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Abstract. A generalized Moreau-Yosida based primal-dual active set algorithm for
the solution of a representative class of bilaterally control constrained optimal control
problems with boundary control is developed. The use of the generalized Moreau-Yosida
approximation allows an efficient identification of the active and inactive sets at each
iteration level. The method requires no step-size strategy and exhibits a finite termination
property for the discretized problem class. In infinite as well as in finite dimensions a
convergence analysis based on an augmented Lagrangian merit function is given. In a
series of numerical tests the efficiency of the new algorithm is emphasized.

1. Introduction. In this paper we introduce and analyze an efficient algorithm for
the numerical solution of the following bilaterally control constrained optimal control
problem with boundary control:

1
minimize J(y,u) = 3 / (y — 24)%dx + %/ (u — ug)?ds, (1.1a)
Q I

subject to — Ay+cy=ginQ, g_y =yuonly, y=00ndQ\I =Ty (1.1b)
n
and w € Uy C L3(I'y), (1.1¢)

with a bounded domain Q C R?, d < 3, and 92 =: I its (sufficiently) smooth bound-
ary. We assume that I'y C I' is closed and has positive ({(d — 1)-dimensional) measure.
Moreover, let z4, g € L2(Q), uqg € L¥(T1), a >0, ¢ >c(z) > 0forall z € Q, ¢ € R,
a,b e L®(I';) with

b(xz) —a(z) >0 for almost all z € I'y.
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I'; }. Equation (1.1b) will be referred to as the state cquation.

The proposed algorithm and its analysis rely on the type of objective functional,
governing state equation and the geometry of U,q4, and it also applies to general radially
unbounded convex quadratic objective functionals and state equations with any strictly
elliptic second-order differential operator. However, for the sake of a clear presentation
of the main ideas and a reduction of technicalities, we restrict ourselves to the specific
representative (1.1) of the general problem class.

Our interest in this problem comes from the fact that it frequently occurs in applica-
tions either in its own right (see, e.g., [18]) or as a subproblem class in numerical schemes
for efficiently solving nonlincar optimal control problems (see [13, 14, 16, 17, 25]). For
example, consider the optimal control of a simplified Ginzburg-Landau model for super-
conductivity [23]:

1 .
minimize —/(y—zd)Qdm—i- 2/ u?ds
2 Jo 2

I

. . ) )]
subject to  — Ay +y* +y =g in Q, 8—j =wuonly, y=0onT,

n
If one uses a standard linearization technique for the treatment of the nonlinecar state
equation above, see, e.g., [6] where the SQP-framework is invoked, then one relies on
an cfficient solution of the linear-quadratic problem occurring in cach iteration of the

SQP-type algorithm. For our example, we obtain

1 . e
minimize A/(y— zq)?dx + —/ u?ds
2 Ja 2Jr,

subject to — Ay + (372 + 1)y = g in . % =uonl;, y=0onT,
with fixed § and appropriate g. Additional control constraints of type (1.1c) yield the
model problem (1.1).

Classical methods for solving the discretized model problem are either pure primal or
dual methods; sece, c.g., [8], [9]. Usually, in the case of box constraints, algorithms of
gradient projection type—see, e.g., [3], [20]—outperform the classical methods. Modifi-
cations of projection type methods for large scale problems can be found in {21], or [19].
However, in the case of degenerate solutions, the convergence rate deteriorates. Only
very recently Lin and Moré [19] proposed a trust region version of Newton's method
that keeps fast local convergence even if the solution is degenerate. Another type of
dual method that is applicable to large scale problems was proposed in [11] and [12]. In
contrast to the gradient projection methods, it finds exact solutions. However, imple-
mentable versions require a suitable regularization. Finally, we mention interior point
methods—see [26], [27], [28] and the references therein—which are very efficient in solv-
ing large convex quadratic minimization problems with linear constraints. Primal-dual

path following variants of interior point methods utilize both the primal and the dual
variables when following the central path towards the optimal solution. Typically, ap-
proximate solutions are found. Unfortunately, the convergence rate is only linear in the
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case of degenerate solutions. All above-mentioned methods were introduced and ana-
lyzed in finite dimensions. Some of them, like interior point methods, are intrinsically
finite dimensional.

In [22], [7], and [16], an infinite-dimensional version of the projected Newton method in
[3] is analyzed. Since the projected Newton method is designed for the minimization of a
sufficiently smooth objective functional subject to box constraints, problems of type (1.1)
must be transformed into a reduced form. For this purpose, let S denote the solution
operator of the state equation, i.e., y = S(u). Then the reduced version of (1.1) is

minimize J(u) := %/Q(S(u) ~ 24)%dz + % /1“1(u — ug)?ds (1.2a)

subject to  u € U,g. (1.2b)

Moreover, the methods in [22], [7], and [16] produce feasible iterates u™, i.e., u® € Ung
for all n, satisfying a descent property by a projected line search.

In contrast to these requirements and features, our algorithm is introduced and ana-
lyzed in infinite dimensions, it does not aim at the reduced problem (1.2), the iterates
may be infeasible, and no line search is invoked. Moreover, it makes use of the primal and
the dual variables at the same time. While the reduced problem approach is a matter
of taste, the avoidance of the projected line search may speed up the performance. We
also present the finite-dimensional counterpart of the proposed algorithm and analyze its
convergence. We prove that it stops at the exact discrete solution after a finite number
of iterations. Moreover, numerical tests confirm that our strategy incorporating primal
and dual variables is very eflicient and is not affected by degeneracy of optimal solutions.

The method we shall propose is based on a development due to [1]. The comprehen-
sive numerical comparison in [4] with primal-dual path following interior point methods
proves the efficiency of the algorithm in [1] for unilaterally constrained distributed con-
trol problems. In this paper, we extend the results in [1] in several ways: First, we
consider the bilaterally constrained case, which is technically significantly more involved
than the unilateral one. The conditions ensuring convergence must handle several de-
generate situations as, for instance, change of components that are active on the upper
constraint to infeasible components with respect to the lower bound. Secondly, we here
consider boundary control whereas only distributed control was analyzed in [1]. As a re-
sult, stronger conditions on «, and the operator norm |A™!| and |7|, with A = —A+c¢-id
and 7 the trace operator, have to be imposed. Moreover, we give results on the bounded-
ness and convergence of the primal and dual iterates in infinite dimensions. Comparable
results are not included in [1]. Also, a detailed discussion on several parameters involved
in the convergence conditions are given.

The paper is organized as follows: In §2 we develop the first-order conditions for
the model problem (1.1). Moreover, the basic tools for the algorithm are introduced.
The infinite-dimensional algorithm is displayed in §3. The convergence analysis for the
infinite-dimensional algorithm and a detailed discussion of the sufficient conditions for
decrease of the proposed merit function are exhibited in §4. Section 5 contains the
analysis of the finite-dimensional algorithm. A report on an excerpt of intensive numerical
tests is given in §6. Finally, in §7 conclusions for our approach are drawn.
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2. Preliminaries. This section is devoted to the development of first-order condi-
tions of the model problem (1.1). Moreover, we shall introduce all the tools needed for
the definition of our algorithm.

Throughout this paper we shall use the following notation: the L2(Q)- and L?(T)-
inner products, ¢ = 0,1,2 with Ty = T', are denoted by (-,-)q and (-,")r,. By |- |a and
| - |r, the corresponding L?(2)- and L%(T;)-norms are denoted. Frequently we shall use
the duality pairing (-, )y v between a Hilbert space V and its dual V*. For v € H(Q),
the zero-order trace 7: H'(Q) — L2(T') is given by Tv. Order relations like “max” or
“<” for elements of L2(£2) or L%(T';) are understood in the pointwise almost everywhere
sense.

For the following lemma, which establishes the existence of a unique solution of the
state equation (1.1b), we define the closed subspace V of H}(Q) by V = {v € H(Q) |
Tur, = 0}. Here, Ty, denotes the restriction of the trace of v on I'z. By (-,-)v =
(-»*)H1 () the inner product on V is given. In order to make the paper self-contained,
the proof of Lemma 2.1 is displayed in the appendix.

LEMMA 2.1. Suppose g € L?(2), u € L?(I';). Then the state equation (1.1b) admits a
unique solution y* € V.

Proof. See Appendix A. a
In the sequel we shall use e: V x L?(I'y) — V* defined by

(e(y7 U), U)V*,V = (vya VU)Q + (Cy7 U)Q - (g,U)Q - (uﬁTv|F1)F1 for all v € V.
Then the weak form of the state equation (1.1b) becomes
e(y,u) =0 in V"

By €'(y,u) we denote the gradient of e(y, u) with respect to y and u:

¢ = ().

ey (Y, u)

Our next aim is to prove that €’ is surjective, which is needed to guarantee the existence
of a Lagrange multiplier in the first-order conditions.

LeEMMA 2.2. The gradient €'(y,u) is surjective for all (y,u) € V x L?(I'y).
Proof. For any (y,u) € V x L?(I'y), consider
(€'(y, u)(0y, 0u),v)v- v = (Vdy, Vv)a + (cdy, v)a — (du, Toir, )r,,

with (dy,du) € V x L?(I'y). In order to prove surjectivity, we arbitrarily fix h € V*. We
then have to show that there exists (dy,du) € V x L?(T';) such that

(Vdy, Vv)a + (cdy,v)a — (du, Ty, )r, = h(v) forallveV. (2.1)

If we arbitrarily fix du € L?(I';y), then for dy € V, (2.1) can be written as
a(dy,v) = f(v) forallveV, (2.2)

with f € V* defined by f(v) = h(v) + (du, T, )r, - Since the bilinear form a: V xV —
R, a(w,v) = (Vw,Vv)q + (cw,v)q, is V-elliptic and bounded, by the Lax-Milgram
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Theorem, the variational equality (2.2) admits a unique solution dy € V. This proves
the surjectivity of e/(y,u) for all (y,u) € V x L%(Ty). d

Now we are prepared to derive first-order optimality conditions. For this purpose we
make use of the Lagrangian function defined by

E(:’/)u’p) = J(yau) + (6(yau),P)v~,v~

Let (y*,u*) denote the optimal solution of (1.1). Uniqueness follows from the fact that
J is strictly convex in u, (1.1b) admits a unique solution for every u, and U,q is convex.
Next we define the active set at (y*,u*) by

A" = AT U AL,
with
A ={z el |u(z) =a(z) ae} and A; ={z T |u(z)=>b(z)ae.l},
and the inactive set at (y*,u*) by
I* =T\ A"
The first-order conditions are given by the next theorem.

THEOREM 2.3. The unique solution (y*,u*) € V x L%(T';) of (1.1) is characterized by
the existence of multipliers p* € H!(Q) and A\* € L*(T';) such that

—Ap*+cpt+yt =24 inQ, %I;: =0 onTy, p*=0 on Dy, (2.3a)
au® + A" —7pjp, = aug onTy, (2.3b)
e(y*,u*) =0, u* € Uy, (2.3c)

s <0, Ay 20, ANz =0, (2.3d)

with )\l*S denoting the multiplier on a subset S of I';.

Proof. First observe that Lemma 2.2 ensures the existence of p* € V such that

Ly(y™,u™,p") =0 and e(y*,u*)=0.

More precisely, we have

E(y,u,p) = J(y»u) + (vy7 VP)Q + (Cy,p)g - (gap)ﬂ - (uvaﬂ"l)Fla
yielding

Ly(y*u®,p")0y = (y* — 24, 6y)a + (VP*, Viy)a + (cp™, 6y)a
= (¥" - za,0y)a + (—Ap", 6y)a + (cp*, 6y)a
for 0y € V and %’% =0 onI'y, 7pjp, = 0. This yields (2.3a). Condition (2.3c), which
denotes feasibility, is trivially satisfied.
For optimality in u the following variational inequality has to be satisfied:

Lo (y*,u*,p* )Y u—u*) >0 forall u € Uy.

This is equivalent to

(=A% u—u")r, = (alu” —ug) — Tpl*n,u —u¥)p, 20 forall u € Uypyg. (2.4)
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There are three distinct cases:

(i) Consider A7, i.e., u* = a. Define

1

Af= (e T (@) =a@) A (@ > 0) A = foeArIN@> 1]
and C. = {x € A} | b(z) — a(z) > }}. Now assume that A} has positive measure
meas(A}) > e > 0. Since meas{z € T; | a(z) = b(z)} = 0 and A7 T AF, we have
meas(CL) > 0 for sufficiently large [ and C, T A}. From the lower continuity of meas,
we deduce that there exists £ > 0 such that meas(C?) > e. Next define 6+ = xce (b — a),
which yields a < u* + s6T < b for 0 < s < 1 (x5 denotes the characteristic function of a
set S C I'1). Consider the directional derivative

dL(y*,u* + s6*,p*)
ds

* * * €
= (a(u* —~ug) — Tplrl,5+)p1 = (=26, < 2 < 0.
s=0

This contradicts the optimality of u*. Hence, we must have meas(A}) = 0.
(i) One can prove in the same way as in (i) that meas(.A, ) = 0 with
Ay ={z el | (W (z) =b(x)) A (A(x) <0)}.
(iii) Finally, consider Z*, i.e., a < u* < b, and define
Z ={z eT|{a(z) < u"(z) < bz)) A (A (x) #0)}
and for [ € N

ﬂ:{x64<a@+%guwmgm@—%)Aqunz%)}

Assume that meas(Z) > € > 0. Since meas{z € I'jla(z) = b(z)} = 0, we obtain
meas(Z') > 0 for sufficiently large I. From Z' T Z and the lower continuity of meas, we
deduce that there exists ¢ > 0 such that meas(Z¢) > e. Define § = xz¢(A\*(z)/|\*(z)])
implying a < u* +s6 < bfor 0 <s < 31, and

dL(y”,u* + sd,p")
ds

:04ﬁ®n3—2<0

s=0
This contradicts the optimality of w*. Thus, there must be meas(Z) = 0. O

Note that for the above first-order conditions, it suffices to consider one multiplier for
both inequalities characterizing feasibility. The benefit of this fact will become clear in
§5 where the discretized problem class is considered. The restriction to one multiplier
for both inequalities reduces the number of variables and consequently the amount of
memory needed by an implementable algorithm.

Before we state the algorithm, we make use of a result from convex analysis. Based
on the generalized Moreau-Yosida approximation of the indicator function of the set of
admissible controls denoted by U,q one can replace u* € U,q and condition (2.3d) by

M o=ou* + o7\ —my, (u + oY), (2.5)
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for o > 0, where

a if z <a,
Ty (2) =<z ifa<z<h,
b ifz>0b

denotes the Hilbert-space projection onto U,g. For more details we refer to [2], [15].

3. The algorithm. In this section we present the generalized Moreau-Yosida-based
active set algorithm. We make use of the characterization (2.5) of the optimal Lagrange
multiplier. Let superscript n denote the actual iteration level. Then we define the a-
active and b-active sets of the nth iteration by

Al ={z e | v Hz) + 07N H(z) < a(z) ae.}

p={zel |uv" )+ o A" (z) > bz) ae}
and A" = AZUAL and " = I'1\ A™. Note that the definition of A™ and Z™ involves both
the primal variable u and the dual variable A. This strategy turns out to be very efficient

in practice (see §6). In the algorithm below, we use the identification A™ = A"~!, which
is understood in the sense

Al = A" and AY = Al'}_l. (3.1)
Algorithm AS
begin
(y°,u,p°, A°) « initialization(Q, T, 'y, ¢, @, 24, Ud, g)
n 0
end

while (A™ £ A1) or (n < 2)
Al —{z el |u" Ha) + o7 IA"Hz) < alz) ae}
A —{z ey | v Ha) + o7 IA" H(z) > blx) ae}
A" — AT U AR, T — T\ A"
ulag = oag g < g Afpn 0.

Determine y™, p™ and w7, Al such that (y™, u™, p", A™) satisfies (3.2a)—(3.2¢).
end

Different initialization routines may be used. We use the following scheme, which
is intended to obtain a feasible start-up configuration. In parentheses an alternative is
denoted.
initialization
Input: QT T,¢ 0,24,u4,9.
Output: v, u°, p°, A°.
begin

u® —a. (u® —b)

Obtain y°, p°® as solution to {3.2a) and (3.2¢).

3" — min{0, 7pfp, + afua — u?)}. (A° — max{0, 0, + alug — u’)})
en
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The next result is a justification of the stopping rule for Algorithm AS.

LEMMA 3.1. If there exists an iteration level n such that A" = A™T!, then Algorithm
AS stops and the last iterate satisfies

op"

—Ap"+cept+y"t =24 inQ, s 0 onT;, p"=0 onTly (3.2a)
n

au™ + A" —7pjp, = aug only (3.2b)
8 y13

Ay +cy" =g in % =u" only, y"=0 only, (3.2¢)

u™ e Uad
n —
fap S0, Algp 20, Ao =0,

Proof. By construction of the iteration sequence, the conditions (3.2a)—(3.2c) are sat-
isfied. Therefore, we only have to concentrate on the feasibility of the control and the
sign of the corresponding Lagrange multiplier. For this purpose, consider first Z"*!.
Here we have A\ = 0 by construction. The set Z"! is defined as the set of z € I'; such
that

a(z) < u™(z) + o7\ (z) < b(x),
yielding a < u™ < bin I". In A" we have u™ = a. The way in which A?*! is defined
yields A™ < 0 in A7. Analogous arguments yield ™ = b and A™ > 0 in A}. |

4. Convergence analysis. Our convergence analysis is based on an appropriately
chosen merit function. In fact, we will use the modified augmented Lagrangian functional
L:V x L3(T';) x L*(T";) — R defined by

(o(a—u™) = A")4 2, — 1A% E)

+xsp((o(u® =) + A1)lf, — IALIE))L (41)

1
L(yn’un’)\n) = ‘](yn7un) + 2—[ng(
o

where ()4 = max{0,-}, and further
Sy=TI"UA? and Sy =I"U.A}.

By A and A_ we denote the positive and negative part of the multiplier A, which are
defined by
A+ = max{0,A} and A_ = min{0, A}.
We will prove that under the condition on « and o given by
2 42
praso<a+ 5 —-— and (0—a)lu
¢ op

for some p > 0, the modified augmented Lagrangian satisfies

L(yn,un,)\n) _ L(yn—l,un~17/\n—1) < 0.

n-1__,n

U % — ala — b3, <0

The set P™ is defined by (4.3).

Before we can prove the above convergence assertion, we have to establish a few
auxiliary results. The first result relates the difference of objective functionals to the
primal variables (y,u) and the dual variable A.
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LEMMA 4.1. Suppose (y,u) € V x L%(T';) satisfies

0
~Ay+cy=g¢g in £, a—i:u onI'y, y=0 onTls,.

Then for all iteration levels n > 1 we have
a mn
Jy™ ") = J(y,u) = —%|y — y”l?l — §|u — unllgl + (u—u", A") an.
Proof. The construction of the iteration sequence of Algorithm AS and [p|? — |¢|? =
~lp = q* +2(p — ¢, p) yield
Jy"u™) = Iy, u)
1 n|2 a n|2 n n n n
= —§|y -y'la — §|u—u It, + 0" =y, ¥" — za)a + a(u™ — u,u™ — ug)r,

1 o
= =gl — "R - Slu—uE, + " -y AP = pM)a + a(u” — uu" — ua)r,

1 n a n T
= —5ly=v"la - Slu - vt + (AW" - ) — " - ). p")e

+ (3(y—y”)

T n n
o ,Tpm)F +o(u” —u,u” —ug)r,
1

1 o n

=5l - G - Slu- u|p, + (U =, a(u” - ug) — TP, ),
1 «a n \n

R i R AR

where the last equality comes from /\|nI" = 0, completing the proof. ]
As we consider the difference of the objective functionals of two successive iterates of
Algorithm AS, then we obtain the immediate corollary of Lemma 4.1.

COROLLARY 4.2. Let (3%, u%, \%), i = n—1, n, denote two successive iterates of Algorithm

AS. Then
1 n— I
T ) =) = =y -

with A7 the subset of A™ defined by
AL = (ANATTH U (ARPNATY.

%|u”_1 —u"|%1 (T U A 4n, (4.2)

Proof. The assertion immediately follows when considering 4"~ — u™ = 0 on (A? N
AU (AR N ARTY) and AT = A™M\((AZ N AZTH U (A2 NAPT). a

The following lemma estimates the term under brackets in the definition (4.1) of the
modified augmented Lagrangian function. For convenience we use

q"(x) = xsp (@)(l(o(a(z) — u™(2)) = AZ(2)+[* = NZ(2)[*)
+xsp(2)(|(0(u™(z) = b(2)) + M (2)+* = N} (2))

for x € I';. Moreover, we define

d"(z) = ¢"(z) - ¢" ().
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The analysis in the proof of the following Lemma 4.3 will show that the set Z™ especially
is of interest in view of its history. For this purpose we use the following splitting of I'y:

I=T"'nTHUAr I NnIM) U (A NIT),
Fr=Ar1'n{reI"|a(z) <u™(z) < bz) ae},

Fr=A"n{z €I | a(x) < u™(z) < b(z) ael, (4.3)
Pr=A""1NI7T,

Py =Ay" ' n1n,

where I" = {z € I" | v"(z) < a(z) a.c.} and I} = {z € I" | u"(x) > b(x) a.e.}. For
later use we shall define P™ = P} UP]'. Let us give a few comments on this splitting.
First of all observe that

TPUFPUFPUP =T

The splitting basically serves as a monitor for the movement of the respective sets
from one iteration level to the next.

In contrast to the unilaterally constrained problem, i.e., the problem with either © < b
or ¥ > a defining the set of admissible controls, the sets P} and P;' have to be taken into
account. Details will be given below. But for convenience let us give a schematic graph
(Fig. 1) for the meaning of P?. For the sake of simplicity we assume that A}~ = @ in
the following exposition: First consider the set of points ¢ € I'; where the corresponding
n—1 of iteration level n — 1 is active at the lower bound a, but the Lagrange
multiplier indicates that u™~! should be inactive, i.e., A*~! > 0. This set corresponds
to the left part of A?~! in Fig. 1. Consequently this part becomes a subset of I%
in iteration level n. Now, P? contains all z € A?~! NZ"™ whose corresponding u"(x)

control u

exceeds the upper bound b(x) in the almost everywhere sense. The second case, i.e. P},
is an analogue.

Now, we are well prepared to prove the following lemma, which gives estimates for
d™(z) for all iteration levels n.

LEMMA 4.3. Let (yi, ut, )\i), 1 = n,n — 1 denote two successive iterates of Algorithm AS.
Then

d™(z) < o™ (z) —u™(x)|® for a.a. x € I, (4.4a)
d*(z) =0 foraa z€ FruUFPU(A I NAY), (4.4b)
d*(z) < o ([u" Hz) — u™(2)|? — |a(z) — b(x)]?) for a.a. x € P™, (4.4¢)
d*(z) < —c?|u™"Y(z) — u™(x)]* for a.a.xz € T™, (4.4d)

with 777! ="~ 1 n A",

Proof. The proof considers the different subsets of iteration levels n and n — 1 and
finally extracts our desired result. For convenience we skip the argument x and argue
for almost all (a.a.) z in the respective sets.
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iteration level n—1:

iteration level n:

Fi1G. 1. Study of P}

(i) "~ NZI": By construction A* ! = A* =0 and a < u™"! < b by the way in which
I™ is defined. Hence

d" =(o(u" = b))+ * + l(oa —u™))+* < *(|(u" — ")) 2 + ("7 = u")4 )

— 0_2|un _ un—1|2‘

(i) A7~ NZ™: By construction we have \» =0, u" ! =a and 0 < A" < (b — a)
by the definition of Z". Therefore,

d" = |(o(u™ = b))+ + |(o(a — u™)+ |

We distinguish three cases:
() u™ < a. Then
n'2 2’ n-—1 n'2.

d"=c%la—u u" T —u

(8) a <u™ <b. Then d* =0.
(v) u™ > b. Consider (u™ — b)? = (u™ — a)? + 2(u" — a)(a@ — b) + (a — b)?, and
u™ —a >b—a >0 implying (u" —a)(a—b) < (b—a)(a—b) = —(a—b)2. Hence,

=0

(u™ —b)? < (u™ —a)? - (a — b)?,
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and consequently
d" = o?|(u" = b)4 2 < o¥(Ju" — w2 = [a — bf2).
(iii) Ap~" N Z™ By construction we have A" = 0, u”~! = b and 0 > A"~ > o(a — b)
by the definition of Z™. Therefore,
d" = |(o(u" = 0)+* + [(o(a — u™))+ |

We distinguish three cases:
(a) u™ < a. Analogously to (iiy) we find

(a —u")? < (b—u™)? — (a—b)?
yielding
d™ = o%la —u")? < o (Ju" ! —u"|? — |a - b]?).
(8) a <u™ <b. Then d* =0.
(v) u™ > b. Then
dn = 0_2|un _ bl2 — O,Zlun _ un—1|2'

(iv) 71 = I"1 N A™. We split A" into its disjoint components A7 and A7 and
consider therefore the following two cases:
(o) I ' N A", By construction, \»"! = 0, u™ = a, and 4"~ ! < a by definition of

AP, Hence
= |(=A) 4P = A2 = [(o(a — )12 = =P u —u TR
B) I™~' N AZ. By construction, \*~! = 0, u™ = b, and "~ ! > b by definition of
b
A Hence
d" = A1)+ 2 = ML = |(o(u™ ! = b))y | = —aPu — a2

(v) A" N A", Since the active set of each iteration level can be decomposed into
two disjoint sets, the following four cases have to be considered:
(o) AP~1 N A". By construction of the iterates, we have v = u"~! = qa, and
A"~ < 0 by the definition of A7?. Therefore

N CONEDUIE

(8) A7"1NAp. By construction, we have u”™! = a, u™ = b, and A" ! > o(b—a) > 0
by definition of A}. Hence

d" = (NP = N3P =

(v) Ay~' N A7, This is the reverse situation to (v3) yielding d" = 0.
(6) A7~ N A7, By construction, u™ = u™~! = b and A"~! > 0. This yields

d" =|(\})+ P = INE* =0.

The cases (i), (iia), and (iiiy) yield (4.4a). Assertion (4.4b) follows from (ii@), (iii3), and
(v), and (4.4c) comes from (iiv) and (iiie). Finaily, case (iv) yields (4.4d). O

To estimate the descent in the modified augmented Lagrangian functional, we need
another estimate on the set Z7'. The next lemma provides the desired result.
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LEMMA 4.4. Let (y%,u’,\',p), i = n,n — 1 denote two successive iterates of Algorithm
AS. Then

2
d™(z) < o?Ju"(z) — u" " H(z))? < 25|7'p”(x) —p" Hz)* for a.a. x € I7. (4.5)

Proof. We again skip the argument x and argue for almost all x like in the previous
proof. The basic tool is Eq. (3.2b), which we repeat for convenience:

ou™ + A" — T;Drf1 =aug onli.

We consider now the components of Z7'. In all cases, the first inequality in the assertion
of the lemma comes from Lemma 4.3.
(i) Z*"'NZI™. From (3.2b) and A™ = A\"~! = 0 we obtain

n 1

1 1
ut=Tp" 4+ug and u" = —7p" ! +uy
o @

Therefore,
2
dr < 0,2|un _ un—1‘2 _ %|Tpn _ 7_p'n.—1|2'
o
(ii) AZ7'NZ". We have u™ = L7p"+u4 by (3.2b) with A™ = 0 by construction. Again,
: -1 -1 _ \n—1 P o0 1...n—1
from (3.2b) we obtain 7p" ™! —a(u" " —ug) = A»7* > 0. This implies a —ug < Z7p" 1.
Therefore,

2
dm = 0_2|a _ un|2 < U—QITpn_l _ Tpn|2
«

since

1

1 1
O<u™ ' —ut=a—-u"=a- ann—ud < E(Tp"— —-7p").

(i) Ap~'NZI7. Again, we have u™ = 27p" +ug and 7p" 1 —a(u "l —ug) = A" < 0
due to (3.2b). A similar argument to case (ii) yields

2
d = o.2lun _ b|2 < 0_2|Tpn _ Tpn_l|2,
«

completing the proof. a

The use of Lemma 4.4 relies on the following estimate: Consider (3.2a), which denotes
the adjoint equation, yielding

n n T M 86; n
—Aby + b, = —6; in 1, a—n:0 onl'y, 6;=0 only,
where 6 = p" — p”~ ! and &y =y" - y™~1. This equation is understood in the weak
sense, i.e.,
(Vé,,Vv)a + (cby,v) = (=6;,v) forallveV.
The V-ellipticity of the bilinear form a(w,v) = (Vw, Vv)q + (cw,v)qg and € > ¢ > 0
imply
16511y < €ldy |a,

with some constant ¢ > 0. Let |7| denote the operator norm of the trace operator
7: HY(Q)) — L*(I"). Then

" — 79", < 7116510y < Cloyla, (4.6)

with C .= |7|é.
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Now we are prepared to prove the main result of this section. The following theorem
gives conditions on the parameters o and o for the modified augmented Lagrangian to
be non-ascending.

THEOREM 4.5. Suppose that A™ # A™~! (in the sense of (3.1)). If

2 (12

a
p—}—agaga—l—ﬁ—? and (0 — a)fu"" ! —u%. — gla —b|H. <0

for some p > 0, then

L(yn’un’ /\n) _ L(yn—l,un—l,/\n—l) S 0.

Proof. We first relax the bound on d™ in two specific situations. In (i) and (ii) below,
we skip the argument x for convenience.

(i) A7t N A?. We have u™~! = a and u™ = b by construction and, as a consequence
of the definition of A7, we obtain A"~! > &(b — a) > 0. Therefore,

—c*um Tt — w4 20(u"t —u™)(=A"") = —o%a - b? +20(b—a)(A"7H)
—o?la—b* +20(b—a)(o(b—a)) (4.7)

o?la —b|* > d".

\%

(i) A7~ N.A7. In this case we have v~} = b, u” =@, and \*~! < o(a—b) <0. An
analogous computation to (i) results again in

—?ur Tt — P 4 20w = wM) (=AY > 4 (4.8)

Since A"~ ! = 0 on 77!, the estimate (4.8) (with “>” replaced by “>")} trivially holds
on 7! due to (4.4d). Moreover, observe that (A2~ 'NAF)U(AF ' NAZ)UT"1 = A7
(for its definition, see Corollary 4.2).

Next we compute an upper bound to the inner product (u™~! — u™, A" — )\"_1),4? by

(un—l _ un,)\n _ /\n—l)A;1 — (un—l _ un’,’_pn _ 7_pn—1)A11 + O[|un—1 _ un|2.AZ}
< |mp™ — " e, Ut — u”|an + alu™ !t — u"&c (4.9)

< C|c5?']|Q|u"_1 —u"|an + alu™t — u”|3‘g,

where we used (3.2b) and then (4.6).
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Now let us estimate the difference of the modified augmented Lagrangian functional
for two successive iterates:

L(yn7un,/\n) _ L(yn—lﬁun—l?)\n—l)

(4.2) 1 N2 & onp2 n—1 n 1 n
= _§|oylﬂ_§|6u|F1+(u —’LL,>\ )An+§_ Fld ds
(44 n|2 n—1 n o\n n|2 T cnp2
I(s IQ |6u|F1 + (u —u", A )AL’ + §|(5 In _|5 Tn-1
- e T\ n o »
=+ (U — Un,—/\ 1)’]‘n—1 + —|6 ’2,)71 — §|a b pn — |6 AT 1 An
+ (u”“1 —u", = I)An 1 |5” ap-inan T (u”“1 — =\t )Ag—lmA
|5 | |6n|2 +(n—1_ n)\n_/\n—l g5n2 —g—én2
Q- ully u u, )Al’+2|u|I;‘ 2|u|AZ}
g
+Zy5m n——a—bzn
2157 0 — Sla— bl
c—a 1 1
< (0%t - 5 ) 13l + Ul + 3~ BT

1 o o
+ 5(0' — a) |8 5n — §|a — b|pn — §|5Z|12"1\(Igu,4:u7>n) = o

For the last inequality above, we used (4.5), (4.6), (4.9) and o > «. We continue by
making use of st < %( 257! + kt?) for every k > 0 and obtain

C

20 — (2 c 7|2 Kocen 1 (0
v < g (TS 1) st G + e o)l

1 o
+5(0 = @)% — Zla - b3

1(C -« n n 1 n2 _ 9 2
=§< +C 3 >|5 |Q+ (Ck+a—0a)|d |An 2(a—a)|(5u|pn—§|a—b|fpn.

If we set p = Ck, then L(y",u™ A\") — L(y"~1,u™~1, A\*~1) < 0 provided that

2 _
<%+C’20a2a—1> <0 and p+a—-0<0

and, whenever P™ is nonempty,
(0 — )87 B — ola — bl < 0.

This proves the assertion. O
As an important consequence of Theorem 4.5 we obtain

COROLLARY 4.6. Suppose that A™ # A"~! (in the sense of (3.1)). If
2,2

+afo<at —— —

and (0 —a)[u" ! —u% —ola—bl%. <0 (4.10)

for some p > 0, then

L(y™u™ A" — L™ LAl <.
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If a and o satisfy the conditions of Corollary 4.6, then the modified augmented La-
grangian functional is strictly decreasing. This fact prevents Algorithm AS from chat-
tering, i.e., the algorithm will never compute the same active and inactive sets twice.

Next, we consider the uniform boundedness of the iterates of Algorithm AS. For this
purpose observe that the iterates are obtained as solutions to the auxiliary problem

minimize J(y,u)

such that —Ay+ecy=ginQ, 2 =wonl;, y=0onTy, (4.11)

an
and w4y = apag, vy = bag

with Ajz» = 0. The following lemma exploits this fact.

LEMMA 4.7. The iterates (y™, u™, p", A"),n € N, of Algorithm AS are uniformly bounded,
i.e., there exists a constant 8 € R, such that

max{|y"|H1(Q), |u"|r1, Ipn|H1(Q), |)\n|rl} S ﬁ for all n.

Proof. First we construct a feasible pair (§™,4"™) for the auxiliary problem (4.11) at
each iteration level. First this aim put Ulgn = aIAZ’ﬂrA{; = bjap, and Un p, = 0.
Moreover, let §™ be the unique solution of
9y
on
Since a,b € L*°(I";), by assumption there exist constants 0., 8y € R4 such that

|a™r, < B4+ By for all n.

—Ay+cy=g inQ, =4" only, y=0 ons.

To prove the uniform boundedness of ", n € N, we choose 7 € H'(A,Q) (for its
definition, see Appendix A) such that

8““”
ay; =4" onl}y.
Next we define g7 as the unique solution to
0
~Ay+cy =g+ Ag) —~cyy, inQ, G_Z:O on Iy, y=0 onTs.

Let |A| denote the operator norm of A: H'(A,Q) — L?(2). Then we obtain the bound

195 1) < ellgla + 1AIG5 a1 a,0) + ElTs]a), (4.12)

where ¢; > 0 denotes a suitable constant. Let w: H3(I') — H'(A,Q) define the
continuous lifting operator with its operator norm denoted by |w|. Then

T le < 19011 (a0) < c2lwll@”r, < c2(Ba + Bb)lw] (4.13)

for all n € N, where ¢ > 0 is a suitable constant. Now observe that §* = g + §7 and
that this fact, together with (4.12) and (4.13), yields the uniform bound to §™ in H(f).
Since (y",u") is the unique solution to the auxiliary problem (4.11) we have

0<J(y"u) < J(@G"a") < By,

where the nonnegativity of J follows from its definition, and the existence of the con-
stant 3; > 0 is due to the uniform boundedness of (3™,4™). This proves the uniform
boundedness of ™ and y™ in L?(Q) and L%(T';), respectively.




A PRIMAL-DUAL ACTIVE SET ALGORITHM 147

A similar procedure as in the proof of the uniform boundedness of §" in H(Q2) (now
u™ taking the role of 4™) yields the uniform boundedness of y™ in H'(f).
Next consider the adjoint equation at each iteration level, i.e.,

0
—Ap+ep=2z29—y" in 8—220 onTI'y, p=0 only (4.14)

with p™ its unique solution in the weak sense. Then
" |1, @) < Clza ~y"a,

proving the uniform boundedness of p™ in H*().
Finally, the uniform boundedness of A" in L?(T';) follows from

A Iry < I7llp" e @) + allualr, + |u®r,)  for all n,

where |7| denotes the operator norm of the zero-order trace operator 7: H'(2) —
HY2(T). O

Note that due to z4, g € L?(Q) and y™ € H'(Q), for all n € N, in (4.14) we even
obtain

p" €W and |p"p2@) < callza — ¥l + P H1@) < es(|zaa +26), (4.15a)
y*eW and |y uxq) < callgle + [y 5 @) < callgle + 6), (4.15b)

with W = H?(Q) NV and suitable c3,c4 € Ry, under suitable assumptions on the
boundary from regularity results for elliptic equations; see [24], [10].

Next, we turn towards the convergence of the iterates (y",u",p™ A"). We assume
that A"*! # A" for all n € N, because otherwise Lemma 3.1 proves the actual iterate
to be the unique optimal solution of (1.1). We prove first an auxiliary result based on
Corollary 4.6 and Theorem 4.5.

LEMMA 4.8. Suppose that A" # A""! for all n € N, and that there exists € > 0 such
that for all n € N,

and
(0 = )82 — ola— blBn < 87 [n < 0
whenever P" # @. Then
(i) limp .o [0y ] = O,
(ii) lim, oo |87 |, =0,
(iii) limp— oo |62, = 0.

Proof. From Corollary 4.6 we obtain that {L(y",u™, A")}22, is strictly decreasing.
Since L(y, u, A) is uniformly bounded from below, there exists L* such that (L(y™, u™, A™)
1 L*. From the proof of Theorem 4.5 we infer that

[e%

1/C? o —
n o, n \n n—1 n-1 yn—1 2
L(y’ua)‘ )_L(y , U a)‘ )S§<7+C a2

- 1) 16713 < 0.

Since the left-hand side vanishes as n — oo, assertion (i) is proved.
For the proof of (ii), we consider (4.6). Then the result immediately follows from (i).
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Note that [d;] 47\ 4» = 0 for all n € N. From the choice of o, Lemma 4.4 and (ii) we
obtain

lim |8 aruzrups = 0.
n—o9C

Finally, from the definition of ¥ in the proof of Theorem 4.5 we obtain lim,, {67 FruFy
= (. Combining all results for ' we obtain (iii). g

The convergence result for the iterates of Algorithm AS is given in the next theorem.

THEOREM 4.9. Suppose that essinf{b(x)—a(x)|r € I'1} > € > 0 and that the assumptions
of Lenina 4.8 are satisfied. Then {(y".p")}2%, converges to (y*.p*) strongly in V, and
{(w" A"}, converges to (u*. A\*) weakly in L2(T'1).

n=(

Proof. The proof is based ou Lemia 4.8, i.e., the fact that the sequences of increments
{0y} {85}, and {70, } converge to zero in the respective norms without assuming that
the sequences {y™}, {u™}, and {p™} converge.

By Lemma 4.7, (4.15a) and (4.15Db), the sequence {(y™, u™,p", A")}3%, is uniformly
bounded in W x L*(T';) x W x L%(I'1). Hence there exist a subsequence {n(k)},
and (.7, P. M) such that {(y"*), p*#))}2  converges to (7.p) strongly in V due to the
compact embedding of H2(£2) in H'(Q), and such that {(u™*®) An(M))}1x " converges to
(@. A) weakly in L?(I";). By construction of the iteration sequence we have

%)
—~APp+cp+7Y=zqin a—p:()onl"l. p=0on Iy,
n

U+ A — TP|r, = QUq on Iy,
oy
on

Thus, primal and dual feasibility remains to be considered. We start by proving @ € Ug,

~Ay+cy =g in Q, on Iy, y=0on1TI5.

i.e., primal feasibility. For this purpose choose an arbitrary € > 0, and let
UD'={rcQ|u" <a—-coru™ >b+e}

Assume that meas(U*()) > §2 > 0 along a subsequence {n(k(1))};<, of {n(k)}<,.
Without loss of generality, we assume n(k(1)) = n(k). Then due to U™ C (Z" N A"T1),
by the definition of 7" and A"*!, we obtain

0 < €8 < ey/meas(UnR)) < [t RFL u"(k)|Un(k) < L for all k € N, (4.16)

Since |6r, — 0 due to Lemma 4.8, we also have |(57711(}”%L1|1~1 — 0. This contradicts

(4.16). Thus, u € U,q, which establishes primal feasibility.

Finally, we turn towards feasibility of \. Let A, = {x € Q | ¥ = a} and A? = {z €
Ay | A" > ¢} for arbitrarily chosen € > 0. Note that A? C A™ and A7 N A = 2.
Assume that meas(Ag(k(l)) N MO+ > §2 > 0 along a subsequence {n(k(1))};<, of
{n(k)}3,- Again, without loss of generality, we assume n(k(l)) = n(k). Then

0<eb < |/\71(k)+1 _ /\n(lc)|A < a|53(k)+1|1‘1 + |7_(517)z(1v)+1|1_‘17

) AT (k)41

where we also used (3.2b). Since limy, .oc(a}dy|r, + [76,]r,) = 0 by Lemma 4.8, we

obtain a contradiction to our assumption on {meas(AZ(k) NZk+1y)ee - Next (again by
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using n(k(l)) = n(k)) assume that meas(A:f(k) n A ﬂAg(k)H) >62>0forall k €N.
Then
0<de<|a—1b

n(k)+1
AL AT gL <6y T, -

which, due to lim,, . |67 = 0, yiclds a contradiction. Finally, assumne that meas(Aq *)
Ag(k) N Az(k)ﬂ) > 62 > 0 for all k € N. Then u™*) = b on (Ag'(k) N AZ'(k) N Azl(k)+l)
for all k € N. Since {u™*}32  converges weakly in L?(T';) to @ with @ = a on A,, a
contradiction is obtained. Combining all results for A, we infer leﬂ <0.

Similar arguments as for A, yield Xlﬁo >0with Ay, ={rcQ|u= b}.

Finally, consider Z, = {x € Q |a+ec<u<b—¢etand Al ={z € Z. | |\"(z)] > ¢
a.e.} for arbitrarily fixed € > 0. Note that Z, CZ = {x € Q| a < 7 < b}, and A} C A"
Define

T = (AL NLAT ALAZT) U (A2 AR O AT)

and assume that meas(Ag(kgf))) > 62 > 0 along a subsequence {n(k(1))}72, of {n(k)}2,.

N

Without loss of generality, we again assume n(k(l)) = n(k). Then

0 < be < la—bfynim < |055F

0.a.b

which, due to lim,_ . |6| = 0, yields a contradiction. Now, with n(k(l)) = n(k) assume
that meaS(Ag(k) N AZUQ) N AZ(’“)“) > 62 >0 for all k € N. Then u*) = ¢ on (Ag(k) N
Ag(k) ﬂAZ(k)H) for all k € N. But this contradicts @ > a+¢ on Z.. Analogous arguments
apply to (Ag(k) N Ag(k) N A:(k)ﬂ). Thus, when combining all preceding results, we have
Alf - 0‘

In conclusion, (7,4, D, A) satisfies the first-order system of Theorem 2.3. The assertion
then follows from the uniqueness of the optimal solution (y*,u*,p*, A*) of (L.1). O

In the remainder of this section, we check that for given a, the interval of o-values
satisfying (4.10) is nonempty. Let us first closely analyze the condition

4 <0, (4.17)

2w —ala—b

(0 —a)ju™t —u"

which clearly depends on the iteration sequence. We investigate the components of P,
i.e., P and PJ'. First we concentrate on PZ. Since P7 contains those x for which
u™(z) > b(z) a.e., we obtain

[u = u" " pn > |b—alpn,

where we additionally used uﬁ;} = a|p». Hence (4.17) restricted to P} is equivalent to

ol <a with £ € (0,1), (4.18)
where £ is defined as
b—al%. Ib—al%,
5‘711:1— n| n—PIGQ =1- n t’P?” :
= Ry T - al,

The analogous condition to (4.18) with £7 replaced by

[b—a

2
Py
lum — b|’2p;;

g=1-
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has to hold on P}'. This implies that there exist o > « being feasible for condition (4.17).
In view of p + a < ¢ for some p > 0 we must have ¢ > «. Hence (4.17) and the first
condition of Corollary 4.6 are not contradictory.

Since we are interested in the sequence of iterates, we additionally have to prove that

£ = max{€l, &'} (4.19)
is uniformly bounded away from 1. This is the content of the following lemma.
LEMMA 4.10. Suppose that
essinf{b(z) —a(z) |z € P"} > e >0 forallneN. (essinf = 400 if meas(P")=0.)
Then there exists 0 < € < 1 such that 0 < £* < € for all iteration levels n.

Proof. We will only argue for £ since similar arguments apply for £
First observe that (4.15a) implies p* € C(2) by Sobolev’s Embedding Theorem. Con-
sequently, the bound

[u™ = alpy < (Buy + "' Bpl7| + Ba)v/meas(Py)

is valid, where the existence of the uniform bounds 5,4, 8y,, 8, > 0 is due to ugq,a €
L>=(T;) and p"™ € C(Q) and the uniform boundedness of p” in H!({2). On the other
hand, due to our assumption we obtain

|b—alpn > ey/meas(Py) foralln € N.
Therefore,
b — al%n €? —
r=1-—=-<1—— =1, <1
lun —a 3, M2 ¢

with M, = By, + @ '3,|7| 4+ Ba. In the same manner, we obtain &' < & < L.
Taking € = max{¢,,£,} < 1 completes the proof. a
To proceed in our discussion of the conditions on ¢ and o, we consider a + o2C~2 —
a?p~!, p > 0, the upper bound on ¢ in the first condition of Corollary 4.6. Since we
have ¢ > a + p > 0 by the lower bound, we obtain

p:'ycozt—iz—&, v > 1. (4.20)
Inserting this expression for p in
2 42
pra<a+ oz~ ?
and putting z = p/a, one obtains the following condition as a result:
2<d— % with d = % (4.21)

Consequently, for a > 20?, there exist z € Ry satisfying (4.21). Fig. 2 gives a graphical
illustration. The curve for dy corresponds to a = 2C?, i.c., dy = 2, while d; > 2 and
dy < 2.
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z

d,—1/z
dy—1/z
ds—1/z

Fic. 2. Condition (4.21)

It remains to combine both conditions of Corollary 4.6. Considering the uniform
bound on &7, condition (4.18) becomes

of <o (4.22)
We assume that C is sufficiently large. Then (4.22) and p + o < ¢ yield
{(p+a)<éo<a

This implies B
aC? 1-¢
a+C?~ ¢

Suppose now that o = ¢gC? ¢ > 2. From the inequality above, we deduce

v

L 100 @rna-B

C2% 3
From (4.20) we know that v > 1 has to be satisfied. Hence, for our choice of a, the
condition £ < (¢ + 1)/(g 4+ 2) must hold.
A final observation concerning the parameter p is the fact that
a?  o?
p = a maximizes the length of the interval (p+ o, + o2,
0
5. The finite-dimensional algorithm. For implementation reasons, one must dis-
cretize the infinite-dimensional problem (1.1) by finite differences or finite elements. After

discretization, the quadratic programming problem denoted by
. 1
minimize  Q(Y,U) = 3 |Mg/*(¥ = Zo)|I} + §1Mp* (U - Ua)lIf

subject to SqpY =G - SpU (5.1)
and A<LU<LB

is obtained. In (5.1) we used Y, Z4,G € R* and U,Uy, A, B € R'. The matrices Mg €
R*** and Mp € R'*! are symmetric and positive definite, the matrix Sq € R¥** is
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symmetric and nonsingular, and Sr € R¥*!. The norms || - |jx and || - ||; denote the
Euclidean norms of R* and R!, respectively. For the corresponding inner product, we
use (w,2)x = wTv in R¥ and analogously for R!. By w)s we denote the components w;
with i € § C {1,...,1} = Np. The norm |wl||s is defined as ||w||; with W) s = wjs and
W|gr = 0, where §” = Np\S.

As an immediate consequence of our assumptions, we can ensure the existence of the
unique solution (Y*,U*) € RF x R! of (5.1) characterized by the following first-order
conditions:

]\[gz(y* - Zd) + 8P =0,
aMp(U* —Ug) + SEP* + A" =0,
SoY" +SrUY — G =0,

A =o[U* + o A" — My, (U + 0 'A%,

where P* € R*¥, A* € R! denote the Lagrange multipliers, and Ily,, stands for the
componentwise projection onto U,y := {z € Nr | A; < U; < B;}. The discretized active
and inactive sets are defined by

Al = {i e Np|[UI + 07 AP < A,
AP = {i e Np[UM Y + 07 AP > By},
A" = A"U A} and I =Np\A™

The finite-dimensional version of Algorithm AS becomes
Algorithm AS finite
Output: exact optimal solution (Y*,U*).
begin
(YD, UO, PO7 Ao) — initialization(Zd, G, Ud, A B A'.[Q, ]\[r, SQ, Sr, a)
n«—0
end
while (4™ # A" 1) or (n < 2)
Compute A?, A} and set A" — A} U A}, I, + Np\A™
Determine (Y™, U™, P*, A™) such that

Ma(Y"™ — Zg) + SoP" =0,
aMp(U™ —Uy) + SEP™ + A" =0,
SoY" +SpUT -G =0

with Ul’}qg — Aan, Uﬁt;} e Bjap, and Ajpn < 0.
end
The identification A™ = A"~! is understood in the (discretized) sense of (3.1). An
example for a simple initialization strategy is the following procedure (min is understood
in the componentwise sense). In parentheses we denote an alternative.
initialization
Input: Z;, G, Uy, A, B, Mg, Mr, Sa, Sr, a.
Output: Y° U°, P° A°.
begin
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U°— A. (U° < B)
Compute Y° and P?° as solution to
SqY =G - SpU°,
SoP 4+ MaY = MagZy

A® — min(0, —aMp(U°® — Uy) — SEP°). (A° « max(0, —aMp(U° — Uy) — SEP°))
end

The convergence analysis of Algorithm AS finite is based on the same ideas as in
the infinite-dimensional context. We make use of the discrete analogue of the modified
augmented Lagrangian function of the previous section:

1 n 7 n
L™, U™ A% = QY™ U") + o~ [(I{e(A - U") — A )illEy — A2 113,
+((o(U™ = B) + D45y — IAZ15;)).

where (-); is understood componentwise, and Sy = I™ U A7, analogously for S}

The following convergence theorem states that Algorithm AS finite stops after a finite
number of iterations in the exact solution of problem (5.1). We denote by A > 0 the
smallest and by X the largest eigenvalue of Mr. The set P" is the discrete analogue of
P™ of Sec. 4.

THEOREM 5.1. Suppose that A™ # A”"! and inf{B; — A; | i € fn} > ¢ >0 hold. If

T o  cfa® 12 2
aA+p§a<Aa+c—2~F and (o —aA)||U"-U"" ||z~ ~0o||[A= Bz <0 (5.2)
2 2

for some p > 0, then
L(y™, U™ A™) - L(Y™ 1 U A" <o,

where ¢; = ||SITS§1M§1)/2|| and ¢ = ||]\[1?1.S'1TS§1]\1512/2||. Moreover, if (5.2) holds for all
n > 7, 7 € N, then Algorithm AS finite stops after a finite number of iterations at the
exact solution (Y*,U*) of (5.1).

Proof. First observe that if there exists an iteration level n such that A"~! = A",
then the discrete algorithm stops at the exact solution.

Next we establish the descent property of the discrete modified augmented Lagrangian
function. We will only display the major steps since the ideas and computations are
similar to the infinite-dimensional case. For convenience we define A% = Y™ —Y"~! and
AL =U™ — U™t We have

QUY™ U™ = QY™ U™) = —I My *AY IR — §1IMp AR ~ (A, A™):
and the following estimate for the inner product:

(AR, A" — A1), < af| M2 AR My AL |y,

Gr HalAp]

Az

where A7 is the discrete analogue of A?. On I7, the discrete analogue of Z}, we have

n 2 1/2 An
IA8G I < 1M AL
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Therefore, the following estimate is valid:
1 Ax
1 1 1 2 r1/2 2
L(ymUm, A7) ~ T unt Av) < L (T + S 1) o
(@A +p— )| AT %e

- 214~ BIZ

+ — (0 — Aa)||AY | U

l\DH—ﬂer—n

with p=#ke;. Hence, condition (5.2) is sufficient for L(Y™, U™, A")—L(Y™"1, U™} A"~ 1)
< 0 for all n € N.

Finally, since there exists only a finite number of possible active and inactive sets, and
we have strict descent of the discrete modified augmented Lagrangian function under
(5.2), Algorithm AS_finite has to stop after a finite number of iterations. O

Note that (5.2) also states a condition for the discretization of the control space, since
the cigenvalues of M are involved.

REMARK 5.2. If one considers the specific discretization with Mg = h?E), and Mp =
hE;, where E, E; denote the unit matrices of R*** and R*!, respectively, and h is the
mesh-size, then X = h, A = h, and ¢; = h||STS5"|| = heo =: h'/2Cy. Hence, condition
(5.2) becomes

2 2
a+ﬁ§&<a+%—a—A and (6 — a)||A} |3
h p
with p = h™'p,& = h~ 0, which is the discrete analogue of condition (4.10) of Corollary
4.6 and can be analyzed similarly.

sn —6lA - B3 <0,

6. Numerical tests. We shall now report on numerical testing of Algorithm
AS finite on a DECAlpha 500 workstation with machine precision €5y ~ 1.1 - 10716
The implementation was done in MATLAB 5.2. We will display the results for a rep-
resentative selection of test examples. The domain {2 was chosen to be 2 = (0,1)?. In
all tests below, the control was taken to act on I'; = (0,1) x {0}. The discretization
of the Laplacian was realized by the five-point star. The discretization of the normal
derivative was based on symmetric differences. Moreover, for numerical integration, i.e.,
discretization of the objective functional, we chose h2Mgq and h™! M (compare (5.1))
to be the unit matrices of the respective finite-dimensional space. Therefore, considering
Remark 5.2, the constant Cp appearing in the sufficient conditions for descent of the
modified augmented Lagrangian function becomes Cy, = h!/2||SESg"||. Unless otherwise
specified, the mesh-size was h = 1/50 and the initialization with U® = B was used.

6.1. Test examples. In all test examples specified below, we used g = 0 for convenience.

EXAMPLE 6.1.

Bounds: a = —0.75, b = 0.75. Desired state: zq = & sin(2mx;) sin(2mz,)e?™ . Desired
control: ug = cos(5wx?). Potential term: ¢ = 1. Parameter values: a = 1073, = 107!,
Remark: The example is constructed such that there exist several active and inactive
regions in the interior and on the boundary of I';. Moreover, both bounds are active at
the optimal (numerical) solution. Table 1 displays the values for Cy, = h'/2||SES5!| for

several mesh-sizes h.
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h 101 201 301 40! 50!
Cy, || 0.02634 | 0.00959 | 0.00526 | 0.00342 | 0.00245
TABLE 1. Values for Cp, = h1/?||ST S5 for varying h

-n

r Azl | 1431 | P J" L
2.4920e—-1| O 69 0 | 4.225353e — 2 | 8.939324e — 2
0.0000 34 69 0 | 4.225588e — 2 | 4.225588e — 2
0.0000 34 69 0 | 4.225588e — 2 | 4.225588e — 2

TABLE 2. Performance for Example 6.1

EXAMPLE 6.2.
Bounds: @ = —0.05, b = 0.05. Desired state: zg = % sin(2nz;)sin(2mz;)e?® . Desired
control: ug = 0. Potential term: ¢ = 1. Parameter values: & = 107!, several values for
« are tested.

EXAMPLE 6.3.
Bounds: a(z1) = —0.1]sin(67z1)|, b(z1) = 2+ cos(llnzy) for 0 < 1 < 1. Desired state:

0 forxlgé,
Zq = 1 for%<1:1§%,

—1 for z; > %.

Desired control: ug = 0. Potential term: ¢ = 10z, 4+ 100z,. Parameter values: a = 1072,
& = 1072. Remark: The example is constructed such that B is nowhere active at the
optimal solution. The choice of B yields an oscillating initial value for U if the algorithm
is started with U° = B. For h = 1/50 we obtain C}, = 0.00245.

EXAMPLE 6.4.

Bounds: a(z1) = sin(8mx1), b(x1) = 24 cos(§ + 8nx;) for 0 < #; < 1. The desired state
and control are chosen as in Example 6.3. Potential term: ¢ = 1. Parameter values:
a =107 6 = 1072. Remark: The bounds are chosen such that there exist z; € (0,1)
with a{z1) = b(x1) and such that meas{z; € (0,1)]a(z1) = b{x1)} = 0.

6.2. Results. Table 2 gives the results for a run of Algorithm AS_finite for Example
6.1 and h = 1/200. By |S™|,S™ C Nr, we denote the number of components 7 of U™
with i € S™. Thereby r™ is the maximal violation of the bound constraints. If we
extrapolate Table 1, then a = 1073 satisfies @ > 2C? (see the discussion in §4) for
h < 1/20. The algorithm also exhibits a descent behavior of L for h = 1/10. Moreover,
for all h; = 1/i, ¢ = 10,20, ...,200, only two iterations are needed until the algorithm
stops with the optimal discrete solution. This mesh-independent behavior for control
constrained examples is also observed in [4] for distributed and unilaterally constrained
optimal control problems. The low number of iterations is typical for most of the test
runs.

Next we test Example 6.2 for various values of . From Table 1 we know that o >
1.1972 - 10~° has to be satisfied for the sufficient conditions (see Theorem 5.1). Indeed,
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AL 1Ay P I L
3.6086¢c+1 | O 27 0 |4.192950e — 2 | 4.334799¢ 4 2
0.0000 20 29 0 |4.223890¢ — 2 | 4.223890e — 2
7.7727 20 27 2 | 4.223668e — 2 3.691441
0.0000 22 27 0 | 4.223884¢ — 2 | 4.223884¢ — 2
0.0000 22 27 0 | 4.223884c — 2 | 4.223884e — 2

TaBLE 3. Example 6.2 for a = 1076

for o« < 107% the following behavior displayed in Table 3 can be observed. Although the
algorithm stops at the exact solution, the merit function is not strictly decreasing. Since
P" # & for n = 3 we shall further analyze the dependence on 6. The second condition
of Theorem 5.1, which involves P # @, also depends on the difference & — . Hence, we
reduce & to & = 1.1- 1075 (for o = 107%), and find that I" exhibits a descent behavior
in each iteration. Note that, due to our initialization, i.e., U° = B, the choice of ¢ has
no influence on the sequence of iterates. It only guarantees that " is strictly decreasing.
In Fig. 3 we give plots for the optimal control U* and the corresponding multiplier A*
for h = 1/50 and o = 107,
which is the result of the increasing singularity of the problem for decreasing . Hence,
there is a switching point where U* jumps from the lower bound to the upper bound.
Consequently, the inactive set at the optimal solution is empty.

The left graph of Fig. 3 shows a “bang-bang” control,

Optimal control < 10°° A
7
0.05
=3
0.04
0.03 5
0.02 4
0.0t 3 \
= o© =
= z 2 \\
-0.01 1 \
-0.02 o
-0.03 1
-0.04
-2
-0.05
-3
0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
x,—axis x,—axis

F1G. 3. Optimal state and multiplier for Example 6.2 with o = 1079

Now we turn to Example 6.3. The aim of the construction is twofold: first. we want
to test the influence of the nonconstant c¢; secondly, only the lower bound is active at
the optimal solution, and the iteration process is started with U set to the “wrong”
bound which, in addition, is rather oscillatory. Let us give the plots of the optimal state,
adjoint state, control and multiplier in Fig. 4. The algorithm stops after two iterations
at the exact (discrete) solution. This behavior is again independent of the mesh-size. A
reduction of a to @ = 1075, which clearly violates o > 2C%, yields the result of Table
4. Now there is also a part of B that is active at the optimal solution. Although «a
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Cptimal stata Optimal contral

Q 0.2 0. 0.6 0.8 1
X, —axis
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: .4 o.
x,~axis 0 o x,-axis Ry—axis

Fic. 4. Plots of the optimal solution of Example 6.3

| 1ARl | 14E] | P7) J" L
5.1502e + 1 0 12 0 | 2.366900e —1 | 1.276744e + 3
0.0000 37 12 0 | 2.397982e — 1 | 2.397982¢e — 1

| 0.0000 37 12 0 2.397982¢ — 1 | 2.397982¢ — 1
TaBLE 4. Example 6.3 for a = 10~7

is less than 2C7, the modified augmented Lagrangian function is decreasing. Moreover,
the identification and correction process is very efficient again. Let us remark that we
also tested the case where ¢ = 0. The constants of Table 1 change only slightly (in the
last digit). In all cases, i.e., h; = 1/i, i = 10,...,50, the algorithm stopped after two
iterations at the exact (discrete) solution.

We consider Example 6.4. There exist points x; such that the Slater condition, i.e., the
interior of U, is nonempty, does not hold. Since meas{x; € (0,1) | a(zy) = b(x1)} = 0,
the lack of the Slater condition is benign. The mesh-size h was chosen such that there
exist components ¢ with 4; = B; numerically. Again, the algorithm terminates after two
iterations at the exact (discrete) solution. Fig. 5 displays the optimal control (together
with the bounds A and B) and the corresponding multiplier for h = 1/100.
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Optimal control (solid) wilh bounds (dotted)
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F1G. 5. Plots of the optimal solution of Example 6.4

Finally, we consider the aspect of lack of strict complementarity, i.e., there exists i € A*
such that AY = 0. Sometimes this fact is referred to as degeneracy of the problem. It is
known for the methods based on gradient projection (see, for instance, [20]) that their
performance degrades with increasing degree of degeneracy. Since the sequence of iterates
of Algorithm AS finite depends on the sign of A} for ¢ € A™ and the sign of U — B;,
respectively U — A;, for ¢ € I", and since the precision of A™, U™ essentially depends on
the condition number of Sq and round-off errors, the active and inactive sets may start
to chatter near the optimal solution with lack of strict complementarity. Therefore, we

introduce an additional stopping criterion, which is similar to a rule developed in [4]. For
this purpose define

Sh={i€ A} | AT<0}U{i € A" |[A">0} and T"={ieI"|({U">B)V(U"<A;)}
and

n_ A" no_— in{|U™ — B,|.|U™ — 4,1},

rs =max{|A?]} and 17 = max{min{|U - Bil, [U] — Ai}}

If we find that r§ and r7 are of the order of the precision expected for the solution of the
linear system that has to be solved in each iteration of Algorithm AS finite, we cannot
rely on the determination of active and inactive sets. Hence we stop the algorithm. We
constructed examples with lack of strict complementarity at the exact solution. The

algorithm immediately detects the correct active and inactive sets and terminates after
one iteration.

7. Conclusion. Algorithms for solving optimal control problems with inequality con-
straints on the control are still a significant challenge. In this paper we have developed
an efficient, easy to implement algorithm for a representative class of control constrained
optimal control problems. We have proved global convergence, i.e., convergence from
any starting point to the optimal solution, in finite dimensions and in infinite dimensions
under certain conditions on the parameters involved, respectively. In finite dimensions,
the algorithm has a finite termination property. Based on a very well suited identification
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strategy for the active and inactive sets, which allows multiple activation and inactiva-
tion of constraints, in the discrete case the new algorithm proved to be very competitive
in practice, exhibits a low number of iterations needed to find the exact optimal solution
and turns out to be very robust even in the case of lack of strict complementarity.

Appendix A.
Proof of Lemma 2.1. Define the bilinear form a: V x V — R by
a(w,v) = (Vw, Vv)q + (cw,v)q.
From ¢ > ¢ > 0 and the Poincaré-Friedrichs Inequality, we immediately find a to be
V-elliptic and bounded. Next, we define the linear functional f: V — R by
fw) =(g,v)a + (u,7yr,)r,-

The continuity of f follows from the continuity of the trace map 7: H*(2) — L?(I").

By the Lax Milgram Theorem, the variational problem

a(y,v) = f(v) forallveV (A.1)

admits a unique solution y°®* € V.
From (A.1) we immediately detect —Ay + cy = g in the weak sense and y = 0 on I'y
by the definition of V. Define

HY(A,Q) ={we H Q)| Aw € L*(Q)}
endowed with the norm
[wlgra,0) = (|u|12111(9) +|Aug) 2

Essentially following the arguments of [5], we find that the trace mapping 7a : H}(A, Q) —
H™Y2(T), Taw = Z¥|r is continuous and that the generalized Green’s formula holds:

<.g%,m> = [ (du=cupoda -+ oty

for all y € HY(A, ) and v € H}(2). Hence, for the solution of (A.1) we have

<g%’ﬂ]> = /1“1 u(Tyr, )ds forallv eV,

which yields %% =u on I[';. This completes the proof. a
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