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A Precise Calculation of Power System Frequency

Jun-Zhe Yang and Chih-Wen Liivlember, IEEE

Abstract—A precise digital algorithm based on Discrete Fourier deviates from nominal frequency, its speed is even faster than
Transforms (DFT) to estimate the frequency of a sinusoid with  DFT, and it can get exact solution in the presence of harmonics.
harmonics in real-time is proposed. This algorithm that we called The organization of this paper is as follows: We describe in

the Smart Discrete Fourier Transforms (SDFT) smartly avoids . ) .
the errors that arise when frequency deviates from the nominal very detail the SDFT in Section Il. DFT, Prony method and

frequency, and keeps all the advantages of the DFT e.g., immune SDFT are tested by three examples in Section Ill. Finally, we
to harmonics and the recursive computing can be used in SDFT. give a conclusion in Section IV.

These make the SDFT more accurate than conventional DFT
based techniques. In addition, this method is recursive and very
easy to implement, so it is very suitable for use in real-time. We

provide the simulation results compared with a conventional DFT This section presents the algorithm of the SDFT that calcu-
method and second-order Prony method to validate the claimed |5105 the frequency from a voltage/current signal. Consider a si-

fits of SDFT. . . . . .
benefits of S nusoidal input signal of frequenay = 2 f with mth harmonic
Index Terms—Dbiscrete Fourier Transforms (DFT), frequency es-  given by:
timation, phasor measurement.

Il. THE PROPOSEDDIGITAL ALGORITHM

x(t) = X1 cos(wt + ¢1) + Xz cos(mwt + ¢2) 1)

I. INTRODUCTION
where

REQUENCY is one of the most important quantities X, X,: the amplitude,
in power system operation because it can reflect theg, ¢,: the phase angle.
dynamic energy balance between load and generating pov@&ippose that(t) is sampled with a sampling ratéo¢ N') Hz
So frequency is always regarded as an index of the operatingveform to produce the sample detk)}
practices, and utilities can know the system energy balance . .
situations by observing frequency variations. Frequency may ., _
vary very fast in the transient events such that it is difficult tol)(k) = Aucos <w60—N + d)l) Xz c08 <mw60—N + ¢2> '
track it accurately. In addition, there are many devices, such as
power electronic equipments and arc furnaces, etc. generatlit§ signalz(t) is conventionally represented by a phasor (a
lots of harmonics and noise in modern power systems. It §§Mplex numberk
therefore essential for utilities to seek and develop a reliable

. . T = Jjo — iX g
method that can measure frequency in presence of harmonics T=Xe'"=Xcosg+jXsing. 3)
and noise.
. . Then n Xpr
With the advent of the microprocessor, more and more ena(t) can be expressed as
microprocessor-based equipments have been extensively used Tt 4 Tre IOt Fpedmet 4 e imet
in power systems. Using such equipments is known to provide z(t) = 5 5 (4)

accurate, fast responding, economic, and flexible solutions to

measurement problems [1]. Therefore, all we have to do isWé1ere” denotes complex conjugate. Moreover, the fundamental
find the best algorithm and implement it. There have been mafigauency (60 Hz) component of DFT §(%)} is given by

digital algorithms applied to estimating frequency during recent N1

years, for qxample Modlfled Zero Crossing Technique [2], i, = 2 Z (k) exp <_Jﬂ) )
Level Crossing Technique [3], Least Squares Error Technique N Frd N

[4]-[6], Newton method [7], Kalman Filter [8]-[10], Prony

Method [11], and Discrete Fourier Transform (DFT) [12], etdcombing (4) and (5) and taking frequency deviation
For real-time use, most of the aforementioned methods hdwe= 27(60 + A f)] into consideration, we obtain:

trade-off between accuracy and speed [13]. A precise digital N (b47)

algorithm, namely Smart Discrete Fourier Transform (SDFT), i . +r

is presented and tries to meet the real-time use. SDFT has the ™ N kz_: P <J27r(60 + A7) 60N )
advantages that it can obtain exact solution when frequency =
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_ N-1 NGO
372 m(k + 1) sin 3
=2 27(60 + Af)—t 27 Af 5
N Z €xp <J 60N ) - exp <‘7 — <1+— mr
h=0 N 60 Sin%
I = N-1 2
(k) T o
N N kz=0 - exp <‘7(N—1) §3>+NQ
) m(k+r) ok
- exp <—j27r(60 + Af)60—N> exp <—j27rN> . o Af sin N294
() 'eXp< N < +m) ””) b
2
We rearrange (6) as the following P
) e (i - %) ©
T o Af Pl Af
r == 1 —_— 2
TN P <JN < + 60) ) kz:% <P <J " 60N k) where
N-1
T 27 Af _nAf
+Nexp<—jﬁ<1+60) )kzo 91—60Na
B A
Af <2 + —f>
(2+ %) o)
exp —]ZWT k N 7
< mAf)
or (m—14 —=
7 03 = 60 and
LT 2 (0 AFY = 57 N ’
N exp | j— N 0 mr mAf
k=0 2m < -1+ ) )
mAf by =
m—1 0 N
exp | J2n N K Rearranging (9) further, we obtain
. N6,
N—l
f* o El sin 5
= 14— 5, =L
+NeXp< JN<+ Z TEN 6
k=0 sin —
A
< 1-m+ 2 f - exp (JGO—N(Af(m +N—1)+1207))
-exp | —j27 @)  Nb,
f? Sin 5
! N sin@
We use the following identity to simplify (7) 2
vo -exp( JW(Af(27+N—1)+120(7+N—1)))
NoLooo SIHT 0 . Nébs
Z (ci?yi = 7 exp <‘7’(N -1 5) . 8) 7, S5
=0 sin 3 + N . 63
S 5
Then (7) can be expressed as _
exp (J 60N(mAf(27 +N-1)
_ NN Gy VO +60(2mr +mN —m = N + 1))
N T 2
L, =1 14 =2
bo=gew (i (5 )r) —4 e,
Sl — + a:_Q 2
01\ , 7 2 A N
- exp <j(N—1)51>+%exp< — ~ <1+6—(‘)f> ) 2
. p( 1—(mAf(27 +N-1)
Nb, 60N
sin , 9 +60(2mr +mN —m+ N — 1
2 exp<j(N_1) 2)+N (@mr +mN —m ))
sin =2

(10)
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If we define A,., B,., C, andD, as Fryo =Arp1a+ Brpia P +Crp1a™ + Dojra ™. (22)
_ &in N6, If we multiply “«™” on both sides of (21) and (22), respectively,
A, =2 2 then we get
N sin 9—1
27r anli‘r-l—l :Aral-l—rn + Bra—l-l—rn + CTCLQTn + Dr (23)
r €Xp (7W(Af(27 + N — 1) + 1207)) (11) anl.’i'7,+2 = A,,+1al+m + B,,_Ha_l/"'m + C,,+1a2m + D7,+1.
. N6, (24)
—+ Sl ——
B.=% 2 . .
TTN . 6 Subtracting (15) from (23) and subtracting (21) from (24), re-
s spectively, we can erage, and obtain
.,
. exp (—JM(AJ@(% PN — 1)+ 120(r + N — 1))) b =" —
NG (12) = A (@™ 1)+ B (a 1) 4Oy (a*" 1) (25)
7, St B : Urpl =0 B — Ty
07, = N . 93 :A1+1(al+m_1)_,’_B1+1(a—1+m_1)+C1‘+1(a2m_1).
Sin 5 (26)
w
cexp lj——=(mAf2r+ N —1
P (‘] 60N( H ) Repeat similar operation to erase theandB,., then the equa-
+60(2mr + mN —m — N + 1))) tions will become
o, A3 s — g =A@ - D@ - D@ - 1) (27)
D. =22 sin 5~ aZpt2 = Zpp1 = Appi(a® = (@™ = 1)t — 1) (28)
TN . b A N PN o N
sin - wherez, = atl, 41 — tr, U = 7" Yrp1 — Ur-
Dividing (28) by (27), we get
- exp (—jL(Af(QmT +N-1)
60N 5 5 A
AZp42 Zr41 e o S a (29)
+60(2mr + mN —m+ N — 1))) . W1 — 5 A,

(14) Then expand (29), and use numerical method to find the solution

Then (9) can be expressed as of “a.” And from the definition of ‘a” in (16), we can get the
exact solution of the frequency
1, = A, + B, -+ D,.
&r=A 4+ B +C. + D, (15) B GON
. f=60+Af =cos™ (Re(a))—.
Except the parts af:.th harmonic, so far the development of 27

the algorithm of SDFT are the same as the conventional Dief,, (29) itis observed that SDFT can provide exact frequency
method. So the SDFT can keep all advantages of DFT sucﬁgghgﬁ #r41, Bryo, #rps and @, in the presence of har-

recursive computing manner. But in the DFT, it assumes thal,hics Moreover, we can estimate phasor after getting exact
the frequency deviation is small enough to be ignored, and(|]tm by the following equations:

always consider$, =~ A,, so traditional DFT based methods
incur error in estimating frequency and phasor when frequency

(30)

Zr41Q — 2p

deviates from nominal frequency (60 Hz). If we want to get A = (a2 = D)(a=™ — 1)(al+™ — 1) (31)
exact solution, we must takB,., C,. andD,. into consideration. (S
So we define N sin <W>
7 X = abS(AT)T (32)
a=exp (GO—N(zAf +120))). (16) <in < = )
And from (10), we will find the following relations ¢1 = angle(A,) — GJN(Af(N —1)). (33)
Arts :A”ail (17) It appears that SDFT can take integral order harmonics into
B.y1 =Ba (18)  consideration. To distinguish easily, SDFT means calculating
Cry1 =Cra™ (19) frequency form = 1 and we add suffix to the others, for ex-
Dyy1 =Dpa™™. (20) ample SDFE and SDFT; calculate frequency far = 3 and
m = 3, 5, respectively. And here we offer the polynomial equa-
Then tion of SDFT; (m = 3):
-%1‘-1-1 = A?‘a + Bra_l + Crarn + Dra_rn (21) CL4 + P3a3 + P2a2 + pia + Po = 0
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Fig. 1. Comparison of frequency calculations among DFT, Prony, SDFT, and @
SDFT;s. [Test signalz(t) = cos(wt), f = 61 Hz]. R Presy —&— EMIT ——  HFTs
where LETE
-fjr+1 + -f?r+3 3 8563
P3=——"F7— P2 =—7,
242 4 o s
-/i'r—l—l + -%7*—1—3 -/i'r + 2-/%7‘—1—2 + -%7*—1—4 T—_\. +
= Po = = . Ll L
4x1‘+2 16$1’+2 % 3
& ey

Actually, if we assume that(t) = X; cos(wit + ¢1) +
Xs cos(wsat + ¢o) from the beginning of development of the  snaid
algorithm, we will derive a polynomial equation similar to (29
that provide exact frequency in the presence of nonintegralh ~ ***%
monic. We add suffix#” to SDFT means that has taken nonin
tegral harmonics into consideration. Although we can take all Tiww [send
the harmonics into consideration, we still need a digital filter to (b)
decay noise and high order harmonics. Since, in SDFT, the more o T = -
harmonics taken into consideration, the more CPU time neec ~ *# % —— -
in computing. The advantages of digital filtering are no voltag
drop, no temperature drift, no noise addition, and don'thavea o1} 2
analog filter element features, like aging. Besides these, d I *
ital filter can be implemented in microprocessor-based equi s a1l ,i
ment. These make us choose a digital filter to filter noise at |

|

welk— - . _— -

X i L 2 | i J
high order harmonics. There are many digital filters thatwe ciz . ... .{| .-'EL | | II"iI | Al
choose e.g., Hanning, Hamming and Blackman windows. In g & " : i -1*. f II = |_4_. 1.'-| y
simulations we will use the Blackman window for filtering. £ : AR oA R Rl IR ia g il
u ﬁil' l‘i yar ﬁ%‘%ﬂkﬁ"&-f win i F
| | i MmO Ay I Laq ¥ 3
[ll. SIMULATION RESULTS ez IJ;"? I'u'l '-j-"-‘- o T 1||: el '{
[ j' d
Simulation results presented in this section were all sim " i ‘} L

lated from Matlab and showed a fair comparison to both tt ;.4 : . : : . " : J
DFT method and Prony method. In Fig. 1, we showed th ' b sl bz,
SDFT could obtain an exact solution identical to the Prony

method under frequency deviation in a pure sinusoidal wave- _ ]
form. Fig. 1 also shows the performance of SREMethod Fig. 2. (a) Comparison of frequency calculations among SDFT, Prony,

. ) " SDFTs5, SDFTs,. [Test signal:z(t) = cos(wt) + 0.05 cos(3wt) +
and conventional DFT method. It is observed that conventiongai2 cos(5wt), f = 60.5 Hz]. (b) Comparison of frequency calculations
DFT method gives the wrong frequency calculations. among SDFT, Prony, SDEJ, with Blackman window. (c) Comparison of

. . frequency calculations among SDFT, Prony, SR TSDFT;,, with Blackman
In Fig. 2(3‘)’_ SDF-E;’. and SDFT,, are observed to ObtalnWindOW. [Test signalxz(t) = cos(wt) + 0.05 cos(3wt) 3—{— 0.02 cos(2m *
the exact solution. While the SDFT and Prony methods test the® « ¢), f = 60.5 Hz].
same signal without filtering, we find that Prony is worse than
SDFT in the presence of harmonics, but if the test signal is five find that the SDFT and Prony methods have similar perfor-

tered by a Blackman window (window size = 16) for estimationmance. Since the SDE;J can deal with 3rd harmonic and a
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Fig. 3. (a) Frequency variation of test signa{) = cos(wt), f = 60 + 0.5 sin(2x¢) Hz. (b) Comparison of error of frequency calculations between SDFT
and Prony. (c) Comparison of error of frequency calculations between SD#0 SDFTE.,. (d) Comparison of error of frequency calculations between SPFT
and SDFE,,.

nonintegral harmonic, in Fig. 2(c), only the SDETgets the TABLE |
exact solution. COMPUTATION TIME

In Fig. 3(a), the frequency is changed as a sine wave and
3rd, 5th harmonics is also added in test signal during 1 second.
We can observe the errors of SDFT and Prony with Blackman
window in Fig. 3(b), and the errors of SDETand SDFT,,
without filter in Fig. 3(c). Although SDFJ; and SDFTF,, can Per second computed by each method [the test signal is the
resist the effect of the 3rd, 5th harmonics, the effect of frequentgme as in Fig. 3(a)] without a Blackman window to calculate
variation makes them get some small errors. In Fig. 3(d), Waeé frequency, while adding a Blackman window will add
change 5th harmonic to a nonintegral harmonic, and of cou&&1 second to the computation. We find that SDFT is the
SDFTs,, has better performance than SDETHowever, this fastest method in these computa}tlons_, even faster than DFT,
is a special case for SDET. In fact, SDFT, spends more because SDFT counts frequencies directly, but DFT has to

time in computing than SDFE, and sometimes it has conver-count the phase first and then use the phase difference to count

gence problem when there are more than two harmonics in {ﬁ%()]::;jsiisr.e?&?sziti;rswpbeeegs(:dsirl?I;-Iglg¥er the Prony method

signal. Anyway, from Fig. 3 we can conclude that SDFT-famiI{F
algorithms (SDFT, SDFJ; and SDFT,,) are better than DFT
method and Prony method for frequency calculation.

By comparison of computation speed, Table | shows theln this paper we introduce the SDFT-family methods
AMD K6-200 CPU time of each method. There are 960 datnd demonstrate their performance. SDFT both keeps

Prony | DFT | SDFT | SDFT; | SDFT;s| SDFT3,
Time (sec) | 2.03 | 0.71 0.54 1.01 1.71 2.31

IV. CONCLUSION
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frequency deviation errors, while taking harmonics into con- and frequency deviation using linear and nonlinear kalman filter: Theory

and limitations,”IEEE Trans. on Power Apparatus and Systend.

S|derat|9n. The;e aspects make SDFT a fast, accurate and 103, no. 10, pp. 2943-2949, Oct. 1984.
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system overloads,|[EEE Trans. on Power Deliveryol. 5, no. 2, pp.
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