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ABSTRACT 

This paper discusses an alternative definition of the wrinkling factor and the resolved 

component of flame surface density (FSD) in the context of Large Eddy Simulations (LES) 

modelling of turbulent premixed combustion. The performances of conventional and an 

alternative definition of wrinkling factor are compared by employing a-priori analysis using 

explicitly filtered direct numerical simulation (DNS) data of statistically planar turbulent 

premixed, flames. It is demonstrated that the alternative definition of wrinkling factor can be 

used as well as the conventional definition to model the sub-grid scale flame wrinkling. The 

conventional definition of the wrinkling factor and resolved FSD might be more satisfactory 

from a theoretical point of view but the alternative definition has the advantage that the resolved 

FSD is no longer an unclosed expression and artificial flame thickening can be avoided without 

referring to an implicit counter-gradient transport closure. 

 

Keywords: Flame Surface Density, Wrinkling factor, Large Eddy Simulations, A-priori 

analysis, Turbulent premixed flame  
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1. INTRODUCTION 

The complexity of the system of partial differential equations describing turbulent reactive 

flows gives rise to unclosed terms in the context of Large Eddy Simulation (LES). In LES, the 

filtering (denoted by   ⋅ �) and Favre filtering  (denoted by  ⋅ �  ) operation of a quantity 𝑸𝑸 with a 

Gaussian filter kernel 𝑮𝑮(𝒓𝒓) are given as: 

𝑄𝑄(𝒙𝒙)������� = ∫ 𝑄𝑄(𝒙𝒙 − 𝒓𝒓)𝐺𝐺(𝒓𝒓)𝒅𝒅𝒅𝒅,   𝐺𝐺(𝒓𝒓) = (6/𝜋𝜋Δ2)3/2 exp(−6 𝒓𝒓 ⋅ 𝒓𝒓 /Δ2),      𝑄𝑄� = 𝜌𝜌𝜌𝜌���� 𝜌̅𝜌⁄   (1) 

In Eq. 1, Δ denotes the filter width. The mass fractions of the reactive species in a premixed 

flame can be utilised to define a reaction progress variable 𝑐𝑐  assuming the values 𝑐𝑐 = 0 on the 

reactant side and 𝑐𝑐 = 1 in the fully burned products (Peters, 2000). In this framework, the 

transport equation for the filtered reaction progress can be written as: 

𝜕𝜕(𝜌̅𝜌𝑐̃𝑐)/𝜕𝜕𝜕𝜕 + ∇ ⋅ (𝜌̅𝜌𝒖𝒖�𝑐̃𝑐) = −∇ ⋅ (𝜌𝜌𝒖𝒖𝑐𝑐����� − 𝜌̅𝜌𝒖𝒖�𝑐̃𝑐) + ∇ ⋅ (𝜌𝜌𝜌𝜌∇𝑐𝑐) + 𝜔̇𝜔𝑐𝑐��������������������� . (2) 

Here 𝜌𝜌,𝒖𝒖,𝐷𝐷 and  𝜔̇𝜔𝑐𝑐 denote density, velocity, progress variable diffusivity and reaction rate 

respectively. Both terms on the right hand side of eq. 2 are unclosed. The sub-grid scalar flux 

(SGSF) of reaction progress variable is given by: 

𝜌𝜌𝒖𝒖𝑐𝑐����� − 𝜌̅𝜌𝒖𝒖�𝑐̃𝑐    (3) 

The modelling of sub-grid scalar flux has been discussed recently by the authors (Gao et al., 

2015; Klein et al., 2016a). The closure of eq. 2 also needs the modelling of the filtered flame 

front displacement (FFFD): 

∇ ⋅ (𝜌𝜌𝜌𝜌∇𝑐𝑐) + 𝜔̇𝜔𝑐𝑐��������������������� (4) 

A-priori and a-posteriori assessment of the FFFD terms have been addressed in Chakraborty 

and Klein (2008) and Ma et al. (2013). Interested readers are directed to Gao et al. (2015), 

Klein et al. (2016b), Chakraborty and Klein (2008) and Ma et al. (2013) and references therein 

for a detailed review of the existing literature. It is worth noting that models for both the FFFD 

and SGSF terms interact with each other and the best overall model is not necessarily given by 

the combination of the best individual model expressions, as discussed in Klein et al. (2016b). 
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A variety of concepts exist to deal with the closure of turbulent premixed combustion such as 

the G-equation (Pitsch et al., 2002) or the artificially thickened flame concept (Colin et al., 

2000). In this work we focus on the flame surface density (FSD) approach, where the FFFD 

term is expressed as:  

∇ ⋅ (𝜌𝜌𝜌𝜌∇𝑐𝑐) + 𝜔̇𝜔𝑐𝑐��������������������� = (𝜌𝜌𝑆𝑆𝑑𝑑)�������𝑆𝑆 Σgen = (𝜌𝜌𝑆𝑆𝑑𝑑)�������𝑆𝑆 Ξ |∇𝑐𝑐̅|   ;     Ξ = |∇𝑐𝑐|����� |∇𝑐𝑐̅|⁄ ;     Σgen = |∇𝑐𝑐|����� (5) 

Here 𝑆𝑆𝑑𝑑 is the displacement speed of a given c isosurface, Ξ is the wrinkling factor and Σ𝑔𝑔𝑔𝑔𝑔𝑔 is 

the generalised flame surface density FSD (Boger et al., 1998). The surface-weighted filtering 

operation (⋅)����𝑆𝑆 for a general quantity 𝑄𝑄 is given by (Boger et al., 1998): 

(𝑄𝑄)�����𝑆𝑆 = 𝑄𝑄|∇𝑐𝑐|�������/ |∇𝑐𝑐|����� (6) 

It is important to note that not only Ξ needs to be modelled but |∇𝑐𝑐̅| also needs closure because 

𝑐𝑐̅ is also an unknown quantity because a transport equation for  𝑐̃𝑐 is solved (see eq. 2). This 

subtlety is ignored in some occasions or alternatively solved using the BML formalism (Bray 

et al., 1985) in order to express 𝑐𝑐̅ as a function of 𝑐̃𝑐 using the heat release parameter 𝜏𝜏 = (𝑇𝑇𝑎𝑎𝑎𝑎 −

𝑇𝑇0)/𝑇𝑇0 (with 𝑇𝑇𝑎𝑎𝑎𝑎 and 𝑇𝑇0 being the adiabatic flame temperature and unburned gas temperature 

respectively) in the following manner:  

𝑐𝑐̅ = (1 + 𝜏𝜏)𝑐̃𝑐 / (1 + 𝜏𝜏𝑐̃𝑐)  (7) 

It is reported in the literature that using |∇𝑐𝑐̅| in conjunction with eq. (7) results in undesirable 

flame thickening and use of an explicit counter-gradient transport (CGT) model is 

recommended (Ma et al., 2013). Allauddin et al. (2017) argued that replacing |∇𝑐𝑐̅| with |∇ 𝑐̃𝑐| 

can be understood as an implicit CGT model. Mathematically, the flame thickening is the result 

of a steeper (shallower) gradient of  𝑐𝑐̅ obtained near the fresh (burnt) gas side of the flame, as 

shown in Fig. 1. This acts to increase the value of FSD in the leading edge in comparison to its 

value towards the burned gas side, which in turn leads to a faster propagation rate at the leading 

edge than at the trailing edge according to Ma et al. (2013). 
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It is interesting to recall the Favre-filtered G-equation (Peters, 2000; Pitsch et al., 2002), which 

describes the location of a thin flame interface and is given by:  

𝜌̅𝜌[𝜕𝜕𝐺𝐺�/𝜕𝜕𝜕𝜕 + 𝒖𝒖� ⋅ ∇𝐺𝐺�] = 𝜌𝜌0Ξ𝐺𝐺𝑆𝑆𝐿𝐿|∇𝐺𝐺�| (8) 

Here, Ξ𝐺𝐺  is a wrinkling factor in the context of G-equation approach (Peters, 2000). Note, that 

the same variable, i.e. 𝐺𝐺�, is used to express both left and right sides of eq. 8. Upon comparison 

of eq. 5 in conjunction with eq. 2 with the G-equation it becomes clear that the undesirable 

flame thickening could potentially be avoided by introducing a new definition of the wrinkling 

factor and resolved FSD as follows: 

∇ ⋅ (𝜌𝜌𝜌𝜌∇𝑐𝑐) + 𝜔̇𝜔𝑐𝑐��������������������� = (𝜌𝜌𝑆𝑆𝑑𝑑)�������𝑆𝑆 ΞF |∇𝑐̃𝑐|  ;     ΞF = |∇𝑐𝑐|�����/|∇𝑐̃𝑐|      (9) 

The wrinkling factor with a subscript F refers to the alternative definition based on |∇𝑐̃𝑐|. 

Formally, the result of combining eq. 2 with eq. 5 is identical to combining eq. 2 with eq. 9. 

However, existing wrinkling factor models attempt to predict the magnitude of total flame 

wrinkling by correcting the resolved scalar gradient |∇𝑐𝑐̅| by the wrinkling factor Ξ. In general, 

they do not account for the local variation of Ξ with respect to reaction progress variable 𝑐̃𝑐. In 

this regard, the alternative definition of flame wrinkling given by eq. 9 might be advantageous. 

By employing an FFFD model proportional to |∇𝑐̃𝑐| 𝑠𝑠ome previous analyses (Allauddin et al., 

2017; Lecocq et al., 2010; Ma et al. 2013; Keppeler et al., 2014) indeed implicitly used the 

definition given by eq. 9 instead of the conventional definition (i.e. eq. 5) and reported 

satisfactory agreement with experimental/expected results based on LES. This warrants 

physical explanations, which are yet to be available in the existing literature. Thus, the goal of 

this paper is an in-depth comparison of both definitions of wrinkling factor using a-priori 

analysis of planar flame DNS data and to provide physical explanations for the observations 

made by Allauddin et al. (2017), Lecocq et al. (2010), Ma et al. (2013) and Keppeler et al. 

(2014) based on their respective LES results. 
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The rest of the paper is organised in the following manner. The details related to the DNS 

database and its filtering will be explained in the next section. Following this, several existing 

closures for the FFFD term used in this work will be briefly summarized. This will be followed 

by the analysis of the models. Finally, conclusions will be drawn. 

 

2. DNS DATABASE 

A DNS database of turbulent premixed planar flames with single step Arrhenius type 

irreversible chemistry has been considered for the current analysis, consisting of two flames 

(denoted henceforth case A and case B) with global Lewis number Le = 1.0. The turbulent 

Reynolds number 𝑅𝑅𝑒𝑒𝑡𝑡 for cases A and B, normalised turbulent root-mean-square (rms) velocity 

fluctuation is 𝑢𝑢′/𝑆𝑆𝐿𝐿, integral length scale to thermal flame thickness ratio 𝑙𝑙/𝛿𝛿𝑡𝑡ℎ, Damköhler 

number 𝐷𝐷𝐷𝐷, and Karlovitz number 𝐾𝐾𝐾𝐾 are shown in Table 1. The definitions of these quantities 

are given as:  

𝐷𝐷𝐷𝐷 =
𝑙𝑙𝑆𝑆𝐿𝐿
𝛿𝛿𝑡𝑡ℎ𝑢𝑢′

   𝐾𝐾𝐾𝐾 = �
𝑢𝑢′

𝑆𝑆𝐿𝐿
�

3
2
�
𝑙𝑙
𝛿𝛿𝑡𝑡ℎ

�
−12

 𝛿𝛿𝑡𝑡ℎ =
𝑇𝑇𝑎𝑎𝑎𝑎 − 𝑇𝑇0

max|∇𝑇𝑇|𝐿𝐿
  𝜏𝜏 =

𝑇𝑇𝑎𝑎𝑎𝑎 − 𝑇𝑇0
𝑇𝑇0

  𝛽𝛽 =
𝑇𝑇𝑎𝑎𝑎𝑎(𝑇𝑇𝑎𝑎𝑎𝑎 − 𝑇𝑇0)

𝑇𝑇𝑎𝑎𝑎𝑎2
  

(10) 

Here 𝑆𝑆𝐿𝐿 is the unstrained laminar burning velocity, 𝛿𝛿𝑡𝑡ℎ is the thermal flame thickness. Note 

that the subscript ‘L’ refers to the unstrained laminar flame quantities. The heat release 

parameter 𝜏𝜏 and the Zel’dovich number 𝛽𝛽 are taken to be 4.5 and 6.0 respectively where 𝑇𝑇𝑎𝑎𝑎𝑎 is 

the activation temperature. Standard values of Prandtl number (𝑃𝑃𝑃𝑃 = 0.7) and ratio of specific 

heats (𝛾𝛾𝑔𝑔 = 1.4) have been used. 

 

The turbulent velocity fluctuations are initialised using a homogeneous isotropic 

incompressible velocity field in conjunction with a model spectrum suggested in Pope (2000). 

The reacting flow field is initialised by a steady planar unstrained premixed laminar flame 

solution. In all cases flame-turbulence interaction takes place under decaying turbulence and 
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all the non-dimensional numbers mentioned before have to be understood as initial values here 

and in the remainder of the text. The simulation time is chosen to be larger than the chemical 

time scale as well as the eddy turnover time when turbulent flame area and the kinetic energy 

of fluid evaluated over the whole volume were no longer varying rapidly with time. The 

simulation domain is taken to be a cube of 26.1 𝛿𝛿𝑡𝑡ℎ × 26.1 𝛿𝛿𝑡𝑡ℎ × 26.1 𝛿𝛿𝑡𝑡ℎ which is discretised 

using a uniform Cartesian grid of 512×512×512 points ensuring 11 grid points are kept within 

𝛿𝛿𝑡𝑡ℎ. Spatial derivatives for all internal grid points are evaluated using a 10th order central 

difference scheme but the order of discretization gradually drops to a one-sided 2nd order 

scheme at the non-periodic boundaries. Time integration is carried out using an explicit 3rd 

order low storage Runge-Kutta scheme. The boundary conditions in the mean flame 

propagation direction (aligned with negative 𝑥𝑥1-direction) are taken to be partially non-

reflecting, whereas boundaries in transverse directions are taken to be periodic. Similar DNS 

databases have been considered previously by the authors (for more details see Chakraborty et 

al., 2011; Chakraborty et al., 2009), but the present database extends the earlier ones to higher 

turbulent Reynolds number and a larger scale separation 𝑙𝑙/𝛿𝛿𝑡𝑡ℎ. 

 

For the purpose of the a-priori analysis carried out in this work, the DNS data has been 

explicitly filtered using a Gaussian filter kernel (see Eq.1).  Results will be presented from Δ ≈

0.4 𝛿𝛿𝑡𝑡ℎ where the flame is almost resolved, up to Δ ≈ 5.6 𝛿𝛿𝑡𝑡ℎ where the flame becomes fully 

unresolved and Δ is at the order of the integral length scale 𝑙𝑙. The result of the explicit filtering 

operation is a 5123 dataset, with the same dimensions as the original DNS database. If during 

a-priori analysis, a model expression is evaluated based on the filtered data one has to decide 

if gradients of the variable under consideration are evaluated numerically based on the DNS 

grid (filter) size Δ𝐷𝐷𝐷𝐷𝐷𝐷 or based on the size of the convolution filter Δ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 which corresponds in 

our case:  Δ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑛𝑛Δ𝐷𝐷𝐷𝐷𝐷𝐷 with 𝑛𝑛 = 4,16,28,56. Throughout this work the expressions |∇ 𝑐𝑐̅| 
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and |∇ 𝑐̃𝑐| will be evaluated using Δ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 based on finite difference formulae. As a result, these 

terms will contain realistic truncation errors. 

 

3. ALGEBRAIC WRINKLING FACTOR MODELS 

A large variety of wrinkling factor based algebraic FSD models has been analysed in detail in 

Chakraborty and Klein, (2008) and Ma et al. (2013). The present analysis focuses on a small 

selection of wrinkling factor models (Angelberger et al. 1998; Charlette et al. 2002; Fureby 

2005; Gülder 1990; Pocheau 1994; Zimont 1995) which can be written in the form of eq. 5 i.e. 

the resolved FSD can be factored in: Σgen = Ξ ⋅ |∇𝑐𝑐̅|. These wrinkling factor expressions 

expressions are given in alphabetical order in Table 2. For a discussion of these models we 

refer the reader to the original references or the summary provided in Chakraborty and Klein, 

(2008) and Ma et al. (2013). 

 

4. RESULTS & DISCUSSION 

In an earlier analysis by these authors (Chakraborty and Klein, 2008) the performance of 

different algebraic LES FSD models has been assessed with respect to three criteria: 

(i) The volume-averaged value of the generalised FSD < Σ𝑔𝑔𝑔𝑔𝑔𝑔 > represents the total flame 

surface area. Thus it should not vary with ∆ and should be equal to the corresponding value 

obtained from the DNS data.  

(ii) The correlation coefficient between the modelled FSD and the FSD obtained from DNS 

database should be as close to unity as possible. 

(iii) The model should be able to capture the correct variation of conditionally averaged values 

of Σ𝑔𝑔𝑔𝑔𝑔𝑔 with filtered reaction progress variable 𝑐𝑐̅ across the flame brush. 

The same methodology will be used in this work with the exception that Σ𝑔𝑔𝑔𝑔𝑔𝑔 will be expressed 

either as Σ𝑔𝑔𝑔𝑔𝑔𝑔 = Ξ𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚|∇ 𝑐𝑐̅| or Σ𝑔𝑔𝑔𝑔𝑔𝑔 = Ξ𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚|∇ 𝑐̃𝑐| where Ξ𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 is one of the existing models 
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for Ξ given in Table 2. In addition, the behaviour of Ξ extracted from explicitly filtered DNS 

data will be compared to that of ΞF.  

The goal of this work is to show that existing wrinkling factor models can also be used to model 

ΞF  rather than comparing individual models with each other, which has already been discussed 

extensively in Chakraborty and Klein (2008) and Ma et al. (2013). 

 

Figure 3 shows the variation of volume-averaged Σ𝑔𝑔𝑔𝑔𝑔𝑔 with Δ/𝛿𝛿𝑡𝑡ℎ for cases A and B. The 

modelling according to eq. 5 is shown on the left, whereas the results according to alternative 

definition are shown in the right column. The volume-averaged flame surface area is a quantity 

of primary interest and Fig. 3 clearly shows that existing wrinkling factor models work equally 

well for modelling both < Ξ|∇𝑐𝑐̅| > and < ΞF|∇𝑐̃𝑐| >.  

 

In contrast to the volume-averaged FSD, the volume-averaged wrinkling factor is expected to 

increase with increasing filter size, because it represents the ratio of total to resolved flame 

wrinkling and the latter quantity decreases with increasing filter size. The variations of volume-

averaged modelled wrinkling factors < Ξ > and < ΞF >  with normalized filter width are 

shown in Fig. 4 for both cases. It can be seen from Fig. 4 that < ΞF > gives slightly higher 

values compared to < Ξ >. Furthermore the prediction of the Fureby model is close to the 

actual DNS value of < Ξ >, whereas the other models tend to overpredict the flame wrinkling 

with increasing filter size. It is also worth noting that all models approach the correct 

asymptotic limit of unity (i.e. 𝑙𝑙𝑙𝑙𝑙𝑙∆→0Σ𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑙𝑙𝑙𝑙𝑙𝑙∆→0|∇𝑐𝑐̅| = 𝑙𝑙𝑙𝑙𝑙𝑙∆→0|∇𝑐̃𝑐| = |∇𝑐𝑐| and thus Ξ =

ΞF = 1.0) in the limit of small filter size.  
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A comparison between Fig. 3 and Fig. 4 reveals that the value of < Σ𝑔𝑔𝑔𝑔𝑔𝑔 > is more or less 

equally over- and underpredicted by the different models (see Fig. 3), whereas < Ξ > is 

overpredicted by all models except for the Fureby model. 

 

The explanation for this behaviour can be obtained from Fig. 5 where the variation of volume-

averaged resolved FSD with normalised filter size Δ/𝛿𝛿𝑡𝑡ℎ is shown for cases A and B according 

to the conventional definition based on |∇𝑐𝑐̅| as well as for the alternative definition in terms of 

|∇𝑐̃𝑐|. For small filter size, the magnitude of the volume-averaged resolved FSD is close to the 

value of volume-averaged generalised FSD (because 𝑙𝑙𝑙𝑙𝑙𝑙∆→0Σ𝑔𝑔𝑔𝑔𝑔𝑔 = 𝑙𝑙𝑙𝑙𝑙𝑙∆→0|∇𝑐𝑐̅| =

𝑙𝑙𝑙𝑙𝑙𝑙∆→0|∇𝑐̃𝑐| = |∇𝑐𝑐|), as shown in Fig. 3. For increasing filter size the value of volume-averaged 

resolved FSD decreases due to two effects which can be distinguished by approximating ∇𝑐𝑐̅ 

and ∇𝑐̃𝑐 using DNS grid or LES grid based finite differences. In the case of DNS grid based 

finite differences the decreasing trend can be attributed to the effect of filtering reaction 

progress variable with increasing filter sizes. The same effect is there for LES grid based finite 

differences but in addition to this, the effects of truncation errors are now clearly visible. For 

this reason, the Fureby model predicts the wrinkling factor very well (see Fig. 4) but to some 

extent underpredicts the volume averaged generalized FSD (see Fig. 3) for this database. This 

indicates that in general the best model might not be the one that gives the best representation 

of the wrinkling factor. Instead a model that moderately overpredicts the flame wrinkling and 

therefore to some extent implicitly accounts for (i.e. counters the effects of) truncation errors 

might be more successful in an overall basis. This highlights also the close interaction of 

modelling and numerical errors in LES.  

 

The next focus is on criterion (ii) i.e. the correlation between model expressions and the 

corresponding values determined from a-priori filtered DNS data. For all cases the correlations 
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between modelled and actual wrinkling are negligibly small, of the order of 0.1 and hence are 

not shown here. The reason is, that the wrinkling factor models considered here do not contain 

a dependence on 𝑐̃𝑐 or its gradient, but instead depend on the state of local turbulence. Because 

of the poor correlation between Ξ or Ξ𝐹𝐹 with Ξ𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚, it can be inferred that the correlation 

between Σ𝑔𝑔𝑔𝑔𝑔𝑔 and Ξmodel|∇𝑐𝑐̅| and between Ξmodel|∇𝑐̃𝑐| depends primarily on the correlation 

between |∇𝑐𝑐|����� and |∇𝑐𝑐̅| or |∇𝑐̃𝑐|. As a consequence, the correlation coefficients for the different 

models show a relatively small variation (maximum 0.05 around the mean) and only the 

average correlation coefficients over all models for a particular filter size are shown in Fig. 6. 

It can be seen from Fig. 6 that the correlation strength decreases considerably with increasing 

filter size. The correlation strength is slightly lower for Case B with the higher turbulence 

intensity and correlations involving  𝑐̃𝑐 are slightly higher compared to those using 𝑐𝑐̅. The fact 

that correlations involving 𝑐𝑐̅ do not differ much from correlations involving  𝑐̃𝑐 has been 

discussed in Klein et al. (2016b) for a different database. It has been argued by Klein et al. 

(2016b) that the spectral content of  𝑐̃𝑐 and 𝑐𝑐̅ differs mainly at high wavenumbers, i.e. the part 

which is in the sub-filter range. If  𝑐̃𝑐 and 𝑐𝑐̅ are sampled and differentiated on a coarse grid, the 

Nyquist theorem shows that only the lowest frequencies play key roles, and this is exactly the 

frequency range where both quantities are similar in terms of their frequency content. Overall, 

the differences between both approaches can be considered to be small in terms of their 

correlation strengths. 

 

Next, the variation of conditionally averaged values of Σ𝑔𝑔𝑔𝑔𝑔𝑔 with filtered reaction progress 

variable  𝑐𝑐̅ across the flame brush will be discussed (criterion (iii)). Results are shown in Fig. 

7 for case A and four different filter width. Case B behaves qualitatively very similarly and 

thus is not shown here. The different magnitudes of the model expressions were evident in the 

volume-averaged values of generalised FSD in Fig. 3. For small filter size the differences 
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between Ξ|∇𝑐𝑐̅| and Ξ|∇𝑐̃𝑐| are small because 𝑙𝑙𝑙𝑙𝑙𝑙∆→0|∇𝑐𝑐̅| = 𝑙𝑙𝑙𝑙𝑙𝑙∆→0|∇𝑐̃𝑐| = |∇𝑐𝑐| and thus Ξ =

ΞF = 1.0. However, for larger filter size Ξ|∇𝑐𝑐̅| becomes skewed towards the fresh gas side 

whereas Ξ|∇𝑐̃𝑐 | becomes skewed toward the burned gas side. In both cases the conditionally 

averaged profiles are considerably wider than the generalised FSD. Again it is noted that 

expressions |∇𝑐𝑐̅| and |∇𝑐̃𝑐 | are evaluated using finite differences on the LES grid spacing Δ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 

in contrast to previous analyses (e.g. Chakraborty and Klein (2008)) where the gradients have 

been calculated on the DNS grid. 

 

Finally, the variation of conditionally averaged wrinkling factors is shown for both cases and 

two filter widths in Fig. 8. For small filter width (top of figure) the variation of Ξ across the 

flame brush is relatively small. In particular, both Charlette and Fureby models yield nearly 

constant values close to unity. However, the variation of Ξ increases considerably with 

increasing filter width and increasing turbulence intensity. It is also worth noting that Ξ exhibits 

a smaller degree of variation than the alternative definition ΞF. Furthermore, ΞF can assume a 

value smaller than unity but the minimum possible value of Ξ  remains unity. Both of these 

aspects could be considered a disadvantage of the alternative definition ΞF. However, since the 

wrinkling factor models according to conventional definition do not follow the same behaviour 

as obtained from DNS data, this theoretical disadvantage might be of a minor practical 

importance. 

 

5. CONCLUSIONS  

Algebraic FSD models in conjunction with a wrinkling factor expression, which multiplies the 

resolved scalar gradient magnitude are one of the standard approaches for modelling turbulent 

premixed combustion. A drawback in this well-known framework is that the resolved FSD |∇𝑐𝑐̅| 

is an unknown quantity because transport equations are typically solved in the context of Favre 
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filtering. Using BML theory 𝑐𝑐̅ can be expressed using the Favre filtered reaction progress 

variable 𝑐̃𝑐. However, this gives rise to additional modelling errors because the assumptions of 

the BML formalism might not always be fulfilled. Furthermore, it is reported in the literature 

(Ma et al., 2013) that the use of |∇𝑐𝑐̅| can result in artificial flame thickening as a result of a 

steeper (shallower) gradient of  𝑐𝑐̅ obtained near the fresh (burnt) gas side of the flame compared 

to 𝑐̃𝑐. This artificial flame thickening can be prevented either by using an explicit counter-

gradient transport model or alternatively by numerical methods. In this work an alternative 

definition of the resolved FSD in terms of Favre filtered reaction progress variable is suggested  

|∇𝑐̃𝑐| which gives rise to an alternative definition of the wrinkling factor Ξ𝐹𝐹 = |∇𝑐𝑐|�����/|∇𝑐̃𝑐|. In 

order to compare both definitions a new database of statistically planar turbulent premixed 

flames with larger scale separation and higher turbulent Reynolds numbers compared to earlier 

work by the authors (Gao et al., 2015; Chakraborty and Klein, 2008; Ma et al., 2013) has been 

considered. This database has been explicitly filtered and model expressions have been 

assessed in the context of a-priori analysis. Six different well-known models have been taken 

from literature and it has been shown that the existing wrinkling factor expressions serve 

equally well the purpose of modelling either Ξ or Ξ𝐹𝐹. Correlation strengths of modelled 

generalised FSD with the corresponding variable extracted from DNS are found to be 

comparable. A minor theoretical disadvantage of the new approach is that Ξ𝐹𝐹 shows a 

somewhat larger variation across the flame brush compared to Ξ. However, the advantages of 

the new formulation are that it results in a closed form expression of the resolved FSD and that 

artificial flame thickening can be avoided without resorting to an explicit counter-gradient 

transport modelling. Furthermore, the close interaction between physical modelling and 

numerical errors in a LES has been highlighted by evaluating and comparing the volume 

averaged resolved FSD (a quantity proportional to resolved flame area) on the DNS grid and 

the corresponding LES grid size. The results on the DNS grid reflect only the effect of filtering 



14 
 

and modelling inaccuracies, whereas numerical errors and its interaction with modelling errors 

become important when finite differences with the equivalent LES grid are used for evaluating 

the resolved FSD. It is worth noting that the alternative definition of the wrinkling factor and 

the present a-priori DNS analysis provide a physical and theoretical justifications for the 

observation (Allauddin et al., 2017; Ma et al., 2013; Lecocq et al., 2010; Keppeler et al., 2014) 

that satisfactory LES results can be obtained by replacing |∇ 𝑐𝑐̅| with |∇ 𝑐̃𝑐|. 
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TABLES 

 

Case 𝑅𝑅𝑒𝑒𝑡𝑡 𝑢𝑢′/𝑆𝑆𝐿𝐿 𝑙𝑙/𝛿𝛿𝑡𝑡ℎ 𝐷𝐷𝐷𝐷 𝐾𝐾𝐾𝐾 

A 87.5 7.5 4.58 0.61 9.6 

B 175.0 15.0 4.58 0.31 27.16 

 

Table 1: Characteristic parameters for the two planar turbulent premixed flames considered in 

this analysis.  
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Table 2: List of algebraic wrinkling factor models considered here where ν  is the kinematic 

viscosity in the unburned gas and 𝛿𝛿𝐿𝐿 = 𝛼𝛼𝑇𝑇0/𝑆𝑆𝐿𝐿 is the Zel’dovich flame thickness with 𝛼𝛼𝑇𝑇0 

being thermal diffusivity in the unburned gas.  
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FIGURE CAPTIONS 

Figure 1. Sketch of a 1D laminar back to back flame. Profiles of (a) normalised density 𝜌𝜌/𝜌𝜌0 

and reaction progress variable 𝑐𝑐 as well as filtered 𝑐𝑐̅ and Favre filtered  𝑐̃𝑐 reaction progress 

variable, assuming a filter size of Δ/𝛿𝛿𝑡𝑡ℎ = 2.8; (b) Magnitudes of 𝜕𝜕𝑐𝑐̅/𝜕𝜕𝜕𝜕 and 𝜕𝜕𝑐̃𝑐/𝜕𝜕𝜕𝜕 

normalized with 𝛿𝛿𝑡𝑡ℎ.  

Figure 2. Instantaneous view of 𝑐𝑐 isosurfaces for cases A and B. The value of 𝑐𝑐 increases from 

0.1 (yellow) to 0.9 (red). 

Figure 3. Variation of volume-averaged generalised FSD < Σ𝑔𝑔𝑔𝑔𝑔𝑔 > with normalised filter size 

Δ/𝛿𝛿𝑡𝑡ℎ for case A (top) and case B (bottom). The standard modelling approach according to eq. 

5 is shown in the left column, the new approach (see eq. 9) is shown in the right column. 

Figure 4. Variation of volume-averaged wrinkling factor with normalised filter size Δ/𝛿𝛿𝑡𝑡ℎ for 

case A (left) and case B (right).  

Figure 5. Variation of volume-averaged resolved FSD with normalised filter size Δ/𝛿𝛿𝑡𝑡ℎ 

according to the conventional definition (i.e. |∇𝑐𝑐̅|) as well as according to the alternative 

definition (i.e. |∇𝑐̃𝑐|) for cases A and B. Finite differences are either evaluated on the DNS grid 

or the LES grid for comparison. 

Figure 6. Correlation coefficients between Σ𝑔𝑔𝑔𝑔𝑔𝑔 and Ξmodel|∇𝑐𝑐̅| (left figure) respectively 

Ξmodel|∇𝑐̃𝑐| (right figure) for cases A and B and four different filter width. 

Figure 7. Variation of conditionally averaged generalised FSD for case A and four different 

filter sizes (from top to bottom Δ/𝛿𝛿𝑡𝑡ℎ = 0.4, 1.6, 2.8, 5.6). The standard modelling approach 

according to eq. 5 is shown in the left column the new approach (see eq. 9) is shown on the 

right. 

Figure 8. Variation of conditionally averaged wrinkling factor for case A and B exemplarily 

shown for two filter sizes (Δ/𝛿𝛿𝑡𝑡ℎ = 0.4, 5.6).  
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(b) 

 
 

Figure 1. Sketch of a 1D laminar back to back flame. Profiles of (a) normalised density 𝜌𝜌/𝜌𝜌0 
and reaction progress variable 𝑐𝑐 as well as filtered 𝑐𝑐̅ and Favre filtered  𝑐̃𝑐 reaction progress 
variable, assuming a filter size of Δ/𝛿𝛿𝑡𝑡ℎ = 2.8; (b) Magnitudes of 𝜕𝜕𝑐𝑐̅/𝜕𝜕𝜕𝜕 and 𝜕𝜕𝑐̃𝑐/𝜕𝜕𝜕𝜕 
normalized with 𝛿𝛿𝑡𝑡ℎ.  

  



22 
 

  
 
 

Figure 2. Instantaneous view of 𝑐𝑐 isosurfaces for cases A and B. The value of 𝑐𝑐 increases from 
0.1 (yellow) to 0.9 (red). 

  



23 
 

  
 

  
 

Figure 3. Variation of volume-averaged generalised FSD < Σ𝑔𝑔𝑔𝑔𝑔𝑔 > with normalised filter size 
Δ/𝛿𝛿𝑡𝑡ℎ for case A (top) and case B (bottom). The standard modelling approach according to eq. 
5 is shown in the left column, the new approach (see eq. 9) is shown in the right column. 
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Figure 4. Variation of volume-averaged wrinkling factor with normalised filter size Δ/𝛿𝛿𝑡𝑡ℎ 
for case A (left) and case B (right).  
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Figure 5. Variation of volume-averaged resolved FSD with normalised filter size Δ/𝛿𝛿𝑡𝑡ℎ 
according to the conventional definition (i.e. |∇𝑐𝑐̅|) as well as according to the alternative 
definition (i.e. |∇𝑐̃𝑐|) for cases A and B. Finite differences are either evaluated on the DNS grid 
or the LES grid for comparison. 
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Figure 6. Correlation coefficients between Σ𝑔𝑔𝑔𝑔𝑔𝑔 and Ξmodel|∇𝑐𝑐̅| (left figure) respectively 
Ξmodel|∇𝑐̃𝑐| (right figure) for cases A and B and four different filter width. 
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Figure 7. Variation of conditionally averaged generalised FSD for case A and four different 
filter sizes (from top to bottom Δ/𝛿𝛿𝑡𝑡ℎ = 0.4, 1.6, 2.8, 5.6). The standard modelling approach 
according to eq. 5 is shown in the left column the new approach (see eq. 9) is shown on the 
right. 
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Figure 8. Variation of conditionally averaged wrinkling factor for case A and B exemplarily 
shown for two filter sizes (Δ/𝛿𝛿𝑡𝑡ℎ = 0.4, 5.6).  
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