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Abstract

Deep neural networks and other deep learningmethods have very successfully been applied to

the numerical approximation of high-dimensional nonlinear parabolic partial differential

equations (PDEs), which are widely used in finance, engineering, and natural sciences. In

particular, simulations indicate that algorithms based on deep learning overcome the curse of

dimensionality in the numerical approximation of solutions of semilinear PDEs. For certain

linear PDEs it has also been proved mathematically that deep neural networks overcome the

curse of dimensionality in the numerical approximation of solutions of such linear PDEs. The

key contribution of this article is to rigorously prove this for the first time for a class of

nonlinear PDEs. More precisely, we prove in the case of semilinear heat equations with

gradient-independent nonlinearities that the numbers of parameters of the employed deep

neural networks grow at most polynomially in both the PDE dimension and the reciprocal of

the prescribed approximation accuracy. Our proof relies on recently introduced full history

recursive multilevel Picard approximations for semilinear PDEs.
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1 Introduction

Deep neural networks (DNNs) have revolutionized a number of computational problems;

see, e.g., the references in Grohs et al. [13]. In 2017 deep learning-based approximation

algorithms for certain parabolic partial differential equations (PDEs) have been proposed

in Han et al. [6, 14] and based on these works there is now a series of deep learning-based

numerical approximation algorithms for a large class of different kinds of PDEs in the

scientific literature; see, e.g., [1, 2, 4, 9, 10, 11, 13, 15, 21–25]. There is empirical evidence

that deep learning-based methods work exceptionally well for approximating solutions of

high-dimensional PDEs and that these do not suffer from the curse of dimensionality; see,

e.g., the simulations in [1, 2, 6, 14]. There exist, however, only few theoretical results

which prove that DNN approximations of solutions of PDEs do not suffer from the curse of

dimensionality: The recent articles [5, 10, 13, 20] prove rigorously that DNN approxi-

mations overcome the curse of dimensionality in the numerical approximation of solutions

of certain linear PDEs.

The main result of this article, Theorem 4.1 below, proves for semilinear heat equations

with gradient-independent nonlinearities that the number of parameters of the approxi-

mating DNN grows at most polynomially in both the PDE dimension d 2 N and the

reciprocal of the prescribed accuracy e[ 0. Thereby, we establish for the first time that

there exist DNN approximations of solutions of such PDEs which indeed overcome the

curse of dimensionality. To illustrate the main result of this article we formulate in the

following result, Theorem 1.1 below, a special case of Theorem 4.1.

Theorem 1.1 Let Ad : R
d ! R

d , d 2 N ¼ f1; 2; . . .g, and �k k : ð[d2NR
dÞ ! ½0;1Þ sat-

isfy for all d 2 N, x ¼ ðx1; . . .; xdÞ 2 R
d that AdðxÞ ¼ maxfx1; 0g; . . .;maxfxd; 0gð Þ and

kxk ¼ ½Pd
i¼1ðxiÞ

2�1=2, let N ¼ [H2N [ðk0;k1;...;kHþ1Þ2NHþ2

QHþ1
n¼1 R

kn�kn�1 � R
kn

� �h i

; let R :

N ! ð[k;l2NCðRk;RlÞÞ and P : N ! N satisfy for all H 2 N, k0; k1; . . .; kH ; kHþ1 2 N,

U ¼ ððW1;B1Þ; . . .; ðWHþ1;BHþ1ÞÞ 2
QHþ1

n¼1 R
kn�kn�1 � R

kn
� �

; x0 2 R
k0 ; . . .; xH 2 R

kH with

8 n 2 N \ ½1;H� : xn ¼ AknðWnxn�1 þ BnÞ that

RðUÞ 2 CðRk0 ;RkHþ1Þ; ðRðUÞÞðx0Þ ¼ WHþ1xH þ BHþ1; and PðUÞ ¼ PHþ1

n¼1

knðkn�1 þ 1Þ;

let T ; j 2 ð0;1Þ, f 2 CðR;RÞ, ðgd;eÞd2N;e2ð0;1� � N, ðcdÞd2N � ð0;1Þ, for every d 2 N let

gd 2 CðRd;RÞ, for every d 2 N let ud 2 C1;2ð½0; T� � R
d;RÞ, and assume for all d 2 N,

v;w 2 R, x 2 R
d , e 2 ð0; 1�, t 2 ð0; TÞ that jf ðvÞ � f ðwÞj � jjv� wj, Rðgd;eÞ 2 CðRd;RÞ,

jðRðgd;eÞÞðxÞj � jdjð1þ kxkjÞ, jgdðxÞ � ðRðgd;eÞÞðxÞj � ejdjð1þ kxkjÞ, Pðgd;eÞ�jdj

e�j, judðt; xÞj � cdð1þ kxkcd Þ, udð0; xÞ ¼ gdðxÞ, and

ðo
ot
udÞðt; xÞ ¼ ðDxudÞðt; xÞ þ f ðudðt; xÞÞ: ð1Þ
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Then there exist g 2 ð0;1Þ and ðud;eÞd2N;e2ð0;1� � N such that for all d 2 N, e 2 ð0; 1� it
holds that Rðud;eÞ 2 CðRd;RÞ, Pðud;eÞ� gdge�g, and

Z

½0;1�d
udðT; xÞ � ðRðud;eÞÞðxÞ
�
�

�
�2 dx

" #1
2

� e: ð2Þ

Theorem 1.1 is an immediate consequence of Corollary 4.2 in Sect. 4.2 below (with

T ¼ 2T , udðt; xÞ ¼ udðT � t
2
; xÞ, f ðvÞ ¼ f ðvÞ=2 for t 2 ½0; 2T �, x 2 R

d , v 2 R in the nota-

tion of Corollary 4.2). In the following we add a few comments on some of the mathe-

matical objects which appear in Theorem 1.1. First, note that for all d 2 N it holds that

�k kj
R

d : R
d ! ½0;1Þ in Theorem 1.1 is nothing else but the standard norm on R

d. The-

orem 1.1 shows under suitable assumptions that DNNs can overcome the curse of

dimensionality in the numerical approximation of semilinear heat equations of the form (1)

above and the functions Ad : R
d ! R

d , d 2 N, in Theorem 1.1 above specify the acti-

vation functions which we employ in the considered DNN approximations. The set N in

Theorem 1.1 above represents the set of all DNNs. Observe that for all U 2 N we have that

the natural number PðUÞ specifies the number of real parameters used to describe the DNN

U. Moreover, note that for all U 2 N it holds that RðUÞ is the realization function asso-

ciated to the DNN U. The real number T 2 ð0;1Þ specifies the time horizon [0, T] of the

PDEs in (1), the function f : R ! R specifies the nonlinearity of the PDEs in (1), the

functions gd : R
d ! R, d 2 N, specify the initial conditions of the PDEs in (1), and the

functions ud : ½0; T� � R
d ! R, d 2 N, specify the solutions of the PDEs in (1). The real

numbers j 2 ð0;1Þ and cd 2 ð0;1Þ, d 2 N, are constants which we use to specify

suitable regularity assumptions on the nonlinearity f : R ! R, the initial conditions

gd : R
d ! R, d 2 N, and the PDE solutions ud : ½0; T � � R

d ! R, d 2 N. Theorem 1.1

establishes the existence of DNNs ud;e 2 N, d 2 N, e 2 ð0; 1�, which approximate the

solutions ud : ½0; T � � R
d ! R, d 2 N, of (1) at time T without the curse of dimensionality.

Next we sketch the main steps in our proof of Theorem 1.1 above. Roughly speaking,

the proof can be divided into four main steps. First, we approximate the solutions of the

semilinear heat equations in (1) through solutions of PDEs whose initial conditions and

nonlinearities can be exactly represented through suitable DNNs (cf. Lemma 2.3 below).

Next we construct a suitable artificial probability space on which we approximate the

solutions of these approximating PDEs by means of the in [7, 17] recently introduced full

history recursive multilevel Picard (MLP) approximations (cf. Corollary 2.4 below and see

also [3, 8, 12, 16, 18, 19] for further articles on MLP approximations). Thereafter, we

prove that the MLP approximations of the approximating PDEs can be exactly represented

by DNNs (cf. Lemma 3.10 below). We thus have constructed suitable random DNNs which

approximate the solutions of (1) without the curse of dimensionality in the probabilistically

strong sense. We are now in the position of the articles [5, 13, 20] to bring, e.g., [20,

Corollary 2.4] into play to obtain the existence of a realization on the artificial probability

space such that the error between the PDE solution of (1) and the realization of the

constructed random DNNs is below the prescribed approximation accuracy e 2 ð0; 1� and
this will allow us to complete the proof of Theorem 1.1 above. Our strategy of the proof of

Theorem 1.1 is inspired by the procedure in [5, 13, 20] in the sense that we also construct

suitable random DNNs to approximate the solutions of (1) on a suitable artificial proba-

bility space. The main difference of this work compared to [5, 13, 20] is that in this work

we do not construct the approximating random DNNs through the plain vanilla Monte

SN Partial Differential Equations and Applications

SN Partial Differ. Equ. Appl. (2020) 1:10 Page 3 of 34 10



Carlo method but through the recently introduced MLP approximation scheme which is an

efficient nonlinear Monte Carlo algorithm and thereby allows us to overcome the curse of

dimensionality in the case of nonlinear PDEs of the form (1).

The remainder of this article is organized as follows. In Sect. 2 we provide auxiliary

results on MLP approximations ensuring that these approximations are stable against

perturbations in the nonlinearity and the terminal condition of the PDE (1). In Sect. 3 we

show that MLP approximations can be represented by DNNs and we provide bounds for

the number of parameters of the representing DNN. In Sect. 4 we use the results of Sects. 2

and 3 to establish in Theorem 4.1 the main result of this article.

2 A stability result for full history recursive multilevel Picard (MLP)
approximations

2.1 Setting

Setting 2.1 Let d 2 N, T; L; d;B 2 ð0;1Þ, p; q 2 ½1;1Þ, f1; f2 2 C ½0; T � � R
d � R;R

� �
,

g1; g2 2 CðRd;RÞ, let �k k : R
d ! ½0;1Þ satisfy for all x ¼ ðx1; . . .; xdÞ 2 R

d that

kxk ¼ ½Pd
i¼1ðxiÞ

2�1=2, assume for all t 2 ½0; T �, x 2 R
d, w; v 2 R, i 2 f1; 2g that

fiðt; x;wÞ � fiðt; x; vÞj j � L w� vj j; ð3Þ

max fiðt; x; 0Þj j; giðxÞj jf g�B 1þ xk kð Þp; ð4Þ

and

max f1ðt; x; vÞ � f2ðt; x; vÞj j; g1ðxÞ � g2ðxÞj jf g� d 1þ xk kð Þpqþjvjqð Þ; ð5Þ

let Fi : C ½0; T� � R
d;R

� �
! C ½0; T � � R

d;R
� �

, i 2 f1; 2g, satisfy for all

v 2 C ½0; T� � R
d;R

� �
, t 2 ½0; T �, x 2 R

d, i 2 f1; 2g that

ðFiðvÞÞðt; xÞ ¼ fiðt; x; vðt; xÞÞ; ð6Þ

let ðX;F ;PÞ be a probability space, let W : ½0; T � � X ! R
d be a standard Brownian

motion with continuous sample paths, let u1; u2 2 Cð½0; T � � R
d;RÞ, assume for all

i 2 f1; 2g, s 2 ½0; T �, x 2 R
d that

E gi xþWT�sð Þj j þ
Z T

s

FiðuiÞð Þ t; xþWt�sð Þj j dt
� �

\1 ð7Þ

and

uiðs; xÞ ¼ E gi xþWT�sð Þ þ
Z T

s

FiðuiÞð Þ t; xþWt�sð Þ dt
� �

; ð8Þ

let H ¼ Sn2N Z
n, let uh : X ! ½0; 1�, h 2 H, be independent random variables which are

uniformly distributed on [0, 1], let Uh
: ½0; T� � X ! ½0; T�, h 2 H, satisfy for all t 2 ½0; T �,

h 2 H that Uh
t ¼ t þ ðT � tÞuh, let Wh

: ½0; T � � X ! R
d , h 2 H, be independent standard

Brownian motions, assume that ðuhÞh2H, ðWhÞh2H, and W are independent, and let

Uh
n;M : ½0; T � � R

d � X ! R, n;M 2 Z, h 2 H, be functions which satisfy for all n;M 2 N,

h 2 H, t 2 ½0; T�, x 2 R
d that Uh

�1;Mðt; xÞ ¼ Uh
0;Mðt; xÞ ¼ 0 and
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Uh
n;Mðt; xÞ ¼

1

Mn

XM
n

i¼1

g2 xþW
ðh;0;�iÞ
T �W

ðh;0;�iÞ
t

� �

þ
Xn�1

l¼0

ðT � tÞ
Mn�l

XM
n�l

i¼1

F2 U
ðh;l;iÞ
l;M

� �

� 1NðlÞF2 U
ðh;�l;iÞ
l�1;M

� �� �
"

Uðh;l;iÞ
t ; xþW

ðh;l;iÞ
Uðh;l;iÞ
t

�W
ðh;l;iÞ
t

	 
�

:

ð9Þ

2.2 An a priori estimate for solutions of partial differential equations (PDEs)

Lemma 2.2 (q-th moment of the exact solution) Assume Setting 2.1 and let x 2 R
d,

i 2 f1; 2g. Then it holds that

sup
t2½0;T �

E

h

uiðt; xþWtÞj jq
i� �1

q � eLTðT þ 1ÞB sup
t2½0;T �

E 1þ xþWtk kð Þpq½ �ð Þ
1
q

" #

: ð10Þ

Proof of Lemma 2.2 Throughout this proof let lt : BðRdÞ ! ½0; 1�, t 2 ½0; T�, be the

probability measures which satisfy for all t 2 ½0; T �, B 2 BðRdÞ that
ltðBÞ ¼ PðxþWt 2 BÞ: ð11Þ

The integral transformation theorem, (8), and the triangle inequality show for all t 2 ½0; T � that

E

h

juiðt; xþWtÞjq
i� �1

q ¼
Z

R
d

juiðt; zÞjq ltðdzÞ
	 
1

q

¼
Z

R
d

E giðzþWT�tÞ þ
Z T

t

ðFiðuiÞÞðs; zþWs�tÞ ds
� ��

�
�
�

�
�
�
�

q

ltðdzÞ
	 
1

q

�
Z

R
d

E giðzþWT�tÞ½ �j jq ltðdzÞ
	 
1

q

þ
Z T

t

Z

R
d

E ðFiðuiÞÞðs; zþWs�tÞ½ �j jq ltðdzÞ
	 
1

q

ds:

ð12Þ

Next, Jensen’s inequality, Fubini’s theorem, (11), the fact that W has independent and

stationary increments, and (4) demonstrate that for all t 2 ½0; T � it holds that
Z

R
d

E giðzþWT�tÞ½ �j jq ltðdzÞ�
Z

R
d

E

h

giðzþWT �WtÞj jq
i

ltðdzÞ

¼ E

h

gi xþWt þWT �Wtð Þj jq
i

¼ E gi xþWTð Þj jq½ � �E Bq 1þ xþWTk kð Þpq½ �:
ð13Þ

Furthermore, Jensen’s inequality, Fubini’s theorem, (11), the fact that W has independent

and stationary increments, the triangle inequality, (3), and (4) demonstrate for all t 2 ½0; T �
that
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Z T

t

Z

R
d

E ðFiðuiÞÞðs; zþWs�tÞ½ �j jq ltðdzÞ
	 
1

q

ds

�
Z T

t

Z

R
d

E

h

ðFiðuiÞÞðs; zþWs �WtÞj jq
i

ltðdzÞ
	 
1

q

ds

¼
Z T

t

E

h

FiðuiÞð Þðs; xþWt þWs �WtÞj jq
i� �1

q

ds

�
Z T

t

E

h

ðFið0ÞÞðs; xþWsÞj jq
i� �1

q

dsþ
Z T

t

E

h

ðFiðuiÞ � Fið0ÞÞðs; xþWsÞj jq
i� �1

q

ds

�T sup
s2½0;T �

E Bq 1þ xþWsk kð Þpq½ �ð Þ
1
qþ
Z T

t

E

h

Lq uiðs; xþWsÞj jq
i� �1

q

ds: ð14Þ

Combining this with (12) and (13) implies that for all t 2 ½0; T � it holds that

E

h

uiðt; xþWtÞj jq
i� �1

q

�ðT þ 1ÞB sup
s2½0;T �

E 1þ xþWsk kð Þpq½ �ð Þ
1
qþL

Z T

t

E

h

uiðs; xþWsÞj jq
i� �1

q

ds:
ð15Þ

Next, [17, Corollary 3.11] shows that

sup
s2½0;T �

sup
y2Rd

uiðs; yÞj j
1þ yk kð Þp � sup

s2½0;T �
sup
y2Rd

uiðs; yÞj j
1þ yk kp\1: ð16Þ

This, the triangle inequality, and the fact that E WTk kpq½ �\1 show that

Z T

0

E

h

uiðs; xþWsÞj jq
i� �1

q

ds� sup
s2½0;T �

sup
y2Rd

juðs; yÞj
1þ yk kð Þp

" #
Z T

0

E 1þ xþWsk kð Þpq½ �ð Þ
1
qds

� sup
s2½0;T �

sup
y2Rd

juðs; yÞj
1þ yk kð Þp

" #

T 1þ xk k þ E WTk kpq½ �ð Þ
1
pq

� �p

\1:

ð17Þ

This, Gronwall’s integral inequality, and (15) establish for all t 2 ½0; T � that

E

h

uiðt; xþWtÞj jq
i� �1

q � eLTðT þ 1ÞB sup
s2½0;T �

E 1þ xþWsk kð Þpq½ �ð Þ
1
q: ð18Þ

The proof of Lemma 2.2 is thus completed. h

2.3 A stability result for solutions of PDEs

Lemma 2.3 Assume Setting 2.1. Then it holds for all t 2 ½0; T �, x 2 R
d that

E

h

u1ðt; xþWtÞ � u2ðt; xþWtÞj j
i

� d eLTðT þ 1Þ
� �qþ1

Bq þ 1ð Þ 1þ xk k þ E WTk kpq½ �ð Þ
1
pq

� �pq

:
ð19Þ
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Proof of Lemma 2.3 First, (8), the triangle inequality, and the fact that W has stationary

increments show for all s 2 ½0; T �, z 2 R
d that

u1ðs; zÞ � u2ðs; zÞj j

¼ E ðg1 � g2Þ zþWT�sð Þ þ
Z T

s

F1ðu1Þ � F1ðu2Þ þ F1ðu2Þ � F2ðu2Þð Þ t; zþWt�sð Þ dt
� ��

�
�
�

�
�
�
�

� E

h

ðg1 � g2Þ zþWT �Wsð Þj j
i

þ
Z T

s

E

h

F1ðu1Þ � F1ðu2Þð Þ t; zþWt �Wsð Þj j
i

dt

þ
Z T

s

E

h

F1ðu2Þ � F2ðu2Þð Þ t; zþWt �Wsð Þj j
i

dt:

ð20Þ

This, Fubini’s theorem, the fact that W has independent increments, and the Lipschitz

condition in (3) ensure that for all s 2 ½0; T �, x 2 R
d it holds that

E

h

u1 � u2ð Þðs; xþWsÞj j
i

¼ E u1ðs; zÞ � u2ðs; zÞj jjz¼xþWs

h i

�E E

h

ðg1 � g2Þ zþWT �Wsð Þj j
i�
�
�
z¼xþWs

� �

þ
Z T

s

E E

h

F1ðu1Þ � F1ðu2Þð Þ t; zþWt �Wsð Þj j
i�
�
�
z¼xþWs

� �

dt

þ
Z T

s

E E

h

F1ðu2Þ � F2ðu2Þð Þ t; zþWt �Wsð Þj j
i�
�
�
z¼xþWs

� �

dt

¼ E

h

ðg1 � g2Þ xþWTð Þj j
i

þ
Z T

s

E

h

F1ðu1Þ � F1ðu2Þð Þ t; xþWtð Þj j
i

dt

þ
Z T

s

E

h

F1ðu2Þ � F2ðu2Þð Þ t; xþWtð Þj j
i

dt

�E

h

ðg1 � g2Þ xþWTð Þj j
i

þ
Z T

s

E

h

L u1 � u2ð Þ t; xþWtð Þj j
i

dt

þ T sup
t2½0;T �

E

h

F1ðu2Þ � F2ðu2Þð Þ t; xþWtð Þj j
i

:

ð21Þ

This, Gronwall’s lemma, and Lemma 2.2 yield for all x 2 R
d that

sup
t2½0;T �

E

h

u1 � u2ð Þðt; xþWtÞj j
i

� eLTðT þ 1Þ sup
t2½0;T �

max E

h

ðg1 � g2Þ xþWTð Þj j
i

; E
h

F1ðu2Þ � F2ðu2Þð Þ t; xþWtð Þj j
in o

:

ð22Þ

Furthermore, (5), the triangle inequality, and Lemma 2.2 imply for all x 2 R
d that
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sup
t2½0;T �

max E

h

ðg1 � g2Þ xþWTð Þj j
i

; E
h

F1ðu2Þ � F2ðu2Þð Þ t; xþWtð Þj j
in o

� d sup
t2½0;T �

E 1þ xþWtk kð Þpqþ u2ðxþWtÞj jq½ �

� d sup
t2½0;T �

E 1þ xþWtk kð Þpq½ � þ d sup
t2½0;T �

E u2ðxþWtÞj jq½ �:

� d sup
t2½0;T �

E 1þ xþWtk kð Þpq½ � þ dðeLTðT þ 1ÞBÞq sup
t2½0;T �

E 1þ xþWtk kð Þpq½ �

� d eLTðT þ 1Þ
� �qðBq þ 1Þ sup

t2½0;T �
E 1þ xþWtk kð Þpq½ �:

ð23Þ

This, (22), and the triangle inequality yield that

sup
t2½0;T �

E

h

u1 � u2ð Þðt; xþWtÞj j
i

� d eLTðT þ 1Þ
� �qþ1

Bq þ 1ð Þ sup
t2½0;T �

E 1þ xþWtk kð Þpq½ �

� d eLTðT þ 1Þ
� �qþ1

Bq þ 1ð Þ 1þ xk k þ E

h

WTk kpq
i� � 1

pq

	 
pq

:

ð24Þ

This completes the proof of Lemma 2.3. h

2.4 A stability result for MLP approximations

Corollary 2.4 Assume Setting 2.1, let x 2 R
d, N;M 2 N, and assume that q� 2. Then it

holds that

E U0
N;Mð0; xÞ � u1ð0; xÞ

�
�
�

�
�
�

2
� �	 
1

2

� eLTðT þ 1Þ
� �qþ1

Bq þ 1ð Þ dþ eM=2ð1þ 2LTÞN
MN=2

 !

1þ xk k þ E

h

WTk kpq
i� � 1

pq

	 
pq

:

ð25Þ

Proof of Corollary 2.4 First, Lemma 2.2 implies that
R T

0
E u2ðt; xþWtÞj j2
h i� �1

2

dt\1.

This, [17, Theorem 3.5] (with n ¼ x, F ¼ F2, g ¼ g2, and u ¼ u2 in the notation of [17,

Theorem 3.5]), (4), and the triangle inequality ensure that
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E U0
N;Mð0; xÞ � u2ð0; xÞ

�
�
�

�
�
�

2
� �	 
1

2

� eLT E g2ðxþWTÞj j2
h i� �1

2þT
1

T

Z T

0

E ðF2ð0ÞÞðt; xþWtÞj j2
h i

dt

	 
1
2

" #

eM=2ð1þ 2LTÞN
MN=2

� eLTðT þ 1Þ sup
t2½0;T �

E B2 1þ xþWtk kð Þ2p
h i� �1

2 eM=2ð1þ 2LTÞN
MN=2

� eLTðT þ 1ÞB 1þ xk k þ E WTk k2p
h i� � 1

2p

	 
p
eM=2ð1þ 2LTÞN

MN=2
:

ð26Þ

Furthermore, Lemma 2.3 shows that

u2ð0; xÞ � u1ð0; xÞj j � d eLTðT þ 1Þ
� �qþ1

Bq þ 1ð Þ 1þ xk k þ E WTk kpq½ �ð Þ
1
pq

� �pq

: ð27Þ

This, the triangle inequality, (26), the fact that B�Bq þ 1, the assumption that q� 2, and

Jensen’s inequality show that

E U0
N;Mð0; xÞ � u1ð0; xÞ

�
�
�

�
�
�

2
� �	 
1

2

� E U0
N;Mð0; xÞ � u2ð0; xÞ

�
�
�

�
�
�

2
� �	 
1

2

þ u2ð0; xÞ � u1ð0; xÞj j

� eLTðT þ 1Þ
� �qþ1

Bq þ 1ð Þ dþ eM=2ð1þ 2LTÞN
MN=2

 !

1þ xk k þ E WTk kpq½ �ð Þ
1
pq

� �pq

:

ð28Þ

The proof of Corollary 2.4 is thus completed. h

3 Deep neural network representations for MLP approximations

The main result of this section, Lemma 3.10 below, shows that multilevel Picard

approximations can be well represented by DNNs. The central tools for the proof of

Lemma 3.10 are Lemmas 3.8 and 3.9 which show that DNNs are stable under composi-

tions and summations. We formulate Lemmas 3.8 and 3.9 in terms of the operators defined

in (33) and (34) below, whose properties are studied in Lemmas 3.3, 3.4, and 3.5.

3.1 A mathematical framework for deep neural networks

Setting 3.1 (Artificial neural networks) Let �k k; jjj � jjj : ð[d2NR
dÞ ! ½0;1Þ and dim :

ð[d2NR
dÞ ! N satisfy for all d 2 N, x ¼ ðx1; . . .; xdÞ 2 R

d that kxk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pd

i¼1ðxiÞ
2

q

,

jjjxjjj ¼ maxi2½1;d�\N jxij, and dim xð Þ ¼ d, let Ad : R
d ! R

d , d 2 N, satisfy for all d 2 N,

x ¼ ðx1; . . .; xdÞ 2 R
d that

AdðxÞ ¼ maxfx1; 0g; . . .;maxfxd; 0gð Þ; ð29Þ

SN Partial Differential Equations and Applications

SN Partial Differ. Equ. Appl. (2020) 1:10 Page 9 of 34 10



let D ¼ [H2NN
Hþ2, let

N ¼
[

H2N

[

ðk0;k1;...;kHþ1Þ2NHþ2

YHþ1

n¼1

R
kn�kn�1 � R

kn
� �

" #

; ð30Þ

let D : N ! D and R : N ! ð[k;l2NCðRk;RlÞÞ satisfy for all H 2 N,

k0; k1; . . .; kH ; kHþ1 2 N, U ¼ ððW1;B1Þ; . . .; ðWHþ1;BHþ1ÞÞ 2
QHþ1

n¼1 R
kn�kn�1 � R

kn
� �

;

x0 2 R
k0 ; . . .; xH 2 R

kH with 8 n 2 N \ ½1;H� : xn ¼ AknðWnxn�1 þ BnÞ that

DðUÞ ¼ ðk0; k1; . . .; kH ; kHþ1Þ; RðUÞ 2 CðRk0 ;RkHþ1Þ; ð31Þ

and ðRðUÞÞðx0Þ ¼ WHþ1xH þ BHþ1; ð32Þ

let 	 : D� D ! D satisfy for all H1;H2 2 N, a ¼ ða0; a1; . . .; aH1
; aH1þ1Þ 2 N

H1þ2, b ¼
ðb0; b1; . . .; bH2

; bH2þ1Þ 2 N
H2þ2 that

a	 b ¼ ðb0; b1; . . .; bH2
; bH2þ1 þ a0; a1; a2; . . .; aH1þ1Þ 2 N

H1þH2þ3; ð33Þ

let � : D� D ! D satisfy for all H 2 N, a ¼ ða0; a1; . . .; aH ; aHþ1Þ 2 N
Hþ2, b ¼

ðb0; b1; b2; . . .; bH ; bHþ1Þ 2 N
Hþ2 that

a�b ¼ ða0; a1 þ b1; . . .; aH þ bH ; bHþ1Þ 2 N
Hþ2; ð34Þ

and let nn 2 D, n 2 ½3;1Þ \N, satisfy for all n 2 ½3;1Þ \N that

nn ¼ ð1; 2; . . .; 2
|fflfflffl{zfflfflffl}

ðn�2Þ�times

; 1Þ 2 N
n: ð35Þ

Remark 3.2 The set N can be viewed as the set of all artificial neural networks. For each

network U 2 N the function RðUÞ is the function represented by U and the vector DðUÞ
describes the layer dimensions of U.

3.2 Properties of operations associated to deep neural networks

Lemma 3.3 (	 is associative) Assume Setting 3.1 and let a; b; c 2 D. Then it holds that

ða	 bÞ 	 c ¼ a	 ðb	 cÞ.

Proof of Lemma 3.3 Throughout this proof let H1;H2;H3 2 N, ðaiÞi2½0;H1þ1�\N0
2 N

H1þ2,

ðbiÞi2½0;H2þ1�\N0
2 N

H2þ2, ðciÞi2½0;H3þ1�\N0
2 N

H3þ2 satisfy that

a ¼ ða0; a1; . . .; aH1þ1Þ; b ¼ ðb0; b1; . . .; bH2þ1Þ; and

c ¼ ðc0; c1; . . .; cH3þ1Þ:
ð36Þ

The definition of 	 in (33) then shows that
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ða	 bÞ 	 c ¼ ðb0; b1; b2. . .; bH2
; bH2þ1 þ a0; a1; a2; . . .; aH1þ1Þ 	 ðc0; c1; . . .; cH3þ1Þ

¼ ðc0; . . .; cH3
; cH3þ1 þ b0; b1; . . .; bH2

; bH2þ1 þ a0; a1; a2; . . .; aH1þ1Þ
¼ ða0; a1; . . .; aH1þ1Þ 	 ðc0; c1; . . .; cH3

; cH3þ1 þ b0; b1; b2; . . .; bH2þ1Þ
¼ a	 ðb	 cÞ:

ð37Þ

The proof of Lemma 3.3 is thus completed. h

Lemma 3.4 (� and associativity) Assume Setting 3.1, let H; k; l 2 N, and let

a; b; c 2 fkg �N
H � flg

� �
. Then

(i) it holds that a�b 2 fkg �N
H � flg

� �
,

(ii) it holds that b� c 2 fkg �N
H � flg

� �
, and

(iii) it holds that ða�bÞ� c ¼ a� ðb� cÞ.

Proof of Lemma 3.4 Throughout this proof let ai; bi; ci 2 N, i 2 ½1;H� \N, satisfy that

a ¼ ðk; a1; a2; . . .; aH ; lÞ, b ¼ ðk; b1; b2; . . .; bH ; lÞ, and c ¼ ðk; c1; c2; . . .; cH ; lÞ: The defi-

nition of � (see (34)) then shows that

a� b ¼ ðk; a1 þ b1; a2 þ b2; . . .; aH þ bH ; lÞ 2 fkg �N
H � flg;

b� c ¼ ðk; b1 þ c1; b2 þ c2; . . .; bH þ cH ; lÞ 2 fkg �N
H � flg;

ð38Þ

and

ða�bÞ� c ¼ ðk; ða1 þ b1Þ þ c1; ða2 þ b2Þ þ c2; . . .; ðaH þ bHÞ þ cH ; lÞ
¼ ðk; a1 þ ðb1 þ c1Þ; a2 þ ðb2 þ c2Þ; . . .; aH þ ðbH þ cHÞ; lÞ ¼ a� ðb� cÞ:

ð39Þ

The proof of Lemma 3.4 is thus completed. h

Lemma 3.5 (Triangle inequality) Assume Setting 3.1, let H; k; l 2 N, and let

a; b 2 fkg �N
H � flg. Then it holds that jjja�bjjj � jjjajjj þ jjjbjjj.

Proof of Lemma 3.5 Throughout this proof let ai; bi 2 N, i 2 ½1;H� \N, satisfy that a ¼
ðk; a1; a2; . . .; aH ; lÞ and b ¼ ðk; b1; b2; . . .; bH ; lÞ: The definition of � (see (34)) then

shows that a�b ¼ ðk; a1 þ b1; a2 þ b2; . . .; aH þ bH ; lÞ: This together with the triangle

inequality implies that

jjja�bjjj ¼ sup jkj; a1 þ b1j j; a2 þ b2j j; . . .; aH þ bHj j; lj jf g
� sup jkj; a1j j; a2j j; . . .; aHj j; lj jf g þ sup jkj; b1j j; b2j j; . . .; bHj j; lj jf g
¼ jjjajjj þ jjjbjjj:

ð40Þ

This completes the proof of Lemma 3.5. h

The following result, Lemma 3.6, can in a slightly modified variant, e.g., be found in [20,

Lemma 5.4] in the scientific literature.

Lemma 3.6 (Existence of DNNs with H 2 N hidden layers for the identity in R) Assume

Setting 3.1 and let H 2 N. Then it holds that IdR 2 RðfU 2 N : DðUÞ ¼ nHþ2gÞ.
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Proof of Lemma 3.6 Throughout this proof let W1 2 R
2�1, Wi 2 R

2�2, i 2 ½2;H� \N,

WHþ1 2 R
1�2, Bi 2 R

2, i 2 ½1;H� \N, BHþ1 2 R
1 satisfy that

W1 ¼
1

�1

	 


; 8i 2 ½2;H� \N : Wi ¼
1 0

0 1

	 


; WHþ1 ¼ 1 �1ð Þ;

8i 2 ½1;H� \N : Bi ¼
0

0

	 


; BHþ1 ¼ 0;

ð41Þ

let / 2 N satisfy that / ¼ ððW1;B1Þ; ðW2;B2Þ; . . .; ðWH ;BHÞ; ðWHþ1;BHþ1ÞÞ, for every a 2
R let aþ 2 ½0;1Þ be the non-negative part of a, i.e., aþ ¼ maxfa; 0g, and let x0 2 R,

x1; x2; . . .; xH 2 R
2 satisfy for all n 2 N \ ½1;H� that

xn ¼ A2ðWnxn�1 þ BnÞ: ð42Þ

Note that (41) and the definition of D (see (31)) imply that Dð/Þ ¼ nHþ2. Furthermore,

(41), (42), and an induction argument show that

x1 ¼ A2ðW1x0 þ B1Þ ¼ A2

x0

�x0

	 
	 


¼ xþ0
ð�x0Þþ

	 


;

x2 ¼ A2ðW2x1 þ B2Þ ¼ A2ðx1Þ ¼ A2

xþ0
ð�x0Þþ

	 
	 


¼ xþ0
ð�x0Þþ

	 


;

.

.

.

xH ¼ A2ðWHxH�1 þ BHÞ ¼ A2ðxH�1Þ ¼ A2

xþ0
ð�x0Þþ

	 
	 


¼ xþ0
ð�x0Þþ

	 


:

ð43Þ

The definition of R (see (32)) hence ensures that

ðRð/ÞÞðx0Þ ¼ WHþ1xH þ BHþ1 ¼ 1 �1ð Þ xþ0
ð�x0Þþ

	 


¼ xþ0 � ð�x0Þþ ¼ x0: ð44Þ

The fact that x0 was arbitrary therefore proves that Rð/Þ ¼ IdR. This and the fact that

Dð/Þ ¼ nHþ2 demonstrate that IdR 2 RðfU 2 N : DðUÞ ¼ nHþ2gÞ. The proof of

Lemma 3.6 is thus completed. h

Lemma 3.7 (DNNs for affine transformations) Assume Setting 3.1 and let d;m 2 N,

k 2 R, b 2 R
d, a 2 R

m, W 2 N satisfy that RðWÞ 2 CðRd;RmÞ. Then it holds that

k RðWÞð Þð� þ bÞ þ að Þ 2 R fU 2 N : DðUÞ ¼ DðWÞgð Þ: ð45Þ

Proof of Lemma 3.7 Throughout this proof let H; k0; k1; . . .; kHþ1 2 N satisfy that

H þ 2 ¼ dim DðWÞð Þ and ðk0; k1; . . .; kH ; kHþ1Þ ¼ DðWÞ; ð46Þ

let ððW1;B1Þ; ðW2;B2Þ; . . .; ðWH ;BHÞ; ðWHþ1;BHþ1ÞÞ 2
QHþ1

n¼1 R
kn�kn�1 � R

kn
� �

satisfy that

ðW1;B1Þ; ðW2;B2Þ; . . .; ðWH ;BHÞ; ðWHþ1;BHþ1Þð Þ ¼ W; ð47Þ

let / 2 N satisfy that
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/ ¼ ðW1;B1 þW1bÞ; ðW2;B2Þ; . . .; ðWH ;BHÞ; ðkWHþ1; kBHþ1 þ kaÞð Þ; ð48Þ

and let x0; y0 2 R
k0 ; x1; y1 2 R

k1 ; . . .; xH ; yH 2 R
kH satisfy for all n 2 N \ ½1;H� that

xn ¼ AknðWnxn�1 þ BnÞ; yn ¼ AknðWnyn�1 þ Bn þ 1f1gðnÞW1bÞ; and x0 ¼ y0 þ b:

ð49Þ

Then it holds that

y1 ¼ Ak1ðW1y0 þ B1 þW1bÞ ¼ Ak1ðW1ðy0 þ bÞ þ B1Þ ¼ Ak1ðW1x0 þ B1Þ ¼ x1: ð50Þ

This and an induction argument prove for all i 2 ½2;H� \N that

yi ¼ AkiðWiyi�1 þ BiÞ ¼ AkiðWixi�1 þ BiÞ ¼ xi: ð51Þ

The definition of R (see (32)) hence shows that

ðRð/ÞÞðy0Þ ¼ kWHþ1yH þ kBHþ1 þ ka ¼ kWHþ1xH þ kBHþ1 þ ka

¼ kðWHþ1xH þ BHþ1 þ aÞ ¼ kððRðWÞÞðx0Þ þ aÞ ¼ kððRðWÞÞðy0 þ bÞ þ aÞ:
ð52Þ

This and the fact that y0 was arbitrary prove that Rð/Þ ¼ kððRðWÞÞð� þ bÞ þ aÞ. This and
the fact that Dð/Þ ¼ DðWÞ imply that k ðRðWÞÞð� þ bÞ þ að Þ 2 RðfU 2
N : DðUÞ ¼ DðWÞgÞ. The proof of Lemma 3.7 is thus completed. h

Lemma 3.8 (Composition) Assume Setting 3.1 and let d1; d2; d3 2 N, f 2 CðRd2 ;Rd3Þ,
g 2 CðRd1 ;Rd2Þ, a; b 2 D satisfy that f 2 RðfU 2 N : DðUÞ ¼ agÞ and

g 2 RðfU 2 N : DðUÞ ¼ bgÞ. Then it holds that ðf 
 gÞ 2 RðfU 2 N : DðUÞ ¼ a	 bgÞ.

Proof of Lemma 3.8 Throughout this proof let H1;H2; a0; . . .; aH1þ1; b0; . . .; bH2þ1 2 N,

Uf ;Ug 2 N satisfy that

ða0; a1; . . .; aH1þ1Þ ¼ a; ðb0; b1; . . .; bH2þ1Þ ¼ b; RðUf Þ ¼ f ;

DðUf Þ ¼ a; RðUgÞ ¼ g; and DðUgÞ ¼ b:
ð53Þ

Lemma 5.4 in [20] shows that there exists I 2 N such that DðIÞ ¼ d2n3 ¼ ðd2; 2d2; d2Þ and
RðIÞ ¼ Id

R
d2 . Note that 2d2 ¼ bH2þ1 þ a0. This and [20, Proposition 5.2] (with /1 ¼ Uf ,

/2 ¼ Ug, and I ¼ I in the notation of [20, Proposition 5.2]) show that there exists Uf
g 2 N

such that RðUf
gÞ ¼ f 
 g and DðUf
gÞ ¼ DðUf Þ 	 DðUgÞ ¼ a	 b. Hence, it holds that

f 
 g 2 RðfU 2 N : DðUÞ ¼ a	 bgÞ. The proof of Lemma 3.8 is thus completed. h

The following result, Lemma 3.9, can roughly speaking in a specialized form be found,

e.g., in [20, Lemma 5.1].

Lemma 3.9 (Sum of DNNs of the same length) Assume Setting 3.1 and let M;H; p; q 2 N,

h1; h2; . . .; hM 2 R, ki 2 D, fi 2 CðRp;RqÞ, i 2 ½1;M� \N, satisfy for all i 2 ½1;M� \N

that

dim kið Þ ¼ H þ 2 and fi 2 R U 2 N : DðUÞ ¼ kif gð Þ: ð54Þ

Then it holds that
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XM

i¼1

hifi 2 R U 2 N : DðUÞ ¼ �

M

i¼1
ki

 �	 


: ð55Þ

Proof of Lemma 3.9 Throughout this proof let /i 2 N, i 2 ½1;M� \N, and ki;n 2 N,

i 2 ½1;M� \N, n 2 ½0;H þ 1� \N0, satisfy for all i 2 ½1;M� \N that

Dð/iÞ ¼ ki ¼ ðki;0; ki;1; ki;2; . . .; ki;H ; ki;Hþ1Þ and Rð/iÞ ¼ fi; ð56Þ

for every i 2 ½1;M� \N let ððWi;1;Bi;1Þ; . . .; ðWi;Hþ1;Bi;Hþ1ÞÞ 2
QHþ1

n¼1 R
ki;n�ki;n�1 � R

ki;n
� �

satisfy that

/i ¼ ðWi;1;Bi;1Þ; . . .; ðWi;Hþ1;Bi;Hþ1Þ
� �

; ð57Þ

let k�n 2 N, n 2 ½1;H� \N, k� 2 N
Hþ2 satisfy for all n 2 ½1;H� \N that

k�n ¼
XM

i¼1

ki;n and k� ¼ ðp; k�1 ; k�2 ; . . .; k�H ; qÞ; ð58Þ

let W1 2 R
k�
1
�p, B1 2 R

k�
1 satisfy that

W1 ¼

W1;1

W2;1

.

.

.

WM;1

0

B
B
B
B
@

1

C
C
C
C
A

and B1 ¼

B1;1

B2;1

.

.

.

BM;1

0

B
B
B
B
@

1

C
C
C
C
A

; ð59Þ

let Wn 2 R
k�n �k�

n�1 , Bn 2 R
k�n , n 2 ½2;H� \N, satisfy for all n 2 ½2;H� \N that

Wn ¼

W1;n 0 0 0

0 W2;n 0 0

0 0 .
.

.
0

0 0 0 WM;n

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

and Bn ¼

B1;n

B2;n

.

.

.

BM;n

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

; ð60Þ

let WHþ1 2 R
q�k�

H , BHþ1 2 R
q satisfy that

WHþ1 ¼ h1W1;Hþ1 . . . hMWM;Hþ1ð Þ and BHþ1 ¼
XM

i¼1

hiBi;Hþ1; ð61Þ

let x0 2 R
p; x1 2 R

k�
1 ; x2 2 R

k�
2 . . .; xH 2 R

k�
H , let x1;0; x2;0; . . .; xM;0 2 R

p, xi;n 2 R
ki;n ,

i 2 ½1;M� \N, n 2 ½1;H� \N, satisfy for all i 2 ½1;M� \N, n 2 ½1;H� \N that

x0 ¼ x1;0 ¼ x2;0 ¼ � � � ¼ xM;0;

xi;n ¼ Aki;nðWi;nxi;n�1 þ Bi;nÞ;
xn ¼ Ak�n

ðWnxn�1 þ BnÞ;
ð62Þ

and let w 2 N satisfy that
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w ¼ ðW1;B1Þ; ðW2;B2Þ; . . .; ðWH ;BHÞ; ðWHþ1;BHþ1Þð Þ: ð63Þ

First, the definitions of D and R (see (31) and (32)), (56), and the fact that 8 i 2
½1;M� \N : fi 2 CðRp;RqÞ show for all i 2 ½1;M� \N that ki ¼ ðp; ki;1; ki;2; . . .; ki;H ; qÞ:
The definition of D (see (31)), the definition of � (see (34)), and (58) then show that

DðwÞ ¼ ðp; k�1 ; . . .; k�H ; qÞ ¼ �

M

i¼1
ki: ð64Þ

Next, we prove by induction on n 2 ½1;H� \N that xn ¼ ðx1;n; x2;n; . . .; xM;nÞ. First, (59)
shows that

W1x0 þ B1 ¼

W1;1

W2;1

.

.

.

WM;1

0

B
B
B
B
@

1

C
C
C
C
A

x0 þ

B1;1

B2;1

.

.

.

BM;1

0

B
B
B
B
@

1

C
C
C
C
A

¼

W1;1x0 þ B1;1

W2;1x0 þ B2;1

.

.

.

WM;1x0 þ BM;1

0

B
B
B
B
@

1

C
C
C
C
A

: ð65Þ

This implies that

x1 ¼ Ak�
1
ðW1x0 þ B1Þ ¼

x1;1

x2;1

.

.

.

xM;1

0

B
B
B
B
@

1

C
C
C
C
A

: ð66Þ

This proves the base case. Next, for the induction step let n 2 ½2;H� \N and assume that

xn�1 ¼ ðx1;n�1; x2;n�1; . . .; xM;n�1Þ. Then (60) and the induction hypothesis ensure that

Wnxn�1 þ Bn

¼ Wn

x1;n�1

x2;n�1

.

.

.

xM;n�1

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

þ Bn ¼

W1;n 0 0 0

0 W2;n 0 0

0 0 .
.

.
0

0 0 0 WM;n

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

x1;n�1

x2;n�1

.

.

.

xM;n�1

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

þ

B1;n

B2;n

.

.

.

BM;n

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

¼

W1;nx1;n�1 þ B1;n

W2;nx2;n�1 þ B2;n

.

.

.

WM;nxM;n�1 þ BM;n

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

:

ð67Þ

This yields that
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xn ¼ Ak�n
ðWnxn�1 þ BnÞ ¼

x1;n

x2;n

.

.

.

xM;n

0

B
B
B
B
@

1

C
C
C
C
A

: ð68Þ

This proves the induction step. Induction now proves for all n 2 ½1;H� \N that

xn ¼ ðx1;n; x2;n; . . .; xM;nÞ. This, the definition of R (see (32)), and (61) imply that

ðRðwÞÞðx0Þ ¼ WHþ1xH þ BHþ1

¼ WHþ1

x1;H

x2;H

.

.

.

xM;H

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

þ BHþ1 ¼ h1W1;Hþ1 . . . hMWM;Hþ1ð Þ

x1;H

x2;H

.

.

.

xM;H

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

þ
XM

i¼1

hiBi;Hþ1

" #

¼
XM

i¼1

hiWi;Hþ1xi;H

" #

þ
XM

i¼1

hiBi;Hþ1

" #

¼
XM

i¼1

hi Wi;Hþ1xi;H þ Bi;Hþ1

� �

¼
XM

i¼1

hiðRð/iÞÞðx0Þ:

ð69Þ

This, the fact that x0 2 R
p was arbitrary, and (56) yield that

RðwÞ ¼
XM

i¼1

hiRð/iÞ ¼
XM

i¼1

hifi: ð70Þ

This and (64) show that

XM

i¼1

hifi 2 R U 2 N : DðUÞ ¼ �

M

i¼1
ki

 �	 


: ð71Þ

The proof of Lemma 3.9 is thus completed. h

3.3 Deep neural network representations for MLP approximations

Lemma 3.10 Assume Setting 3.1, let d;M 2 N, T ; c 2 ð0;1Þ, f 2 CðR;RÞ,
g 2 CðRd;RÞ, Uf ;Ug 2 N satisfy that RðUf Þ ¼ f , RðUgÞ ¼ g, and

c� max 2; jjjDðUf Þjjj; jjjDðUgÞjjj
� �

; ð72Þ

let ðX;F ;PÞ be a probability space, let H ¼ Sn2N Z
n, let uh : X ! ½0; 1�, h 2 H, be

independent random variables which are uniformly distributed on [0, 1], let

Uh
: ½0; T � � X ! ½0; T �, h 2 H, satisfy for all t 2 ½0; T�, h 2 H that Uh

t ¼ t þ ðT � tÞuh,
let Wh

: ½0; T� � X ! R
d , h 2 H, be independent standard Brownian motions with con-

tinuous sample paths, assume that ðuhÞh2H and ðWhÞh2H are independent, let
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Uh
n;M : ½0; T � � R

d � X ! R, n 2 Z, h 2 H, satisfy for all n 2 N, h 2 H, t 2 ½0; T�, x 2 R
d

that Uh
�1;Mðt; xÞ ¼ Uh

0;Mðt; xÞ ¼ 0 and

Uh
n;Mðt; xÞ ¼

1

Mn

XM
n

i¼1

g xþW
ðh;0;�iÞ
T �W

ðh;0;�iÞ
t

� �

þ
Xn�1

l¼0

ðT � tÞ
Mn�l

XM
n�l

i¼1

f 
 Uðh;l;iÞ
l;M � 1NðlÞ f 
 Uðh;�l;iÞ

l�1;M

� �
"

Uðh;l;iÞ
t ; xþW

ðh;l;iÞ
Uðh;l;iÞ
t

�W
ðh;l;iÞ
t

	 
�

;

ð73Þ

and let x 2 X. Then for all n 2 N0 there exists a family ðUh
n;tÞh2H;t2½0;T � � N such that

(i) it holds for all t1; t2 2 ½0; T �, h1; h2 2 H that

D U
h1
n;t1

� �

¼ D U
h2
n;t2

� �

; ð74Þ

(ii) it holds for all t 2 ½0; T �, h 2 H that

dim D U
h
n;t

� �� �

¼ n dim D Uf

� �� �
� 1

� �
þ dim D Ug

� �� �
; ð75Þ

(iii) it holds for all t 2 ½0; T �, h 2 H that

jjjDðUh
n;tÞjjj � cð3MÞn; ð76Þ

and

(iv) it holds for all h 2 H, t 2 ½0; T �, x 2 R
d that

Uh
n;Mðt; x;xÞ ¼ ðRðUh

n;tÞÞðxÞ: ð77Þ

Proof of Lemma 3.10 We prove Lemma 3.10 by induction on n 2 N0. For the base case

n ¼ 0 note that the fact that 8 t 2 ½0; T �; h 2 H : Uh
0;Mðt; �;xÞ ¼ 0, the fact that the function

0 can be represented by a network with depth dim D Ug

� �� �
, and (72) imply that there exists

ðUh
0;tÞh2H;t2½0;T � � N such that it holds for all t1; t2 2 ½0; T �, h1; h2 2 H that D U

h1
0;t1

� �

¼

D U
h2
0;t2

� �

and such that it holds for all h 2 H, t 2 ½0; T� that dim DðUh
0;tÞ

� �

¼ dim D Ug

� �� �
,

jjjDðUh
0;tÞjjj � jjjDðUgÞjjj � c, and Uh

0;Mðt; �;xÞ ¼ RðUh
0;tÞ. This proves the base case

n ¼ 0.

For the induction step from n 2 N0 to nþ 1 2 N let n 2 N0 and assume that (i)–(iv)

hold true for all k 2 ½0; n� \N0. The assumption that g ¼ RðUgÞ and Lemma 3.7 (with

d ¼ d, m ¼ 1, k ¼ 1, a ¼ 0, b ¼ Wh
TðxÞ �Wh

t ðxÞ, and W ¼ Ug for h 2 H, t 2 ½0; T � in the
notation of Lemma 3.7) show for all h 2 H, t 2 ½0; T � that

g � þWh
TðxÞ �Wh

t ðxÞ
� �

¼ ðRðUgÞÞ � þWh
TðxÞ �Wh

t ðxÞ
� �

2 R U 2 N : DðUÞ ¼ DðUgÞ
� �� �

:
ð78Þ

Furthermore, Lemma 3.6 (with H ¼ ðnþ 1Þ dim DðUf Þ
� �

� 1
� �

� 1 in the notation of

Lemma 3.6) ensures that
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IdR 2 R U 2 N : DðUÞ ¼ nðnþ1Þ dim DðUf Þð Þ�1ð Þþ1

n o� �

: ð79Þ

This, (78), and Lemma 3.8 (with d1 ¼ d, d2 ¼ 1, d3 ¼ 1, f ¼ IdR,

g ¼ g � þWh
TðxÞ �Wh

t ðxÞ
� �

, a ¼ nðnþ1Þ dim DðUf Þð Þ�1ð Þþ1
, and b ¼ DðUgÞ for h 2 H, t 2

½0; T� in the notation of Lemma 3.8) show that for all h 2 H, t 2 ½0; T � it holds that

g � þWh
TðxÞ �Wh

t ðxÞ
� �

2 R U 2 N : DðUÞ ¼ nðnþ1Þ dim DðUf Þð Þ�1ð Þþ1
	DðUgÞ

n o� �

:

ð80Þ

Next, the induction hypothesis implies for all h 2 H, t 2 ½0; T �, l 2 ½0; n� \N0 that

Uh
l;Mðt; �;xÞ ¼ RðUh

l;tÞ and D U
h
l;t

� �

¼ D U
0
l;0

� �

: ð81Þ

This and Lemma 3.7 (with

d ¼ d; m ¼ 1; a ¼ 0; b ¼ Wh
Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ; and

W ¼ U
g

l;Uh
t ðxÞ

for h; g 2 H; t 2 ½0; T �; l 2 ½0; n� \N0

ð82Þ

in the notation of Lemma 3.7) imply that for all h; g 2 H, t 2 ½0; T �, l 2 ½0; n� \N0 it holds

that

U
g
l;M Uh

t ðxÞ; � þWh
Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

¼ R U
g

l;Uh
t ðxÞ

� �� �

� þWh
Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ

� �

2 R U 2 N : DðUÞ ¼ D U
g

l;Uh
t ðxÞ

� �n o� �

¼ R U 2 N : DðUÞ ¼ D U
0
l;0

� �n o� �

:

ð83Þ

Moreover, Lemma 3.6 (with H ¼ ðn� lÞ dim DðUf Þ
� �

� 1
� �

� 1 for l 2 ½0; n� 1� \N0 in

the notation of Lemma 3.6) ensures for all l 2 ½0; n� 1� \N0 that

IdR 2 R U 2 N : DðUÞ ¼ nðn�lÞ dim DðUf Þð Þ�1ð Þþ1

n o� �

: ð84Þ

This, (83), and Lemma 3.8 (with

d1 ¼ d; d2 ¼ 1; d3 ¼ 1; f ¼ IdR; a ¼ nðn�lÞ dim DðUf Þð Þ�1ð Þþ1
;

b ¼ D U
0
l;0

� �

; and g ¼ U
g
l;M Uh

t ðxÞ; � þWh
Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

for g; h 2 H; t 2 ½0; T �; l 2 ½0; n� 1� \N0

ð85Þ

in the notation of Lemma 3.8) prove for all g; h 2 H, t 2 ½0; T �, l 2 ½0; n� 1� \N0 that

U
g
l;M Uh

t ðxÞ; � þWh
Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

2 R U 2 N : DðUÞ ¼ nðn�lÞ dim DðUf Þð Þ�1ð Þþ1
	DðU0

l;0Þ
n o� �

:
ð86Þ

This and Lemma 3.8 (with
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d1 ¼ d; d2 ¼ 1; d3 ¼ 1; f ¼ f ; a ¼ DðUf Þ;

b ¼ nðn�lÞ dim DðUf Þð Þ�1ð Þþ1
	DðU0

l;0Þ; and g ¼ U
g
l;M Uh

t ðxÞ; � þWh
Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

for g; h 2 H; t 2 ½0;T �; l 2 ½0; n� 1� \N0

ð87Þ

in the notation of Lemma 3.8) assure for all g; h 2 H, t 2 ½0; T �, l 2 ½0; n� 1� \N0 that

f 
 Ug
l;M

� �

Uh
t ðxÞ; � þWh

Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

2 R U 2 N : DðUÞ ¼ DðUf Þ 	 nðn�lÞ dim DðUf Þð Þ�1ð Þþ1
	DðU0

l;0Þ
n o� �

:
ð88Þ

Next, (83) (with l ¼ n) and Lemma 3.8 (with

d1 ¼ d; d2 ¼ 1; d3 ¼ 1; f ¼ f ; a ¼ DðUf Þ; b ¼ D U
0
n;0

� �

; and

g ¼ U
g
n;M

� �

Uh
t ðxÞ; � þWh

Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

for g; h 2 H; t 2 ½0; T �
ð89Þ

in the notation of Lemma 3.8) prove for all g; h 2 H, t 2 ½0; T � that

f 
 Ug
n;M

� �

Uh
t ðxÞ; � þWh

Uh
t ðxÞ

ðxÞ �Wh
t ðxÞ;x

� �

2 R U 2 N : DðUÞ ¼ DðUf Þ 	 DðU0
n;0Þ

n o� �

:
ð90Þ

Furthermore, the definition of 	 in (33) and the fact that

8 l 2 ½0; n� \N0 : dim DðU0
l;0Þ

� �

¼ l dim D Uf

� �� �
� 1

� �
þ dim D Ug

� �� �
ð91Þ

in the induction hypothesis imply that

dim nðnþ1Þ dim DðUf Þð Þ�1ð Þþ1
	DðUgÞ

� �

¼ ðnþ 1Þ dim DðUf Þ
� �

� 1
� �

þ 1
� �

þ dim D Ug

� �� �
� 1

¼ ðnþ 1Þ dim DðUf Þ
� �

� 1
� �

þ dim D Ug

� �� �
;

ð92Þ

that

dim DðUf Þ 	 DðU0
n;0Þ

� �

¼ dim DðUf Þ
� �

þ dim DðU0
n;0Þ

� �

� 1

¼ dim DðUf Þ
� �

þ n dim D Uf

� �� �
� 1

� �
þ dim D Ug

� �� �� �
� 1

¼ ðnþ 1Þ dim DðUf Þ
� �

� 1
� �

þ dim D Ug

� �� �
;

ð93Þ

and for all l 2 ½0; n� 1� \N0 that
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dim DðUf Þ 	 nðn�lÞ dim DðUf Þð Þ�1ð Þþ1
	DðU0

l;0Þ
� �

¼ dim DðUf Þ
� �

þ dim nðn�lÞ dim DðUf Þð Þ�1ð Þþ1

� �

þ dim DðU0
l;0Þ

� �

� 2

¼ dim DðUf Þ
� �

þ ðn� lÞ dim DðUf Þ
� �

� 1
� �

þ 1
� �

þ l dim D Uf

� �� �
� 1

� �
þ dim D Ug

� �� �� �
� 2

¼ dim DðUf Þ
� �

þ n dim DðUf Þ
� �

� 1
� �

þ dim D Ug

� �� �
� 1

¼ ðnþ 1Þ dim DðUf Þ
� �

� 1
� �

þ dim D Ug

� �� �
:

ð94Þ

This shows, roughly speaking, that the functions in (80), (90), and (88) can be represented

by networks with the same depth (i.e. number of layers):

ðnþ 1Þðdim DðUf Þ
� �

� 1Þ þ dim D Ug

� �� �
. Hence, Lemma 3.9 and (73) imply that there

exists a family ðUh
nþ1;tÞh2H;t2½0;T � � N such that for all h 2 H, t 2 ½0; T�, x 2 R

d it holds that

RðUh
nþ1;tÞ

� �

ðxÞ

¼ 1

Mnþ1

XM
nþ1

i¼1

g xþW
ðh;0;�iÞ
T ðxÞ �W

ðh;0;�iÞ
t ðxÞ

� �

þ ðT � tÞ
M

XM

i¼1

f 
 Uðh;n;iÞ
n;M

� �

Uðh;n;iÞ
t ðxÞ; xþW

ðh;n;iÞ
Uðh;n;iÞ
t ðxÞ

ðxÞ �W
ðh;n;iÞ
t ðxÞ;x

	 


þ
Xn�1

l¼0

ðT � tÞ
Mnþ1�l

XM
nþ1�l

i¼1

f 
 Uðh;l;iÞ
l;M

� �

Uðh;l;iÞ
t ðxÞ; xþW

ðh;l;iÞ
Uðh;l;iÞ
t ðxÞ

ðxÞ �W
ðh;l;iÞ
t ðxÞ;x

	 


�
Xn

l¼1

ðT � tÞ
Mnþ1�l

XM
nþ1�l

i¼1

f 
 Uðh;�l;iÞ
l�1;M

� �

Uðh;l;iÞ
t ðxÞ; xþW

ðh;l;iÞ
Uðh;l;iÞ
t ðxÞ

ðxÞ �W
ðh;l;iÞ
t ðxÞ;x

	 


¼ Uh
nþ1;Mðt; x;xÞ;

ð95Þ

that

dim DðUh
nþ1;tÞ

� �

¼ ðnþ 1Þðdim DðUf Þ
� �

� 1Þ þ dim D Ug

� �� �
; ð96Þ

and that

DðUh
nþ1;tÞ ¼ �

Mnþ1

i¼1
nðnþ1Þ dim DðUf Þð Þ�1ð Þþ1

	DðUgÞ
h i	 


� �

M

i¼1
D Uf

� �
	D U

0
n;0

� �� �	 


� �

n�1

l¼0
�

Mnþ1�l

i¼1

�

DðUf Þ 	 nðn�lÞðdim DðUf Þð Þ�1Þþ1
	DðU0

l;0Þ
� �	 


:

� �

n

l¼1
�

Mnþ1�l

i¼1
DðUf Þ 	 nðn�lþ1Þðdim DðUf Þð Þ�1Þþ1

	DðU0
l�1;0Þ

� �	 �


:

ð97Þ
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This shows for all t1; t2 2 ½0; T�, h1; h2 2 H that

D U
h1
nþ1;t1

� �

¼ D U
h2
nþ1;t2

� �

: ð98Þ

Furthermore, (97), the triangle inequality (see Lemma 3.5), and the fact that

8 l 2 ½0; n� \N0 : jjjDðU0
l;0Þjjj � cð3MÞl ð99Þ

in the induction hypothesis show for all h 2 H, t 2 ½0; T � that

jjjDðUh
nþ1;tÞjjj �

XM
nþ1

i¼1

jjjnðnþ1Þðdim DðUf Þð Þ�1Þþ1
	DðUgÞjjj þ

XM

i¼1

jjjDðUf Þ 	 DðU0
n;0Þjjj

þ
Xn�1

l¼0

XM
nþ1�l

i¼1

jjjDðUf Þ 	 nðn�lÞðdim DðUf Þð Þ�1Þþ1
	DðU0

l;0Þjjj

þ
Xn

l¼1

XM
nþ1�l

i¼1

jjjDðUf Þ 	 nðn�lþ1Þðdim DðUf Þð Þ�1Þþ1
	DðU0

l�1;0Þjjj:

ð100Þ

Note that for all H1;H2; a0; . . .; aH1þ1; b0; . . .; bH2þ1 2 N, a; b 2 D with

a ¼ ða0; . . .; aH1þ1Þ, b ¼ ðb0; . . .; bH2þ1Þ, a0 ¼ bH2þ1 ¼ 1 it holds that jjja	
bjjj � maxfjjjajjj; jjjbjjj; 2g (see (33)). This, (100), the fact that 8H 2 N : jjjnHþ2jjj ¼ 2

(see (35)), (72), and (99) prove for all h 2 H; t 2 ½0; T� that

jjjDðUh
nþ1;tÞjjj

�
XM

nþ1

i¼1

c

" #

þ
XM

i¼1

cð3MÞn
" #

þ
Xn�1

l¼0

XM
nþ1�l

i¼1

cð3MÞl
" #

þ
Xn

l¼1

XM
nþ1�l

i¼1

cð3MÞl�1

" #

¼ Mnþ1cþMcð3MÞn þ
Xn�1

l¼0

Mnþ1�lcð3MÞl
" #

þ
Xn

l¼1

Mnþ1�lcð3MÞl�1

" #

�Mnþ1c 1þ 3n þ
Xn�1

l¼0

3l þ
Xn

l¼1

3l�1

" #

¼ Mnþ1c 1þ
Xn

l¼0

3l þ
Xn

l¼1

3l�1

" #

� cMnþ1 1þ 2
Xn

l¼0

3l

" #

¼ cMnþ1 1þ 2
3nþ1 � 1

3� 1

� �

¼ cð3MÞnþ1:

ð101Þ

Combining (95), (96), (98), and (101) completes the induction step. Induction hence

establishes (i)–(iv). The proof of Lemma 3.10 is thus completed. h

3.4 Deep neural network approximations for the PDE nonlinearity

Lemma 3.11 (DNN interpolation) Assume Setting 3.1, let N 2 N,

a0; a1; . . .; aN�1; n0; n1; . . .; nN 2 R satisfy that n0\n1\. . .\nN , let f : R ! R be a

function, assume for all x 2 ð�1; n0� that f ðxÞ ¼ f ðn0Þ, assume for all n 2 ½0;N � 1� \ Z,
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x 2 ðnn; nnþ1� that f ðxÞ ¼ f ðnnÞ þ anðx� nnÞ, and assume for all x 2 ðnN ;1Þ that

f ðxÞ ¼ f ðnNÞ. Then it holds that

f 2 RðfU 2 N : DðUÞ ¼ ð1;N þ 1; 1ÞgÞ: ð102Þ

Proof of Lemma 3.11 Throughout this proof let a�1 ¼ 0 and aN ¼ 0, let

cn 2 R; n 2½0;N� \ Z, be the real numbers which satisfy for all n 2 ½0;N� \ Z that

cn ¼ an � an�1, let W1 2 R
ðNþ1Þ�1, B1 2 R

Nþ1, W2 2 R
1�ðNþ1Þ, B2 2 R, U 2 N be given

by

W1 ¼

1

1

.

.

.

1

0

B
B
B
B
@

1

C
C
C
C
A

; B1 ¼

�n0

�n1

.

.

.

�nN

0

B
B
B
B
@

1

C
C
C
C
A

; W2 ¼ c0 c1 . . . cNð Þ; B2 ¼ f ðn0Þ; ð103Þ

and

U ¼ ððW1;B1Þ; ðW2;B2ÞÞ; ð104Þ

and let g : R ! R satisfy for all x 2 R that

gðxÞ ¼ f ðn0Þ þ
XN

k¼0

ck maxfx� nk; 0g: ð105Þ

First, observe that the fact that 8 n 2 ½0;N � 1� \ Z : nn\nnþ1 and the fact that 8 n 2
½0;N� \ Z : an ¼

Pn
k¼0 ck then show for all n 2 ½0;N � 1� \ Z, x 2 ðnn; nnþ1� that

gðxÞ � gðnnÞ ¼
XN

k¼0

ck maxfx� nk; 0g �maxfnn � nk; 0gð Þ
" #

¼
Xn

k¼0

ck½ðx� nkÞ � ðnn � nkÞ� ¼
Xn

k¼0

ckðx� nnÞ ¼ anðx� nnÞ:
ð106Þ

This shows for all n 2 ½0;N � 1� \ Z that g is affine linear on the interval ðnn; nnþ1�. This, the
fact that for all n 2 ½0;N � 1� \ Z it holds that f is affine linear on the interval ðnn; nnþ1�, the
fact that 8 x 2 ð�1; n0� : f ðxÞ ¼ gðxÞ ¼ f ðn0Þ, and an induction argument imply for all

x 2 ð�1; nN � that f ðxÞ ¼ gðxÞ. Furthermore, (105), the fact that

8 n 2 ½0;N � 1� \ Z : nn\nnþ1, and the fact that
PN

k¼0 ck ¼ 0 imply for all x 2 ðnN ;1Þ that

gðxÞ � gðnNÞ ¼
XN

k¼0

ck maxfx� nk; 0g �maxfnN � nk; 0gð Þ
" #

¼
XN

k¼0

ck½ðx� nkÞ � ðnN � nkÞ� ¼
XN

k¼0

ckðx� nNÞ ¼ 0:

ð107Þ

This shows for all x 2 ðnN ;1Þ that gðxÞ ¼ gðnNÞ. This, the fact that

8 x 2 ðnN ;1Þ : f ðxÞ ¼ f ðnNÞ, the fact that 8 x 2 ð�1; nN � : f ðxÞ ¼ gðxÞ, and (105) prove

for all x 2 R that
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f ðxÞ ¼ gðxÞ ¼ f ðn0Þ þ
XN

k¼0

ck maxfx� nk; 0g: ð108Þ

Next, the definition of R and D (see (31) and (32)), (103), (104), and (108) imply that for

all x 2 R it holds that DðUÞ ¼ ð1;N þ 1; 1Þ and

ðRðUÞÞðxÞ ¼ W2ðANþ1ðW1xþ B1ÞÞ þ B2

¼ c0 c1 . . . cNð Þ

maxfx� n0; 0g
maxfx� n1; 0g

.

.

.

maxfx� nN ; 0g

0

B
B
B
B
@

1

C
C
C
C
A

þ f ðn0Þ ¼ f ðn0Þ þ
XN

k¼0

ck maxfx� nk; 0g ¼ f ðxÞ:

ð109Þ

This establishes (102). The proof of Lemma 3.11 is thus completed. h

Lemma 3.12 Let L 2 ½0;1Þ, N 2 N, a 2 R, b 2 ða;1Þ, n0; n1; . . .; nN 2 R satisfy for all

n 2 ½0;N� \ Z that nn ¼ aþ ðb�aÞn
N

, let f : R ! R satisfy for all x; y 2 R that

jf ðxÞ � f ðyÞj �Ljx� yj; ð110Þ

and let g : R ! R satisfy for all x 2 R, n 2 ½0;N � 1� \ Z that

gðxÞ ¼
f ðn0Þ : x 2 ð�1; n0�
f ðnnÞðnnþ1 � xÞ þ f ðnnþ1Þðx� nnÞ

nnþ1 � nn
: x 2 ðnn; nnþ1�

f ðnNÞ : x 2 ðnN ;1Þ:

8

><

>:

ð111Þ

Then

(i) it holds for all n 2 ½0;N� \ Z that gðnnÞ ¼ f ðnnÞ,
(ii) it holds for all x; y 2 R that jgðxÞ � gðyÞj �Ljx� yj, and
(iii) it holds for all x 2 ½a; b� that jgðxÞ � f ðxÞj � 2Lðb�aÞ

N
.

Proof of Lemma 3.12 Throughout this proof let r; ‘ : R ! R satisfy for all x 2 Rnða; b�
that

rðxÞ ¼ ‘ðxÞ ¼ x ð112Þ

and for all n 2 ½0;N � 1� \ Z, x 2 ðnn; nnþ1� that

rðxÞ ¼ nnþ1 and ‘ðxÞ ¼ nn: ð113Þ

Note that (111) implies (i). Next observe that for all x; y 2 ða; b� with x� y and ‘ðyÞ\rðxÞ
it holds that rðxÞ ¼ rðyÞ and ‘ðxÞ ¼ ‘ðyÞ. This, (112), (111), and (110) show that for all

x; y 2 R with x� y and ‘ðyÞ\rðxÞ it holds that x; y 2 ða; b�, rðxÞ ¼ rðyÞ, ‘ðxÞ ¼ ‘ðyÞ, and

jgðxÞ � gðyÞj ¼ f ðrðxÞÞ � f ð‘ðxÞÞ
rðxÞ � ‘ðxÞ ðx� yÞ

�
�
�
�

�
�
�
�� Ljx� yj: ð114Þ

Furthermore, (111), (110), and the fact that 8 x 2 R : ‘ðxÞ� x� rðxÞ imply for all x 2 ða; b�
that
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jgðxÞ � gðrðxÞÞj ¼ f ð‘ðxÞÞ � f ðrðxÞÞ
‘ðxÞ � rðxÞ ðx� ‘ðxÞÞ þ f ð‘ðxÞÞ � f ðrðxÞÞ

�
�
�
�

�
�
�
�

¼ ðf ð‘ðxÞÞ � f ðrðxÞÞÞðx� rðxÞÞ
‘ðxÞ � rðxÞ

�
�
�
�

�
�
�
�� Ljx� rðxÞj ¼ LðrðxÞ � xÞ

ð115Þ

and

gðxÞ � gð‘ðxÞÞ ¼ f ð‘ðxÞÞ � f ðrðxÞÞ
‘ðxÞ � rðxÞ ðx� ‘ðxÞÞ þ f ð‘ðxÞÞ � f ð‘ðxÞÞ

�
�
�
�

�
�
�
�

¼ f ð‘ðxÞÞ � f ðrðxÞÞ
‘ðxÞ � rðxÞ ðx� ‘ðxÞÞ

�
�
�
�

�
�
�
�
� Ljx� ‘ðxÞj ¼ Lðx� ‘ðxÞÞ:

ð116Þ

This and (112) show for all x 2 R that

jgðxÞ � gðrðxÞÞj� LðrðxÞ � xÞ and jgðxÞ � gð‘ðxÞÞj� Lðx� ‘ðxÞÞ: ð117Þ

The triangle inequality therefore shows for all x; y 2 R with x� y and rðxÞ� ‘ðyÞ that

jgðxÞ � gðyÞj � jgðxÞ � gðrðxÞÞj þ jgðrðxÞÞ � gð‘ðyÞÞj þ jgð‘ðyÞÞ � gðyÞj
� LðrðxÞ � xÞ þ Lð‘ðyÞ � rðxÞÞ þ Lðy� ‘ðyÞÞ ¼ Lðy� xÞ ¼ Ljy� xj:

ð118Þ

This and (114) show for all x; y 2 R with x� y that jgðxÞ � gðyÞj � Ljx� yj. Symmetry

hence establishes (ii). Next, the fact that 8 x 2 R : gð‘ðxÞÞ ¼ f ð‘ðxÞÞ, the triangle

inequality, (110), (117), and the fact that 8 x 2 ½a; b� : 0� x� ‘ðxÞ� ðb� aÞ=N imply for

all x 2 ½a; b� that

jgðxÞ � f ðxÞj ¼ jgðxÞ � f ð‘ðxÞÞ þ f ð‘ðxÞÞ � f ðxÞj
¼ jgðxÞ � gð‘ðxÞÞ þ f ð‘ðxÞÞ � f ðxÞj
� jgðxÞ � gð‘ðxÞÞj þ jf ð‘ðxÞÞ � f ðxÞj � 2Lðx� ‘ðxÞÞ� 2Lðb� aÞ=N:

ð119Þ

This establishes (iii). The proof of Lemma 3.12 is thus completed. h

Corollary 3.13 Assume Setting 3.1, let � 2 ð0; 1�, L 2 ½0;1Þ, q 2 ð1;1Þ, and let f : R !
R satisfy for all x; y 2 R that jf ðxÞ � f ðyÞj � Ljx� yj: Then there exists a function g :

R ! R such that

(i) it holds for all x; y 2 R that jgðxÞ � gðyÞj �Ljx� yj,
(ii) it holds for all x 2 R that jf ðxÞ � gðxÞj � �ð1þ jxjqÞ, and
(iii) it holds that

g 2 R U 2 N : DðUÞ 2 N
3and jjjDðUÞjjj �

4L 1þ 4Lþ 2jf ð0Þjð Þ 1
q�1

� �

þ 2

�
q

ðq�1Þ

8

<

:

9

=

;

0

@

1

A:

ð120Þ
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Proof of Corollary 3.13 Throughout this proof let R 2 R, N 2 N satisfy that

R ¼ max 1;
4Lþ 2jf ð0Þj

�

	 
 1
q�1

 !

and N ¼ min n 2 N :
4LR

n
� �

 �

; ð121Þ

let n0; n1; . . .; nN 2 R be the real numbers which satisfy for all n 2 ½0;N� \ Z that

nn ¼ Rð�1þ 2n
N
Þ, and let g : R ! R satisfy for all x 2 R, n 2 ½0;N � 1� \ Z that

gðxÞ ¼
f ðn0Þ : x 2 ð�1; n0�
f ðnnÞðnnþ1 � xÞ þ f ðnnþ1Þðx� nnÞ

nnþ1 � nn
: x 2 ðnn; nnþ1�

f ðnNÞ : x 2 ðnN ;1Þ:

8

><

>:

ð122Þ

By (ii) in Lemma 3.12 the function g satisfies (i). Next, it follows from (iii) in Lemma 3.12

that for all x 2 ½�R;R� it holds jgðxÞ � f ðxÞj � 4LR=N. This and the fact that 4LR=N� �
prove that for all x 2 ½�R;R� it holds that jgðxÞ � f ðxÞj � �� �ð1þ jxjqÞ. Next, the triangle
inequality, the fact that f ðRÞ ¼ gðRÞ, and the Lipschitz condition of f and g imply for all

x 2 R that

jf ðxÞ � gðxÞj � jf ðxÞ � f ð0Þj þ jf ð0Þj þ jgðxÞ � gðRÞj þ jgðRÞj
¼ jf ðxÞ � f ð0Þj þ jf ð0Þj þ jgðxÞ � gðRÞj þ jf ðRÞj
� jf ðxÞ � f ð0Þj þ jf ð0Þj þ jgðxÞ � gðRÞj þ jf ðRÞ � f ð0Þj þ jf ð0Þj
� Ljxj þ 2jf ð0Þj þ Ljx� Rj þ LR

� 2Lðjxj þ RÞ þ 2jf ð0Þj:

ð123Þ

This and (121) show for all x 2 Rn½�R;R� that

jf ðxÞ � gðxÞj
1þ jxjq � 2Lðjxj þ RÞ þ 2jf ð0Þj

1þ jxjq � 4Ljxj þ 2jf ð0Þj
1þ jxjq

� 4L

jxjq�1
þ 2jf ð0Þj

jxjq � 4L

Rq�1
þ 2jf ð0Þj

Rq
� 4Lþ 2jf ð0Þj

Rq�1
� �:

ð124Þ

This and the fact that 8 x 2 ½�R;R� : jgðxÞ � f ðxÞj � �ð1þ jxjqÞ prove that for all x 2 R it

holds that jgðxÞ � f ðxÞj � �ð1þ jxjqÞ. This shows that g satisfies (ii). Next, (i) in

Lemma 3.12 ensures that g satisfies for all x 2 ð�1;�R� that gðxÞ ¼ gð�RÞ, for all

n 2 ½0;N� 1� \ Z, x 2 ðnn; nnþ1� that gðxÞ ¼ gðnnÞ þ gðnnþ1Þ�gðnnÞ
nnþ1�nn

ðx� nnÞ, and for all x 2
ðR;1Þ that gðxÞ ¼ gðRÞ. This and Lemma 3.11 (with N ¼ N, f ¼ g, nn ¼ nn for

n 2 ½0;N� \ Z, and an ¼ ðgðnnþ1Þ � gðnnÞÞ=ðnnþ1 � nnÞ for n 2 ½0;N � 1� \ Z in the

notation of Lemma 3.11) imply that

g 2 RðfU 2 N : DðUÞ ¼ ð1;N þ 1; 1ÞgÞ: ð125Þ

Furthermore, if N[ 1, then (121) implies that 4LR
N�1
[ �. Hence, if N[ 1 it holds that

N\ 4LR
� þ 1. This and (121) ensure that

N� 4LR

�
þ 1 ¼

4Lmax 1; 4Lþ2jf ð0Þj
�

� � 1
q�1

	 


þ �

�
: ð126Þ
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This and (125) imply that

jjjDðUÞjjj ¼ N þ 1�
4Lmax 1; 4Lþ2jf ð0Þj

�

� � 1
q�1

	 


þ 2�

�

¼
4Lmax �

1
q�1; 4Lþ 2jf ð0Þjð Þ 1

q�1

� �

þ 2�
q

ðq�1Þ

�
q

ðq�1Þ

�
4L 1þ 4Lþ 2jf ð0Þjð Þ 1

q�1

� �

þ 2

�
q

ðq�1Þ
:

ð127Þ

This establishes (iii). The proof of Corollary 3.13 is thus completed. h

4 Deep neural network approximations for PDEs

4.1 Deep neural network approximations with specific polynomial convergence

rates

Theorem 4.1 Let �k k; jjj � jjj : ð[d2NR
dÞ ! ½0;1Þ and dim : ð[d2NR

dÞ ! N satisfy for

all d 2 N, x ¼ ðx1; . . .; xdÞ 2 R
d that kxk ¼ ½Pd

i¼1ðxiÞ
2�1=2, jjjxjjj ¼ maxi2½1;d�\N jxij, and

dim xð Þ ¼ d, let T ; L;B; b 2 ½0;1Þ, p; p 2 N, q 2 N \ ½2;1Þ, a 2 ½2;1Þ, let f : R ! R

satisfy for all x; y 2 R that jf ðxÞ � f ðyÞj �Ljx� yj, for every d 2 N let gd 2 CðRd;RÞ, for
every d 2 N let md : BðRdÞ ! ½0; 1� be a probability measure on ðRd;BðRdÞÞ, for every

d 2 N let Ad : R
d ! R

d satisfy for all x ¼ ðx1; . . .; xdÞ 2 R
d that

AdðxÞ ¼ maxfx1; 0g; . . .;maxfxd; 0gð Þ; ð128Þ

let D ¼ [H2NN
Hþ2, let

N ¼
[

H2N

[

ðk0;k1;...;kHþ1Þ2NHþ2

YHþ1

n¼1

R
kn�kn�1 � R

kn
� �

" #

; ð129Þ

let P : N ! N, D : N ! D, and R : N ! ð[k;l2NCðRk;RlÞÞ satisfy for all H 2 N,

k0; k1; . . .; kH ; kHþ1 2 N, U ¼ ððW1;B1Þ; . . .; ðWHþ1;BHþ1ÞÞ 2
QHþ1

n¼1 R
kn�kn�1 � R

kn
� �

;

x0 2 R
k0 ; . . .; xH 2 R

kH with 8 n 2 N \ ½1;H� : xn ¼ AknðWnxn�1 þ BnÞ that

PðUÞ ¼
XHþ1

n¼1

knðkn�1 þ 1Þ; DðUÞ ¼ ðk0; k1; . . .; kH ; kHþ1Þ; ð130Þ

RðUÞ 2 CðRk0 ;RkHþ1Þ; and ðRðUÞÞðx0Þ ¼ WHþ1xH þ BHþ1; ð131Þ

for every e 2 ð0; 1�, d 2 N let gd;e 2 N, and assume for all d 2 N, x 2 R
d , e 2 ð0; 1� that

Rðgd;eÞ 2 CðRd;RÞ, jðRðgd;eÞÞðxÞj �Bdpð1þ xk kÞp, gdðxÞ � ðRðgd;eÞÞðxÞ
�
�
�

�
�
�� eBdpð1

þ xk kÞpq, jjjDðgd;eÞjjj �Bdpe�a, dim D gd;e

� �� �

�Bdpe�b, and
R

R
d yk k2pqmdðdyÞ

� �1=ð2pqÞ
�

Bdp. Then

SN Partial Differential Equations and Applications

10 Page 26 of 34 SN Partial Differ. Equ. Appl. (2020) 1:10



(i) there exist unique ud 2 Cð½0; T � � R
d;RÞ, d 2 N, such that for every d 2 N,

x 2 R
d , s 2 ½0; T�, every probability space ðX;F ;PÞ, and every standard Brownian

motion W : ½0; T � � X ! R
d with continuous sample paths it holds that

supt2½0;T � supy2Rd
judðt;yÞj
1þ yk kp
� �

\1 and

udðs; xÞ ¼ E gd xþWT�sð Þ þ
Z T

s

f ud t; xþWt�sð Þð Þ dt
� �

ð132Þ

and

(ii) there exist ðWd;eÞd2N;e2ð0;1� � N, g 2 ð0;1Þ, C ¼ ðCcÞc2ð0;1� : ð0; 1� ! ð0;1Þ such
that for all d 2 N, e; c 2 ð0; 1� it holds that RðWd;eÞ 2 CðRd;RÞ,
PðWd;eÞ�Ccd

ge�ð4þ2aþbþcÞ, and

Z

R
d

udð0; xÞ � ðRðWd;eÞÞðxÞ
�
�

�
�2mdðdxÞ

� �1
2

� e: ð133Þ

Proof of Theorem 4.1 Throughout this proof assume without loss of generality that

B� max jf ð0Þj þ 1; 4L 1þ 4Lþ 2jf ð0Þjð Þ 1
q�1

� �

þ 2
n o

: ð134Þ

Note that the triangle inequality, the fact that

8 d 2 N; x 2 R
d; e 2 ð0; 1� : jðRðgd;eÞÞðxÞj �Bdpð1þ xk kÞp, and the fact that 8 d 2 N; x 2

R
d; e 2 ð0; 1� : gdðxÞ � ðRðgd;eÞÞðxÞ

�
�
�

�
�
�� eBdpð1þ xk kÞpq imply for all d 2 N, x 2 R

d, e 2
ð0; 1� that

gdðxÞj j � gdðxÞ � ðRðgd;eÞÞðxÞ
�
�
�

�
�
�þ ðRðgd;eÞÞðxÞ
�
�
�

�
�
�� eBdpð1þ xk kÞpq þ Bdpð1þ xk kÞp:

ð135Þ

This proves for all d 2 N, x 2 R
d that

gdðxÞj j �Bdpð1þ xk kÞp: ð136Þ

Corollary 3.11 in [17], the fact that f is globally Lipschitz continuous, and (136) hence

establish (i). It thus remains to prove (ii). To this end note that Corollary 3.13 ensures that

there exist fe 2 N, e 2 ð0; 1�, which satisfy for all v;w 2 R, e 2 ð0; 1� thatRðfeÞ 2 CðR;RÞ,
ðRðfeÞÞðwÞ � ðRðfeÞÞðvÞj j � L w� vj j, f ðvÞ � ðRðfeÞÞðvÞj j � eð1þ jvjqÞ, dim D feð Þð Þ ¼ 3,

and

jjjDðfeÞjjj � 4L 1þ 4Lþ 2jf ð0Þjð Þ 1
q�1

� �

þ 2
h i

e
� q

ðq�1Þ: ð137Þ

Note that the fact that B� 1þ jf ð0Þj implies for all e 2 ð0; 1� that

ðRðfeÞÞð0Þj j � ðRðfeÞÞð0Þ � f ð0Þj j þ jf ð0Þj � eþ jf ð0Þj �B: ð138Þ

Next let ðX;F ;PÞ be a probability space, for every d 2 N let Wd
: ½0; T � � X ! R

d be a

standard Brownian motion with continuous sample paths, let H ¼ Sn2N Z
n, let

uh : X ! ½0; 1�, h 2 H, be independent random variables which are uniformly distributed

on [0, 1], let Uh
: ½0; T � � X ! ½0; T �, h 2 H, satisfy for all t 2 ½0; T �, h 2 H that
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Uh
t ¼ t þ ðT � tÞuh, for every d 2 N let Wh;d

: ½0; T � � X ! R
d , h 2 H, be independent

standard Brownian motions with continuous sample paths, assume for every d 2 N that

ðuhÞh2H and ðWh;dÞh2H are independent, and let Uh
n;M;d;d : ½0; T � � R

d � X ! R, n;M 2 Z,

d 2 N, d 2 ð0; 1�, h 2 H, satisfy for all d; n;M 2 N, d 2 ð0; 1�, h 2 H, t 2 ½0; T �, x 2 R
d

that Uh
�1;M;d;dðt; xÞ ¼ Uh

0;M;d;dðt; xÞ ¼ 0 and

Uh
n;M;d;dðt; xÞ ¼

1

Mn

XM
n

i¼1

ðRðgd;dÞÞ xþW
ðh;0;�iÞ;d
T �W

ðh;0;�iÞ;d
t

� �

þ
Xn�1

l¼0

ðT � tÞ
Mn�l

XM
n�l

i¼1

ðRðfdÞÞ 
 Uðh;l;iÞ
l;M;d;d � 1NðlÞðRðfdÞÞ 
 Uðh;�l;iÞ

l�1;M;d;d

� �
"

Uðh;l;iÞ
t ; xþW

ðh;l;iÞ;d
Uðh;l;iÞ
t

�W
ðh;l;iÞ;d
t

	 
�

;

ð139Þ

let cd 2 ½1;1Þ, d 2 N, satisfy for all d 2 N that

cd ¼ eLTðT þ 1Þ
� �qþ1 ðBdpÞq þ 1ð Þ 1þ

Z

R
d

xk k2pqmdðdxÞ
	 
 1

ð2pqÞ
þ E W

d
T

�
�

�
�
pq� �� � 1

ðpqÞ

" #pq

;

ð140Þ

let kd;e 2 N, d 2 N, e 2 ð0; 1�, satisfy for all d 2 N, e 2 ð0; 1� that

kd;e ¼ max jjjDðfeÞjjj; jjjDðgd;eÞjjj; 2
n o

; ð141Þ

let ~C ¼ ð ~CcÞc2ð0;1� : ð0;1Þ ! ð0;1� satisfy for all c 2 ð0;1Þ that

~Cc ¼ sup
n2N\½2;1Þ

nð3nÞ2n
ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
	 
ðn�1Þð4þcÞ" #

; ð142Þ

let Nd;e 2 N, d 2 N, e 2 ð0; 1�, satisfy for all d 2 N, e 2 ð0; 1� that

Nd;e ¼ min n 2 N \ ½2;1Þ : cd

ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffi
n

p
	 
n� �

� e

2

 �

; ð143Þ

and let dd;e 2 ð0; 1�, d 2 N, e 2 ð0; 1�, satisfy for all d 2 N, e 2 ð0; 1� that dd;e ¼ e
4Bdpcd

.

Note that the fact that for all d 2 N the random variable
W

d
Tffiffiffi
T

p
�
�
�

�
�
�

2

is chi-squared distributed

with d degrees of freedom and Jensen’s inequality imply that for all d 2 N it holds that

E W
d
T

�
�

�
�
pq� �� �2 � E W

d
T

�
�

�
�
2pq

h i

¼ ð2TÞpq C
d
2
þ pq

� �

C
d
2

� �

" #

¼ ð2TÞpq
Ypq�1

k¼0

d

2
þ k

	 
" #

: ð144Þ

This implies for all d 2 N that
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E W
d
T

�
�

�
�
pq� �� � 1

ðpqÞ¼ E W
d
T

�
�

�
�
pq� �� � 2

ð2pqÞ �
ffiffiffiffiffiffi

2T
p Ypq�1

k¼0

d

2
þ k

	 
 ! 1
ð2pqÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2T
d

2
þ pq� 1

	 

s

:

ð145Þ

This together with the fact that 8 d 2 N :
R

R
d xk k2pqmdðdxÞ

� � 1
ð2pqÞ �Bdp implies that there

exists �C 2 ð0;1Þ such that for all d 2 N it holds that

cd � �Cdpq
1þ dp þ

ffiffiffi
d

p

3

	 
pq

� �Cdðpþ1Þpq: ð146Þ

Next note that for all c 2 ð0;1Þ it holds that

~Cc ¼ sup
n2N\½2;1Þ

nð3nÞ2n
ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
	 
ðn�1Þð4þcÞ" #

¼ sup
n2N\½2;1Þ

ð
ffiffiffi
e

p
ð1þ 2LTÞÞðn�1Þð4þcÞ

n332nðn� 1Þ�ðn�1Þc
2

n

n� 1

� �2ðn�1Þ
� �

� sup
n2N\½2;1Þ

ð
ffiffiffi
e

p
ð1þ 2LTÞÞðn�1Þð4þcÞ

n332nðn� 1Þ�ðn�1Þc
2

h i
" #

sup
n2N\½2;1Þ

n

n� 1

� �2ðn�1Þ
" #

\1:

ð147Þ

The fact that for all d 2 N, v 2 R, x 2 R
d , e 2 ð0; 1� it holds that

f ðvÞ � ðRðfeÞÞðvÞj j � eð1þ jvjqÞ and gdðxÞ � ðRðgd;eÞÞðxÞ
�
�
�

�
�
�� eBdpð1þ xk kÞpq implies

that for all d 2 N, v 2 R, x 2 R
d, e 2 ð0; 1� it holds that

max f ðvÞ � ðRðfeÞÞðvÞj j; gdðxÞ � ðRðgd;eÞÞðxÞ
�
�
�

�
�
�

n o

� max eð1þ jvjqÞ; eBdpð1þ xk kÞpqf g

� eBdpðð1þ xk kÞpq þ jvjqÞ:
ð148Þ

This, (136), (138), the fact that for all d 2 N, v;w 2 R, x 2 R
d , e 2 ð0; 1� it holds that

jf ðvÞ � f ðwÞj � L, ðRðfeÞÞðvÞ � ðRðfeÞÞðwÞj j � L v� wj j, jf ð0Þj �B,

jðRðgd;eÞÞðxÞj �Bdpð1þ xk kÞp, and Corollary 2.4 (with f1 ¼ f , f2 ¼ RðfdÞ, g1 ¼ gd,

g2 ¼ Rðgd;dÞ, L ¼ L, d ¼ dBdp, B ¼ Bdp,W ¼ W
d in the notation of Corollary 2.4) imply

that for all d;N;M 2 N, d 2 ð0; 1� it holds that
Z

R
d

E U0
N;M;d;dð0; xÞ � udð0; xÞ

�
�
�

�
�
�

2
� �

mdðdxÞ
	 
1

2

� eLTðT þ 1Þ
� �qþ1 ðBdpÞq þ 1ð Þ dBdp þ eM=2ð1þ 2LTÞN

MN=2

 !

�
Z

R
d

1þ xk k þ E W
d
T

�
�

�
�
pq� �� � 1

pq

� �2pq

mdðdxÞ
� �1

2

:

ð149Þ
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The triangle inequality hence proves for all d;N;M 2 N, d 2 ð0; 1� that
Z

R
d

E U0
N;M;d;dð0; xÞ � udð0; xÞ

�
�
�

�
�
�

2
� �

mdðdxÞ
	 
1

2

� eLTðT þ 1Þ
� �qþ1 ðBdpÞq þ 1ð Þ dBdp þ eM=2ð1þ 2LTÞN

MN=2

 !

� 1þ
Z

R
d

xk k2pqmdðdxÞ
	 
 1

ð2pqÞ
þ E W

d
T

�
�

�
�
pq� �� � 1

ðpqÞ

" #pq

¼ cd dBdp þ eM=2ð1þ 2LTÞN
MN=2

 !

:

ð150Þ

This and Fubini’s theorem imply that for all d 2 N, e 2 ð0; 1� it holds that

E

Z

R
d

U0
Nd;e;Nd;e;d;dd;e

ð0; xÞ � udð0; xÞ
�
�
�

�
�
�

2

mdðdxÞ
� �

¼
Z

R
d

E U0
Nd;e;Nd;e;d;dd;e

ð0; xÞ � udð0; xÞ
�
�
�

�
�
�

2
� �

mdðdxÞ

� cddd;eBd
p þ cd

ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffiffiffiffiffiffi
Nd;e

p

 !Nd;e
 !2

� e

4
þ e

2

� �2

\e2:

ð151Þ

This implies that for all d 2 N, e 2 ð0; 1� there exists xd;e 2 X such that

Z

R
d

U0
Nd;e;Nd;e;d;dd;e

ð0; x;xd;eÞ � udð0; xÞ
�
�
�

�
�
�

2

mdðdxÞ\e2: ð152Þ

Next, observe that Lemma 3.10 shows that for all d 2 N, e 2 ð0; 1� there exists Wd;e 2 N

such that for all x 2 R
d it holds that RðWd;eÞ 2 CðRd;RÞ,

ðRðWd;eÞÞðxÞ ¼ U0
Nd;e;Nd;e;d;dd;e

ð0; x;xd;eÞ, jjjDðWd;eÞjjj � kd;dd;eð3Nd;eÞNd;e , and

dim D Wd;e

� �� �
¼ Nd;e dim D fdd;e

� �� �

� 1
� �

þ dim D gd;dd;e

� �� �

: ð153Þ

This and (152) prove (133). Moreover, (153) and (130) imply that for all d 2 N, e 2 ð0; 1�
it holds that

PðWd;eÞ�
XdimðDðWd;eÞÞ

j¼1

kd;dd;eð3Nd;eÞNd;e kd;dd;eð3Nd;eÞNd;e þ 1
� �

� 2 dim D Wd;e

� �� �
k2d;dd;eð3Nd;eÞ2Nd;e

¼ 2 Nd;e dim D fdd;e

� �� �

� 1
� �

þ dim D gd;dd;e

� �� �� �

k2d;dd;eð3Nd;eÞ2Nd;e :

ð154Þ

In addition, it follows from (137) and (134) that for all e 2 ð0; 1� it holds that

jjjDðfeÞjjj � 4L 1þ 4Lþ 2jf ð0Þjð Þ 1
q�1

� �

þ 2
h i

e
� q

ðq�1Þ �Be�2 �Be�a: ð155Þ
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Combining this with (154), the fact that 8 e 2 ð0; 1� : dim D feð Þð Þ ¼ 3, the fact that

8 d 2 N; e 2 ð0; 1� : jjjDðgd;eÞjjj � dpe�aB, and the fact that 8 d 2 N; e 2 ð0; 1� :

dim D gd;e

� �� �

� dpe�bB implies that for all d 2 N, e 2 ð0; 1� it holds that kd;dd;e � dpd�a
d;eB

and that

PðWd;eÞ� 2 Nd;e dim D fdd;e

� �� �

� 1
� �

þ dim D gd;dd;e

� �� �� �

dpd�a
d;eB

� �2

ð3Nd;eÞ2Nd;e

� 2 2Nd;e þ dpðdd;eÞ�b
B

� �

dpd�a
d;eB

� �2

ð3Nd;eÞ2Nd;e

� 4dpd
�b
d;eBd

2pd�2a
d;e B2Nd;eð3Nd;eÞ2Nd;e

¼ 4B3ð4cdBdpÞ2aþb
d3pe�ð2aþbÞNd;eð3Nd;eÞ2Nd;e :

ð156Þ

Furthermore, (143) ensures that for all d 2 N, e 2 ð0; 1� it holds that

e� 2cd

ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nd;e � 1

p

 !Nd;e�1

: ð157Þ

This together with (156) implies that for all d 2 N, e 2 ð0; 1�, c 2 ð0; 1� it holds that

PðWd;eÞ� 4B2aþbþ3ð4cdÞ2aþb
dð2aþbþ3Þpe�ð2aþbÞNd;eð3Nd;eÞ2Nd;ee4þce�ð4þcÞ

� 4B2aþbþ3ð4cdÞ4þ2aþbþc
dð2aþbþ3ÞpNd;eð3Nd;eÞ2Nd;e

ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nd;e � 1

p

 !ðNd;e�1Þð4þcÞ

e�ð4þ2aþbþcÞ

� 4B2aþbþ3ð4cdÞ5þ2aþb
dð2aþbþ3Þp sup

n2N\½2;1Þ
nð3nÞ2n

ffiffiffi
e

p ð1þ 2LTÞ
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
	 
ðn�1Þð4þcÞ" #

e�ð4þ2aþbþcÞ

¼ 4B2aþbþ3ð4cdÞ5þ2aþb
dð2aþbþ3Þp ~Cce

�ð4þ2aþbþcÞ:

ð158Þ

Combining this with (146) and (147) establishes that there exist g 2 ð0;1Þ, C ¼
ðCcÞc2ð0;1� : ð0; 1� ! ð0;1Þ such that for all d 2 N, e; c 2 ð0; 1� it holds that

PðWd;eÞ�Ccd
ge�ð4þ2aþbþcÞ. The proof of Theorem 4.1 is thus completed. h

4.2 Deep neural network approximations with general polynomial convergence

rates

Corollary 4.2 Let �k k : ð[d2NR
dÞ ! ½0;1Þ and Ad : R

d ! R
d, d 2 N, satisfy for all

d 2 N, x ¼ ðx1; . . .; xdÞ 2 R
d that kxk ¼ ½Pd

i¼1ðxiÞ
2�1=2 and AdðxÞ ¼

maxfx1; 0g; . . .;maxfxd; 0gð Þ; let

N ¼
[

H2N

[

ðk0;k1;...;kHþ1Þ2NHþ2

YHþ1

n¼1

R
kn�kn�1 � R

kn
� �

" #

; ð159Þ
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let R : N ! ð[k;l2NCðRk;RlÞÞ and P : N ! N satisfy for all H 2 N,

k0; k1; . . .; kH ; kHþ1 2 N, U ¼ ððW1;B1Þ; . . .; ðWHþ1;BHþ1ÞÞ 2
QHþ1

n¼1 R
kn�kn�1 � R

kn
� �

;

x0 2 R
k0 ; . . .; xH 2 R

kH with 8 n 2 N \ ½1;H� : xn ¼ AknðWnxn�1 þ BnÞ that

RðUÞ 2 CðRk0 ;RkHþ1Þ; ðRðUÞÞðx0Þ ¼ WHþ1xH þ BHþ1; and PðUÞ ¼
PHþ1

n¼1

knðkn�1 þ 1Þ;

let T ; j 2 ð0;1Þ, f 2 CðR;RÞ, ðgd;eÞd2N;e2ð0;1��N, ðcdÞd2N�ð0;1Þ, for every d 2 N let

gd 2 CðRd;RÞ, for every d 2 N let ud 2 C1;2ð½0; T� � R
d;RÞ, and assume for all d 2 N,

v;w 2 R, x 2 R
d , e 2 ð0; 1�, t 2 ð0; TÞ that

Pðgd;eÞ� jdje�j; gdðxÞ � ðRðgd;eÞÞðxÞ
�
�
�

�
�
�� ejdjð1þ xk kjÞ; Rðgd;eÞ 2 CðRd;RÞ;

ð160Þ

jðRðgd;eÞÞðxÞj �jdjð1þ xk kjÞ; jf ðvÞ � f ðwÞj � jjv� wj; judðt; xÞj � cdð1þ xk kcd Þ;
ð161Þ

ð o
ot
udÞðt; xÞ þ 1

2
ðDxudÞðt; xÞ þ f ðudðt; xÞÞ ¼ 0; and udðT ; xÞ ¼ gdðxÞ: ð162Þ

Then there exist ðWd;eÞd2N;e2ð0;1��N, g 2 ð0;1Þ such that for all d 2 N, e 2 ð0; 1� it holds
that RðWd;eÞ 2 CðRd;RÞ, PðWd;eÞ� gdge�g, and

Z

½0;1�d
udð0; xÞ � ðRðWd;eÞÞðxÞ
�
�

�
�2 dx

" #1
2

� e: ð163Þ

Proof of Corollary 4.2 Throughout this proof assume without loss of generality that j� 2,

let jjj � jjj : ð[d2NR
dÞ ! ½0;1Þ and dim : ð[d2NR

dÞ ! N satisfy for all d 2 N, x ¼
ðx1; . . .; xdÞ 2 R

d that jjjxjjj ¼ maxi2½1;d�\N jxij and dim xð Þ ¼ d, let D : N ! D satisfy for

all H 2 N, k0; k1; . . .; kH ; kHþ1 2 N, U ¼ ððW1;B1Þ; . . .; ðWHþ1;BHþ1ÞÞ 2
QHþ1

n¼1 R
kn�kn�1 � R

kn
� �

that

DðUÞ ¼ ðk0; k1; . . .; kH ; kHþ1Þ; ð164Þ

and let B ¼ max 1; j supr2½0;1Þ
1þrj

ð1þrÞj
h in o

. The fact that 8 d 2 N, t 2 ½0; T �,
x 2 R

d
: judðt; xÞj � cdð1þ xk kcd Þ, the fact that 8 d 2 N, x 2 R

d
: udðT; xÞ ¼ gdðxÞ, the

fact that 8 v;w 2 R : jf ðvÞ � f ðwÞj �jjv� wj, (162), and the Feynman–Kac-formula

ensure that the functions ud, d 2 N, satisfy (132). Next note that for all d 2 N, e 2 ð0; 1�,
x 2 R

d it holds that

jðRðgd;eÞÞðxÞj �jdjð1þ xk kjÞ�j sup
r2½0;1Þ

1þ rj

ð1þ rÞj

" #

djð1þ xk kÞj �Bdjð1þ xk kÞj;

ð165Þ
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gdðxÞ � ðRðgd;eÞÞðxÞ
�
�
�

�
�
�� ejdjð1þ xk kjÞ� ej sup

r2½0;1Þ

1þ rj

ð1þ rÞj

" #

djð1þ xk kÞj � eBdjð1þ xk kÞ2j;

ð166Þ

jjjDðgd;eÞjjj �Pðgd;eÞ� jdje�j �Bdje�j; ð167Þ

and

dim D gd;e

� �� �

�Pðgd;eÞ�jdje�j �Bdje�j: ð168Þ

Moreover, observe that the fact that 8 d 2 N; y 2 ½0; 1�d : yk k�
ffiffiffi

d
p

ensures that for all

d 2 N, a 2 ð0;1Þ it holds that

Z

½0;1�d
yk ka dy

 !1
a

�
ffiffiffi

d
p

�Bd: ð169Þ

Combining this with (165)–(168) and Theorem 4.1 (with a ¼ j, b ¼ j, B ¼ B, L ¼ j,

p ¼ j, q ¼ 2, p ¼ 1, and c ¼ 1
2
in the notation of Theorem 4.1) ensures that there exist

ðWd;eÞd2N;e2ð0;1��N, g 2 ð0;1Þ such that for all d 2 N, e 2 ð0; 1� it holds that

RðWd;eÞ 2 CðRd;RÞ, PðWd;eÞ� gdge�g, and

Z

½0;1�d
udð0; xÞ � ðRðWd;eÞÞðxÞ
�
�

�
�2 dx

" #1
2

� e: ð170Þ

The proof of Corollary 4.2 is thus completed. h
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