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A formalism for describing an all-sky map of the polarization of the cosmic microwave background
is presented. The polarization pattern on the sky can be decomposed into two geometrically distinct
components. One of these components is not coupled to density inhomogeneities. A nonzero amplitude
for this component of polarization can only be caused by tensor or vector metric perturbations. This
allows unambiguous identification of long-wavelength gravity waves or large-scale vortical flows at the
time of last scattering. [S0031-9007(97)02705-1]
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With the COBE detection of large-angle anisotropy inture T have been considered. Hefeand U are defined
the cosmic microwave background (CMB), results fromwith respect to particular orthogonal axes on the celestial
numerous balloon-borne and ground-based experimentsphere. While this formalism does provide a complete de-
and the advent of a new generation of satellite missionsscription of the polarization, there is no rotationally invari-
the CMB is becoming an increasingly precise probe of theant way to lay down orthogonal basis vectors on a sphere,
early Universe. CMB anisotropies will help determine so the meaning o@Q, QU, UU, QT, or UT will depend
whether density perturbations (scalar modes) are then absolute positions of the points being correlated rather
result of inflation, topological defects, or perhaps somehan just the relative position. Calculations of this sort
other mechanism. Detection of a stochastic gravityhave been done with a small-angle approximation, since
wave background (tensor modes) [1] or vortical motionsrotational noninvariance disappears when considering only
in the primeval fluid (vector modes) would help to a small patch of the sky. However, this formalism is not
discriminate between these models. Inflation damps outptimal for describing the complete temperature and po-
vector modes but will produce some tensor modes anthrization correlations present in full-sky maps.
also predicts a specific relationship between the spectrum Here we present a rotationally covariant formalism
of the scalar and tensor fluctuations [2]. In contrastfor describing the polarization pattern on a full sky.
topological defects will produce a mixture of scalar, The Stokes parameters, defined by th& 2 correlation
vector, and tensor modes. Scalar modes give rise to bothatrix of the electric field of incoming photons, can be
the observed large-scale structure and CMB fluctuationsjescribed as a tensor field on the celestial sphere. The
while in the foreseeable future we can only expect toQ and U parameters, describing linear polarization, are
observe the consequences of tensor or vector modgsst given by the symmetric trace-free (STF) part of this
through their effects on the CMB. Without a model of tensor. For example, in spherical polar coordinétesp),
primordial fluctuations, the contribution of scalar, vector,where the spherical metric ig,, = diag(1,sir?g), the
and tensor modes to the CMB temperature anisotropy angolarization tensor is
indistinguishable. . AV

However, any mechanism which produces temperature P.,(0) = l(g(“l . _ U(P)§|n0 ) @

. . A . o= 2\ —U®)sine —Q(fi)sin’e
anisotropies will invariably lead to nonzero polarization
as well [3—6]. As we demonstrate in this Letter, thisThe “ab” are the tensor indices, and we use standard
polarization signal can be used to discriminate betweetensor notation throughout. It is natural to decompose
scalar and vector or tensor metric perturbations. COBEhe linear-polarization pattern into STF tensor spherical
has already mapped the polarization pattern with armarmonics [8,9], which constitute a complete orthonormal
angular resolution of 7(although the data have not been set of rank-2 STF tensors on the sphere. There are two
analyzed), and MAP [7] will measure the polarizationtypes of harmonic STF tensonié(f,;m)ab andY((;m)ah, one of
with a resolution of around 073 each for every one of the usual spherical harmoiigs

In prior work, the autocorrelation and cross correlationswith [ = 2. Two sets of tensor harmonics are required
between the Stokes paramet@sandU and the tempera- as there are two modes of linear polarizatighand U.
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Since Compton scattering can produce no net circular yG o Ni(Wiw X(im)Sing

polarization, the CMB is expected to have= 0, and (imyap(B) = 2\ X(m)Sing = WySirt )

the V Stokes parameter will not be considered further. N , (6)
The harmonic expansion of an all-sky map of the CMB Y Gmya () = ’<_X(lm) Wam)Sing )

temperature and polarization can be written 2\ Wamsing X Sir
() with the definitions
—T =1+ ngm)y(lnz)(ﬁ)’ Wi = 3_2 — cotf i + m_2 Yim)
» (;) B ) " =\ 462 90 sireg )" o
b G G A C C A .
llT = Z[a(lm)Y(lm)ab(n) + a(lm)Y(lm)ab(n)]' Xium) = 2im i — cotd Yy
0 fm m = sing \ a6 (tm) -
The mode amplitudes are given by The exchange symmetryQ, U} —{U,—Q} as G—C
. 1 o indicates that(,,,, and Y(,,., represent polarizations
A(m) = T daT(h)Y, (lm)(n)’ rotated by 45,
0 A most useful property of the &€ decomposition is
a8 = 1 f dir P, (i) YS 0 * (1) 3) that, in linear theory, scalar perturbations can produce only
m =1y ¢ (tm) | G-type polarization and not C-type polarization. This is

c 1 A o Cabion in contrast to tensor or vector metric perturbations which
Am) = Fofdn Pup(B) Y, (D), will produce a mixture of both types. To understand
) ) ) ~ why scalar metric perturbations do not produce a C-type
which can be derived from the orthonormality properties pojarization pattern, consider a scalar perturbation with
single Fourier modé& in thez direction. The polarization
fdﬁ Y () @)Y (10ry (B) = 81108 in a given direction can be represented by a magnitude
P = (0? + U?'? and an orientation angle from the
A yGr vy Gabay s o axis defining the Stokes parameters (here, chéhsghere
f A8 Y i ()Y ) (8) = St tarka = U/Q. For scalar perturbations, the orientation
o Ch e Coabon (4)  of the polarization can be determined only by the direction
f A Y )0, B)Y (1, (B) = 81108 » of k: thus e = 0 if the polarization orientation is along
the direction ofk, or « = #/2 if the orientation is
f dh Y((l}nj)ab(ﬁ)y((l:’nci’b)(ﬁ) =0. p_erpendic_ular to the direction df. !n either case, in a
given region of the sky all of the orientations are parallel
HereT, is the cosmological mean CMB temperature, and@nd thus the polarization pattern has no curl. Since the
we are assumin@ and U are measured in brightness curl is a linear operator, summing over Fourier modes
temperature units rather than flux units. does not alter this conclusion. For tensor and vector

The two geometrically distinct tensor harmonics are ~ perturbations, the azimuthal symmetry in the scalar case
is explicitly broken, and thus the Fourier vector does

Y8 s = Ni(Y — 2 8abr Ym):E) : o -
(Im)ab Y (im):ab — 28ab ¥ (im):c ), not completely define the direction of the polarization

c N, . . (5)  orientation. Another way to state this argument is that
Yimyapr = X Yimyac€s + Yimybe€a)- scalar perturbations have no handedness so they cannot

produce any curl, whereas vector and tensor perturbations
HereN; = 4/2(I — 2)!/(I + 2)!is a normalization factor, Jg have a handedness and therefore can.

€q is the completely antisymmetric tensor, and “"  Finding a nonzero component of C-type polarization in
indicates a covariant derivative on the sphere. In twWahe CMB would provide compelling evidence for signifi-
dimensions, any STF tensor can be uniquely decomposegnt contribution of either vector or tensor perturbations
into a part of the formA.., — (1/2)gaA. and another ¢ the time of last scattering. Given a polarization map
part of the formB.,.e% + By.€, whereA and B are  of even a small part of the sky one could in principle
two scalar functions. This decompOSition is quite S|m|lartest for vector or tensor Contribution by Comput“']g the
to the decomposition of a vector field into a part which iscombination of derivatives of the polarization given by
the gradient of a scalar field and a part which is the curl OfP:ZfeCa which will be nonzero only for C-type polariza-

a vector field; hence we use the notation G for “gradientjon j.e., when vector or tensor perturbations are present.
and C for “curl.”  Since theY(;,)'s provide a complete  gimjlarly only G-type polarization contributes tB.,,.
basis for scalar functions on the sphere, Hf&),,’'s and  Of course, taking derivatives of noisy data is problematic;
Y((l:m)ab’s provide a complete basis for G-type and C-typemore robust measures are given below.

STF tensors, respectively. This/G decomposition is We now turn to statistics of CMB polarization. If the
also known as the scajgrseudoscalar decomposition [9]. cosmological inhomogeneities are Gaussian random noise,
In (8, ¢) coordinates, where Eq. (1) holds, the harmon-then to the extent linear theory is valid, the CMB fluctua-
ics are given explicitly by tions will also be Gaussian random noise. Regardless of
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whether the distribution is Gaussian, rotational invariancescalar as well as nonscalar modes, along with undeter-
requires that the two-point correlations be of the form  mined cosmological parameters. If so, the most infor-

@ al, Y= CT 8,8, mation can be extracted from the map by comparing the

g";) gm) IG e entire set of predicted momen{g;}, CP, €S, ¢}, with
@(m) Ay = C1 8108 » the measured estimators [12,13].

(Im) “(I'm'")

Cc+ C — CSsms Note that only theC;’s potentially allow detection of a
<a(lm) a(l’m’)> 1 Oll'Omm’ » ; - )

Ts G G (8) small vector or tensor signal. If scalar perturbations domi-
W(im) Armry) = C1 7 8108 » nate, then the vector or tensor signal{ie;, C{°, C;¢}
<a(Tb:) GSWQ = CTC 88 » mallytli)e shwarré;’)ed by the cosmm_vana:jnpe |rr]1'the scalarh Sig-

Gr C e nal, but t eC,.s are not co?(t}amlngte in this way. The
<a(lm) a(l’m’)> = Cr 611 Omm' - cross-correlation moments; -, which differ for scalar,

If we also require that the distribution of inhomogeneitiesvector, and tensor perturbations [14], will be larger than
be invariant under parity, the@ < = CF“ =0 since the the polarization autocorrelation moments. Therefore, the

Y(im) and they(?m)ab have parity(—1)’ while the ng)ab temperature-polarization cross correlation may be mea-

have parity(—1)'*!. Measuring a nonzer@/“ and/or sured with some precision.

CIGC would be quite interesting, indicating a handednessl?'vIUCh gf the srgall—adngble forrlnal_lsmty(i)f ReAfs,. [.3_5’14_
to the inhomogeneities in our universe. However, we ] can be reproduced by replacing thg,,(#)'s in our

i i i il i
do not expect this and will henceforth only consider theformallsm with Fourier modesg'™, and using regular

four angular power specti!, S, S, cTO}. The first derivatives rather than covariant ones. This small-angle

is the well-known angular power spectrum of temperaturéOrmallsm s completely analogous to that developed

anisotropies while the last three, new to this paper, are r bove and will provide an accurate description of a region

. e . of sky small enough to be approximated by a flat surface.
lated to various quantities in previous work (see Ref. [10]) he é/c decompc?sition i tr?gsmall-angle);ormalism can
Note that the scalar, vector, and tensor contribution to ea

of the C/’s adds in quadrature, i.e., faf = T, G, C, TG e used to detect nonscalar perturbations on small scales,
! Lo T though the tensor and vector signal are liable to drop off

scal S .
CF = el 4 cfveeter 4 cjften, (9)  rapidly at angular scales smaller than a few degrees.
and this is true whether or not the fluctuations are Gaussian. 10 Mmake contact with previous work, we can write the
We have argued thaIZC scalar _ ) two-point temperature and polarization correlation func-

Given an all-sky temperature-polarization map, one cafions [3—5,14—17] in terms of multipole moments [10].
determine thex(,,’s using Eq. (3), and then construct Although correlation functions of Stokes parameters which

estimators for the,’s in the usual way, i.e., appear in the previous literature depend on the positions
e Lo1al P P l |aG 2 of the points being correlated, rotationally invariant cor-
cl = Z (m) CIG = Z (Um) relation functions exist which are closely related to those

e 20+ 1 w20+ 1 discussed above. To construct them, define Stokes param-
—~ Lo a2 - 1 T+ G (10) ! X
o _ Z Al CTG _ Z A(1m) 4 (im) etersQ, gndU, with respect to axes Whlch are parallel and
L e 20+ 1 e e 20+ 1 perpendicular to the great arc (or geodesic) which connects

. . the two points being correlated. The two-point correlation
If only part of the sky is mapped, the same techniques, tions are

developed to analyze anisotropy with incomplete sky

T _ 72 ~ ~
coverage [11] may be applied to polarization to construct C(0) = To T (@1)T (h2))4, -8, ~cost
other estimators of the various;’s. The mean square 22U+ g
polarization is = ; 1. Ci P;(co9),
— ~Pa — D2 2 - . A
Q>+ Ur=2PFy = T + Fe. (D) C2(0) = Ty X(Q:(#1)Q, (A2))s, 4, ~coss
where 2+ 1
— — — G
B_sAtigp B_gAr1z = 2|5 MICP Wi (0.0
2 > - = 7 -
To i= 7 To = 87 — iCF X(2)(6,0)],
12)

. L= —- cY(0) = Ty XU, (81U, (A2))a,-4,=
Since scalar modes do not contribute®g, this statistic LA TASE s

provides a powerful and unambiguous model-independent - Z /2l + INI[CZCW(Q)(G 0)
probe of tensor and vector perturbations. 7 27

To test a given spectrum of tensor modes against a po- _ iC,GX(,z)(H,O)],
larization map, comparing the complete set of predicted 10 i A

C ... . “C . c'4(9) = T, <T(n1)Qr(n2)>ﬁ,~ﬁ2:cose
C; with the estimatorC; is more powerful than con-

sidering only 2, if the detection has sufficient signal -y 20 + lNz TS p2(cosd) (13)
to noise. Usually, however, the theory being tested has T~ 4w ! ’
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