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Abstract

Recently, piezo-aeroelastic energy harvesting has received greater attention. In the present study, a piezo-aeroelastic 

energy harvester using a nonlinear trailing-edge �ap is proposed, and its nonlinear aeroelastic behaviors are investigated. 

The energy harvester is modeled using a piezo-aeroelastic model of a two-dimensional typical section airfoil with a 

trailing-edge �ap (TEF). A piezo-aeroelastic analysis is carried out using RL and time-integration methods, and the results 

are verified with the experimental data. The linearizing method using a describing function is used for the frequency 

domain analysis of the nonlinear piezo-aeroelastic system. From the linear and nonlinear piezo-aeroelastic analysis, the 

limit cycle oscillation (LCO) characteristics of the proposed energy harvester with the nonlinear TEF are investigated 

in both the frequency and time domains. Finally, the authors discuss the air speed range for e�ective piezo-aeroelastic 

energy harvesting.
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1. Introduction

Over the past two decades, engineering researchers have 

increasingly become interested in energy harvesting. �e 

goal of energy harvesting is to provide electrical power for 

low-powered wireless applications and/or to recharge a 

storage device such as a battery. For various energy sources, 

the conversion of mechanical energy like vibrations into 

electricity has been one of the most popular topics among 

those studying energy harvesting [1, 2]. Many researchers 

have focused on transforming mechanical vibrations 

into electricity using piezoelectric, electromagnetic, and 

electrostatic transduction mechanisms. 

One energy harvesting source available in the vicinity of 

remotely operated systems is the aeroelastic vibrations that 

result from interaction with air�ow. An energy harvester 

would enable a remotely operated system to function 

anywhere that air�ow is available. Over the past decade, 

many researchers have focused on exploiting piezo-

aeroelastic energy harvesting to transform wind energy 

into electricity. Erturk et al [3] performed an experimental 

study on generating electricity from thin curved airfoils 

with macro-�ber composite (MFC) piezoceramics 

under air�ow excitation. De Marqui et al [4] studied 

the piezoaeroelastic problem of energy harvesting with 

respect to the air�ow excitation of a cantilevered plate with 

embedded piezoceramics. Tang et al [5] proposed a �exible 

energy harvester inspired by �apping �ag dynamics. �eir 

mechanism used self-excited vibrations derived from the 

axial �ow over a cantilever. Pobering et al [6] studied energy 

harvesting experimentally and numerically by using vortex-

induced oscillations of piezoelectric cantilevers located 

behind blu� bodies. Bryant and Garcia [7] proposed and 

tested a novel energy harvester by using the aeroelastic 
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�utter oscillation of a piezoelectric beam with a simple 

�ap attached to the beam tip. Bryant et al [8] examined the 

sensitivity of driving aeroelastic instability to several design 

parameters. Dunnmon et al [9] performed theoretical 

modeling by augmenting a system of nonlinear equations 

for an electroelastic beam with a vortex-lattice potential 

�ow model and discussed their method by comparing 

existing relevant aerodynamic models. Sousa et al [10] 

performed the linear and nonlinear modeling of a 2-DOF 

piezoaeroelastic airfoil and exploited the combined 

nonlinearities with free play and cubic hardening in wind 

energy harvesting. De Melo Anicézio et al [11] extended the 

previous work [10] to electromagnetic energy harvesting 

and investigated the problems of linear and nonlinear 

aeroelastic energy harvesting using electromagnetic 

induction. Abdelke� and Hajj [12] investigated the e�ects 

of freeplay nonlinearity on a wing-based piezoaeroelastic 

energy harvesting system. Abdelke� and Nuhait [13] 

investigated the e�ects of unsteady aerodynamics on 

the performance of wing-based piezoaeroelastic energy 

harvesters. 

Although some research e�orts have been directed 

toward energy harvesting using linear and nonlinear 

aeroelastic phenomena, piezo-aeroelastic energy harvesting 

has not yet been fully examined in a design context. Linear 

aeroelastic responses include convergent oscillation at 

air speeds below �utter speed, neutrally stable oscillation 

at �utter speed, and divergent oscillation over �utter 

speed. Flutter, which is a divergent oscillation, happens 

catastrophically in the vicinity of �utter speed and causes 

a structural failure. Hence, energy harvesting using a linear 

form of aeroelastic oscillation such as �utter might be very 

dangerous or impossible. More recently, Bae and Inman 

[14] investigated the linear and nonlinear aeroelastic 

characteristics of a piezo-aeroelastic energy harvester. �ey 

introduced several new nondimensional parameters and 

presented nondimensional piezo-aeroelastic equations to 

exploit the e�ects of parameters on the piezo-aeroelastic 

characteristics. Based on their results of linear and nonlinear 

piezo-aeroelastic energy harvesting, they discussed how 

to use nonlinear aeroelastic characteristics for energy 

harvesting.  

Nonlinear aeroelastic responses include convergent 

oscillation, limit cycle oscillation (LCO), periodic motion, 

chaotic motion, and divergent oscillation [15, 16]. Among 

these nonlinear aeroelastic responses, LCOs can be 

observed at air speeds below or over the linear �utter 

speed dependent on aeroelastic system parameters such 

as natural frequencies, natural modes, and structural 

nonlinearity types. Conner et al [17] performed a numerical 

and experimental study on the nonlinear behavior of a 

two-dimensional airfoil section with control surface free 

play, and they observed LCOs. Tang et al [18] presented 

the theoretical model of a three-degrees-of-freedom (3-

DOF) aeroelastic model with freeplay using a reduced order 

model. �eir model was veri�ed through a comparison with 

experimental data. Bae et al [16] investigated the linear and 

nonlinear aeroelastic characteristics of a wing with a control 

surface. �ey demonstrated that various types of LCOs, 

periodic motions, and chaotic motions could be observed 

in a wide range of air speeds below the linear �utter speed. 

�ey also observed an LCO amplitude jump due to a change 

in the LCO mode. 

In the present study, the authors propose a piezo-

aeroelastic energy harvester using a nonlinear trailing-edge 

�ap (TEF) and perform a preliminary study of the concept. 

Fig. 1 shows the schematic of the piezo-aeroelastic energy 

harvester with the nonlinear TEF. Due to the presence 

of the nonlinear TEF, LCOs are observed in a wide range 

of air speeds below the linear �utter speed. �ese LCOs 

can be used to harvest energy without serious structural 

damage of the wing. �e authors extend their previous 

work [14] to a two-dimensional airfoil section with a 

nonlinear TEF to investigate its nonlinear aeroelastic 

characteristics. Fig. 2 shows a typical piezo-aeroelastic 

section with a TEF. �e piezoelectric coupling is introduced 

through a plunge motion, while freeplay nonlinearity is 

introduced to the �ap motion. �e root-locus (RL) method 

[19] and time-integration method [19, 20] are used to 

carry out the frequency domain analysis and time domain 

analysis, respectively. �e linearizing method describing 

function(DF) [19] is used for the frequency domain analysis 

of a nonlinear aeroelastic system. �e aeroelastic results 

predicted by the present method are veri�ed against the 

experimental results [17]. From the linear and nonlinear 

piezo-aeroelastic analyses, the LCO characteristics of the 

proposed energy harvester with the nonlinear TEF are 

investigated in both the frequency and time domains. 

Finally, the authors discuss the air speed range for e�ective 

Fig. 1.  Schematic of a piezo-aeroelastic energy harvester with a non-

linear TEF
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piezo-aeroelastic energy harvesting. 

2. Theoretical Analysis 

2.1.  Piezo-aeroelastic modeling of a 2-D typical 

section model with a trailing-edge �ap 

Figure 2 shows a piezo-aeroelastic energy harvester 

model of a 2-DOF typical section with a trailing-edge �ap 

(TEF). �e equations of the motion of the energy harvester, 

as shown in Fig. 1, are �� � � ��� � ��� � ��� � ��� � ��� � ����� (1) 
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(4)

where 

�� � � ��� � ��� � ��� � ��� � ��� � �����
��� � ���� � ��� � ���� � ����� � ��� � �����
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� � ��� ��   � � ���� ��� �� � ���� ��  �� � ����� ��� �� � � � � � � � ��1 � ��    ��� � � � ��1 � �� �mf : �xture mass 

ρ : air density

U∞ : air speed

c : chord length of airfoil

Cl : 2-D lift coe�cient

Cm : 2-D moment coe�cient

D : electromechanical coupling 

Cp : capacitance of piezoelectric material

Req : resistance of electric circuit

L(t),M(t) : lift and moment  

To nondimensionalize the equations of motion, the 

following nondimensional parameters are introduced.

ρ�������� ���������� ����

� � ��  , � � ���  , � � ����  , �� � ����  , �� � ����  , �� � � ����� ��� � ���� ��� � ���� �� �
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Using these parameters, the nondimensional form of 
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(5)��� � ���� � ���� � ��� � � ���� � � � ����� �
����� �� � �� � ������� � ����� �� � ��� �� � �� ���� � � ������� �� (6) 

����� �� � �1 � ����� �� � ��� �� � �� � �� ���� � � ������� ��
����� � �� ��� � � �� � 0

��� � ������������� � ������ � �� ������⁄

��� �������� � ��� �������� � ��� ������ � ���
���

��� � ����
� � �� ������� 1 ������ � ����� �� � ������� 1 � ����� �� � �� 1 ����

� ��� � ���
������ 0 00 ����� �� 00 0 ����� �� ���

��

��� � ���
���

��� 0 0 � ���0 �� ���� 0 00 0 �� ���� 0 ���
��� ��� � ���������� � � ���

��� ����� �������� ��������� �� ���
��

������������ � ������������

(6)

��� � ���� � ���� � ��� � � ���� � � � ����� �
����� �� � �� � ������� � ����� �� � ��� �� � �� ���� � � ������� ��
����� �� � �1 � ����� �� � ��� �� � �� � �� ���� � � ������� �� (7) 

����� � �� ��� � � �� � 0
��� � ������������� � ������ � �� ������⁄

��� �������� � ��� �������� � ��� ������ � ���
���

��� � ����
� � �� ������� 1 ������ � ����� �� � ������� 1 � ����� �� � �� 1 ����

� ��� � ���
������ 0 00 ����� �� 00 0 ����� �� ���

��

��� � ���
���

��� 0 0 � ���0 �� ���� 0 00 0 �� ���� 0 ���
��� ��� � ���������� � � ���

��� ����� �������� ��������� �� ���
��

������������ � ������������

(7)

��� � ���� � ���� � ��� � � ���� � � � ����� �
����� �� � �� � ������� � ����� �� � ��� �� � �� ���� � � ������� ��
����� �� � �1 � ����� �� � ��� �� � �� � �� ���� � � ������� ��
����� � �� ��� � � �� � 0 

��� � ������������� � ������ � �� ������⁄

��� �������� � ��� �������� � ��� ������ � ���
���

��� � ����
� � �� ������� 1 ������ � ����� �� � ������� 1 � ����� �� � �� 1 ����

� ��� � ���
������ 0 00 ����� �� 00 0 ����� �� ���

��

��� � ���
���

��� 0 0 � ���0 �� ���� 0 00 0 �� ���� 0 ���
��� ��� � ���������� � � ���

��� ����� �������� ��������� �� ���
��

������������ � ������������

(8)

where nondimensionalized resistance and capacitance 

are 
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respectively. 
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where [C] is the structural damping matrix and 
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Fig. 2.
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Fig. 2.  Piezo-aeroelastic model of a 2-D typical section with a TEF
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2.2.  Aerodynamic in�uence coef�cients and ap-

proximations 

�e aerodynamic force terms in Equation (9) can be 

expressed by using aerodynamic in�uence coe�cients 

[Q(k)] as follows. 
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where where � �� ����� is the
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 is the reduced frequency.

�e aerodynamic in�uence coe�cients are generally 

calculated for the tabulated reduced frequencies by 

using various unsteady aerodynamic theories such as 

the �eodorsen function [20], panel method, and CFD. 

�eodorsen’s unsteady lift and moments of a thin airfoil with 

a trailing-edge �ap can be written as follows. 
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�e new variables (Ti) are presented in Appendix A. C(k) 

is a function of Henkel’s functions [21]. �e components of 

the nondimensional AICs are also presented in Appendix B. 

For the time-domain analysis, the AICs must be calculated 

for arbitrary oscillation. Hence, the AICs calculated for the 

tabulated reduced frequencies must be approximated by 

continuous functions. In this study, Karpel’s minimum-

state approximation (MSA) [22] is used. �e AICs [Q(k)] 

approximated by Karpel’s MSA are 
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.

2.3. State-space aeroelastic analysis method 

Substituting Equation (14) into the Laplace transform of 

Equation (9) leads to the following state-space equations. 
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�e aerodynamic states in Equation (15) are de�ned by 
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Equation (8) can be rearranged as
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De�ning the new state variable as z=
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 and 

rearranging Equations (15)-(17) leads to the following state-

sate piezo-aeroelastic equations. 
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�ere exist two approaches to obtain the solutions 

for Equation (18) [14, 19]. One is the RL method in the 

frequency domain, and the other is the time-integration 

method in the time domain. �e RL method is used to solve 

the eigenvalue problem in Equation (18). As the air speed 

increases, the eigenvalues are calculated. When the real 

part of the eigenvalues becomes positive, �utter occurs. �e 

time-integration method is used to integrate Equation (18) 

numerically and to calculate the time response for a speci�c 

air speed using a numerical integration method such as the 

Runge-Kutta method. 

2.4. Structural nonlinearity 

When structural nonlinearity exists in the �ap motion, 

Equation (9) can be written as
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where [K]linear and { f }nonlinear are the linear sti�ness matrix and 

nonlinear restoring force vector, respectively, as follows. 
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If the nonlinearity is freeplay, Equation (21) can be written 

as
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where s is the freeplay. 

The equivalent stiffness of a nonlinear spring in 

Equation (22) is required to use the RL method and can 

be obtained by using the describing function method as 

follows. 
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where 
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 is the amplitude of pitch angle δ. 

Substituting Equation (23) into Equation (3), the sti�ness 

matrix in Equation (20) can be obtained by
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For the time-domain analysis, substituting Equations 

(20) and (22) into Equation (19) leads to the following 

nonlinear state-space piezo-aeroelastic equations. 
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�e nonlinear time response can be obtained by integrating 

Equation (26).

3. Results and Discussion

3.1. Veri�cations of present analysis 

To verify the accuracy of the present aeroelastic analysis, 

the present results of RL method are compared to the 

predicted and experimental data of Reference [17]. Table 

1 shows a comparison of the �utter speeds and �utter 

frequencies of a 2-D airfoil with a TEF. �e present results are 

in good agreement with those of the prediction in Reference 

[17], while both are a little di�erent from the experimental 

data. 

Table 2 shows the comparison of the �utter speeds 

and �utter frequencies of a 2-D piezo-aeroelastic energy 

harvester. �e present results are in good agreement with 

those of the experiments and predictions in Erturk and 

Inman [2]. �e �utter speed for the shot-circuit (Rl≈0) is 

predicted in the present study using the RL method to be 

8.936 m/s, overestimating the experimental value of 8.85 

m/s by 0.96%. �e present study predicts the �utter speed to 

be 8.975 m/s for the open-circuit (Rl≈∞), overestimating the 

experimental value of 8.90 m/s by 0.84%. 

3.2.   Linear aeroelastic characteristics of a piezo-

aeroelastic energy harvester with a TEF 

Understanding the linear piezo-aeroelastic characteristics 

Table 1. Veri�cation of present results 
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  Present Reference [17] 

 unit V-g(Bae 2002) Root-Locus Numerical Experiments 

Flutter speed m/s 23.96 24.06 23.9 20.6 

Flutter frequency Hz 6.22 6.11 6.112 5.47 

Table 2. Comparison of piezo-aeroelastic �utter speeds and frequencies

Resistance (Ω) �  (m/s) �  (m/s) �  (Hz) �  (m/s) �  (Hz) �0 (Short Circuit) 8.85   8.936 5.167 

100 8.85 9.06 5.17 8.936 5.167 

100k 9.30 9.56 5.14 9.346 5.147 � �(Open Circuit) 8.90   8.975 5.187 
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of an energy harvester with a TEF is important when 

investigating its nonlinear characteristics. Table 3 shows the 

parameters used in the present analysis. �e �utter speed 

and frequency variation of the linear piezo-aeroelastic 

energy harvester is shown in Fig. 3. Fig. 3 shows that the 

�utter speed and frequency vary considerably for various 

frequency ratios 

Ω � � � � ��
� �

tios (���), and there e

���

, and there exist frequency ratio values 

at which the abrupt change in �utter speed and frequency 

occurs. �is is due to the change in �utter modes. �ree kinds 

of �utter modes, Type A, Type B, and Type C, exist in Fig. 3. 

Type A is a plunge-�ap mode �utter in which the frequency 

ratio is less than about 0.7. Type B is a pitch-�ap mode 

�utter in which the frequency ratio is between about 0.7 and 

1.3. Type C is a conventional plunge-pitch mode �utter in 

which the frequency ratio is larger than about 1.3. Bae et al 

[15] characterized four regions according to the �utter mode 

shapes of an aircraft wing with a control surface. �e present 

Type A, Type B, and Type C modes are similar to Bae et al’s 

Region IV, Region I, and Region III, respectively. �eir study 

showed that Region IV was very important in terms of the 

nonlinear aeroelastic characteristics, while it may not have 

been important in terms of the linear characteristics. Fig. 4 

shows the e�ect of resistance on the linear piezo-aeroelastic 

characteristics. When 

Ω � � � � ��
� �

���

cs. When ��� i is about 0.025, the �utter speed 

reaches its maximum.       

3.3.   Nonlinear aeroelastic characteristics of a piezo-

aeroelastic energy harvester with a TEF

In the present study, the sti�ness of the �ap motion is 

assumed to have freeplay, as described by Equation (22). 

�e equivalent sti�ness of Equation (23) is used for the 

frequency-domain nonlinear analysis by using the RL 

method. Fig. 5 shows the LCO characteristics of the piezo-

aeroelastic energy harvester with a nonlinear TEF when 

����� � 40 02� ��� � 0 02

��� ��� � 1 3� ��� � 1 8

when �� � 40 02 ��� � 0 02
� � 4 ��

=40.02 and 

Ω � � � � ��
� �

���

cs. When ��� i=0.02. �e results of the frequency domain 

analysis and time domain analysis agree well, while some 

LCOs cannot be observed in the frequency domain analysis. 

For the linear aeroelastic system, the piezo-aeroelastic 

response dissipates due to aerodynamic damping at air 

speeds below the linear �utter speed (

����� � 40 02� ��� � 0 02

��� ��� � 1 3� ��� � 1 8

�� � 40 02 ��� � 0 02
r speed (� � 4 ��=4.77). However, 

as shown in Fig. 5, various LCO types can be observed at air 

speeds below the linear �utter speed, and an abrupt change 

of LCO amplitude is observed. �is amplitude change is due 

to the change in LCO �utter mode. 

Figures 6 – 8 show the LCO amplitudes for the plunge, 

pitch, and �ap motions. Two LCO types are observed at air 

Table 3. Parameters used in the present study

Parameters Values �� 0.260 �� 0.0124 ��� 0.504 ��� 0.0062 µ �� ������� 29.6 � -0.5 

c 0.5 � 2.597 ���� ����� ���� 40.02 ��� 1.3 ��� 1.8 � 0.125 � 0.5 �� 0.0035 �� 0.06 �� 0.02 
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speeds below the linear �utter speed. One LCO is observed 

at air speeds from 0.9 to 2.4. �e other LCO is observed at 

air speeds from 2.2 to 4.6. At air speeds from 2.2 to 2.4, 

both LCOs are observed dependent on initial conditions. 

�ese LCOs have di�erent LCO modes. �e LCOs observed 

from 0.9 to 2.4 are the Type A plunge-�ap mode �utters, 

as shown in Fig. 3. Fig. 9 shows the time histories of the 

plunge, pitch, and �ap motions when the air speed 

�� � 40 02 ��� � 0 02

tions when the air speed (�) and initial �� �
��� ��� � �
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Fig. 6.  LCO amplitude of plunge motion
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Fig. 8.  LCO amplitude of �ap motion
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speeds from 2.2 to 2.4 in particular, both Type A and Type 

B are observed. Figures 10 and 11 show the time histories 

when the air speed 

�� � 40 02 ��� � 0 02

tions when the air speed (�) and initial �� �
��� ��� � �



 






 is 2.2 and initial conditions are 1.0 

and 3.0, respectively. When the initial condition (δ0/s) is 

1.0, the Type A LCO remains, while when δ0/s is 3.0, the 

piezo-aeroelastic response goes to the Type B LCO. Fig. 12 

shows the time histories when 

�� � 40 02 ��� � 0 02

��� �
��� ��� �

when � i



 






 is 4.0 and a Type B LCO 

is observed independent of the initial condition. Bae et al 

[15] shows how these Type A and Type B LCOs oscillate 

(Region IV and Region I in Fig. 6, Bae et al [15]). Figs. 13 and 

14 show the time histories at an air speed of 5.2, over the 

linear �utter speed. Dependent on the initial condition, 

periodic motions are observed or piezo-aeroelastic 

responses become divergent. Hence, piezo-aeroelastic 

energy harvesting is impossible in the vicinity of the linear 

�utter speed. 

LCO amplitude of plunge motion is important for the 

proposed energy harvester. �e plunge amplitudes of LCOs � � 2 2 �� � � 1 0
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observed at air speed through 0.9 to 2.2 are relatively large 

as shown in Fig. 6. Hence, these Type A LCOs can be used 

e�ectively for the proposed energy harvester at air speeds 

from 0.9 to 2.2. Fig. 15 shows the voltage amplitude of the 

proposed energy harvester. At air speeds from 0.9 to 2.2, 

the voltage amplitude is signi�cantly large. Also, this air 

speed range is de�nitely safe with respect to aeroelastic 

instability.     

4. Conclusions 

In the present study, the linear and nonlinear aeroelastic 

characteristics of a piezo-aeroelastic energy harvester 

with a nonlinear trailing-edge �ap (TEF) are investigated. 

�e linear and nonlinear piezo-aeroelastic modelings of 

a simple, 3-DOF typical section are presented. A RL and a 

time-integration method are used to carry out the frequency 

domain analysis and time domain analysis, respectively. 

�e results of these methods are veri�ed against previously 

published experimental results. 

As mentioned in the previous section, the aeroelastic 

responses dissipate due to the presence of aerodynamic 

damping at air speeds below the �utter speed. Flutter, 

which is an aeroelastic instability, occurs catastrophically 

in the vicinity of �utter speed. Hence the use of a linear 

aeroelastic response for energy harvesting might be very 

dangerous or impossible. �e aeroelastic systems have 

several types of structural nonlinearities such as freeplay 

and cubic hardening. �ese nonlinearities can increase 

or decrease the nonlinear �utter boundary. For freeplay 

when the frequency ratio is larger than 1.0, stable LCOs 

with various amplitudes occur at a wide range of air speeds 

below the �utter speed, and these LCOs can be used for 

energy harvesting. When the frequency ratio is smaller 

than 1.0, unstable LCOs are observed at air speeds over the 

�utter speed, and these LCOs may not be used for energy 

harvesting. For cubic hardening when the frequency ratio 

is larger than 1.0, stable LCOs occur at air speeds over 

the �utter speed, and these LCOs can be used for energy 

harvesting. Generally, an aeroelastic system is designed 

to avoid �utter and possess safety margins because �utter 

causes catastrophic failure. LCOs at air speeds over the 

�utter speed cannot be used for energy harvesting even 

though they are stable. �erefore, stable LCOs below the 

linear �utter are an excellent source for energy harvesting 

without aeroelastic instability.  
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Appendix A

�e new variables (Ti) in Eqs. (11)-(13) are presented as 

follows. ��
�� � � 13 �1 � ���2 � ��� � �cos��� 
�� � � 18 �1 � ������� � 4� � 14 �� � 2�����1 � ��cos��� � �18 � ��� �cos����� 
�� � ��1 � �� � cos��� �� � ��1 � ��� � 2��1 � ��cos��� � �cos����� 
�� � 18 ��1 � ���� � 2��� � �18 � ��� cos��� 
�� � � 13 �1 � ����1 � �� � �cos��� 
�� � 12 �13 ��1 � ���� � ���� 
��� � �1 � �� � cos��� ��� � cos����1 � 2�� � �1 � ���2 � �� ��� � �1 � ���2 � �� � cos����2� � 1� 
��� � 12 ���� � �� � ����� 
Appendix B

�e nondimensional lift and moments are 
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������
��� � � 1� ���� � ������� 
��� � � 1� ���� � 2���� � ���1 � �1 � 2�������� 
��� � � 1� ���� �� � 2� ������� � �� �� ��� � ���� ������ 
��� � 1���� ����� � �2� �� � 12� ����� 
��� � 1���� ��� �18 � ��� � 2 �� � 12� ���� � �� ��� � 12� � 2 �12 � �� �12 � �� ������ 
���� 1���� �� 1� ��� � ���� � ��� ��� � �� � ����� � 2� �� � 12� �������
� � �� ��� � �� � �� � ���� � ��� �� � 12� ������ 
��� � 1����� ������ � ���������� 
��� � 1����� �2����� � ������� � �� ��2�� � �� � �� �� � 12�� � �� �12 � �� �������� 
��� � 1����� �� ��� �� � 1� ��� � ������ � 1� ���������� � � �2� ������ � ������������ 

where the components of the nondimensional AICs [Q(k)] 

are 
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