/2
2 1 2
nr = <h2T/\i|Uho,T + 2 Z hF”JFHO,F )
FeFr

where hp denotes the diameter of the face F', and the global error estimator by

n= (Z n%)l/Q-

TeT,

As usual in residual-type error indicators, np consists of two conveniently weighted
terms: the L? norm of the volumetric residual, which in our problem reduces to
Anllun g 7» and the L? norm of the jumps Jx across the interior faces of the element.

Meshes generated for adaptive refinement in problems involving singularities
are usually highly non-uniform (i.e., the elements of 7; may have very different
sizes). However, if the refinement is done in a proper way, the family {7;} can be
constructed in such a way that the regularity is preserved (see for instance Arnold
et al.,?> Rivara,'® and Rivara and Vénere!!). Therefore, it is natural to seek error
estimates with constants depending only on the regularity of the meshes (and not
on the element size). We will show that the estimator 7 is of this kind.

The following theorem gives an upper error estimate.

Theorem 3.1 There exists a constant C, depending only on the reqularity of Ty,

such that .
A2
el < 0+ (252 fely
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Proof. Let e! € Vj, be such that

He—eIHO’T < Chrlel 7 (3.1)
and
He—eIHmF < C’fL};/2|e|1)f7 (3.2)

where T is the union of all the elements sharing a vertex with 7. We can take,
for example, the well known Clément average interpolant of e (see, for example,
Clément5).

Using Egs. (2.1) and (2.2) we have

\Ve|2 = Ve-V(e—eI) —I—/ (Au — Apup) €.
Q Q Q

I

Hence, from Lemma 3.1 with v = e — e', we have

/Q|V€|2: Z [/TAhUh(fieI)wL; Z /FJF(G*GI)

TET FeFr

+/ (Au — A\pup) e,
Q

and using Lemma 3.2, Schwartz inequality, (3.1), and (3.2), we obtain

(/\ + /\h)

2 2
| 1ver < el g+ A el

which allows us to conclude the proof. (0

Remark 3.1 As a consequence of the previous theorem and the a priori estimate
(2.4), the global estimator provides an upper bound of the error in energy norm up
to a multiplicative constant and a higher order term:

|6|1,Q <C (77 + hr‘6|1,ﬂ> :

Our next goal is to show that the local error indicators np are efficient in the
sense of pointing out which elements should be effectively refined because they
support large local errors.

For T € Ty, let by € H}(T) be the standard cubic bubble function, if d = 2, or
the standard quartic bubble function, if d = 3, in both cases attaining the value one
at the barycenter of T. Using scaling arguments as those used to prove standard
local inverse inequalities one can see that there exists a constant C, which only
depends on the regularity of the element 7', such that

1/2
el < unllr < € ([ 1 for ) (33)

and

C
|uhbT|1,T < n ||Uh||o,T~ (3.4)
T

The following lemma provides an upper estimate of the volumetric residual term.
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Lemma 3.3 There exists a constant C, depending only on the regularity of T', such
that

hrAnllunllor < C (|€\1,T + hrl|Au — )‘huhHo,T) ~

Proof. Take v = upbr. Using (2.1) and the fact that fT Vuy - Vo = 0, we

obtain
)\h/ uhv:/ VeoVU—/ ()\uf)\huh)v
T T T

and the lemma follows easily by using (3.3) and (3.4). O

Now, for F' € F, let T} and T% be the two elements in 7, sharing F and let
br € Hj (T} UTR) be the piecewise quadratic function, if d = 2, or cubic function,
if d = 3, in both cases attaining the value 1 at the barycenter of F'. Then, using
again scaling arguments, it is easy to see that there exists a constant C such that

/2 C .
lorelly 7 < chl and  |bpl, gy < W||bF||07T}, i=1,2.
F

The following lemma provides an upper estimate for the jump terms of the local
error indicator.

Lemma 3.4 There exists a constant C, depending only on the reqularity of T} and
T%, such that

1/2
hF/ H‘]FHO,F <C (\6‘17T;UT§ + hrelAu— /\huhHo,T;uTg) :

Proof. For any v € H} (T} UT%) it follows from Lemma 3.1 that

/ JFU:/ V6~Vv—/ ()\u—/\huh)vf)\h/ UpV.
F TLUTZ TLUTE TLUTE

Taking v = bp in this equation and using the fact that Jg is constant together with
Lemma 3.3, we conclude the proof. O

Now we are in order to prove an upper estimate of the local error indicator.
Theorem 3.2 Let T* be the union of T and the neighboring elements T' sharing
a face with T. There exists a positive constant C, depending only on the regularity
of the elements of T™, such that

nr < C (lely po + hrldu = Munllgz- ) -

Proof. It follows immediately from Lemmas 3.3 and 3.4. O

Remark 3.2 The term hp|[Au — Apup|y p- in the previous theorem is a higher
order term. In fact, for each T' € Ty,

A=A
hT’ H)\u - )\hUh”O,T/ < |/\h||)\hhT/ HuhHO,T’ + )\hT/ ||u — uh”O,T’
S ChQTnT’ + )\h/T’ HeHO,T’



A posteriori error estimates for eigenvalue problems 7

the last inequality because of (2.5) and the definition of npr. Note that the first term
in the right hand side is asymptotically negligible with respect to the local indicator
N, whereas the second term is asymptotically negligible with respect to the local
error ||y 7.

Consequently, the theorem above shows that the error indicator of an element
T is bounded above by the energy error on T*, up to a multiplicative constant, and
higher order terms, namely,

nr < Clely p. + OB )nr- + O(hr)|ellg 7.

where, N3 =Y pers M-

Therefore, nr is an efficient error indicator, in the sense that when np is large,
the error in the vicinity of the element T must be large too. Thus, np points out
correctly the elements which should be refined, at least when the global term "\‘;;\{‘I

is small enough.

4. A face residual error estimator

The goal of this section is to define a new error indicator not involving the volumetric
part of nr. To do this, we will prove that the face residuals dominate the volumetric
ones up to higher order terms.

Let AV be the set of interior vertices of the triangulation 7, (i.e., vertices P ¢
0Q). For Pe N,let Qp =U{T € 7,: P €T}. Let pp € V}, be the basis function
with supp pp = Qp and hp the diameter of Qp. Finally, let Fp C F be the subset
of faces containing the vertex P and Tp ={T' € 7;,: T > P}.

The following relation between the basis functions and the jumps is used in the
sequel.

Lemma 4.1 For all P € N, there holds
meas (F
Ah/ Uppp = Z #JF-
s FEFp
Proof. Using (2.2) and integrating by parts we have
meas (F'
)\h/ uhgﬁp:/vuh'VgOP: Z #JF O
Qp Q FeFp

Our next step is to prove a local estimate for the volumetric part of the residual.
Lemma 4.2 For all P € N, there holds

2 2 2
Z hQT)\}Qz”UhHo,T <cC ( Z hF”JFHO,F + h%?/\ﬂvuhno,m:) ’
TeTp FeFp

where C' is a constant depending only on the reqularity of the mesh.
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Proof. Let u!’ denote the L?(2p) projection of uj;, onto the constants. Then,
we have

> WX lunll e < WA NunlG g, = 03AE ([[un = wf 5 g, + k15 ) - (A1)
TETP

Now,
2 (d+1)2 ?
e, = s ([ P or)

M{{/ﬂp (ug—uh)wpr—F(/QPumOP)z}.

Then, using Lemma 4.1 and Cauchy-Schwartz in the previous estimate, we have

2 2 1 _
1, < (=T, + sy 32 7 1et )
h P FeFp

Thus, substituting the expression above in (4.1), using the standard estimate for
the L?(Qp) projection and the fact that hx, hp and meas(Qp)/¢ are all equivalent,
we conclude the proof. [J

Now we are in order to define the simpler indicator

. 1/2
= (3 5 welinlie)

FeFr
and the corresponding global error estimator
1/2
7= (Z ﬁ%) :
TeT

The following theorem shows that this estimator is globally reliable and locally
efficient up to higher order terms.

Theorem 4.1 There exists a constant C, depending only on the reqularity of Tp,

such that )
~ )\ + >‘h 2 3/2
i (252 elln o+ 2202

<C
‘e|1,Q — 9

and
iir < C (Jely o + hrllXu = Munllg 7 ) -

Proof. Theorem 3.2 yields the second estimate above, whereas Theorem 3.1
leads to

A+ A

2 ~ 2 h 2

|e‘1,Q <C (772 + Z h%)‘%”uhnoj + 2”6”0,Q> :
Te,z’h
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From Lemma 4.2 we have

2 ~ 2
> iRl < © (7 + HARVunlly o)
TeT),

Then, we conclude the proof from these two estimates and (2.2). O

Remark 4.1 The first estimate in the theorem above involves an additional term

)\i/QhQ which, under very mild assumptions, is also of higher order. Indeed, since

the eigenfunctions of the Laplace operator are analytic in Q, —Au = Au cannot

vanish identically in any open subset. Therefore, according to Lemma 1.5.4 from

Babuska and Miller,® if there exist a disc D C Q and a constant k > 0 such that
min hy > kh VT, (4.2)

TET,
TCD

then there exists a constant ¢ > 0 such that |e|1}Q > ch. Hence, in this case, the

term X;’/Qh2 18 asymptotically negligible with respect to \e|1,Q. Notice that the local
quasi-uniformity property (4.2) holds in all practical cases.

The result of the previous theorem can be improved for the lowest eigenvalue.
Indeed, the corresponding eigenfunction satisfies u > 0, and so it is reasonable to
assume that also u, > 0. (This is usually the case in practice; for instance, it is

always true in 2D when the angles of all the triangles are not greater than 7). In

this case, the term )\,31/ 2 can be dropped out from the reliability estimate. This is

an immediate consequence of the following lemma, which shows that the volumetric
residuals are dominated by the jumps when u; > 0.

Lemma 4.3 If u;, > 0, then there exists a constant C' > 0, depending only on the
reqularity of 7Ty, such that

2 2
> Ahillunllor < C Y hrlJrllg p-
TeT, FeF

Proof. We have

> A lunllg > /T/\ihQTuh [Z up(P)pp

TeT, TeT, PeN

S ) (z; i [ go>

PeN

> Anhpun(P) <)\h /Q uh(pp)

PeN

> Anhp ()
PeN

C [Z Aht un (P))?
PeN

IN

IN

—d meas(F)
hyy 4/ Z —q |JF]
FeFp

1/2 1/2
(Z hF|JF||g,F> ,

FeF

IN
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where we have used that u; > 0 for the first inequality and Lemma 4.1 for the
second one. For the last one, we have used Cauchy-Schwartz inequality, twice, and
the regularity of the mesh.

On the other hand, standard scaling arguments yield the following inequality

2 2
hg Y lun(P)]” < Cllunllg -
PeNr

Then, we have

ST RFNun(P)P <0 >0 YT un(P)P < C Y BElunllg 1

PeN TeT, PeNT TeT,

which allows us to conclude the proof. O
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