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A POSTERIORI ERROR ESTIMATION FOR REDUCED ORDER SOLUTIONS
OF PARAMETRIZED PARABOLIC OPTIMAL CONTROL PROBLEMS *

MARK KARCHER! AND MARTIN A. GREPL?2

Abstract. We consider the efficient and reliable solution of linear-quadratic optimal control problems
governed by parametrized parabolic partial differential equations. To this end, we employ the reduced
basis method as a low-dimensional surrogate model to solve the optimal control problem and develop
a posteriori error estimation procedures that provide rigorous bounds for the error in the optimal
control and the associated cost functional. We show that our approach can be applied to problems
involving control constraints and that, even in the presence of control constraints, the reduced order
optimal control problem and the proposed bounds can be efficiently evaluated in an offline-online
computational procedure. We also propose two greedy sampling procedures to construct the reduced
basis space. Numerical results are presented to confirm the validity of our approach.
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INTRODUCTION

Many problems in science and engineering can be modeled in terms of optimal control problems governed by
parametrized partial differential equations (PDEs), see e.g. [15,25,26] for theoretical results and applications.
While the PDE describes the underlying system or component behavior, the parameters often serve to identify
a particular configuration of the component — such as boundary and initial conditions, material properties, and
geometry. The solution of these problems using classical discretization techniques such as finite elements or finite
volumes is sometimes computationally expensive and time-consuming. One way to decrease the computational
burden is the surrogate model approach, where the original high-dimensional model is replaced by a reduced
order approximation. These ideas have received a lot of attention in the past and various model order reduction
techniques have been used in this context: proper orthogonal decomposition (POD) e.g. in [3,23, 24, 34, 35],
reduction based on inertial manifolds in [18], and reduced basis methods in [6,7,19,20,28,34]; for a review of
various model order reduction techniques we also refer to [2,5]. However, the solution of the reduced order
optimal control problem is generally suboptimal and reliable error estimation is thus crucial.
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In this paper we employ the reduced basis method [30,32] as a surrogate model for the solution of optimal
control problems. We extend our previous work in [10,22] in the following two directions: First, we consider
optimal control problems governed by time-dependent (parabolic) PDEs. To this end, we allow for multiple
controls which are scalar functions of time. Second, we consider problems involving box constraints on the
controls, i.e., upper and lower bounds. We develop rigorous a posteriori error bounds for the optimal control
and the associated cost functional and show that the reduced order optimal control problem and error bounds
can be efficiently evaluated in an offline-online computational procedure. We note that the efficient, real-time
solution of optimal control problems is essential in model predictive control of PDEs, see e.g. [1,17].

A posteriori error bounds for reduced order solutions of optimal control problems have been proposed for
proper orthogonal decomposition (POD) and reduced basis surrogate models in [35] and [6, 7, 28], respectively.
In [35], the authors estimate the distance between the computed suboptimal control and the unknown optimal
control using a perturbation argument proposed in [14,27]. The approach allows to use the POD approximation
to efficiently solve the optimal control problem. The evaluation of the a posteriori error bounds, however,
requires a forward-backward solution of the underlying high-dimensional state and adjoint equations and, as
pointed out in [35], is thus computationally expensive. In [6,7], reduced basis approximations and associated a
posteriori error estimation procedures have been derived to estimate the error in the optimal value of the cost
functional. However, although the estimator is efficient to evaluate, it is not a rigorous upper bound for the
error. Recently, a reduced basis approach to optimal control problems based on a saddle-point formulation has
been considered in [28]. The resulting a posteriori error bound follows directly from previous work on reduced
basis methods for saddle point problems [33]. However, the saddle point theory only provides a combined
bound for the error in the state, adjoint, and control variable. Furthermore, the approach is only applicable
to optimal control problems without control constraints involving stationary (time-independent) PDEs. The
former restriction is due to the fact that the results from [33] do not apply to variational inequalities, the latter
since calculating the stability constant of the space-time saddle point problem, i.e., (a lower bound to) the
Babuska inf-sup constant, is computationally prohibitive.

This paper is organized as follows. We introduce the optimal control problem in Section 1: we start with
the general problem statement, state the first order optimality conditions, and illustrate how the reduced basis
approximation can be used as a surrogate model. In Section 2 we turn to the a posteriori error estimation and
develop bounds for the optimal control and the associated cost functional. Finally, we present numerical results
for a model problem in Section 3 and offer concluding remarks in Section 4.

1. OrPTIMAL CONTROL PROBLEM

1.1. Preliminaries

Let Y, with H{(Q) C Y. € HY(Q2) be a Hilbert space over the bounded Lipschitz domain @ C R d =
1,2,3, with boundary I'.! The inner product and induced norm associated with Y, are given by (-,-)y. and
I-llv. = /(-,)y,, respectively. We assume that the norm ||-||y. is equivalent to the H'(£2)-norm and denote
the dual space of Y, by Y/. We also recall the Hilbert space W(0,T) = {v € L?(0,T;Y,) : v; € L?(0,T;Y))}
for a fixed final time T with its standard inner product, see for example [31]. We also introduce the control
space U, = L*(0,T;R™), m € N, together with its inner product (w,v)y, = fOT(w(t)7v(t))Rmdt7 induced norm
|lle. = v/(, )., and associated dual space U.. Furthermore, let D C RP be a prescribed P-dimensional
compact parameter set in which our P-tuple (input) parameter p = (p1,...,up) resides.

We next introduce the (for the sake of simplicity) parameter-independent bilinear form m(w,v) = (w,v)z2(q),
Vw,v € L*(Q), and the parameter-dependent bilinear form a(-,-; i) : Yo x Yo — R. We shall assume that a(-, -; )
is continuous,

a(w, v; p)

Ye(p) = sup sup ————— <y <00, VuéeD, (1.1)
weva\{0} veva\{o} lwllv.llvly.

1The subscript e denotes “exact”.
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coercive,

_oa(v, i)
)= it AU S S0, VueD, 1.2
)= B TR, = g 2

and affinely parameter-dependent,
a(w, v; 1) Z@q Yal(w,v), Yw,v €Y, VuéeD, (1.3)

for some (preferably) small integer Q,. Here, the coefficient functions ©% : D — R are continuous and depend
on p, but the continuous bilinear forms a? do not depend on y. We also introduce the continuous and linear
operator Be : U — L?(0,T;Y/), given by

<(B ue) Y Yo = Zb uez (14)

where (-, -)yc/ye denotes the dual pairing between Y. and Y, by,...,b,, are given bounded linear functionals
on L*(Q) and u. € U, is the control with time-dependent control components u,; € L?(0,T), 1 < i < m.
For simplicity, we assume that the functionals b,...,b, do not depend on the parameter; however, (affine)
parameter dependence of the b; and thus of the operator B, itself is readily admitted [11]. Finally, we require
that all linear and bilinear forms are independent of time — the system is thus linear time-invariant (LTT).

1.2. General Problem Statement
We consider the parametrized optimal control problem
min Je(Ye, Ue; 1) St (Yo, Ue) € W(0,T) X Ue,aa solves

d (Pe)
7 UWe(1),v) + alye(t), vi ) = ((Beue) (1) v)yvyye, WweYe, fLaa te(0,T],

with initial condition y(0) = yo = 0; the quadratic cost functional, J(+, ;1) : W(0,T) x U, — R, is given by

(1.5)

T
g1 g9 A
Je(Yes ues ) = = /O e = yae ()T oy dt + S ye(T) = Yao (T3 )22 (o) + S llue — wacll

Here, D C Q is a measurable set; yqc(u) € L?(0,T; L*(D)) and ugqe € U, are the desired state and control,
respectively; and A > 0 and 01,09 > 0 are given regularization parameters governing the trade-off between the
cost associated with the deviation from the desired control and the desired state (over the whole time trajectory
and/or at the final time), respectively. We assume that the parameter-dependent desired state yq. (1) admits
the affine representation

Qyd

Ya,e(T,t; 1) = Z@ (t; 1)yg (), (1.6)

with parameter-dependent and time-dependent coefﬁ(nent functions @Zd : [0,T] x D — R and parameter-
independent functions yg’e € L%*(D). For simplicity, we assume that the desired control Uq,e 1S parameter-
independent; however, (affine) parameter dependence is readily admitted. We also introduce the non-empty
convex subset of admissible controls

Uepd = {tte € Ue : Uge(t) < ue(t) < upe(t)} C U, (1.7)
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where U, o, upe € L2(0, T;R™), with ug o(t) < upe(t), fa.a.t € [0,T], are given lower and upper bounds for the
control components and the inequalities are interpreted component-wise in R". It follows from our assumptions
that there exists a unique optimal solution (y;,u}) to (Pe) [26].

Employing a Lagrangian approach we obtain the first-order optimality system consisting of the state equation,
the adjoint equation, and the optimality condition: Given p € D, the optimal solution (y,p%,u’) € W(0,T) x
W(0,T) X Ue aa satisfies

Sl (0),6) + aly (1), 61 = (B ><t>,¢>yc,,ye7 VeV, faa te(.T) (18
Ye(0) =wo = (1.8b)

S p(0) + alo L0 = oraelti ) ~ v (1) Dpxpy, Ve Yo fan te(0T), (18
mlp. s (1) = o2(aeT3 )~ 42(1), ey, Vo €Yo (1.8

(Mug —uae) = B pep —uy), >0, Vi) € U aa- (1.8¢)

Here, p. is the adjoint variable and the superscript * denotes optimality. Furthermore, the linear and bounded
dual operator of B, in (1.8e) is given by B) : L?(0,T;Y,) — U., where we identify (L?(0,T;Y/)) with L?(0,T;Y.)
and U, with U,. From the relationship

(Bet, ®) L2(0,7,y),L2(0,T3Y) = / Z bi(o(t))ui(t)dt = / (u(), (B 9) (1)) g dt = (u, B! ¢)us, (1.9)
0o = 0

it follows that, for given ¢ € L2(0,T};Y,), the dual operator B, ¢ can be expressed as
(B @)i(t) = bi(9(1)), 1<i<m, te[0T]. (1.10)

We note that for the linear-quadratic optimal control problem (P.) the first-order conditions (1.8) are necessary
and sufficient for the optimality of (v}, uS) [26].

Note that we consider here the classical initial value problem formulation to extend our earlier elliptic
work [10,22] to the parabolic case. Another approach worth pursuing is a space-time formulation of the optimal
control problem [12]; also see [36] for a reduced basis space-time formulation for parabolic problems. However, in
the context of the current paper — spatially coercive operators — there would be little quantitative improvement
in the results (cf. the very good performance of the energy-norm bounds in Table 1).

In practice, the regularization parameters often serve as design parameters which are tuned to achieve a
desired performance of the optimal controller. From a reduced basis point of view, however, the regularization
parameters may simply be considered input parameters of the parametrized optimal control problem. This
allows us to vary (say) A online and thus to efficiently design the optimal controller with the approach presented
here. For our model problem in Section 3 we will in fact consider A as an additional (reduced basis) input
parameter.

1.3. Truth Approximation

In general, we of course cannot expect to find an analytic solution to (1.8). We thus consider a temporal

and spatial “truth” discretization: we divide the time interval [0, 7] into K subintervals of equal length 7 = L

and define t* = k7,0 < k < K, and K = {1,..., K}; we also introduce a finite element approximation space
Y C Y. of typically very large dimension A/. Note that Y shall inherit the inner product and norm from Y:
(v)y = (v, and ||-|ly = ||‘|ly.. Clearly, the continuity and coercivity properties of the bilinear form a are
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inherited by the truth approximation, i.e.,

a(w, v;
y(w) = sup  sup alw, v; ) <Ye(n) <70 < oo, VueD, (1.11)
wev\{o} vev\{o} lwlly [[vlly
and ( )
a(v,v;
« = in — " > Qe >ag>0, YueD. 1.12
( ) veY\{0} ||UH§/ (,LL) 0 H ( )
We also define the operator B: U = (R™)K — (Y')K by
(Bug, yyry =D bi(uf, keK, (1.13)
i=1

where U = (R™)X is the discretized control space with inner product (u, v)y = 7 31—, (u¥, v¥)gm and induced
norm |[|-|jzy = \/(, )u. Here, a control is denoted by u = (u',...,uf),u¥ € R™, such that u¥ € R corresponds
to the i-th control input at time t*, i.e., uf = u;(t*).

We thus obtain the corresponding truth optimal control problem?

min J(y,u;p) st. (y,u) € YE x Uy  solves

K R - (P)

m(y 7U)+Ta’(y 7“7/") _m(y 7’1})+T<(B’U1)k,7}>y/7y7 Yv € Y: VkEIK7
with initial condition y° = yo = 0. Here, y* denotes the truth solution at time t* and the discretized cost
functional J(-, ;) : YE x U — R is given by

K K
g1 g9 A
Ty uip) = 7 " = v()72 o) + S Iy = v WIE2p) + 57D _llu® — uglfm, (1.14)
k=1 k=1

ub = ug.(tF) € R™, yk(u) € Y is the L2projection of y4(t*; ), and the discretized admissible control set is

Uaa = {u €U : uf < uF <uf, k€ K}, where uf = u, o(tF) € R™ and uf = upo(tF) € R™.
The associated first-order optimality system reads: Given y € D, the optimal solution (y*,p*,u*) € Y x
YE x U,q satisfies

m(y™" =y ) + Taly™F, éyp) = 7 ((Bu*)k, d)y v, V€Y, VkeK, (1.15a)
Y =y =0, (1.15b)

*,k *,k+1 s,k . _ k *,k
m(p,p™" = p™" ) +rale,p" i p) = To1(ys () — ¥, )20y, VoeY, VkekK, (1.15¢)
m(e,p" ) = oa(ys (1) — ¥, 0) 2D, Vo €Y, (1.15d)
(Au* —ua) = BT p*, ¢ —u*),, >0, Vi) € Usa, (1.15¢)

where the dual operator BT : Y& — U/ is given for ¢ € Y by (BT ¢)¥ = b;(¢"*), which is the discrete counterpart
to the dual operator B defined in (1.10). We further note that the Ansatz and test spaces are identical for
the state and adjoint equations. This ensures that the solution of the optimality system (1.15) is indeed also
an optimal solution of the truth optimal control problem (P).

The optimality system (1.15) constitutes a coupled set of equations (and variational inequalities) of dimension
2KN + Km and is thus expensive to solve, especially if one is interested in various values of u € D. Our goal

2We shall employ the backward Euler method for the time integration; we note, however, that the treatment of higher-order schemes
such as Crank-Nicolson (or a general ©-scheme) is also possible.
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is therefore to significantly speed up the solution of (1.15) by employing the reduced basis approximation as a
surrogate model for the PDE constraint in (P).

1.4. Reduced Basis Approximation

We first assume that we are given the reduced basis spaces Yy = span{(,, 1 <n < N}, 1 < N < Npax,
where the (,, 1 <n < N, are mutually (-, -)y-orthogonal basis functions and N, Ny, are even. We comment
on the POD/Greedy sampling procedure to construct the spaces Yy in Section 2.4.

We next replace the truth approximation of the PDE constraint in (P) with its reduced basis approximation.
The reduced basis optimal control problem is thus given by

min J(yn, un; ) st (yn,un) € Y X Uyq  solves Px)
. _ N
m(yk,v) + Ta(yy, vip) = myk ') + 7((Bun)k, v)yry, Y €Yy, VEkEK,

with initial condition y%, = yo = 0. Notice that the already low-dimensional truth control space U is not reduced,
although this is possible for problems with high-dimensional control spaces, e.g., problems with distributed
controls over parts of the domain or its boundary [21,28].

We can also directly state the associated first-order optimality system: Given p € D, find (yi,py,uy) €
Y x Y x Upq such that

myy" —yn'h o) + Talyy’, ¢ p) = 7 (Bul )k d)vrys Vo €Yy, VkeK, (1.16a)
N’ =0 =0, (1.16b)

*,k *,k+1 BN _ k *,k
m(o,py —pN ) +Tale,py ) =To1(Yq(1) — YN > P)L2(D)s VoeYn, Vkek, (1.16¢)
m(p, o) = o2 (Y (1) — y" . ©) 12Dy Vo € Ya, (1.16d)
()\(u”jv —uq) — BTp}kV, P — u}k\,)u >0, VY € Uag. (1.16e)

The reduced basis optimality system is only of dimension 2K N + K'm and can be evaluated efficiently using an
offline-online computational decomposition.

We note that we use a single “integrated” reduced basis Ansatz and test space for the state and adjoint
equations. The reason is twofold: first, the reduced basis optimality system (1.16) reflects the reduced basis
optimal control problem (Py) only if the spaces of the state and adjoint equations are identical; and second,
using different spaces may result in an unstable system (1.16). This issue is closely related to the stability of
reduced basis formulations for saddle point problems, see [9] for details. If we use the same space Yy for the
state and the adjoint equation, on the other hand, the system (1.16) is provably stable. Finally, since the state
and adjoint solutions need to be well-approximated using the single space Yy, we choose “integrated” spaces,
i.e., we integrate both snapshots of the state and adjoint equations into the reduced basis space Yy.

1.5. Computational Procedure
We now turn to the computational details of the reduced basis approximation of the optimality system. To
this end, we express the reduced basis state and adjoint solutions as y& (1) = Zivzl yk ()¢ and pk (p) =

Zﬁilp’fw(u)g} and denote the coefficient vectors by y’jv(,u) = [yhi (1), ., v5 ()T € RY and Q’;V(,u) =
PRy (1), - Pl ()T € RY | respectively. If we choose as test functions ¢ = ¢;, 1 < i < N, and ¢ =
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¢i, 1 <4< N,in (1.16), the reduced basis optimality system can be written as

(M +7 An (1) " (1) = My g7 (1) + 7 By, keK, (1.172)
Y (1) =0, (1.17b)

(M +7 An () 2,00 = My 9510 + 70 (Vi) = Dy )). k€K, (117)
My pRTH (1) = 02 (Vi (1) — Dy yk (1), (1.17d)

(A(ufr — uf) — Baph (1), 0" — uf)u > 0, vk e U, keK.  (1.17e)

Here, My € RV*N By € RV*™ and Dy € RV*YN are matrices with entries (My)i; = m(¢j,¢), 1 <i,j <N,
(Bn)ij = bj(¢i), 1 <4 <N, 1 <35 <m,and (Dn)ij = (¢5,G)r2p), 1 < 4,5 < N respectively. Invoking
the affine parameter dependence (1.3) yields the expansion An(u) = ZQ” ©%(u)A%, where the parameter-
independent matrices A% € RV*Y are given by (A%):; = a%((j,¢), 1 <4,5 <N, 1< g < Q,. Similarly, from
(1.6) we obtain the affine representation of Y, (1) € RN, k € K, as Yy (1) = Z?ﬂ O ,(t*; n)Y 5, where the
parameter-independent vectors Y;N € RY are given by ( dN) = (yd(x), Clr2py, 1 <1 <N, 1 <q < Qya-
Finally, to allow an efficient evaluation of the cost functional in the online stage, we also compute and store the
matrix Yy € R@vax@ue | given by (Yy),.q = (5,93 12(p)-

The offline-online decomposmon is now clear. In the offline stage — performed only once — we first construct
the reduced basis space Y. We then assemble the parameter-independent quantities A%, 1 < ¢ < Qq, My,
Dy, By, qu, Ny 1 < g < Qyq, and Y. The computational cost clearly depends on the truth finite element
dimension A. In the online stage — for each new parameter value y — we first assemble the parameter-
dependent quantities Ay (u) and Yd’fN(u),k € K, in O(Q.N?) and O(Q,¢KN) operations, respectively. We
then solve the reduced basis optimality system (1.17) iteratively with a BFGS Quasi-Newton method. The
cost for one BFGS-iteration on the “reduced” cost functional jy(un; ) := J(yn(un), un; i) is to leading order
O(N3 + KN? + KNm + (Km)?). In the control constrained case we use the primal dual active set method
(PDAS) resulting in an outer loop around the BFGS iteration. In our numerical tests we needed at most 4
PDAS iterations.

Given a reduced basis approximation, the cost functional can be evaluated efficiently from

de
J(yn,un;p) = *TZ Y ) Dyl = 2V N ()Tl + Z S O 4(t"; 1) (Ya)pq
p,q=1
o de )\ K
9 -
+ 5 | ) Dy = 20N ) Ty + D Ot O ) (Vg | + 57 Yl — wfllEn (118)
p,q=1 k=1

in (to leading order) O(KN? + KQuqN + Qid + K'm) operations.

Hence, the computational cost for the online stage is independent of N, the dimension of the underlying
“truth” finite element approximation space. Since N < A, we expect significant computational savings in the
online stage relative to the solution of (1.15). However, we need to rigorously and efficiently assess the error
introduced.

2. A POSTERIORI ERROR ESTIMATION

We will now develop a posteriori error bounds for the error in the optimal control and the error in the
associated cost functional. We discuss the control and cost functional bounds in Sections 2.1 and Section 2.2,
respectively. We summarize the computational procedure in Section 2.3 and discuss the greedy algorithm to
generate Yy in Section 2.4.
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2.1. Error Bound for the Optimal Control

The point of departure for our bound is a result from [35], where the authors estimate the distance between
the computed POD suboptimal control and the unknown truth optimal control using a perturbation argument
proposed in [14,27]. The idea is to introduce a perturbation function ¢ € U such that the RB optimal control
U}, i.e., the perturbed control, satisfies the optimality condition

Auy —ua) = B'H+ (Y —uj)u =0, Vip € Una, (2.1)

of a perturbed optimal control problem. Here, p = p(y(uk)) is the solution of the (truth) adjoint equation
(1.15¢) with y(ujy ) instead of y*(u*) on the right-hand side, and § = y(u}) is the solution of the (truth) state
equation (1.15a) with control u}, instead of u*. It is then possible to explicitly construct ¢ in terms of w},
g, and p such that (2.1) holds and to bound the error in the optimal control, u* — u%;, in terms of (. More
specifically, for notational convenience we define

£ = Muy —ug) = B'p (2.2)

with components 5;“, 1=1,...,m, k € K. We then distinguish for every component Cik, i=1,...,m, k € K,
the following three cases to construct ¢ (see [35] for a more detailed discussion):

(1) Ifuj\}k :um,then wk—uN > 0 for all ¥ € ddland hence £F +¢F > 0 has to hold: we set ¢F = [5’“}
(2) If uNZ = uf,, then ¢F —uy" < 0 for all ¥F € UL, and hence € + ¢¥ < 0 has to hold: we set

¢F=—[¢],

(3) It u}‘vkz € (uk ; u{fﬂ->, then ¥ — u?vkz can attain positive and negative values for % € U~ aq; and hence

€8 4 ¢F = 0 has to hold: we set ¢F = —¢F.

Here, [-]+ and [-]- denote the positive and negative part functions, respectively. To summarize, ( € U is given
component-wise by

[6F] 1fuNz = U ;
cF=< -], ifuNZ—u’}fl, (2.3)
—¢k 1fuNZ€<u’;1,u’lf).
We can now state the main result (see Theorem 4.11 in [35]).

Theorem 2.1. Let u* and ujy be the optimal solutions of the truth and reduced basis optimal control problems
(P) and (Pn), respectively. The error in the optimal control then satisfies

* * 1
lu” = unllu < S WClus Vi€ D. (2.4)

We note that evaluation of ¢ and thus the bound in (2.4) is computationally expensive since it requires a
forward-backward solve of the truth state and adjoint equations. Our goal is to develop a bound which can
be computed using an offline-online decomposition such that the computational cost for the online-evaluation
is independent of A/. The main idea is to replace the truth approximation p(y(ujy/)) in (2.4) with the reduced
basis approximation pi (yx (uy)) and to bound the error term p(y(uy)) — piv (yn (ui))-

Before we continue, let us make some notational remarks. Following the notation and terminology in [6],
we refer to é¥F = yk(u¥) — y}k\,k (u%) as the state predictability error and to éP% = pF(y(uk)) — p}‘vk(ij(ufv))
as the adjoint predictability error. They reflect the ability of the corresponding reduced basis solutions to
approximate the truth state and adjoint solutions for a prescribed control. In contrast, we define the state,
adjoint, and control optimality errors as e¥*F = y**(u*) — y;‘\,k(u}k\[)7 ePk = pok (y* (u*)) —p}‘\}’“c (yy(uy)), and
e = u* — u}y, respectively. We start with the following definition.
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Definition 2.2. The residuals for the state equation, the adjoint equation, and the optimality condition are
defined by

YR (6 1) = (B )k, @)vry — alyy”, é; 1) — %m(yfv’ —yN' T e), VoeY, VkeK, (2.5)
PR (o i) = o1 (Y (1) — yN", @) 12(D) — ale, PR"5 1) — %m(%p}‘v’ -y, Veey, keK\{K}, (2:6)
P (o) = (o1 + )l () — o )10y — alo o) — Tl pi ), Vo, (27)

Pt (s p) = (A <u7v’2 —uf) = bi(pNOE, VeFeUly, VREK, i=1,....m. (2.8)

Before turning to the bound for the optimal control we require two intermediate results for the state and

adjoint predictability errors. We specify the inner product (v,w)y = 3 (a(v,w; ") + a(w, v; ")), where

2
p*t € D is a reference parameter value, and assume that we are given a positive lower bound arp(p) : D — Ry

for the coercivity constant «(u) such that
a(p) > aLs(p) > ag >0, VueD; (2.9)

various recipes exist to construct this lower bound [16,30,37]. We can now state
Lemma 2.3. Let é¥F = y*(uy) — y;‘\,k(u}k\[) be the state predictability error and define

1

k 2
[[[v]||¥ = <m(vk,vk) +y Ta(vk',vk’;u)) , VkeK. (2.10)

k'=1

The state predictability error satisfies
llev )|y < A%*(w),  VpeD, VkeK, (2.11)

where the error bound All’vk(,u) is defined as

At = <QLB > y,>. (212)

Ic’l

This is the standard a posteriori error bound for parabolic PDEs; for a proof see [11]. We state the corre-
sponding result for the adjoint in the following lemma; see Appendix A.1 for the proof.

Lemma 2.4. Let éPF = pF —pEk be the adjoint predictability error and define

K 2
11117 = (m(v’“,v’“) + Ta(vk/7v’“l;u)> : (2.13)

k'=k

”'U”L?(D)
llvlly

and Cp = sup,ey\ {0} . The adjoint predictability error satisfies
|ePk||P < ARF(u),  VueD, Vkek, (2.14)

where the error bound Az;\[k (1) is defined as

aLB(M)

~ 4 2 o ~
A%’“w)(aw anﬂ Wl + (2580, 1 22) (A?V’Kw))?) . (2.15)
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For simplicity of exposition we first derive the control error bound for the unconstrained case in the following
section and then turn to the constrained case in Section 2.1.2.

2.1.1. Problems without Control Constraints
We obtain the following result for the error in the optimal control.

Proposition 2.5. Let u* and u} be the optimal solutions of the truth and reduced basis optimal control problems
(P) and (Pn), respectively. Given Af\}k(u) defined in (2.15), the error in the optimal control satisfies

lu” = uiller < A¥" (1) = \/7 (Zb ||w> AR (), YpeD. (2.16)

Proof. In the unconstrained case ( € U is given by

¢=—(Nuy —ug) —Bp). (2.17)
We add +B7p% and note that A(uly —ug) — BT p% = 0 to obtain
¢=B"(7-py) (2.18)
or component-wise
CF=b(" —pi"), Vi=1,...,m,Vk e K. (2.19)
We can then bound
K < billylIp* = py"lly, Vi=1,...,m, Vk €K, (2:20)

and thus arrive at

* * 1 i *,k
lu” —uiller < SISl < (TZZH’) 3/ 117* — py ||?/>

k=1 i=1

N
ol

3 K
(ZH’J ||y'> (T > I —p*z\}kH?/) . (2.21)
k=1

y\H

Finally, it follows from Lemma 2.4 that

1
2 2 ! N ek gpik 1 =p,1 zp,1 . p.k =p.k
an VI € ——= X a@ @) | € ——= m(@" @)+ 7Y al@F )

arp(p)

Nl

k=1 k=1
1 -
<L __Arip). (2.22)
arp ()
The desired result directly follows from (2.21) and (2.22). O

2.1.2. Problems with Control Constraints

The construction of ¢ from (2.3) in the control constrained case requires evaluation of the positive and
negative part functions of ¢ defined in (2.2). Again, we want to avoid an explicit evaluation of £ since this
would require a forward-backward truth solve. The idea here is to construct an efficiently evaluable upper and
lower bound for £ and to conservatively replace the positivity resp. negativity condition by the lower resp. upper
bound in order to obtain an approximation of (. To this end, we first define

En = AMuy —uq) — BTp’jV (2.23)

and realize that
=gk, —b(" —py), Yi=1,....m. VkeK (2.24)
We can then prove the following lemma.
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Lemma 2.6. The function £ defined in (2.2) satisfies

as(p) <& <&k uslp), Vi=1,...,m. VkeK, (2.25)

where the upper and lower bound are given by
f]kif,i,LB(M) = f}k\u - Af\’r’;(ﬂ)a flk\hi,UB(u) = 51’%@ + A?\}i‘(ﬂ)v Vi=1,...,m. VkecK, (2.26)

the error bound, A%’fi(u), is defined as
&k — 1 7 APk .
ANL(p) = EHbi”LZ(Q) AN (), Vi=1,...,m. Vkek, (2.27)

and b; is the L*(Q) Riesz representation of b; € Y.
Proof. We note that

~ * 7 ~, * 7 1 X
|b; (5" —PJ\}k)\ < ||bz'HL2(Q)||pk —pJ\}k”m(Q) < H@‘HH(Q)EA?\}]C(H) = A%}i(u), (2.28)

where we used the L?-norm bound [|éP¥| 2y < Aﬁ’\}k(m/\/ﬁ, VEk € K, (see [13]) and Lemma 2.4 for the last
inequality. The desired result directly follows from (2.24) d

To clarify the next steps we sketch the various quantities involved in constructing the control error bound
in Figure 1. For simplicity, we only consider a single control component. On top we show the (unknown)
truth optimal control, u*(¢), and reduced basis optimal control, u} (¢), over time. The function £(¢) and its
approximation {x(t) as well as the upper and lower bounds &n,ug(t) &nv,Le(t) are shown in the middle. We
note that {n(t) is identically zero if the constraints for u% (t) are inactive and that £(¢) is bounded from below
and above by {n,1g(t) and {n us(t), respectively. Given uj (t) and £(t) we may now evaluate ¢ from (2.3); we
plot the absolute value of ¢ on the bottom of Figure 1.

To construct an upper bound for |((t)|, we first note from Lemma 2.6 that

€| < |§]k</z| + A?vkz(ﬂ) = max (|§1’§/,i,LB(M)|a |§§c\7,i,LB(N)|) , Vi=1,...,m, Vk e K. (2.29)

Furthermore, we can conservatively replace the positive and negative part function of £(¢) in (2.3) by the lower

and upper bound of £(t): For example, assume that for some index (i, k) we have u}kvkl = “Zz If additionally

§§7i7LB(u) > 0 we know that ¥ > 0 and thus [¢F] =0, i.e., there is no contribution to the error bound. This
corresponds to the index set I; defined next. To distinguish the relevant different cases we define the index sets
L ={(i,k)e{l,....m} xK: u}‘vkl =uf; and &k (1) > 0}
U{(i, k) € {1,...,m} x K:uy = uf, and &5 () < 0}
ILy={(i,k) € {1,...,m} x K:uy" = ul, and &5 (u) < 0} (2.30)
. *,k ik
U{(i, k) € {1,...,m} x K: uy’; = uf; and &G (p) > 0};
Iy ={(i,k) € {1,...,m} x K:u}’ € ((ua)s, (wp))}-
We note that I; corresponds to the indices where the constraint is active and we can guarantee the positivity or
negativity of Ef, I, corresponds to the indices where the constraint is active but we do not know if ff is positive

or negative, and I3 corresponds to the indices where the constraint is inactive. Note that we can evaluate the
index sets I; o 3 efficiently online. We may thus define
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if (i, k I
leffi = ! k &k 1 (27 ) €h (2.31)
’ &5l + ARG () if (4,k) € I U I3

It follows by construction that [¢f| < [¢x |, Vi=1,...,m, Vk € K. We sketch [C} ;| and mark the index sets
11,23 in the bottom coordinate system of Figure 1. To summarize, we obtain the following result for the error
in the optimal control.

| |
_ o _ L R R P un(t
| 't SR T l 0
So _” | \ |
" ~_— | |
(D) N
o Y . U (t)
I I - ¢
| L
| |
| |-
A : I y

KO
e (t)

\

x

,
N
N
l)\
\
\
S
< \
\ \
N
|

- - ¢
\ 74 N
LEnve(t) Envus(t) N/ \‘,///:: _________ 48
‘ \\ \’ 7’
Nl :
> | |
| |
A : :
| |
| [¢(t)] I »
4 N
IOl AN ] e
| |
A, A; A, ://\/— :A1 .

Iy I3 I, I I I3

S

I

FIGURE 1. Sketch of the error bound construction for control constraints.

Proposition 2.7. Let u* and u}; be the optimal solutions of the truth and reduced basis optimal control problems
(P) and (Pn), respectively. The error in the optimal control satisfies

> =

[u” = uillu < AR (1) =

where (n is defined in (2.31).
Proof. The result directly follows from Theorem 2.1, (2.3), (2.29), and the definition of the index sets (2.30). O

We again note that we overestimate the error bound (2.4) for two reasons: first, we replace |{(t)| by the upper
bound (2.29) which we can efficiently evaluate using the standard offline-online decomposition; and second, we
incur additional contributions to the bound by including the time-intervals where we cannot guarantee the
required sign of £. In Figure 1 we denote these additional intervals by A;. However, since the error bound
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A?vkz(u) defined in (2.27) converges to zero as N increases, we can expect Ay to decrease. We will confirm this
numerically in Section 3.

Finally, we stress that Ay is not identical to the index set I2: consider some index (i, k) where u}k\,kz = u’;l
and £F < 0, then [¢F]  in (2.3) is nonzero and we need to rightfully account for its contribution to the error
bound (see the rightmost interval I in Figure 1). We do this by replacing ¢¥ with the upper bound (2.29) and
by including all contributions in I5 in (2.31). Also note that we cannot determine A; online, since this would
require the evaluation of £¥. In fact, we introduce A; solely for the presentation of the numerical results, i.e.,
to show the convergence of A; to zero as N increases.

2.2. Error Bound for the Cost Functional

Given the error bound Ay"(u) for the optimal control we may readily derive a bound for the error in
the cost functional. We again distinguish between the control constrained and control unconstrained case in
Sections 2.2.1 and 2.2.2, respectively. However, we first require the following two preparatory lemmata stating
the a posteriori error bounds for the state and adjoint optimality errors. We note that the proofs of these
lemmata are similar to the proof of Lemma 2.4, i.e., the error in the optimal control — or, more precisely, the
error bound of the optimal control — propagates and appears as an additional term in the state and adjoint
optimality error bound.

*,k

*

Lemma 2.8. The state optimality error e¥** = y*¥(u) — y}k\,k (uy) satisfies
lle?=*[[y < A%"*(n),  VpeD, VkeK, (2.33)

where the error bound A?\}*’k(p) is defined as

v 2 (N w0V
S I Gl + —2 p— (;nbzn%/) (2% (u))) . (2:34)

k’l

Ay,*,k =
(W) <aLB

We refer the reader to Appendix A.2 for the proof of Lemma 2.8.

k .
k= pok — U satisfies

Lemma 2.9. The adjoint optimality error eP
ek ||P < AR=F(n),  VYueD, Yk eK, (2.35)

where the error bound AR%** (1) is defined as

20} 02 o2 2\ *
p,*,k = pk D91 93 Y, K
8% 1) (QLB ZH I+ (2500 4 2 (o (u))) . (2.36)

Proof. The desired result follows directly from the proof of Lemma 2.4 by replacing é¥* with e¥** éPF with
eP** and finally invoking Lemma 2.8. We therefore omit the detailed proof. O

2.2.1. Problems without Control Constraints

We can now state

Proposition 2.10. Let J* = J(y*,u*;u) and J5 = J(yk, ui;w) be the optimal values of the cost functionals
of the truth and reduced basis optimal control problems, respectively. The error then satisfies

* * * 1 * *
7= il < A% ) = 5 (AR () AR ) + AR () A% (), e D, (2.37)
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where the standard “spatio-temporal” energy norm error bounds A?\}k (1) and Aﬁ’\;k(u) for the state and adjoint
equations are given by

ZH v ||y,> (2.38)

k’l

A%Wu%=<

aLB

and

ALF (1)

(aLB anp’ : ||y,> ! (2:39)

respectively.

Proof. We use the standard result from [4] to estimate the error in the cost functional by
J* — = —TZry’ (ePF: 1) + TZTP’ (e¥**: 1), YueD. (2.40)

From the Cauchy-Schwarz inequality we then obtain

Nl

K 1 K % K
7 —JNSQ( POIGEN ||Y/) <T2|ep’ v’“nY) +2< POILEE >||y,> (erey’ v’“||%>
k=1 k=1 k=1
1 " %
< 5 (ARG ller 117+ A% () e 1) (2.41)

where we used the fact that (see (2.22))

K 3 ) K 3 .
™ e F3 ) < —Illev™"]]  and Y [ePHHS ] < ——lle" M ]]P. (242)
( lg Vars(p) kz:: Vars ()

The result then follows from Lemma 2.8 and 2.9. O
2.2.2. Problems with Control Constraints

There are two main differences between the cost functional error bound for the constrained case compared
to the unconstrained case. First, we cannot bound the absolute value of the error, J* — J3;, and thus only
obtain an upper bound for the value of J*; and second, we need to account for the non-vanishing residual of
the optimality condition in the formulation of the bound. We thus obtain the following result.

Proposition 2.11. Let J* = J(y*,u*;u) and J5 = J(yk, ui;p) be the optimal values of the cost functionals

of the truth and reduced basis optimal control problems, respectively. The error then satisfies

m

AL () AR () + AR (1) AR () (Tz Sl

i=1 k=1

Tt Ty < A () =

DN | =

) AN (w) |, VueD,

(2.43)
where 7% = )\(u}kvkl —ufj;) —bi (PR")-

Proof. We again use the standard result from [4] to estimate the error in the cost functional by

J*

M\H

i=1 k=1

K K m K
1 1
rY k? P,*,k - p.k y,*,k < k etk
ki (e )+27']§ PP (e +27 E E ! i), VYueD, (2.44)
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m K
u,k u,*,k
DIPMCal

i=1 k=1 i=1 k=1

DN | =

I
| =

ﬂ
NE
] >
_=

- =

[N\
N =
—

\]
NE
] >

3

=

The result then follows directly by invoking Proposition 2.7. O

We remark that the cost functional bound for the unconstrained case defined in (2.37) converges superlinearly
with respect to the state and adjoint optimality errors. The bound for the constrained case defined in (2.43)
on the other hand loses this property if the optimal control has active sets, i.e., one of the control constraints
is active. The reason is that the last term in (2.43) contains the sum of the residuals |7’?k| which does not
converge to zero as N increases but tends to a (positive) constant if the optimal control has active sets. We
may thus expect the bound (2.43) to perform considerably worse than the bound (2.37); we will confirm this
behavior when discussing numerical results in Section 3.

2.3. Computational Procedure

For the evaluation of the control and cost functional error bounds described in Section 2.1 and 2.2 the following
quantltles need to be computed: the dual norms of the state and adjoint equation residuals ||7¥*(-; u)||y+ and
|7P% (5 1) ||y, respectively; the constant Cp; the dual norms of the linear functionals ||b; |y, 1 < i < m; and the
coercivity lower bound arp(u). Since all of these quantities can be evaluated using the standard omee online
decomposition [11], we only summarize the computational cost in the online stage. Given a new parameter
p € D and associated optimal solution (y,pk,ulk), evaluation of Ay (u) and A}(}*(p) requires (to leading
order) O(K((Qq + Qya)N + m)?) operations, and is thus independent of N'. We also note that the online
computational cost to evaluate the rigorous error bounds introduced here is equivalent to the online cost to
evaluate the non-rigorous bounds introduced in [6,7].

2.4. Greedy Algorithm

We propose two alternatives for generating the reduced basis space Y. The optimal sampling approach
discussed in Section 2.4.1 is more expensive during the offline stage — it requires the solution of the truth
optimal control problem (P) at selected parameter values — but is more efficient online due to a smaller
reduced basis dimension IV for a given desired error tolerance. The impulse sampling proposed in Section 2.4.2,
on the other hand, is more efficient during the offline stage — we generate a reduced basis space for the impulse
response and do not solve the truth optimal control problem — but results in a higher reduced basis dimension
N and thus higher online cost. The two alternatives thus present a trade-off between offline and online efficiency.
However, we can in fact combine both ideas following the idea presented in [8]; we briefly comment on this option
at the end of this section.

2.4.1. Optimal Sampling

The optimal sampling approach is a straightforward extension of the POD/Greedy sampling procedure
introduced in [13]. The method is briefly summarized in Algorithm 1. Here, Z¢qin C D is a finite but suitably
large parameter train sample; ul € Eirain is the initial parameter value; and €yl min > 0 is a prescribed desired
error tolerance. Furthermore, for a given time history v, € Y, k € K, the operator PODy ({vy, : k € K}) returns
the largest POD mode with respect to the (-, )y inner product (and normalized with respect to the Y-norm),
and UprOJ ~ (1) denotes the Y-orthogonal projection of v¥(y) onto the reduced basis space Yy. We apply the
POD in steps 6 and 7 of Algorithm 1 to the time history of the optimal state and adjoint projection errors,
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e, ey v (1) = y™F(n) =yt v (1) k € K} and {ebit) (1) = p"*(1) = ppie n (1) : k € K}, and not to the
optimal solutions {y**(u) : k € K} and {p**(u) : k € K} themselves.

Note that we expand the reduced basis space with the largest POD mode of the state and the adjoint equation,
i.e., we use “integrated” spaces as discussed previously. Also, we may use different metrics Ay (u), i.e., the
control or cost functional error bound, during the greedy parameter search. This choice could for example be
based on (i) the metric of primary interest, i.e., the error in the control or cost; (i) the rigor of the bound;
and/or (iit) the sharpness of the two bounds. Assuming that the error in the cost is of primary interest, we
propose to use the (relative) cost functional error bound, A}{}*(u) /Jx(u), in the sampling procedure in the
unconstrained case, and to use the (relative) control error bound, A" (u)/||luk (1) ||, in the control constrained
case. The reason is that in the presence of control constraints the cost functional error estimator is not a
provable upper bound for the error in the cost functional as discussed in Section 2.2.2. This choice is also used
in Section 3 for the numerical results.

Algorithm 1 Optimal POD/Greedy Sampling Procedure

1: Choose Zgain C D, pt' € Eirain (arbitrary), and €gol,min > 0

2: Set N < 1, (1 = PODy ({y*F(u}) : k € K}), Y; < span{(;}

3: Set N 2, (2 = PODy({epmJ N1 (1) 1k €K}), Yz + V) @ span{(o}
4

: pt <+ argmax Apn(p)
HEEtrain
while Ay (p1*) > €tol,min dO

N« N +1, (y = PODy ({¢ pmj v (1) k €KY), Yy < Yy_; @ span{(y)}
N+ N+1,(y = PODy({ prO_] N— 1( *) ke K}), Yy« Yn_1 EBspan{CN}

w* < argmax Apn(u)
MEEtrain
9: end while

10: Npax < N

2.4.2. Impulse Sampling

Algorithm 1 requires the solution of N/2 truth optimal control problems (P). Although this operation is
performed during the offline stage, the cost can be considerable. We therefore propose an alternative sampling
procedure which is purely based on the impulse response of the state and adjoint equations. To this end,
we follow the procedure described in [11] to generate an integrated reduced basis space. More precisely, we
apply the standard POD/Greedy sampling procedure but alternate between the following equations after each
POD/Greedy step:

(1) the state equation (1.15a) with an impulse consecutively applied at each input;

(2) the adjoint equation (1.15c) with 7 (34, ¢)r2(p) on the right-hand side (sequentially for each 1 < ¢ <
de)§

(3) the adjoint equation (1.15¢) with 7 (§%,,¢)z2(p) on the right-hand side, where §¥, is the step response
for the m-th input (note that we again apply these different right-hand sides consecutively).

Note that we sample on the standard energy-norm error bound and consecutively expand the basis until the
desired error tolerance is reached. We are aware that the linear time-invariance (LTI) property — which justifies
the impulse approach — does not hold for the adjoint equation (1.15c). However, we still expect the reduced
basis to well-approximate the adjoint solution by applying the step response §* on the right-hand side of the
adjoint in the POD/Greedy procedure. Furthermore, we can always confirm the fidelity of the optimal control
solution online thanks to our a posteriori error bounds. We will present numerical results in in Section 3.
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The appealing feature of the impulse sampling is that we can provide an a posteriori error bound for the
optimal control problem without ever solving the truth optimal control problem. The disadvantage is that we
end up with a higher-dimensional basis than with the optimal sampling approach. This is due to the fact that
the impulse basis can well-approximate all possible control inputs, whereas the basis using the optimal sampling
is tailored towards — and can thus only well-approximate — the optimal control.

Finally, we note that we can combine both sampling procedures following the approach presented in [8]. The
idea is as follows: We first generate a reduced basis space Yy using the impulse sampling. Then, given Yy,
we run the optimal sampling in Algorithm 1 but instead of solving the truth optimal control problem (P) to
generate the snapshots we solve the reduced optimal control problem (Py) with the given Y. The second step
allows us to condense the basis Yy and obtain an optimal “derived” basis Y3, of smaller dimension M < N.
This approach combines the advantages of both sampling procedures: a small reduced basis dimension without
having to solve the truth optimal control problem.

3. NUMERICAL RESULTS

We consider a linear-quadratic optimal control problem governed by unsteady heat conduction in a two-
dimensional domain [29]. The spatial domain, a typical point of which is z = (x1,72)7, is given by Q =
(0,7)x(0, 3) and is subdivided into the five subdomains ; = (1,2)x(0,1), Q2 = (3,4)x(0,1), Q3 = (5,6)x(0,1),
Q4 = (1,6) x(2.5,3), and Q5 = Q\{QUQUQ3UQ,}. A sketch of the domain is shown in Figure 2. We impose
zero Dirichlet conditions on the left and right boundaries and zero Neumann conditions on the bottom and top
boundaries. The amount of heat supply in the heater domains 21, Qs, and 3 is regulated by the first, second,
and third component of the (time-dependent) control {u* = (u¥, u%, u%)T }rex € U = (R?)K | respectively. The
(reference) conductivity in the subdomain €1 U U3 is set to unity. We consider the normalized conductivity
k in the subdomains Q5 and €4 as our first and second parameter uq, e € [0.5, 5], respectively.

€2 )\ I'n
3 Oy R = 2
Ql (5% QQ u2 QS us
0 k=1 k=1 k=1 N
0 T'x T

FIGURE 2. Domain €2 for the model problem.

The underlying partial differential equation is the heat (diffusion) equation and we shall directly consider the
truth approximation of the problem. The temperature y* (1) € Y thus satisfies the governing equation in (P),
where Y C Y°® = {v € H(Q) : v|[r,, = 0} is a linear finite element truth approximation subspace of dimension
N = 9097 over a triangulation of 2. We shall consider the time interval [0,T] = [0, 6] and a time step 7 = 0.06;
we thus have K = 100. The initial condition is set to zero. The bilinear and linear forms are given by a(w, v; u) =
1 st Vw Vo dx+ po f§24 Vw Vv dx+f91u92u93 Vw Vv dx and b;(v) = fQ vdz for i = 1,2, 3, respectively. The
bilinear form a(-, -; 1) admits the affine representation (1.3) with ©L(u) = uy, ©2(u) = p2,03(p) =1 and Q, =
3. We also define the inner product (w,v)y = pief st Vw Vodr + pset fm VwVuvdz + f91u92u§23 Vw Vvdz

for (pief, pseh) T = (v/2.5,1/2.5)T; we may hence choose arp (i) = min(u1 /piet, o /uiet, 1) in (2.9).
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We consider the quadratic cost functional J(y,u; 1) = % Zle ly* —yk () H%%D) + 3 |lu—uaql|%, corresponding

to (1.14) with fixed regularization parameters o; = 1,00 = 0. We further choose ug = 0 and D = Qg;
the parametrized desired state yq(u) € Y is given as the discretization of yge(x,t; 1) = sin(usmt)2(z1 —
3.5)xp(x)+0.5xp(x), where xp(z) is the characteristic function on D. Thus the desired state admits the affine
representation (1.6) with ©},(t; 1) = sin(usmt), ©2,(t; p) = 0.5 and yj, = 2(x1 — 3.5)xp(2), y3, = xp(2).
In the presence of control constraints we choose U’Z,l = u’;g = u};’3 = 0 and u’,j)l =uf, = u’b“73 =05,k e K
Finally, we assume that the regularization parameter X is allowed to vary in the range from 0.1 to 1. The full
parametrization of our problem is thus given by p = (u1, 2, ps, pa = A) € D =1[0.5,5]x[0.5,5] x[0.5,1] x [0.1, 1];
we have P = 4 parameters.

We first present representative results for the solution of the truth optimal control problem (P). In Figure 3
we plot the optimal control *(t) for two different parameter combinations for the unconstrained and constrained
case on the top and bottom, respectively. We note that the parameters clearly influence the solution of the

optimal control problem and that the lower and upper bound on the control become active depending on the
parameter.
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FIGURE 3. Optimal control u*(u) for different representative parameter values

We construct the reduced basis space Y according to both sampling procedures described in Section 2.4. To
this end, we employ the train sample E¢,ain C D consisting of nain = 720 parameter points over D and choose
pt = (0.5,0.5,0.5,0.1) as the initial parameter value. We also introduce a parameter test sample Zies; of size
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Ngest = 40 with a log-random distribution in g1, e, A and a uniform-random distribution in pu3. We first employ
the optimal sampling described in Section 2.4.1 and present results for the unconstrained and constrained case
in Sections 3.1 and 3.2, respectively. In the unconstrained case we sample on Ay () = A% (1) /J% (1); in the
constrained case on AV (u)/||unlly- In Section 3.3 we present results for the impulse sampling described in
Section 2.4.2.

Throughout this section, we present maximum relative errors and bounds as well as average effectivities. We
normalize the state (resp. adjoint) predictability error and bound by |||y (u3)|||Y (vesp. |||p* (y(uwi))||[P), the
state (resp. adjoint) optimality error and bound by |||y*¥|||¥ (resp. ||[p*}|||P), the control error and bound by
|||z, and the cost functional error and bound by J*. The effectivities are given by the ratios of the error
bound to the actual error. The maxima and average values are taken over Sy More precisely, we define the
maximum relative state predictability error and bound as

sy, K y _ AVE
N 2 1] y A o

[y (uy ()11 Nmaerel = S [y (uie ()11

HEEest

and the average effectivity, 77%;, as the average over Zieg of A?\}K(p) /1l|e¥ K (w)|||Y. The remaining quantities
are defined analogously and the detailed definitions thus omitted for the sake of brevity.

3.1. Optimal sampling without control constraints

. . . . K y p
In Table 1 we present, as a function of N, the maximum relative predictability errors e N maxrel and € N max.rel’

p

the maximum relative error bounds Aijv max.rel a0d A and the average effectivities 7%, and 7y, for the

N,max,rel’
.. . . . . U,k
state and adjoint equation, respectively. We also present the maximum relative control error e N.max.rel’

bound AR .. 1, and average effectivity 77", We observe that the state and adjoint predictability errors and
bounds are decreasing rapidly with increasing dimension of the reduced basis space and that the error bounds
are very sharp for all values of N. The slightly larger effectivities of the adjoint error bound are due to the error
contribution of the state predictability error bound in (2.15). We also observe that the error in the optimal
control exhibits a superlinear convergence with respect to the state and adjoint predictability errors. Since the
control error bound (2.16) is proportional to the adjoint predictability error bound it cannot quite capture the
error decay. The mean effectivities thus deteriorate slightly as N increases, but are still acceptable for all values

of N.

error

State Adjoint Control
] 7l =y D D —P ,* T, * —UF
N €N, max,rel AN max,rel "IN N max,rel AN,max rel N €N.max,rel AN max,rel N

8 1.40E-1 2.13E-1 1.41E+0 | 1.48E-1 6.79E—1 2.7T7TE+0 | 2.02E-1 5.15E+0  2.22E+1
16 | 3.83E-2 6.23E-2 1.37E40 | 3.72E—-2 1.57TE—-1 2.64E40 | 1.33E-2 1.17TE+0  5.17E+1
32 | 146E-2 2.37E-2 1.27TE+0 | 7.75E-3 2.66E—-2  3.52E40 | 2.87TE-3 2.06E-1 5.79E+1
48 | 4.20E-3 6.41E—-3 1.28E+0 | 2.32E-3 7.58E—-3 3.53E40 | 4.74E—-4 5.72E—-2 1.27TE+2
64 | 7.04E—-4 1.08E—-3 1.31E+0 | 1.11E-3 2.66E—-3 2.73E40 | 8.91E—-5 2.10E—-2  5.78E42
80 | 3.00E—-4 4.96E—4 1.34E+0 | 2.95E—-4 797E—-4  3.06E40 | 1.15E-5 5.62E—-3  2.20E43
96 | 1.02E—4 1.34E—4 1.34E+0 | 1.38E—4 2.95E—-4  2.68E40 | 7.18E—6 2.74E—-3  3.94E43

TABLE 1. Unconstrained case with optimal sampling: state predictability, adjoint predictabil-
ity, and control errors, error bounds, and effectivities as a function of N.

We next turn to the optimality errors and the cost functional. In Table 2 we present, as a function of N, the

maximum relative optimality errors e - and €y the maximum relative error bounds A" . and
p7* o e . 7y7>$< 7p7* . . . . . .
A N.max.rel> and the average effectivities 77y~ and 77" for the state and adjoint variable, respectively. We also
J,*

. . J
the maximum relative error bound A" and

present the maximum relative cost functional error € N.max,rel’ N.max,rel’

the average effectivities 77]{}*. Again, we observe a rapid decay of both the state and adjoint optimality errors
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with increasing N. However, the effectivities of the optimality error bounds are larger than the predictability
ones because of the contribution of the control error bound in (2.34) and subsequently in (2.36). We note that
— as opposed to the control — the error in the cost functional and the error bound converge superlinearly with
respect to the predictability and optimality errors and the effectivities thus do not deteriorate with increasing
N. Unfortunately, the effectivities are O(10%) for all values of N, i.e., we consistently overestimate the error
in the cost functional because of the propagation/contribution of the control error bound. However, given the
superlinear convergence, the additional online computational cost due to the overestimation is still acceptable.

We finally consider the online computational cost for solving the reduced basis optimal control problem
compared to the truth optimal control problem. For N = 32 — corresponding to a relative error bound for
the cost functional of approximately 1% — we obtain an average (over Zies) speed-up of approximately 85
for the solution of the optimal control problem; furthermore, we obtain an average speed-up of approximately
65 for the solution of the optimal control problem and evaluation of the error bound for the control and cost
functional. Note that the online evaluation of the error bound is approximately 3 times faster than the online
solution of the reduced basis optimal control problem.

State Adjoint Cost Functional
Yy Yok Y Dy* D, =Dy % Jx J =%
N N,max,rel AN max,rel "~ N,max,rel N,max,rel "~ 6N,max rel AN max,rel N

8 2.05E—-1 2.11E+1  4.84E+1 | 148E-1 9.20E+1 9.44E+1 | 3.80E—-3 5.23E4+0  6.97TE42
16 | 4.23E-2 4.87E+0  5.02E+1 | 3.72E-2 2.12E+1 9.05E+1 | 2.34E—4 2.75E—1 2.13E+3
32 | 1L.53E-2 8.17E—1  3.89E+1 | 7.75E-3 3.56 E£4-0 1.27E+2 | 1.43E-5 8.19E-3  2.80E+3
48 | 4.24E-3 2.36E—-1 4.03E+1 | 2.32E-3 1.03E+0 1.30E+2 | 6.18E—7 4.81E—4 1.55E+3
64 | 7.06E-4 8.27TE—-2 5.74E+1 | 1.11E-3 3.60E—1 9.74E+1 | 7.97TE—-8 6.12E-5  2.98E43
80 | 3.00E—4 2.39E—-2  4.88E+1 | 2.95E—4 1.04E-1 1L17E+2 | 1.11E-8 4.90E—-6 1.76 E+3
96 | 1.02E—-4 9.18E—-3 6.13E+1 | 1.38E—4 3.99E-2 1.05E+2 | 6.47TE—-10 720E-7 212E+3

TABLE 2. Unconstrained case with optimal sampling: state optimality, adjoint optimality, and
cost functional errors, error bounds, and effectivities as a function of N.

3.2. Optimal sampling with control constraints

We next turn to the problem involving constraints on the control. We again present analogous results as in
the previous section. The predictability and control errors, bounds, and effectivities are shown in Table 3, the
optimality and cost functional errors, bounds, and effectivities are presented in Table 4.

We observe that the results for the state and adjoint predictability and optimality errors, bounds, and hence
effectivities very much resemble the unconstrained case. The same holds true for the error bound of the optimal
control, i.e., we obtain a certain desired accuracy for the same value of NV in the constrained and unconstrained
case. However, the error in the optimal control converges even faster than in the unconstrained case and the
effectivities thus deteriorate faster. We also observe that the convergence of the cost functional error bound is
close to linear with respect to the state and adjoint optimality errors and thus much slower than before. The
reason — as discussed in Section 2.2.2 — is the additional term in the cost functional error bound (2.43). As
a result, the effectivities deteriorate considerably. The computational times closely resemble the unconstrained
case: for N = 32 we obtain an average speed-up of approximately 80 for solving the optimal control problem
and of 70 for solving the optimal control problem and evaluating the control and cost functional error bounds.

Finally, we recall our discussion concerning the control error bound at the end of Section 2.1.2. We pointed
out that one reason for overestimating the error bound (2.4) are the additional contributions from time steps
where we cannot guarantee the sign of ¢; these intervals were marked with Ay in Figure 1. In Table 5 we present,
as a function of N, the maximum number of time steps contained in A for the first (A1), second (A 2), and
third (Ar 3) control component. Here, the maximum is taken over Zies;. We note that max Ay ;, i =1,2,3 —
and hence the corresponding contributions to the error bound (2.32) — tend to zero very fast.
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State Adjoint Control
Yy Y =Y p p =P U, * U, * SUy*
N 6N,max,rel AN,max,rel "IN €N,max,rel AN,max,rel "~ 6N,max rel AN,max,rel "IN

8 1.98E—1 2.90E—-1 1.32E+0 | 1.36E-1 6.19E—-1 3.03E40 | 1.38E—1 1.12E4+1  7.75E+1
16 | 9.25E-2 1.156E—-1 1.29E40 | 4.19E-2 2.45E—-1 3.91E40 | 9.82E-3 4.27TE+0  2.89E+2
32 | 1.25E-2 1.82E—-2  1.33E4+0 | 6.16E—-3 2.29E-2  3.68E40 | 2.99FE—4 4.02E-1 1.47E+3
48 | 5.39E-3 6.26E-3 1.29E+40 | 2.15E-3 9.37TE-3  4.24E+40 | 5.65E—5 1.36E—-1  3.90E+3
64 | 1.16E—-3 1.63E-3  1.32E4+0 | 6.52E—4 1.74E-3  3.25E+40 | 6.78E—6 2.80E-2 1.02E+4
80 | 4.33E—-4 6.20E—-4  1.33E+0 | 241E—-4 8.50E—4  3.18E+40 | 9.50E—7 9.89E—-3  3.59E+4
96 | 1.63E—4 2.03E—-4 1.36E+0 | 1.01E—4 3.06E—4  3.11E40 | 1.17TE—-7 3.89E—-3 7.95E+4

TABLE 3. Constrained case with optimal sampling: state predictability, adjoint predictability,
and control errors, error bounds, and effectivities as a function of N.

State Adjoint Cost Functional
Y% Y, * =Y % p,* D,* =D % J,* J,* =%
N €N.max,rel AN max,rel N N max,rel AN max,rel N eN,max rel N,max,rel N

8 1.96E—1 4.25E+1 7.85E+1 | 1.36E—1 1.38E+2 1.77E+2 | 5.51E—-3 6.76E+0  4.62E+3
16 | 9.30E-2 1.80E+1 7.48E+4+1 | 4.19E-2 5.84FE41 2.60E+2 | 3.36EE—4 1.10E+0  3.01E+3
32 | 1.25E-2 1.62E+0 6.95E+1 | 6.16E—-3 5.25E4+0  2.14E42 | T44E—6 2.50E—-2  5.52E43
48 | 5.39E-3 5.73E—1 6.21E+4+1 | 2.15E-3 1.86E+0 245E+2 | 1.19E—6 5.02E—-3  5.64E+4
64 | 1.16E-3 8.88E—2  6.78E+1 | 6.52E—4 2.70E-1 1.69E+2 | 5.51E—-8 1.06E-3 2.72E+4
80 | 4.33E-4 4.03E-2 6.89E+1 | 241E—-4 1.31E-1 1L70E+2 | 7.14E-9 3.31E—-4  8.79E+4
96 | 1.63E—4 1.42FE—-2  6.96E+1 | 1.01E—4 4.61E-2 1.55E+2 | 8.42E—-10 8. 78E-5 8.22E+4

TABLE 4. Constrained case with optimal sampling: state optimality, adjoint optimality, and
cost functional errors, error bounds, and effectivities as a function of N.

N 8 16 32 64 96 128 160
maxAyrq | 41 52 35 16 5 2 1
maxAro | 74 73 12 2 1 1 0
maxAgrg | 52 50 37 25 10 6

TABLE 5. Maximal size of the interval A for the first, second, and third control component.

3.3. Impulse sampling without control constraints

Finally, we consider the impulse sampling approach discussed in Section 2.4.2. We focus on the unconstrained
case and again present analogous results as in the previous two sections. The predictability and control errors,
bounds, and effectivities are shown in Table 6, the optimality and cost functional errors, bounds, and effectivities
are presented in Table 7.

We immediately note that the effectivities of the state and adjoint predictability and optimality error bounds
are very similar to the ones in Section 3.1. However, the rate of convergence of the error and bound itself is
much smaller. To achieve a certain desired accuracy we require almost twice as many basis functions with the
impulse sampling compared to the optimal sampling. In contrast, the convergence of the error in the optimal
control is similar to before. Again, since the control error bound is proportional to the adjoint predictability
error bound, this means an even larger increase in the effectivities of the control error bound. The results for
the cost functional are also very similar to the ones in Section 3.1. The convergence of the error and bound is
slower — we need to choose N almost twice as large as before to obtain a certain desired accuracy — but the
effectivities are the same as the ones we obtained using the optimal sampling approach. Following our discussion
in Section 2.4.2, however, we expect that one can recover the “optimal” convergence by generating a derived
reduced basis following the ideas in [8].
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State Adjoint Control

N EN,ma,x,rel z]J\],max,rel ﬁ%\f 6N,max,rel z]?\f,max,rel ﬁ% 61]J\]’,*max,rel Xf’,*max,rel ﬁy\;*

8 7.72E-1 1.27E+0 1.39E+0 | 2.86E—-1 4.79E+0 6.31E+0 | 2.25E—-1 3.60E+1 6.30E+1
16 3.24E-1 4.56 E—1 1.31E+0 | 1.17TE-1 1.16E+0 5.87E+0 | 4.77TE-2 9.28 E+0 1.85E+2
32 4.73E-2 6.27TE—-2 1.25E+0 | 8.99E-3 2.26E-1 5.42E40 | 8.0TE—4 1.65E+0 6.45E42
64 4.38E—-3 6.05E—-3 1.34E+0 | 1.95E-3 1.58E—-2  4.39E+0 | 1.64E-5 1.56E—-1 4.98E+3
96 9.73E—4 1.34E-3 1.31E+0 | 2.40E—4 5.39E—-3  6.27TE+40 | TATE-7 3.93E-2 3.08E+4
128 | 2.46E—4 3.36E—4 1.29E+0 | 4.04E-5 1.14E-3  9.35E+0 | 3.68E—8 8.32E—-3 1.76 E+5

TABLE 6. Unconstrained case with impulse sampling: state predictability, adjoint predictabil-
ity, and control errors, error bounds, and effectivities as a function of N.

State Adjoint Cost Functional

N 6Jy\}*max,rel A:’]/\/’:kmax rel ﬁ?\}* E?\}*max rel A7\;*[1'@)( rel ﬁ]pify* El‘i}fmax rel ﬁ*max rel 77]]{]7*

8 7T71E-1 1.53E+2 3.72E+1 | 2.86E—1 6.66 £4-2 2.61E42 | 4.13E-2 1.98E42 2.80E4+3
16 3.23E-1 3.62E+1 3.62E+1 | 1.17TE-1 1.58E+2 249E+2 | 1.02E-2 1.57E+1 4.10E+3
32 4.73E-2 7.02E40 3.29E4+1 | 8.99E-3 3.06E4+1 2.32E42 | 1.08E—4 4.02E-1 2.18E+3
64 4.38E—-3 4.89E—-1 3.96E+1 | 1.95E-3 1.75E+0 1.75E+2 | 4.52E-7 4.38E-3 9.21FE+3
96 9.73E—-4 1.68E—1 3.48E+1 | 2.40E-4 7.29E—-1 2.71E4+2 | 2.72E—-8 2.28E—-4  2.98E+3
128 | 2.46E—4 3.54E-2 3.38E+1 | 4.04E-5 1.54E—-1 3.80E+2 | 3.25E-10 1.11E-5 3.63E+4

TABLE 7. Unconstrained case with impulse sampling: state optimality, adjoint optimality, and
cost functional errors, error bounds, and effectivities as a function of N.

4. CONCLUSIONS

The solution of optimal control problems governed by (parametrized) parabolic partial differential equations
is a challenging and often time-consuming task. The surrogate model approach, where the original high-
dimensional PDE approximation is replaced by a reduced order model, allows to decrease the computational
burden: the (online) solution of the reduced order optimal control problem is significantly faster than the
solution of the high-dimensional problem and at the same time provides a very good accuracy with small errors
(compared to the high-dimensional problem). However, an efficient and rigorous error control for the surrogate
model approach was lacking so far.

In this paper, we considered parametrized optimal control problems with and without control constraints.
We developed rigorous a posteriori error bounds for the optimal control and the associated cost functional
which can be efficiently evaluated using a standard offline-online decomposition. To generate the reduced basis
spaces we proposed two greedy algorithms. Finally, we presented numerical results for a model problem that
corroborate the theory. In summary, our approach enables the certified and real-time solution of parametrized
optimal control problems and can be gainfully employed, e.g., in model predictive control.

APPENDIX A. PROOFS

A.1. Proof of Lemma 2.4

Proof. We immediately derive from (1.15¢), (1.15d) and (2.6), (2.7) that é»F = pF(y(uy)) — pi" (v (u))
satisfies

m(p, &Pk — PR 4 ra(p, PR p) = rrPR (i) + Tor (YR — 05, @) ), Ve €Y. K—1>k>1, (A1)

with final condition

*)

m(p, &) +ra(p, X 1) = P (o ) + 1o (Y — 55, 0) 20y + o2 (U — T, )12y, Ve €Y. (A2)
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We now choose ¢ = é”F in (A.1) and ¢ = é" in (A.2) to obtain
m(ePF &P F) pra(@®, Pk 1) = m(ePk, e Ry Pk (@PR ) 4oy (Yt — 3, E*Yepy, K—1>k>1, (A.3)
and

m(E K 5 4 ra(@ @I ) = 7P @ ) oy — 5, ) )

+ U2(?J7\}K - @Kvép’K)LZ(D)y VpoeY. (Ad4)

We first consider (A.3) and note that we can bound the first and third term on the right-hand side using
Cauchy-Schwarz and Young’s inequality by

2m (e eP L) < m(ePk eP k) 4om(er it ep ket (A.5)
and
2707 Tars(w)
* k ~ ~ *, ~ LB ~
2101 (yN" —7*, &) 12(p) < 271 Chllyy" — 7 llv [E7* |y < b, (l)ll - 7"l + 7” "3, (A6)

where we also used the definition of C'p. Furthermore, using the definition of the dual norm and Young’s
inequality the second term on the right-hand side of (A.3) can be bounded by

Tars(i) -
Ik ()12 + TR a2 (A7)

2Pk (P ) < 27 PR ) e =

ly < 2T
Y= as(n)
It thus follows from (A.3), (A.5), (A.6), (A.7), and invoking (1.12) and (2.9) that

T
arp (k)

4 27'01
e (1)

We next consider the final condition (A.4) where we bound the last term on the right-hand side using Cauchy-
Schwarz and Young’s inequality by

m(ePF, &) —m(ePrHl et yra(ett, et ) < P G )15 + lyn" = 7°I1%- (A8)

*, K ~ ~ * K ~ -
200 (yN" — 57, &) r2(p) < 200llyN" — T L2y 167 | L2y

*, K ~ ~p,
< USHZJN - ZJKH%?(D) +||€? K”%?(D)' (A.9)

It thus follows from (A.4), (A.6) and (A.7) for k = K, (A.9), and invoking (1.12) and (2.9) that

2
m(eP K, e K) 4 ra(@ K e p) < |l E ()|l
ors ()
27—0 ~ *, K ~
Cp (1 ] lyn" =" 15 + o3 llyy" = 55122 (p)  (A-10)
where we also used the fact that ||-||2p) < || - [|z2() = m(-,-). We now perform the sum from k" =k to K —1
of (A.8) and add (A.10), leading to
K K
m élhk’é}%k +r a élhk’éﬂk; P,k (. ,
@k 7 3 < oy 2 Gl

2702 K « K ~K |2
+Ct 1 g2+ a2y - . (A1
DCVLB(,U) klz:: lyn g Iy 2llyn Y HL?(D) ( )
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Finally, we note that we can bound the sum of the error é¥:F = y}k\,k — g* by

K K

]. ! ’

T R < ——— a(@* &k ) < m(e¥ eV ) 41 a(evr vk

;«Z e Iy < P kg ) < o) ( ) kz::l ( 1)
1 _ 2
< o (B85 ) (A12)
aLp(p
and from the L?-norm bound [13] that
WK K2 L iur, \)?

Iy = 55 1320) < 5 (A% W) (A.13)
The desired result then follows from (A.11), (A.12), and (A.13). O

A.2. Proof of Lemma 2.8

Proof. Since the proof follows along the same lines as the proof of Lemma 2.4 we only sketch the main steps.
We immediately derive from (1.15a) and (2.5) that e¥** = ¢y*F(u*) — y;‘\,k(u}"v) satisfies

m(e?*k — eV k=l 6y L ra(e¥ k¢ p) = TrVF (o p) + TZbi((b)(u;k’ u}‘v";) VoeY, 1<k<K, (A.14)

*,0 *,0

with initial condition e¥>*" = 0 since y*° = y}k\;o = 0 by assumption. We now choose ¢ = e¥**  again apply
Cauchy-Schwarz, Young’s inequality, and the definition of the dual norm — analogous to (A.5) and (A.7) —

and invoke (1.12) and (2.9) to obtain

m(ey’*’k, ey,*,k) _ m(ey’*’k_17 ey,*,k—l) + Ta(ey’*’k, eymk; N)

m

2T * k *,k
< ——||r¥F / bi|ly —u A.15
< g+ i Dl it i) )
The desired result follows by performing the sum from k' = 1 to k, recalling that e¥*° = 0, and invoking
Proposition 2.5 resp. 2.7. U
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