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Introduction 
• Se c o nd  d e riva tive  is wid e ly use d  to  g e t a  b e tte r 

visua liza tio n o f  the  b a nd  d isp e rsio ns in ARPES 

inte nsity p lo t. 



Second derivative in Digital Image 

Processing  

• Mo o n p ic ture  fro m 

NASA p ro c e sse d  b y the  

La p la c ia n filte r. 

Digital Image Processing, 
Rafael C. Gonzalez, Richard E. 
Woods, Prentice Hall (2001) 



Why second derivative? 

• The re  is no  the o ry c la iming  tha t se c o nd  d e riva tive s 

will re c o ve r the  p e a k fe a ture s. 

Parabola and its second derivative 



Curvature and curve peaks 

 

Curvature is a measure of the 
amount of curving. 2
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1D curvature 
• De finitio n 

 

 

 

 

• Fo r line a r tra nsfo rma tio n,  𝑓(𝑥) → 𝐼0𝑓(𝑥) 
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There is an extra constant, which makes the curvature more flexible 
to get the band dispersions. 



The arbitrary constant 
• Whe n C 0 g o e s to  infinity 

 

 

 

 

 

 Curva ture  is the  sa me  a s se c o nd  d e riva tive . 

• Whe n C 0 g o e s to  0 

 

 

 

 Curva ture  p e a ks a p p ro a c h the  o rig ina l p e a ks. 

f‘(x) is 0 at peak 
positions 



A computting tip 
 

 

 

 

• f‘ (x) c a n b e  in a  ve ry wid e  ra ng e  d e p e nd ing  o n 

d a ta . To  ma ke  the  c o nsta nt mo re  ro b ust, it is b e tte r 

to  no rma lize  f’ (x) b y its ma ximum. 

• The  re a so na b le  ra ng e  o f a 0 is a b o ut 10 ~ 0.001. 

(Ho we ve r, yo u c a n g o  furthe r, d e p e nd ing  o n the  

d a ta .) 
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Curvature Application 

More accurate peaks;  
Sharper bands. 



Curvature Application 

More accurate peaks;  
Sharper bands. 



Curvature Application 

Second 
derivative 

Curvature  

More accurate peaks;  
Sharper bands. 



Curvature Application 

Ad va nta g e s: 

 

• Mo re  

a c c ura te  

p e a ks; 

 

• Sha rp e r 

b a nd s. 

Phys. Rev. Lett. 102, 047003 (2009) 

Physical Review B 83, 140513(R) (2011) 

Raw data Second derivative Curvature 

Ba0.6K0.4Fe2As2 

Sr4V2O6Fe2As2 



2D Lapalace Operator 

• In ARPES d a ta , we  c a nno t use  La p la c ia n filte r sinc e  the  
d ime nsio ns o f the  two  te rms a re  d iffe re nt. 

 

 

 

• We  c a n sta rt fro m the  Ta ylo r e xp a nsio n 

 

 

• Using  the  se c o nd  o rd e r te rms 

 

 

• We  g o t 
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Application 
 

Horizontal 
second derivative 

Vertical  
second derivative 

2D  
second derivative 

Raw data 



2D curvature 
• Me a n c urva ture  in 2D 

 

 

 

• Ma king  re p la c e me nts:  

 

 

 

 

 Whe re  C x=(I0∆x)2, C y=(I0∆y)2 
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𝜕𝑓𝜕𝑥  → 𝜕𝑓𝜕𝑥 𝐼0∆𝑥 ,
𝜕𝑓𝜕𝑦  → 𝜕𝑓𝜕𝑦 𝐼0∆𝑦 



2D Curvature Application 

• 2D c urva ture  me tho d  g ive s a  muc h b e tte r re p re se nta tio n o f the  
o rig ina l c ha ra c te r, with ve ry sha rp  stro ke s.  

• Only little  d isto rtio n c a n b e  o b se rve d  ne a r stro ke  inte rse c tio ns a nd  
ne a r the  b e g inning  a nd  the  e nd  o f e a c h stro ke . 

2D second derivative Raw data 2D curvature 



2D Curvature Application 

• 2D c urva ture  me tho d  tra c ks the  o rig ina l b a nd  

d isp e rsio n with hig he r a c c ura c y o ve r the  who le  

ra ng e  o f e ne rg y. 

Horizontal 
curvature 

Vertical 
curvature 

2D curvature 



2D Curvature Application 

• Fe rmi surfa c e  c o nto ur o f Ba 0.6K0.4Fe 2As2 

Raw data 2D second derivative 2D curvature 



Conclusions 
 

• 1D c urva ture  

 

 

• 2D c urva ture  

 

 

 

 

 Whe re  C x=(I0∆x)2, C y=(I0∆y)2 
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