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ABSTRACT

A PRIME FACTOR FFT ALGORITHM
USING HIGH SPEED CONVOLUTION

by Dean P, Kolba

Two recently developed ideas; the conversion of a DFT
to convolution and the implementation of short convolutions
with a minimum of multiplications, are combined to give
efficient algorithms for long transforms. Three transform
algorithms are compared in terms of number of multiplications
and additions. Timing for a prime factor FFT algorithm
using high speed convolution, which was programmed for an

IBM 370 and an 8080 microprocessor,is presented.
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I. INTRODUCTION

The calculation of the Discrete Fourier Transform (DFT)

N-1 'jélrhk
X(k)= E{: x(n) e
n=0

is one of the central operations in digital sienal process-
ing. The development and widespread use of the Fast Fourier
Transform, stimulated by the paper of Cooley and Tukey [1].
has had a major impact on signal processing.

Recently, several new ideas have emerged which lead
to new algorithms for the DFT. One key idea described by
Rader [?] in 1968 was the observation that computation of
the DFT can be changed into a circular convolution by re-
arranging the datawhen N is prime. Thus, if one has a fast
way to do convolution, he now has a fast way to do the DFT.

Winograd [3] has shown the minimum number of multi-
plications required for circular convolution. New convolu-
tion algorithms which often achieve this minimum are being
developed by Agarwal and Cooley Dﬂ .

In a concise paper, Winograd [5] combines the conver-
sion of a DFT to convolution, for prime and prime power
lengths, with these new convolution algorithms for short

transforms. He proposes that long transforms be computed by



nesting these short, high speed transforms and presents a
table comparing the number of operations required with the
conventional Fast Fourier Transform (FFT).

This thesis first reviews the two central ideas;
conversion of a DFT to circular convolution and convolution
with the minimum number of multiplications, then presents a
study of various implementations of long transforms.

An alternative to the nested algorithm proposed by
Winograd, a prime factor FFT algorithm using high speed
convolution for individual factors, is singled out as a
promising approach and programmed for two machines; an IBMN
370 and an 8080 microprocessor. Tables compare this approach
with Winograd's nesting and with the conventional power of
2 FFT. While the idea of breaking up a2 one dimensional trans-
form into 2 multidimensional transform with prime factors is
not new- see Good [6] and Thomas [7] , the combination of
short, high speed convolution algorithms with this multi-
dimensional expansion appears to be a promising new way to

implement the DFT.



II. DOING DFT'S WITH CONVOLUTION

A, Prime Length DFT

The Discrete Fourier Transform

N-1
nk
X(k)= j{: x(n) W k=0,1,¢+°*,N-1 (1)
n=0  _jomr
N
where W=ce

is a linear transformation of the N-dimensional data vector

x(0) X(0)
x = x(1) into the vector X = X(1) of frequency samples.
x(N-1) X(N-1)
The matrix representation of the DFT
X(0) 1 1 1 vee 1 1 x(0) ]
1 N-1
X(1) 1 W W cre W x(1)
2 4 2(N-1)
X(2) = |1 W W cee W x(2) | (2)
3 . .N_l .Z(N_l) .(N_l)(N_l) °
X(N-1) 1 W W cee W x(N-QJ

shows the complexity
by (N-1) lower right
N-1

X(k) = Z

n=1

of the computation arises from the (N-1)

portion of the matrix. If

nk
X(n) W k=1,2,*°°*,N-1 (3)

can be computed efficiently, then we will have a fast algo-

rithm for computing (1), the DFT, since from (3), (1) can



easily be calculated:

X(0)

X(k)

To see

tion, consider the matrix representation of (3), for N=5

N-1

:E: x(n)
n=0

x(0) + X(k)

k=1’2'o‘o’N_1

(&)

how (3) may be converted to circular convolu-

with exponents taken modulo 5:

X(1)] w1 w2 w3 W
_ 2 4 1
X(2) W W W W
x| T W Wt et
_ L o3 2
X(4) LR

If we interchange the last two columns of (5) and

then interchange the last two rows, we get

%(1) wh oWl
X(2) w2 Wt W
X(4) N e
X(3) w whow

N = W &

w
W
W
W

=N W F‘l

PNHw[

x(17
x(2)
x(3)

x(bl

x(17
x(2)
x(4)

x(3)

(5)

(6)

We now have something like backwards circular convolu-

tion, or circular correlation. By fixing x(1) and reversing

the remaining input vector we obtain the conventional cir-

cular convolution:



X(1)] vt Wt Wl X))
X(2) W owl Wl Wt x(3)
x| W el Wl ) e
) [PV x(2)

The computation of (3) (and thus the DFT) has been
changed to a circular convolution (7) by permuting the input
and the output indices. If we have a fast way of doing con-
volutions we now have a fast way of doing DFT's.

This idea was first presented by Rader [?]. He showed
how the permutation can always be done when N is a prime
number, Since W = 1 we are dealing with the product of in-
tegers modulo N in the exponent of W in (3). To change the
DFT into a circular convolution a mapping of the indices is
used to change multiplication of indices modulo N to addition
of indices modulo N-1, The set of integers {1,2,***,N-1}
forms a cyclic group with the operation of multiplication
modulo N [B]. We can always find at least one integer @
in the group with the property that any integer in the group
may be expressed as some power of Q. By ordering the data
according to the exponent of O we can always change (3) to
circular convolution for prime N. The relationship between

the new index m and the original n is

m

n =¢ modulo N (8)

O
T

'22
D=

-
-
=

where a¥ £1 for 0<k<N-1

of-1 _ (9)



The permutation map (8) is an isomorphism between

the multiplicative group of N-1 integers {1,2,+++,N-1} ana
the additive group of N-1 integers {O,i.---.N-Z}. An integer
QL with the property (9) is called a primitive (N-1)5% root
of unity and is said to generate the group since any element
can be written as some power of (L. Just as logarithms
change multiplication to addition, (8) changes multiplica-
tion into addition of indices, When (8) is used on both in-

put and output indices, (3) becomes
- (14m)
- 1
X(a ) = Z x(C(.m) Wa 1=0,1,°**,N=2 (10)

m=0
In (10) the exponents of ¢ are taken modulo N-1. This
gives, for N=5, the backward circular convolution of (6)
when QL= 2. To obtain conventional circular convolution we
change the sign of m in (10) which corresponds to fixing
x(CLO) and reversing the remaining input sequence.
_ 1 N-2 o a(l-m)
x(a):Zx(a ) wo 1=0,1,°°*,N-2  (11)
m=0
Again, the indices in (11), (the exponents of QU ) are taken
modulo N-1, By combining (11) with (4) we can always convert
the computation of a DFT of prime length into a circular

convolution.

B. Prime Power Length DFT
Winograd [5] and Rader and McClellan [9] have shown
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that the DFT may also be converted to convolution when the
transform length N is a prime power, i.e. N = p¥ for a prime
P # 2. The conversion is a bit more complicated since we
must first remove all integers which contain a factor p from
the set §1,2,++,N-1}to get a cyclic group with pr-1(p-1)
elements. This cyclic group leads to a circular convolution
of length pr‘1(p-1) as before. The remaining computation
consists of two DFT's of length pr‘i. For example with

N=9 = 32, we delete the integers 3 and 6 to obtain the set
{1.2,4,5.7,8} which forms a c¢yclic group under multiplica-
tion modulo 9 and is isomorphic to the additive group of
integers {0.1,2.3.4.5} under addition modulo 6. The integer
2 will generate the multiplicative group since the powers of
2 modulo 9, 2™ mod 9, m = 0,1,+++,5 , are 1,2,4,8,7,5 .

In terms of the matrix representation

x(of- 1010111111 1 | x(07
X(1) 1wl v wd Wt wd Wl W Wl | x(1)
X(2) 1 Wt B Wt WIS W | x(2)
X(3) 1 W Wb Wl | x(3)
x(w)| =1 w* W w3 W WP W wl W x(4) (12)
X(5) 1w wt we B W w3 W Wt | x(s)
x6)] 11 wwre w1 W Wl | x6)
X(7) 1wl owswd Wl wB Wl Wt W | x(7)
x(8)| |1 w8 w? wé WS Wt w3 w? Wt x(8)

we remove rows and columns corresponding to indices 0,3, and

6 and compute the remaining length 6 transformation



] Wt ST W8] xad
%(2) w2 W wB Wl wd w7 | x(2)
X(4) W Wl W Wl Wi x(u)
sy |~ [wPwlwBwl W Wt x(s) (13)
X(7) wowo wl w8 Wt Wi x(7)
X(8)| [0 W w5 Wt WP Wl x(s)
using the permutation
n=2"md9 m=0,1,2,3,4,5 1 n=1,2,4,8,7,5
to obtain the circular convolution (with input reversed as
before) _ —
(1) whwd w? wE Wt w? | x(1)]
X(2) w2 wl w5 w7 w8 wu x(5)
X(4) Wit w Wl Wl )
)| W wtwE Wl wS Wl | x(8) ()
X(7) W w8 Wt W Wt ws | x)
X(5) 315 w? w8 wh w2 wi_ x(2)|

In addition to (14) we must complete the computation

for the rows and columns removed from (12). For the deleted

rows we have

X(0) ]

X(3)
X(6)

L

[_Hi-‘t—i]

1111111 1]
Wi w1 w
w1 wwr W

(15)

—

M MM MM MM
PN N PN P P
AR~J ON\NFWNV O
Vvvwvwv]



Since W2 = e 7 e 3 = Wi, (15) is simply a

length 3 DFT of added data

x(0)] 11 1 ] x(0)+ x(3)+ x(6)]
X(3) [ = |1 Wy W5 | x(1)+ x(8)+ x(7)
X(6) 1 Wg Ws x(2)+ x(5)+ x(8)

_ n ] —

For the deleted columns we have

Yo)] [1 1 1] =x(0)
¥(1) 1 W x(3)
Y(2) 1 W x(6)
Y(3) 1 1 1

vw)| = |1 Wl

¥(5) B

Y(6) 1 1 1

Y(7) y w e

Y(8)_J 1 w6 w3_

For (16) a second length 3 DFT can be computed.

g —

vo)| v3)] we)l [T 1 1] x(0)

Y1) |= ¥ = ¥(7)|= (1 Wy W5 | x(3)

w2)| ws)| we)| 1wy wy| x(6)

(16)

(17)

Only the last two entries Y(1) and ¥(2) are needed from (17)

to complete (12) using (14)
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x(1)] X1 | )
X(2) X(2) Y(2)
X(4) X(4) (1)
x(s)| X | we)
X(7) X(7) Y(1)
X(8) X(8) Y(2)

This length 9 example thus requires a length 6 cir-
cular convolution and 2 length 3 DFT's which can be computed
using length 2 circular convolutions. If N = 33. we have a
length 32'2 = 18 circular convolution and two length 32= 9
DFT's. These can be reduced to two length 6 convolutions
and 4 length 3 DFT's which are calculated with length 2
circular convolutions. If N = pf the length N transform is
computed with 1 length pr'l(p-l) convolution, 2 length
p*=2(p-1) convolutions, 4 length p©~3(p-1) convolutions,

8 length pr'u(p-i) convolutions, °++, terminating with

o¥-1 length p-1 convolutions.
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III. CONVOLUTION WITH THE MINIMUM
NUMBER OF MULTIPLICATIONS

The prime and prime power DFT algorithms are means
of converting the calculations required in the DFT into
circular convolution. Then, special fast circular convolu-
tion techniques may be used to preform the calculations. An
algorithm for computing a short length circular convolution
in the minimum number of multiplications for small values of
N is based on recent work by Winograd [3].

Winograd's theorem on the minimum number of multipli-
cations is explained in terms of polynomial multiplication.
To cyclicly convolve the sequences hg,hq,***,hy 4 and
xo.xl.;--,xN-l we need only find the N coefficients of

the polynomial

¥(z) = K(z)*X(z) modulo (z" -1) (18)

where N-1 N-1
H(z) = ZE: hy X and k(z) = ZE: Xy 2K (19)

k=0 k=0

If zN-l is written in terms of the K factors which

are irreducidbdle over the rationals

N K
z -1 =71 Q;(z) (20)
i=1
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with no common factors in the Q;(z) polynomials, Winograd's
Theorem states that the minimum number of multiplications
required to compute the circular convolution of two length
N sequences is 2N-K, This theorem does not count multiplica-
tion by rational numbers.

In order to reduce the computation required for (18),
Y(z) is decomposed into K simpler parts using the polynomial

version of the Chinese Remainder Theorem [4].

K
Y(z) = [:E: Yi(z) Si(zj] mod (zN—l) (21)
i=1
Y;(z) = Hi(z) Xi(z) mod Qi(z) i=1,2,,K (22)
X;(2z) = X(z) mod Q; (2) i=1,2,""°,K (23)
Hi(z) = H(z) mod Qi(z) i=1,2,+00,K
The polynomials Si(z) i =1,2,°**,K play the role of a
Kroneker delta
Si(Z) = 1 mOd Qi(Z) i = 1'2"'.’K (24)
S;(z) =0 mod Qj(z) for all j A 1

The S;(z) may be found by applying Euclid's algorithm to
polynomials [h].
As an example, we will do a length 6 circular convolu-
tion of the sequences hg, h1.°~~, h5 and Xxg., Xg9°°®s Xgo
We have the polynomials
H(z) = hg + hyz + *** + h5z5

X(z) 5

xO + xlz + ese + XSZ
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First, the irreducible factors Qi(z) are found:

(z+1)(z-1)(z2+z+1)(zz-z+1)
Q(2)Q,(2) Q5(2) Q(2)

zZ =1

Next, the intermediary polynomials X;+ Hy, and Yi are formed:"

X,(z) = X(z) mod (z+1) = xg

=X = Xy * Xy - X3+ X, - Xg
X,(z) = X(z) mod (2z-1) = xg

=Xg + Xy + Xy + X3+ X, + X (25)
X3(z) = X(z) mod (22+z+1) = xg + x? z

= (xo- x2 +X3 - x5) + (x1 - x2 +XL,’ -X5)Z

Xy(z) = X(z) mod (22-z+1) = xg + x: z
= (xg= x,- Xy x5) + (xy+ x5- x)- x5) z

(The H;(z) polynomials are the same in form.)

Y,(2) = Hy(2) X,(2) mod (z+41) = yg = hg xg
2 2 2

Yz(Z) = Hz(Z) XZ(Z) mod (Z-i) = yo = ho XO

Y3(z) = H3(z) X3(z) mod (zz+z+1) = yg + y% z

(26)

=(hg xg- hf x?)+(hg xg+ hg xz- hz xf) A

2 b4
Y, (z) = Hy(z) X,(2z) mod (z -2+1) =y, +yy 2

4 4 4 4 L L 4 4 4 4
=(h0 Xo= Ny x1)+(h1 Xo* hg X4+ hy xl) z
4%
Superscripts are used to identify the ith polynomial,
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Now, the Yl(z) and Y,(z) polynomials are formed direct-

ly with one multiplication each. So, we have the intermediate

variables
1 1 2 2
giving 1 2 (27)
Yo = M4 and yg = my

The polynomials Y3(z) and Ya(z) require only three
multiplications each - similar to complex multiplication

done in three real multiplications. Thus, for YB(Z) we need
3 3 3 3
(hg - h3) (x] - xp)

3 3 3 3
m, = ho Xq and m5 = h1 X4

m
3 (28)

For Yu(z) we need

4 L L 4
(hy + h1) (xq + x1)

b b (29)
m7 = ho Xq and mg = h1 Xy

g

From these intermediate variables we obtain

yz = Mg + my, and yg =my - Mg
L L (30)
¥y =mg - my and yq = My = Mg

At this point we have the four component polynomials:

1 2

L L
Y4(z) = yg + yz z Y (z) =yg+yq2

Yl(z)
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The final step is to express the polynomial Y(z) in

terms of the components Yi(z). We have

¥(z) = [Yy(2) 54(z) + Y5(2) S5(2) + ¥5(z) 54(z)

+ ¥,(2) 5,(2)] mod (2 -1)

The S;(z) polynomials satisfying (24) are

51(2) = -1/6 (25 T R 1)
S,(z) = 1/6 (25+z +2342%42+1)
S3(z) = 1/6 (26-25_2%4223.2%_241)
Su(z) = 1/6 (26+25 -223- zz+z+1)

(31)

(32)

In order to show the exact operations on the original

{x;3 ana {h;} the vector of coefficients of ¥(z), y = y,

X0 hq
may be expressed in terms of Xx=x4 and h=h,
Xy 1] hy_q]

with two equations using ® to indicate point by point

multiplication of column vectors:-

n

0
(o]
| S— )
=g
r—
»
| D
4

"
g
Q
—
3

y

Y1

YN-1

(33)

(34)

A length N circular convolution requiring M multiplies can

always be expressed this way with A and B MxN matrices and

C an NxM matrix [h].
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In order to put our example for N=6 in this matrix
form, we first identify the intermediate m parameters
from (26), as shown in (27), (28), and (29). The terms in
(26) involving h and x are expanded according to (25) to

obtain the matrices A and B,

(1 -1 1-1 1-1|ny] [t-1 1-1 1-1]x;]
11111 1|h] [1 1111 1|x
11 0 1-1 0f[hy| [-1 1 0-1 1 ofx,
1 0-1 1 0-1n 1 0-1 1 0-1]x
0 1-1 0 1-t|n| |0 1-1 0 1-1]x
1 1 0-1-1 O hs- 1 1 0-1-1 © X5—
1 0-1-1 0 1 1 0-1-1 0 1
001 1 0-1-1 0 1 1 0-1-1

To obtain the C matrix rewrite (26) in terms of the m's

given by (27), (28), and (29).

Yo(2) =
280 = M (36)
Y3(z) = (mu- m5) + (m3+.m4) z

Y, (z) (m7- mg) + (mg- m7) 2

Substitute (36) and (32) into (31), collect powers of z to

obtain

I<
"
o

!
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vol [t 1-1 1-2 1 12 m
vy 401211 2-1-1]m,
V2| gtttz 112 1
Y3 411 1-2-1-1 2| m 3
vy 1121 1-211]|ng
ys| |t t-1-2 1-1 2 1] mg
my
mg

We now have a length six circular convolution computed
with 8 multiplications, which is the minimum number as
given by Winograd's theorem:

2N - K =2(6) -4 =8 .
The multiplications by the rational numbers in A, B, and C
are not counted.

The calculation of Y3(z).and Y,(z) may be done with a
number of different algorithms., These will give values for
m3 through mg different from (28) and (29) and different
evaluations of Y3(z) and ¥, (z) in. terms of the m's., This
freedom in the choice of calculating Y3(z) and Y, (z) may be
used to try to minimize the number of additions for the
convolution algorithm, No attempt has been made here to min-
imize the number of additions.

Convolution algorithms which achieve 2N-K multiplica-
tions and have simple A,B, and C matrices are known only for
short lengths. For longer convolutions it is difficult to see

.how to keep the number of additions under control.
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IV. APPLICATION TC THE DFT

The polynomial method of generating a2 circular
convolution algorithm which requires the minimum number of
multiplications has been used effectively for short lengths.
Winograd [}] states that all known algorithms for computing
circular convolution in the minimum number of multiplications

require a large number of additions when zN

-1 has large
irreducible factors. Therefore to be of practical interest,
the DFT length will be kept small to take advantage of the
change to a circular convolution. DFT algorithms for small
values of N have been written with these methods for use in

a prime factor FFT algorithm to be described in Chapter V.
These algorithms are different from thése used for the nested
DFT proposed by Winograd and implemented by Silverman [}Q].
which is also described in Chapter V. Table 1 shows the
number of operations required for short transforms intended
for use in the prime factor FFT algorithm and for short
transforms intended for use in the nested algorithm., Explicit
formulas for short transforms to be used with a prime factor
FFT are given for lengths 3,5,7, and 9 in Appendix A. These
formulas come from combining the correction terms with special
convolution algorithms described in Chapter III, Short trans-
forms for use with the nesting algorithm are derived by

modifying the transforms in Appendix A to reduce the number

of WO multiplications as in (45) - (47).
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Table 1

Short Length DFT Operations Count

Prime Factor FFT Nested Algorithm
N Multiplies Shifts Adds Multiplies wO multiplies Adds
2 0 0] 2 0 2 2
3 1 1 6 2 6
L 0 0 8 0 L 8
5 L 2 17 5 1 17
7 8 0 36 8 1 36
8 2 0 26 2 6 26
9 8 2 49 10 2 L9

To see how a DFT is implemented with a convolution

algorithm, concider the following length 3 example:

X(0) wo wO wO x(0)
x(1)| = [wO w! WP | x(1)
x(2)| | w* Wl | x(2)

The convolution

X(1) wl w? | x(1)
=l .2 1 (38)

X(2) we W | x(2)]

provides X(1) and X(2) and
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X(0) = Wo(x(0) + x(1) + x(2) )
X(1) = w° x(0) + X(1) (39)
X(2) = w° x(0) + X(2)

To get an explicit formula for the DFT, the convolution (38)
is written in matrix form as in (33) and (34).

mg 1 1] WY 1 1 x(1)

- » (40)
m, 1 -1 Wl {1 -1] x(2)
'm)] NE 1] m, )
2(2) CC 1 -1 mz]

In applying (40) and (41) to the length 3 DFT we
absorb the factor of 4 into the B matrix. Then, combining

this convolution with (39) gives the following length 3 DFT

algorithm for use in the prime factor FFT.

a, =x(1) + x(2)
a, = x(1) - x(2) (42)
S §
T (43)
mz = =) 2 az
cq = x(0) +my
X(0) =
(0) =23 (L)
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Now, for the algorithm to be used in the nested DFT
method, the multiplications by WO must be accounted for as
explained in Chapter V. Therefore, we wish to0 minimize the
multiplications by WO as well, This may be done by modifying
the above length 3 DFT as shown below:

a, = x(1) + x(2)

a, = x(1) - x(2) (45)
a3 = X(O) + a1

ny = (=% - 1)a, = = a4

my, = -j’lga2 (46)

T = s (47)
X(1) = ¢y +my,
X(2) = ¢y - m,

The algorithm used for the prime factor FFT has one
multiplication , one shift (multiplication by %), and six
additions , as shown in Table 1. The algorithm used for the
nested transform has two multiplications, one multiplication
by WO, and six additions. For complex data, the values in
Table 1 are only doubled because the coefficients formed
from the BW portion of the convolution are pure real or pure
imaginary numbers. This occurs since the B matrix is such

that the W's occur as sums or differences of conjugate pairs.
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These short length DFT algorithms may be written in

a matrix form as

X=0DIx (48)

where I is the UxN matrix representation of the input adds
in (42) or (45), D is a JLxiL diagonal matrix of the multi-
plication coefficients in (43) or (46), and O is the Nx\
matrix representation of the output adds in (44) or (47).
For our length 3 example in (45)-(47)

(o)} [+ o of|1 0o of|2r 1 1| x(0)
X(1)|=]1 1 1]]o0 a% offo 1 1| x(1)
X(2)| {1 1-1] |00 -§§ 0 1 -1 ] x(2)

The summation form of these matrices gives another

way to represent these algorithms,

-1 N-1
X(k) = j{: or1 43 ZE: i1n x(n) (49)
1=0 n=0

In general, [JA> N as shown by the expansion of the
block labeled "X" in Figure 1. The input and output additions
are indicated by blocks labeled with a "+" ,
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V. LONG TRANSFORMS FROM SHORT

A. Change to Multidimensions

The short transforms described above can be combined
in several ways to provide a long transform of length N. The
idea is to convert a one dimensional length N = MqMp®© oMy
transform into an l-dimensional transform requiring computa-
tion of 1 shorter, length Mk transforms for k = 1,2,¢++,1 .,
In this paper we use 2 mapping from one to 1 dimensions
which requires that the Nk factors be relatively prime ﬁi].
Conventional FFT algorithms map one dimension to many dimen-
sions, The Cooley-Tukey algorithm [1] allows common factors
in N, while algorithms proposed by I. J. Good [6] and Thomas
[7] use a mapping based on the Chinese Remainder Theorem [12]
which requires relatively prime factors. We will use the
Chinese Remainder mapping which will be described for two
factors M1 and M, which are relat?vely prime.

In the DFT

N-1
X(kx) = ZE: x(n) WK
=0
the index n of the input sequence x(n) will be called the
"input index", and the index k of the output sequence X(k)
will be called the "output index". The mapping from one to

two dimensions maps the input index n into a pair of
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indices (ny, ny).

n, (rzn) mod M, n, =0, 1,%*+, My-1

where ry = MZ mod M1 and r, = M1 mod MZ
The output index is similarly mapped into a pair (kq, k,).

k mod M

ky 1 kg =0,1,000,My-1

kz = k mod MZ kz = 0.1.'..9N12-1

The inverse mapping from two dimensions to one dimension for

the output index is

k = (s;ky + syk) mod N (50)
where
s, =1 mod M s, =1 mod M
1 1 and 2 2
8¢ = 0 mod M2 8, = 0 mod M1

The inverse mapping for the input index is
n = (Myny + Myn,) mod N (51)

When these mappings are used, the DFT becomes

gl v npkz  ngky
x(kl'kZ) = Z Z x(nl'nZ) WMZ WM1 (52)
n1=0 n2=0
21T 21T
-jm— _j.m.;.
where WM1 = e and WMZ = e .

The two dimensional transform in (52) may be imple-
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mented by first calculating M1 length M, DFT's,
gy npkp
¥(ng.kp) = j{: x(ny,ny) W (53)
n,=0
then calculating M, length M1 DFT's
ey ny Ky
X(icq kp) = Z ylng,kp) W (54)
n1=
The short transforms in (53) and (54) can be implemented
using convolution methods as in (49). This procedure will be
called the prime factor FFT algorithm and is illustrated in
Figure 2,

Figure 2 shows a length 15 transform implemented by
first calculating five length 3 transforms as in (49), then
calculating three length § transforms as in (49). Like
Figure 1, blocks labeled "+" indicate addition and blocks
labeled "X" indicate multiplication in the convolution DFT
of (48). Figure 2 is based on similar diagrams in Gold and
Rader [13].

Winograd [5] has proposed another implementation of
(52) which uses the special structure (49) of the short trans-
forms to nest all multiplications inside of input and output
additions. When the length My short transform is written in
terms of input additions i(i). output additions 0(1), and
multiplications d(l) and the length M, transform is written

(2) 0(2)' and q'2’

in terms of i ) as in (49), (s4) becomes
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-1 M,=1
22 o) o & @
y(nlokz) = Z Okzl dl Z llnz x(nl'nz) (55)
1=0 n2=0

Since X(kl.kz) in (52) is a length M; transform of y(nl.kz)

which can also be implemented as in (49), (54) becomes

g1 \ M,-1
i 1
Kryp) = ) oprm A Y dp, Yok (56)
m=0 n1=
Substituting (55) into (56) we get
-1 Ms=-1
R () ) (1)
X(ky k) = EE: °k1m dp :E: mny
m= n1-0
-1 My=1
K2 o) ) & (2)
1=0 nz'-'

The summations in (57) are an explicit representation
of the operations indicated in Figure 2. The order of the
summation may be changed as shown by Rader and McClellan [9]

to nest all multiplications in the center giving

-1 -1
L7t oyl () ) (2)
X(ky,kp) "‘Z Ok,1 Z °,m dn 9
1=0 m=0
My-1

1 2
Z ( ) Z iin) x(ny,n,) (58)

ni—O n,=
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As shown in Figure 3, (58) corresponds to first
doing input adds on the rows of x(nl,nz). then input adds on
the columns. Rows and columns are then multiplied as indi-
cated by dél) and d§2). Finally, output additions are per-
formed on columns and rows. This algorithm, proposed by
Winograd [5]. will be called the nested algorithm in this

paper because all multiplications are nested inside of addi-

tions as shown in Figure 4.

B. Operation Counts

The number of multiplications required by the nested
algorithm is essentially the product of the total number of
multiplications for each factor in the DFT, when implemented
as in (58). However, some savings may be made for the case
where the DFT being computed is at a point by point multipli-
cation involving a product of w0 coefficients. This corre-
sponds to both d's in (58) being unity. The number of multi-
plications saved is the product of the number of Wo multipli-
cations in each short transform. Thus, the equation for the

number of multiplications for two factors is

#multiplications = K4 by - 7), 7),

where 771 = # of multiplications by wO for length M; DFT
i
.

1

total # of multiplications for length M; DFT

# of additions for length M; DFT
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For three factors we have

#multiplications = My oy sy = 7)) 7), 7);

and the pattern continues for more factors.

An equation for the number of additions is based on
structures of the nested algorithms in (58) and on Figure 3.
The horizontal addition planes in Figure 3 correspond to
length M, transforms and there are M1 of them (the indices
n, and k, take on M; values). This contributes M;Q, addi-
tions. The vertical addition planes in Figure 3 correspond
to length M1 transforms and there are }Lz of them (the index
1 takes on [, values), This contributes M, additions.
Thus for two factors, we have

#additions = M, Q, + K,a,

For three factors we have
#additions = M1MZCL3 + FLa(M1CLz + Uy Qy)

In the same manner, we have with four factors

#additions = MMMy dly, - (59)
by WMo Clat (g (My Qp*fLp g )

For the number of multiplications, the ordering of the
factors is unimportant. However, the number of additions
required depends on the ordering of the factors. For the
nested transform additions given in table 2, the best order-
ing was used and is indicated by the order of the factors,

For complex data, the number of real multiplications and real
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additions is twice the number given by the above equations
(multiplications of the complex data are with pure real or
pure imaginary coefficients).

In order to compare the operation counts of the
nested algorithm with the operations required by the Cooley-
Tukey and the prime factor FFT algorithms, we need to look
at these latter two algorithms and determine the number of
operations they require. In order to make the comparison
more realistic, the radix 2 Cooley-Tukey algorithm will per-
form complex multiplications in three real multiplications
and will not count multiplications by wO or : J « For complex

data with N=2" (log N = M), we have [14]:

N 3N
#multiplications = 3(% log N = 5~ + 2)
#additions = 2N log N + 5(#multiplications)

For the prime factor FFT algorithm we use the special
short length transforms intended for this algorithm. (See the
first section of Table 1.) With N = MyMpM4, MpMj length My
transforms are computed, M1M3 length Mz DFT's, and M1M2

length M., DFT's, We have

3

#additions = 2(MMyCly+ MyM;CLo+ MM, 0 5) (61)

for complex data. Using these equations, the three algorithms

are compared in Table 2 for several values of N,
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VI. COMPARISON OF DFT ALGORITHNS -
DISCUSSION OF TABLE 2

Comparisons in Table 2 show that the prime factor FFT
algorithm requires from 0% to 64% more multiplications than
the nested transform. However, the nested transform requires
from 0% to 28% more additions than the prime factor FFT
algorithm. In fact, if additions "cost” at least one half as
much as multiplications, then the multiply-add cost for the
prime factor FFT algorithm is smaller for all lengths shown
in Table 2 except for lengths 30 and 840,

To develop an understanding for how these two trans-
forms are related for various choices of factors, we will
derive expressions for the number of operations required
per output point. From (60), the number of multiplications
per output point for the prime factor FFT algorithm is simply
the sum of the number of multiplications per point for each
factor.

Hy
#multiplications/point = ZE:( My ) (62)
Similarily for the prime factor FFT algorithm,

s
#additions/point = ji:( ﬁ;‘ ) (63)

For the nested algorithm, the number of multiplica-
tions per point is approximately the product of the number

of multiplications per point for each factor.
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e . My
#multiplications/point = TT( M; ) (64)

From (59), the number of additions per point for the

nested transform is

Cly My Qp My Mo @
. 1 1 2 1 2 3
#additions/point = ﬁI—+ﬁZ_ ﬁ;—+ﬁ;- T T +ess  (65)

For the factors used in this study, the number of

operations per point is shown in Table 3.

Table 3

Prime Factor FFT Nested Algorithm
N M S P Gy
2 0 1.0 1.0 1.0
3 0.33 2,0 1.0 2.0
L 0 2.0 1.0 2,0
5 0.8 3.4 1.2 3.4
7 1.14 5.14 1.28 5.14
8 0.25 3.25 1.0 3.25
9 0.89 5.4 1.33 5.4l

With k factors and an average number of multiplica-
tions per point, M, the nested algorithm requires }Lk
multiplications per point. The prime factor FFT algorithm
requires k}L multiplications per point. When }Lk>»k}L or
when H)k'w the prime factor FFT algorithm requires fewer
multiplications than the nested algorithm.
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Since k'%fi' becomes smaller with increasing k
(more factors) and }Li increases for the extra factors,
which must be large, the prime factor FFT algorithm will have
fewer multiplications per point than the nested algorithm
when more factors are used.

With k factors and average number of additions per
point, O, the prime factor FFT algorithm requires k@ addi-
tions per point. The nested algorithm requires CL+ HLCl+e-

+}.Lk-1CL = %ld, additions per point for W>1. In the
special case N = 2r-3-p where p is a prime other than 2 or 3
and r = 1,2, or 3 , both algorithms require the same number
of additions since ft=1 for the factors 2T and 3. With
other factors the prime factor FFT algorithm will have fewer
additions. As shown above, the difference in the number of
additions will also increase rapidly when more factors are
used., This comparison of additions and multiplications per
point is further illustrated in Figure 5.

A good strategy would be to use nesting for a few

factors until }L began to grow, fﬁen combine, using the
prime factor FFT algorithm, with another composite length

intermediate transform which was done with nesting.
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VII. PROGRAMS FOR COMPARING TRANSFORM METHODS

A, Sudbroutine GOODFT

The prime factor FFT algorithm was used to program a
mixed radix DFT in which the short length DFT's are calculated
using the fast convolution method previously described. A
flow chart of the subroutine GOODFT is shown in Figure 6 and
a program listing of the subroutine is given in Appendix B.
The input data to be transformed is stored in two length N
vectors, XR for the real part and XI for the imaginary part,
where N is the length of the DFT to be calculated. N must be
a product of at most four mutually prime factors from among
the following possible factors: 2,3,4,5,7,8, and 9. If four
factors are not used, the unused factors are set equal to
one. For example, with N=M1¥M2#M3*M4 = 30, we have Mi=5,
M2=3, M3=2, and M4=1, These factors of one must be the last
of the M's. The number of nonunity factors is NFT, which is
the number of dimensions in the transform. The prime factor
FFT algorithm is described in equations (50) through (54)
for the two factor case. This algorithm may be extended to
more factors. For example, when the number of mutually prime
factors is four, the length N DFT may be calculated as
M2#M3#M4 length M1 DFT's, M1#M3#M4 length M2 DFT's, M1#M2+M4
length M3 DFT's and M1#M2*M3 length b4 DFT's.

The first transforms calculated are the length M1
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DFT's, For each of the possible combinations of N2, N3, and
N4 a length M1 index vector I is calculated using an input
mapping

n=(M2M3M4n1+M1M3M4n2+M1M2M4n3+M1M2M3n4)mod N (66)
The calculation of this index vector and the testing of the
values of N2, N3, and N4 are done in the input indexing
segments of the subroutine.

The index vectors are used to select the proper data
points to be transformed for each of the length M1 DFT's,
Thus, when an index vector has been calculated, the proper
M1 data points are selected from the length N data vectors
XR and XI and stored in temporary vectors UR and UI. A
length M1 DFT is then calculated for UR and UI using the
fast convolution technique, The results of this transform
are stored in UR and UI. Then, the index vector is used once
again to transfer the transform results from UR and UI to
their correct locations in XR and XI. This selection of M1
data points from the N input data points, the calculation of
the M1 point DFT, and the placemehnt of this result into the
length N data vector is done in the short transform section
of the subroutine.

When all the possible combinations of N2, N3, and N4
have been used, the length M1 DFT's have all been computed.
The input indexing portion of the subroutine then reorders
the factors so that M4 is now treated as the first factor
and the length M4 DFT's are computed. Then, when these are
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done, M3 and M2 are successively treated as the first factor
and the required length M3 and length M2 DFT's are also cal-
culated.

When all of the short transforms for all of the
dimensions have been calculated, the vectors XR and XI con-
tain the result of the length N DFT, but in a scrambled order.
The unscrambling of the length N transform result is done in
the output indexing portion of the subroutine. For the case
of four factors, the output index mapping from one to four

dimensions is

Ky

kX mod M1 k2 k mod Mz

(67)

k3 k mod M3 kb = k mod Mu

For a particular value of k, the values of kyo ko, k3. and
k, are used in (66) for ny, ny, ny, and n, to determine the
position in the input array of this desired output point.
Now, each successive value of k increments all the values of
ki’ ko, k3. and k;, by one, starting from zero. Therefore,
from (66) we see that the position of each successive out-
put point is located in the input array in the position
given by

n= k(M2M3M4+M1M3MQ+M1M2M4+M1M2M3) mod N (68)
From (68), we define an output indexing constant,

KOUT = (MpMqMy+ MyMaly+ MybpMy+ MyMpM3) mod N (69)
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So, we have
n = (k*KOUT) mod N (70)

The output indexing portion of the subroutine transfers the
scrambled results of the length N DFT from XR and XI into
A and B, which contain respectively, the real and imaginary
parts of the length N DFT in the correct order. After com-

pleting this a return is made to the main progran.

B, Timing Results

In order to obtain some timing results, the prime
factor FFT algorithm was programmed in Fortran and in 8080
microprocessor assembly language. The Fortran prime factor
FFT was compared in speed to a mixed radix FFT program writ-
ten by Singleton E.S] » which uses a Cooley-Tukey mapping.
The FFT subroutine of Singleton is 50% longer than the prime
factor FFT subroutine. However, the prime factor FFT uses
storage of two complex vectors of length N, while the Single-
ton FFT subroutine requires one complex length N vector. The
results of the time tests for several transform lengths are
given in Table 4, These tests were run on an IBil 370 computer
for which the ratio of multiply to add time was 3. The power
of two algorithm was taken from Rabiner and Gold [11-&] . It may
be 15% slower than an algorithm which stores all powers of W,
The timing for the subroutines was accoplished using an inter-

val timer on the IBM 370. The percent saving in time given
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is the percent by which the Singleton FFT subroutine is
slower than the prime factor FFT subroutine. The timing
results of Table 4 are for calculating the frequency response
of a length 32 finite impulse response digital bandpass

filter and are taken from a single run.

Table 4

Time Test on IBM 370/155

Times in Seconds

N Prime Factor Singleton's Radix 2 % Time Savings
FFT FFT FFT

32 0.013

60 0.017 0.025 L7%

64 0.027

128 0.059

210 0.080 0.119 49%
256 0.129

315 0.111 0.179 61%
504 0.168 0.288 . 71%
512 0.280

840 0.344 0.509 48%
1024 0.609
1260 0.540 0.809 50%
2048 1.323

2520 1.115 1.714 54%
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The times for the prime factor FFT may be calculated
from the Table 2 values for the total number of operations

by the following formula :

Time (in milliseconds) = N(NFT(.052) + .028)

+ 0096 (#multiplications) + .0045(#additions)
The input indexing for the program took 52 microseconds per
point for each dimension of the transform (NFT equals the
number of factors). The output indexing took 28 microseconds
per point. The code generated by the Fortran add and multiply
statements took 4.5 and 9.6 microseconds,respectively, to
run., In the program, the shifts in the short DFT algorithms
for the prime factor FFT were done as multiplications.

Next, the 8080 microprocessor assembly language ver-
sion of the prime factor FFT subroutine was compared in speed
with a radix 2 FFT subroutine. The radix 2 FFT was written
in assembly language, used three real multiplications for
each complex multiplication, and did not multiply by w°. In
addition, the FFT used precalculated values of W% which were
stored in a table., The FFT program was much shorter than the
prime factor FFT program. The ratio of multiply to add times
on the 8080 was approximately 30. A length 252 prime factor
FFT requires 3.20 seconds to run. A length 256 radix 2 FFT
requires 5.42 seconds to run. So, the radix 2 FFT subroutine
is 70% slower than the prime factor FFT subroutine. The
savings occur in both the multiplications and additions. The

multiplication savings is 80% and the rest is in additions,
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VIII., CONCLUSIONS

The conversion of a DFT into a circular convolution
leads to new methods for computation of the DFT. For short
transforms, these algorithms require few multiplications and
additions as shown in Table 1 and as shown in the explicit
formulas given in Appendix A,

Long transforms are built up from these short trans-
forms in several ways, which are compared in Table 2. The
prime factor FFT algorithm was chosen as the most attractive
approach for several reasons. The prime factor FFT algorithm
has about the same combined total of multiply-adds as the
nested algorithm. However, it is easier to write a general
prime factor FFT program, The prime factor FFT can be cal-
culated using less memory than is required for the nested
algorithm. It requires less data storage and probably less
program memory. Since the prime factor FFT algorithm is done
in small pieces, it might run faster on machines with small
high speed memory blocks. Special hardware for parallel com-
putation will probably be simpler for the prime factor FFT
algorithm,

A general prime factor FFT program was written for an
IBM 370 in Fortran and for an 8080 microorocessor in assembly
language. The running time for this new algorithm was com-

pared with a conventional FFT. In the 370 comparison the new
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algorithm was compared with the mixed radix algorithm of
Singleton [15], since the prime factor FFT algorithm is a
mixed radix algorithm. A reduction of approximately 50% was
observed (see Table 4). Much larger savings may be expected
if special hardware is constructed for the short convolution-
based algorithms.

Many open questions remain. How should one combine
nesting and prime factor FFT techniques to obtain long trans-
forms from short ones? Should the multidimensional expansion
always be done at the transform level, or should the convolu-
tions contained within transforms also be implemented in
multidimensional expansions? How can one improve on the
indexing schemes required for these new transforms? It is
likely that continuing development of longer and more effi-
cient convolution algorithms will make implementations of

the DFT using convolution even more attractive.
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APPENDIX A.

3 POINT DFT ALGORITHM

x{1) + x(2) my
x(1) - x(2) m,
x(0) + a,

1 multiplication

1 shift

6 additions

5 POINT DFT ALGORITHM

x(1) + x(4) my
x(1) - x(4)
x(2) + x(3) msy
x(2) - x(3) my
a, +a, mg
a, - aj

ay +aj

x(0) + a,

L multiplications

2 shifts
17 additions

1

0.95106 ag
1.53884 a,
0.36327 a,,
0.55902 ag

1
i 2

!
0.86603 a,

7

X(0)
X(1)
X(2)

Ldey

jcs
jeg
jey
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7 POINT DFT ALGORITHM

x(1) + x(6) my
x(1) - x(6) my
x(2) + x(5) mq
x(2) - x(5) my,
x(3) + x(4) mg
x(3) - x(4) mg

a1 +83+a5 m7

8 multiplications
36 additions

0.,16667
0.79016
0.05585
0.73430
0.44096
0.34087
0.53397
0.87484

-mu
+mL}

- mg

Jes
JC¢
JCn
JCr
jeg
Jcg



9 POINT DFT ALGORITHN

ay = x(1) + x(8) my = 0.19740 ag ¢y = x(0) - m.,
a, = x(1) - x(8) m, = 0.56858 240 cCp, =my - Mg
a4y = x(2) + x(7) my = 0.37111 a,, cy =my +my
ay, = x(2) - x(7) m, = 0.54253 a4, ey =my +my
ag = x(4) + x(5) mg = 0.10026 244 cg = Cy +c, - cy
ag = x(4) - x(5) mg = 0.44228 a,, cg = ¢y + 3ty
an = x(3) + x(6) m, = % an Cph =Cy = Cp = Cy
ag = x(3) - x(6) mg = 0.86603 ag cg = my - Mg
1
212 = 82 - 26 42 =g * C10 = Mg
a4y = =2y = 8¢ Cqy = x(0) + an - mg
ay6 =2, - 8y + ag X(0) = 347
a4n = x(0) + a4g + 2y X(1) = g - Jeqq
X(2) = cg = Jeqo
8 multiplications X(3) = cyy = Imyg
2 shifts X(4) = e = Joq3
49 additions X(5) = oy + jeq3
X(6) = Clu’ + jmlo
X(7) = cg + 5012
X(8) =

c5 + jc11
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APPENDIX B.
Prime Factor FFT Program Listing

SUBROUTINE GOODFT(XR,XI,N,Mi,M2,M3,M4,NFT,KOUT,A,B)
THE SUBROUTINE GOODFT COMPUTES A LENGTH N DFT OF THE
INPUT DATA WHICH IS IN TWO VECTORS, XR THE REAL PART AND
XI THE IMAGINARY PART. BOTH XR AND XI ARE LENGTH N VEC-
TORS. THE LENGTH OF THE DFT, N, MUST BE A PRODUCT OF AT
MOST FOUR MUTUALLY PRIME FACTORS. THE POSSIBLE FACTORS
ARE 2,3,4,5,7,8, AND 9, THESE FACTORS ARE M1, M2, M3, AND
M4. IF THE FOUR FACTORS ARE NOT ALL USED, THE UNUSED
FACTORS ARE SET EQUAL TO 1, FOR EXAMPLE WITH N=30, WE
HAVE Mi=5, M2=3, M3=2, AND Mi4=1, THE FACTORS OF ONE NUST
BE THE LAST OF THE M'S. THE NUMBER OF NONUNITY FACTORS IS
NFT. KOUT IS AN OUTPUT INDEXING CONSTANT WHICH IS PRE-
COMPUTED. KOUT = (K1+K2+K3+K4)MOD N WHERE K1=M2%M3*M4,
K2=M1#M3#M4k, K3=M1#M2#ML4, K4=M1%#M2#M3, AND K2=0 IF M2=1,
K3=0 IF M3=1, AND K4=0 IF M4=1., FOR EXAMPLE, N=30, K1=6,
K2=10, K3=15, K4=0 AND KOUT=31 MOD 30 = 1. THE TRANSFORMED
RESULT IS STORED IN TWO LENGTH N VECTORS, A AND B. A CON=
TAINS THE REAL PART AND B CONTAINS THE IMAGINARY PART OF
THE  RESULT. THE DFT COMPUTED BY THIS SUBROUTINE USES A
POSITIVE EXPONENT FOR W. IE W=EXP(J*2*PI/N).

DEAN KOLBA, JULY 19

DIMENSION xn(z;zo) .X1(2520),A(2520),B(2520)

DIMENSION UR(9),UI(9),I(9)

REAL MR1+4MR2¢MR3 sMR4y MRS ¢ MR6y MR7?, MR8, MRO4MR10

REAL MI1eMIZ2¢MI3oMIGoMIS MIOGoMI74MIBMIG,MI10

NF=NFT
ORDER FACTORS FUR TRANSFORMS OF LENGTH M1

MM 1=M]

MM 2=M2

MM 3=M3

MM 4=M4

GOTO 20
10 GOTO(12»13+14)+NF
ORDER FACTORS FOR TRANSFORMS OF LENGTH M2
12 MM1l=M2

MM2=M1

MM3=M3

MM4=My

GOTO 20
ORDER FACTORS FOR TRANSFORMS OF LENGTH M3
13 MM1=M3

MM2=M1

MM 3=M2

MM4=M4

GOTO 20



ORDER FACTORS FIR TRANSFORMS OF LENGTH M4
14 MM1=M4
MM2=M1
MM 3=M2
MM 4=M3
INDEX ING INITIALIZATION FOR THE TRANSFORMS
20 N2=0
N3=0
N4 =0
KI=MM2%EMM3%xMM4
K2=MM1 *MM3%x MM4
K3=MM1&MM2%&MM 4
K4 =MM]1%MM2xMM3
I1(1)=0
INPUT INDEXINS ALONG ONE DIMENSION
21 DO 22 J=2,MM]
1CN)=1(JU=1)+K1
IF(I(J) «LTe N) GOTO 22
1C(J)=1CJ)=N
22 CONTINUE
TRANSFERRING DATA TO TEMPORARY VECTORS UR AND UI
30 DO 31 J=1.MM]
1J=1(J)+1
UR(JI=XR(IJ)
31 UL (J)=XI(1J)
TRANSFDRM URe UI
GOTO(50+20043004400¢500s50+700:8004900) ¢+ MM1]
PLACE RESULT DF TRANSFORM BACK IN XR AND XI
40 DO 41 J=1,¥M1 : '
I1J=1(J)+]
XR(I1JI=UR(J)
41 X1(14)=U1(J)
TESTING FGR COMPLETION OF THIS FACTOR®*S TRANSFORMS
IFI(N2 NEe MM2w1)GOTD S1I
N2=0
IF(N3 «NE, MM3=1)GDTO 52
N3=0
IF(N4 JNE. MM4=])GDTD 53
50 NF=NFm]
IF(NF «EQ+0)GOTO1000
GOTO 10
INPUT INDEXING ALONG OTHER DIMENSIONS
51 N2=N2+1
DO 54 J=1,MM1
I(J)=1I(J)+K2
IF(I(J) «LTe N)IGOTO 54
ILY)=1({J)=N
54 CONTINUE
GOTO 30
52 N3=N3+1
I1(1)=K3*N3+K4*N4
IF(1I01)eLTeN)GOTD 21
IC1)=1(1)=N
GOTO 21



C

Cc

C

o

53 N4=NG+1
1(1)=Ka%xN4
GOTO 21
UNSCRAMBL ING TRANSFORM RESULT
1000 I1=1
J=1
GOTO 1001
1002 IF{(J «GT. N)GOTO 1003
I1=11+KOUT
1004 IF(IT oLEe N)GOTO 1001
I1=11=N
GOTO 1004
1001 A(J)=XR(11)
B(J)=X1(11)
J=J+1
GDOTO 1002
2 POINT TRANSFORM
200 URX=UR(1)+UR(2)
UIX=UI(1)+UI(2)
UR(2)=UR(1)=UR(2)
Ul (2)=UI(1)=UI(2)
UR (1) =URX
UI(1)=uU1X
GOTOD 40
3 POINT TRANSFORM
300 AR=UR(2)+URI(3)
AL=UI(2)4+Ul(3)
MR 1=m=1,5%AR
Ml 1=m] s 5*Al
MR2=0 8660254 % (UR(2)UR(3))
MI2=0.8660254%(UI(2)=UI(3))
UR(1)=AR+UR(1)
Ut (1)=AT+UI(1)
MR 1=UR( 1) +MR1
MILI=UI(1)+MI1]
UR(2)=MR1=MI2
Ul (2)=M11+4MR2
UR(3)=MR1+M12
UI(3)=MI1=MR2
GOTO 40
4 POINT TRANSFORM
400 AR1=UR(1)+UR(3)
AI1=UI(1)+JI1(3)
AR2=UR(1)=UR(3)
A12=U1C1)=01(3)
AR3=UR(2)+UR(4)
AI3=UI(2)4+U1(48)
AR4=UR(2)=UR(4&)
Al4=UI(2)=U1I(4)
UR(1)=AR1#AR3
UI(1)=AT1+4A13
UR(2)=AR2=A14
VI(2)=AI2+ARS
UR (3) =AR]I mAR3



UI(3)=A11=A13
UR(4)=AR2+A14
UT (4)=A]l2=~AR4
GOTO 40

C S POINT TRANSFORM

C

S00 ARI=UR(2)+UR(S)

AT1=UTI(2)+UI(5)
AR2=UR(2)mURI(S5)
AI2=UI(2)Y=UI(S)
AR3=UR(3)+UR(4)
AI3=UI(3)4+U1(4)
AR4=UR(3)=UR(4)
AT4=U1(3)mUI(4)
ARS=AR1+AR3

AIS=A11+AI13

MR1=095105652*% ( AR2+AR4)
MI1=0.95105652%(Al2+A14)
MR 2=1,5388418%AR2
MI2=]1.5388418%A12
MR3=036327126%AR4
MI3=0+36327126*%A14

MR &4=055901699% ( AR1 =AR3)
MI 4=0455901699%( Al1=A13)

MRS=w=1 +25%ARS
MIS==1.25%A15
UR(1)=UR(1)+AR5
UIC(1)=UI(1)+AIS
MRS=UR( 1) +MRS
MISSUI(1)+MIS
AR 1=MRS5+MR&
AT1=MIS+MIa
AR2=MRS=™MR4
AI2=MI5S=~MI4
AR3=MR1=MR3
A13=MI1=MI3
AR4=MR1=MR2
AT4=MI1nMI2
UR (2)=AR1=A13
UI (2)=AT1+AR3
UR(3)=AR2+Al4
UI (3)=AI2=AR4
UR(4)=AR2=A14
UI (4)=Al12+AR4
UR(S)=AR1+A13
UL (S)=Al1=AR3
GOTO 40

7 POINT TRANSFORM
700 AR1=UR(2)+UR(7)

AL1=UTI(2)+UIL(7)
AR2=UR(2)=UR(7)
AI2=UI(2)=U1(7)
AR3=UR(3)+UR(6)
AI3=UI(3)+U1(6)
AR4=UR(3)=UR(6)



Al4a=UT(3)=UI(6)
ARS=UR(4)+VUR(S)
AIS=UI(4)+UI(S)
AR6=UR(4)=UR(S5)
AI6=UT(4)=UI(S5)

AR7=AR] +AR3+ARS
AI7=ATI1+AI3+A15

MR 1=m] 41 66666T*AR7
MIl==]1,1666667%A17
MR2=0e679015647%( AR12ARS)
MI2=0e79015647%(Al1=A15)
MR3=0.055854267%( ARS=AR3)
MI 3=0.055854267%( A153A13)
MR4=0.7343022%( AR3~AR])
MI 4=0e7343022%(A13=A11)
MRS5=0+.44095855%( AR2+AR4~ARG)
MIS=0.44095855%( AI2+A14«A16)
MR6=0.34087293% (AR2+ARG6)
MI6=0.34087293%( AI2+A16)
MR7=m0,53396936%(=AR6"ARYG)
MI 7=m0,53396936%(~AI6™A14)
MR8=0.87484229%( AR4=AR2)
MIB=087484229%(AlawnAl2)
UR(1)=UR(1) +AR?7 ’
UI(1)=UI(1)+A17
ARLI=UR(1)+MR]
AIT1=UI(1)+M]I1
ARZ2=AR14+MR2+MR3
AI2=AT1+MI24+M]I3
AR3=AR1"MR2MR4
Al3=AlleM]I2=M] 4
ARA=AR1aMR3I +MR4
AT4=AIl=MI3+MI4
ARS=MRS+MR6 +MR7
AIS=MIS+MI6+MI7
AR6=MRS=MR6~M RS
AI6=MI5=M16=M][8
ART=MRS~MR7 +MR8

Al 7=M]IS=M]IT+MI8

UR (2)=AR2=A15

Ul (2)=A12+ARS5
UR(3)=AR3wAl16

Ul (3)=A13+AR6
UR(4)=AR&4+A17

UI (4)=A14=AR7
UR(S5)=AR4=A17

Ul (5)=A144AR7
UR(6)=AR3+A16

Ul (6)=A13=ARG6

UR (7)=AR2+AIS5

VI (7)=A12=ARS

GOTO 40



C

8 POINT TRANSFORM

800 AR1=UR(2)=UR({8)
AT1=UI(2)=0]I(8)
AR2=UR(2) +UR(8)
AlI2=UT(2)+U1(8)
AR3=UR(4)UR(6)
AI3=UI(4)=UI(6)
AR4=UR(4)+UR(6)
Ala=U1(4)+UI(06)
ARS=UR(1)-UR(S)
AIS=ULI(1)=JI(S5)
AR6=UR(1)+UR(S5)
AT6=UI(1)+UI(S)
AR7=UR(3)=URI(7)
AT 7=UI(3)=UI1(7)
ARB=UR(3)+URI(T7)
AIB=UTI(3)+UI(T7)
MR1=070710678%( AR1+AR3)
MI1=070710678%(AI14AI3)
MR2=0.70710678* ( AR2=AR4%)
MI2=0.70710678%(Al2=Al14)
MR3=ARZ2+ARS%
MI3=Al2+Al14
MR4=AR6+ARS
MI4=AI6+A1B
MR 5=AR6ARS
MIS=Al16=Al18
MR 6=AR1=AR3
MI6=A11=A13
MR7=AR5+MR2
MI7=A154¢MI2
MR8=AR5"MR2
MIB=AI5=MI2
MR9=AR7+MR1
MI9O=A1I7+MI1
MR10=AR7=MR1
MIS0=A17=MI1
UR(1)=MR4 +MR3
VI(1)=MI4+MI3
UR(2)=MR7=M 19
Ul (2)=MI7+MR9
UR(3)=MR5=M16
U1 (3)=MIS+MR6
UR(4)=MR8B8+M110
UI(4)=MIB8=MR10
UR(S)=MR4~MR3
UI(S5)=MI4=M13
UR(6)=MR8=MI10
UI(6)=MI8+MR]10
UR(7)=MR5+M16
UI(7)=MIS=MR6
UR{(B)=MR7+M 19
v1(8)=MI7=MR9
GOTO 40



C 9 POINT TRANSFURM
900 ARI=UR(2)+UR(9)

AlLl=UI(2)+U1(9)
AR2=UR(2)=UR(9)
AlI2=01(2)=J]1(9)
AR3=UR(3)+UR(8)
AI3=UI(3)+01(8)
AR&4=UR(3)=UR(8)
Al4=UI(3)=UI(8)
ARS=UR(5)+UR(6)
AIS=UT(S)+U1(6)
ARG=UR(S5)=UR(6)
AI6=U1(S5)=J1(6)
AR7=UR(4) +UR(7)
Al 7=U1(4)4+UI(7)
ARB=UR(4)=UR(7)
AI8=U1(4)=I(7)
AR=AR]1 +AR3+ARS
AI=AT14A134AIS
MR 1=m0,5%AR7
MI 1=w0.5%A17
MR2=0, 8660254 %AR3
MI2=0.8660254%A18
MR3=0¢19746542% (AR 1+ARS)
MI 3=0415746542%(=A11+A15)
MR4=0.56857902*%( AR1=AR3)
MI 4=0.56857902*x (Al1=A]13)
MRS=063711136%(wAR3+ARKS)
MIS=0e3711136%(=AI3+A15)
MR6=04542531T79%( AR2™ARG }
MI6=0e54253179%(AI2=A16)
MR7=0.10025582%( AR2+AR4)
MI7=0.10025582%( A12+A14)
MR8=D¢44227597% (=AR4mARS)
MTI 8=0¢482275S97% (™A14m>A16)
MR O=m]1 (5% AR
MIO9=m] S*kAl
MR10=0.,8660254%({ AR2=AR4+AR6)
MI 10=0.8660254%(A1I2=A144+A16)
ARI=UR(1)+MR}
Al 1=UI(1)+4MI1
UR(1)=AR4+AR74UR{(1)
UL C(1)=AT+AT74+UI(]1)
AR=UR(1)+MR9
AI=UI(1)+M]9
AR2=MR4»MR5
AlI2=MI4=M]15
AR3=MR3+MR4
Al3=MI3+M]a
AR4=MR7-MR8
Al 4=M]1 7ML B
ARS=MRE~MR7
AlS=MI6=MI7
AR6=AR2 "MR5=MR3 +AR1
AlG=AI2MIS=MI3+AI1l
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1003

AR7=AR3+MR3I+MR5+AR1
AT7=AI3+MI3+MIS+AT]
ARB=mAR3™AR2+AR 1
Al B=mAI3mAl2+A11
MR 1=MR6~MRA
MII=MIE&=MIB
MR3=AR4 +MR1 +MR2
MI3=Al44MI1+M]2
MR 4=ARS+MR1=MR2
MIA=AIS+MI1m=M]2
MRS=AR5=AR4 +MR2
MIS=A15=Al14+M]2
UR(2)=AR6=MI3
UI(2)=AI64MR3
UR({3)=AR7=MI4
UI(3)=A17+MR4
UR(4)=AR=MI 10

UT (4)=ATI+MR10O
UR({S)=AR8=MIS

VI (S)=AI8+MRS
UR(6)=ARB4MIS

UL (6)=A1I8=MR5
UR(7)=AR+MI10
UI(7)=AI"MR10
UR(8) =ART+MI4
UI(B)=AI7=MRY
UR(9)=AR64M13

UI (9)=A16~MR3
GOTO 490

RETURN

END



*ST yzJual I03 wyzTIodTe JJJ 2030®BJ oufad T[BUOTSUSWIPTITRN *2 94nIf4




*SUOT3TPPE JO SPTSUT

SuoT4eOTTdTTNW 3S3U 03 suoTjeaado JO juswasueddesy °¢ 2aNnd Ty

1T

+ | ,
o
UNANN

e
%

\\




i

‘wyjtao31e parsau ay3 K£q pajuswaTduy IJg ST yjduel ‘4 dandiy

\

/T~

/

7

I_I

'||'||'||'

BERE RN

N

E\r



jutod J8d SUOT3TIPPY PUB SUOCT3BOTTATIITNW °*G SInsIJg

XM 4 4 ! X ¥ € 2 1

= - —
— o— o
p—

-
- -
-

1°1=nN

1°1=

T = W

J030oey sutad —
=W

poj3sSeuU -~ -~

1L

PA =V

Jo03oel ewtad —— / pejssu~- - -



(%UBROUTINE GOOD?E)

Order factors F

|

Calculate
input indices

5
Calculate DFT's

5 9 S

Test stage in
transform and
further indexing

Y

Output indexing

1

6a. General flowchart of a
prime factor FFT

Figure 6. a) General flowchart of a prime factor FFT
b) Input indexing
c) Short transforms
d) More input indexing
e) Output indexing

L\v/ indicates off page connector in b) through e).



(SUBROUTINE GOODFT (XR,XI.N,Ml.MZ,MB,MU,NFT.KOUT,A,BD

NF = NFT

MM1 = M1

MM2 = M2

~ MM3 = M3

MM4 = M4
L

>

[

N

Svm

MM1
MM2
MM3
MM4

M2 MM1
M1 M2
M3 MM3
M4 MM4

M3 MM1

M2 MM3
M4 MM4

M4
M1
M2

v

N2
N3
N4

K1
K3

el
N
nn

0
0
0

MM2#MM3*MM4
M1 *MM3* MM4
MM #MM2*MM3
I(1) =0

DO J =
I(J) = (I(J-1)

2,
+

MM1
)

K1) MOD N

6b. Input Indexing




=l w)
~ QO
n <

>
P
-

!

2 POINT DFT
OF U

4 POINT DFT
OF U

A /2

A4

7

Y

9 1,6

7 POINT DFT
OF U

9 POINT DFT
OF U

3 POINT DFT
OF U

5 POINT DFT

8 POINT DFT

OF U

OF U

J

DO J = 1,MML
X(I(J)+1) = U(J)

6¢c. Short Transforms




Y/

N2

i
e

7N2 = N2 + 1
DO J = 1,MM1
I(J) = I(J) + K2

MOD N

Bf

N3 = N3 + 1
I1(1) = K3*N3 + KA4*N4

MOD N
Nt = N4 + 1
I(1) = K4*N4 i

1

NF = NF -
%

6d..

More Input Indexing



II

n
[

< n

t N

Il =

II + KOUT
MOD N

RETURN

nun
o]
[}
~—
H
L
~

6e..

Output Indexing




