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Abstract. We prove an n-tuple analogue of the Putnam area inequality for the
spectrum of a single p-hyponormal operator.

Let B�H� denote the algebra of operators (i.e. bounded linear transformations)
on a separable Hilbert space H. The operator A 2 B�H� is said to be p-hyponormal,
0 < p � 1, if jA�j2p � jAj2p. Let H�p� denote the class of p-hyponormal operators.
Then H�1� consists of the class of p-hyponormal operators and H�12� consists of the
class of semi-hyponormal operators introduced by D. Xia. (See [11, p. 238] for the
appropriate reference.) H�p� operators for a general p with 0 < p < 1 have been
studied by a number of authors in the recent past; (see [3, 4, 5] for further refer-
ences). Generally speaking, H�p� operators (0 < p < 1) have spectral properties very
similar to those of hyponormal operators. In particular, a Putnam inequality relat-
ing the norm of the commutator Dp � jAj2p ÿ jA�j2p of A 2 H�p� to the area of the
spectrum ��A� of A holds; indeed

jjDpjj � p

�

�
��A�

r2pÿ1dr d� �1�

(See [4, Theorem 3]; also see [7,8] for the case p � 1.)
Let U � �U1;U2; . . .Un� be a commuting n-tuple of unitaries, and let E(.)

denote the spectral measure of U. Let @D denote the boundary of the unit disc in the
complex plane C, and let ÿ(z), z=�z1; z2 . . . zn� 2 ��U� the Taylor joint spectrum of
U. Denote the set of (all) products � � �1 � �2 � . . .� �n of open arcs �i 2 @D con-
taining zi (i � 1; 2; . . . ; n). Let A 2 B�H�. The Xia spectrum of the non-commuting
(n� 1)-tuple (U;A), denoted �x�U;A�, is de®ned to be the set

f�z; r� : z 2 ��U�; r 2 \
�2ÿ�z�

��E���AE����g:

(see [10]). The concept of Xia spectrum has proved to be a very useful one: it has
been used by Xia [10] to study the spectra of semi-hyponormal n-tuples, by Chen
and Huang [2] to describe the Taylor spectrum of (and prove a Putnam area
inequality for) n-tuples of hyponormal operators, and (recently) by Ch �o and Huruya
[3] in their consideration of p-hyponormal tuples. Let Qi : B�H� ! B�H� be the
operator QiL � Lÿ U iLU�i ; U is, as above. Let A � 0. Then (U;A) is said to be a
p-hyponormal tuple if Qi1Qi2 . . .QikA2p � 0, for all 1 � i1 < i2 < . . . < ik � n.
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Extending Xia's result on semi-hyponormal tuples [10], Ch �o and Huruya [3] have
shown that if (U;A) is a p-hyponormal tuple, then

jjQ1Q2 . . .QnA2pjj � 2p

�2��n
�

�x�U;A�

. . .

�
r2pÿ1 d�1d�2 . . . d�ndr: �2�

In this note we prove an analogue of inequality (1) for n-tuples of doubly commut-
ing HU�p� operators (notation as below).

It is an immediate consequence of the LoÈ wner inequality [11, p. 5] that an H�p�
operator is an H�q� operator, for all 0 < q � p; hence we may assume that 0 < p < 1

2.
If an A 2 H�p�, 0 < p < 1

2, has equal defect and nullity, then the partial isometry U in
the polar decomposition A � UjAj may be taken to be a unitary. Let HU�p� denote
those A 2 H�p� for which the partial isometry U (in A � UjAj) is unitary. Given an
Ai 2 HU�p�, Ai � UijAij, de®ne Âi � VijÂij and ~Ai �Wij ~Aij by Âi � jAij

1
2UijAij

1
2

and ~Ai � jÂij
1
2VijÂij

1
2; Âi then 2 HU�p� 1

2� and ~Ai 2 HU�1�. Let A denote the n-tuple
A � �A1;A2; . . . ;An�, Ai 2 HU�p� for all 1 � i � n, and let �A denote the n-tuple
�A � �U1V1j ~Aijp; . . . ;UnVnj ~Anjp�. De®ne the commutators Dpi, ~Dpi; ~Di and �Dpi as
follows:

Dpi � jAij2p ÿ jA�i j2p�� 0�; ~Dpi � j ~Aij2p ÿ j ~A�i j2p�� 0�;
~Di � j ~Aij2 ÿ j ~A�i j2�� 0� and �Dpi � j ~Aij2p ÿUiVij ~A�i j2pV�i U�i :

Let

Dp �
Yn
i�1

Dpi; ~D �
Yn
i�1

~Di and �Dp �
Yn
i�1

�Dpi:

Let d� denote the Lebesgue volume measure in Cn, let m denote the (normalized)
Haar measure on @D and let � denote the linear Lebesgue measure. For a given
Ai 2 HU�p�, let Pi denote the pure part (=completely non-normal part) of Ai. We
prove the following result.

Theorem. If A is doubly commuting, then

jjDpjj � min
2p

�2��n
�

�x�U;An�

. . .

�
d�1d�2 . . . d�ndr;

1

�n

�
�� �A�

�
d�

8><>:
9>=>;; �3�

where An �
Qn
i�1
j ~Aij and U is as de®ned in Lemma 3 (below). If also either

(i) m���UiVi�� � 0 or (ii) ���jPij� � 0, for all 1 � i � n, then
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jjDpjj � 1

�np

�
��A�

�
d�

0B@
1CA

p

: �4�

Remark. The hypothesis that ����jPij�� � 0 implies that there exists a ®nite or
countably in®nite number of pairwise disjoint annuli 0n � f� : an < j�j < bng,
n � 1; 2; . . . ; such that ��Pi� � U 0n (see [9, Theorem 9]).

The proof of the theorem proceeds through a number of steps, stated below as
lemmas.

Lemma 1. 0 � Dpi � �Dpi, for all 1 � i � n.

Proof. Let E
1=2p
i � U�i jAij2pUi, Fi � jAij2p and Gi � UijAij2pU�i ; then, since

Ai 2 HU�p�, Ei � U�i jAij2pUi � Fi � Gi. It follows from an application of the Furuta
inequality [6] that

jA�i j2 p� 1
2

ÿ �
� jAij2 p� 1

2

ÿ �
� jÂij2 p� 1

2

ÿ �
:

The operator Ai being HU�p� 1
2� is HU�12�, and so VijAijV�i � jÂij � V�i jÂijVi. This

(together with an additional argument, similar to the one above) implies that

j ~A�i j2p � jÂij2p � j ~Aij2p:

Hence

�Dpi � j ~Aij2p ÿUiVij ~A�i j2pV�i U�i
� jÂij2p ÿUiVijÂij2pV�i U�i � jÂij2p ÿUijÂ�i j2pU�i
� jAij2p ÿUijAij2pU�i
� jAij2p ÿ jA�i j2p � Dpi � 0:

Given A;B;2 B�H�, let �A;B� � ABÿ BA. Recall that the n-tuple A is said to be
doubly commuting if

�Ai;Aj� � 0 � �Ai;A
�
j �;

for all 1 � i 6� j � n.

Lemma 2. If A is doubly commuting, then �Dpi;Dpj� � 0 � � �Dpi; �Dpj�, for all 1 � i,
j � n, and 0 � Dp � �Dp.

Proof. The doubly commuting property of A implies that �Si;Tj� � 0, for all
1 � i 6� j � n, where Si is either of Ui;Vi;Wi; jAij; jÂij and j ~Aij, and (similarly) Tj is
either Uj;Vj;Wj; jAjj; jÂjj and j ~Ajj. (See [5, Lemma 1].) This implies that
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�Dpi;Dpj� � 0 � � �Dpi; �Dpj�, for all 1 � i, j � n. The commutativity of Dpi with Dpj

taken together with the positivity of Dpi, for all 1 � i � n, implies that Dp � 0. Since
�Dpi � Dpi, for all i, and �Dpi commutes with �Dpj, for all 1 � i 6� j � n; �Dp � Dp.

Let A be doubly commuting; let An and Ui �1 � i � n� be the operators

An �
Qn
i�1
j ~Aij and U i=sum of the

n

i

� �
combinations of U1V1W1, U2V2W2, . . .,

UnVnWn taken i at a time. Let

U � �U1;U2; . . . ;Un�;

then the n-tuple U consists of mutually commuting unitaries and the Xia spectrum
�x�U;An� is well de®ned.

Lemma 3. If A is doubly commuting, then

jjDpjj � 2p

�2��n
�

�x�U;An�

. . .

�
r2pÿ1d�1d�2 . . . d�ndr:

Proof. Let Qi : B�H� ! B�H�, 1 � i � n, be de®ned as before. A straight forward
computation (using the commutativity relations [Si;Tj] of Lemma 2) shows that

0 �
Yk
j�1

Dpij �
Yk
j�1

�Dpij

� Qi1Qi2 . . .Qik

Yk
j�1
j ~Aij j

 !2p

� Qi1Qi2 . . .QikA2p
k ;

for all 1 � i1 < i2 < . . . < ik � n. Hence the (n� 1)-tuple (U;An) is p-hyponormal
(equivalently, (U;A2p

n ) is semi-hyponormal). It follows from [3, Theorem 2] and
[10, Theorem 5]) that

jjDpjj � jj �Dpjj � 2p

�2��n
�

�x�U;An�

. . .

�
r2pÿ1d�1d�2 . . . d�ndr:

Given an Ai 2 HU�p�, let Ai � Ni � Pi denote the direct sum decomposition of Ai

into its normal and pure parts.

Lemma 4. Given Ai 2 HU�p�, we have

jj jAij2p ÿUiVijAij2pV�i U�i jj
� minfjj jAij2pjjm���UiVi��; ����jAij2p��g:

�5�
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Proof. Let Ai � UijAij 2 HU�p�; then

jAij2p ÿUiVijAij2pV�i U�i � UifU�1jAij2pUi ÿ VijAij2pV�i gU�i
� UifjAij2p ÿ VijAij2pV�i gU�i �since Ai 2 HU�p��
� UifjAij2p ÿ VijÂij2pV�i gU�i
�since jAij2p � jÂij2p by Lemma 1�
� UifjAij2p ÿ jÂ�i j2pgU�i
� 0 �since jÂ�i j2p � jAij2p - see Lemma 1�:

Clearly, Pi 2 HU�p�. Let Pi have the polar decomposition Pi � uijPij and
de®ne (the pure HU�p� 1

2� operator) P̂i � vijP̂ij by P̂i � jPij
1
2uijPij

1
2. Then

0 � jPij
1
2 ÿ uivijPij2pv�i u�i , ui and vi are unitaries; also

jj jAij2p ÿUiVijAij2pV�i U�i jj � jj0� �jPij2p ÿ uivijPij2pv�i u�i �jj
� jj jPij2p ÿ uivijPij2pv�i u�i jj
� ����jPij2p�� �by �7; p: 143; Problem 5�b���
� ����jAij2p��:

Since 0�jAij2pÿUiVijAij2pV�i U�i , jj jAij2pÿUiVijAij2pV�i U�i jj�jj jAij2pjjm���UiVi��,
(by [7, p. 143; Problem 5(a)]), the lemma is proved.

Proof of the Theorem. As seen in Lemmas 1 and 2, 0 � Dpi � �Dpi and
0 � Dp � �Dp. Hence jjDpjj � jj �Dpjj. Since the operator UiVij ~Aijp is hyponormal for
all 1 � i � n, �A is a doubly commuting n-tuple of hyponormal operators. Hence, by
[2, Theorem 5], we have

jjDpjj � 1

�n

�
�� �A�

. . .

�
d�:

Combining this with inequality (5) we have inequality (3). We now prove
inequality (4).

Let
Yn0
i�1

Dpi � Dp1Dp2 . . .Dp�iÿ1�Dp�i�1� . . .Dpn; D̂pi � UiVijAij2pV�i U�i ÿ jA�i j2p:

If either of the hypotheses (i) or (ii) of the statement of the theorem holds, then
jj jAij2p ÿUiVijAij2pV�i U�i jj � 0; (see the proof of Lemma 4). Suppose now that
either (i) or (ii) holds. Then
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jjDpjj � jj
Yn0
i�1

Dpi

 !
jAij2p ÿUiVijAij2pV�i U�i � D̂pi�jj

� jj
Yn0
i�1

Dpi

 !
jj jj jAij2p ÿUiVijAij2pV�i U�i jj � jj

Yn0
i�1

Dpi

 !
D̂pijj

� jj
Yn0
i�1

Dpi

 !
D̂pijj;

and so, by repeating the argument, it follows that

jjDpjj � . . . � jj
Yn
i�1

D̂pijj � jj
Yn
i�1

UiVi�j ~Aij2p ÿ j ~A�i j2p�V�i U�i jj

� jj
Yn
i�1

~Dpijj � jj
Yn0
i�1

~Dpi

 !
�j ~Aij2p ÿ j ~A�i j2p�jj:

(See the proof of Lemma 1.)

Let
Qn0
i�1

~Dpi � ~Dp1
~Dp2 . . . ~Dp�iÿ1� . . . ~Dp�i�1� . . . ~Dpn � d; then d � 0 and d commutes

with ~Ai. Since ~Ai is hyponormal, we have

jjDpjj � jj�d
1
pj ~Aij2�p ÿ �d

1
pj ~A�i j2�pjj

� jjfd
1
pj ~Aij2 ÿ d

1
pj ~A�i j2gpjj �by �1; Theorem 1��

� jjd ~D
p
i jj:

Hence, by repeating the argument, we obtain

jjDpjj � jjd ~D
p
i jj � . . . � jj

Yn
i�1

~Di

 !p

jj � jj
Yn
i�1

~Dijjp;

(since 0 < p < 1
2). The n-tuple ~A � � ~A1; ~A2; . . . ; ~An� is a doubly commuting n-tuple

of hyponormal operators; applying [2, Theorem 5] we obtain

jjDpjj � jj
Yn
i�1

~Dijjp � 1

�np

�
�� ~A�

�
d�

0B@
1CA

p

:

Recall that �� ~A� � ��A� by [4; Theorem 1]; hence

jjDpjj � 1

�np

�
�� ~A�

�
d�

0B@
1CA

p

:

This completes the proof.
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