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ABSTRACT. In this paper we first consider a pair of polynomial sets which are
biorthogonal on the unit circle with respect to a complex weight function. We
then show how the biorthogonality of this pair of polynomial sets implies a
g-beta integral which in turn leads to a pair of biorthogonal rational functions.
Finally we show that the asymptotics for these pairs of rational functions exhibit
qualitative properties reminiscent of the Szego theory for orthogonal polynomi-
als.

1. INTRODUCTION

When Askey edited the collected papers of Szego [18] he inserted some very
interesting commentaries. In one of these [17] he introduced a set of polyno-
mials orthogonal on the unit circle. They are

(1.1) Z(Zg qg)k(q2 qz))n k( 0"

which he showed, assuming a real, to be orthogonal on the unit circle with
respect to the weight function

(92, 49/25 4%
WO = gz, aqlz; 1)
_ (aq®, ad?; ¢*)w
(4%, a%¢%; 4% oo

The case a = 0 leads to the Szegd polynomials which are the subject of [17].
In [17] Askey remarked that Hahn [9] considered a more general nonpositive

weight
o0

- b a2, — (/a3 @ 12
(1.3)  f(2)=wi(1/a; qb; q'/%az) k:;w @b az)*.

(1.2)
wi(l/a; g%a; ¢%, qaz), z=e€".
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Hahn mentioned more general polynomials orthogonal on the unit circle with
respect to f(z). This assertion, which Hahn stated but did not prove, is false.
Baxter [3] showed that if the weight function is not positive and certain Toeplitz
determinants do not vanish, then there exists a unique pair of polynomial sets
which are biorthogonal on the unit circle. This suggests that the proper setting
for Hahn’s result lies in Baxter’s work. Indeed Pastro [14] did that and more.
He started from a g-beta integral (equivalent to one of Ramanujan’s) and in-
troduced a pair of polynomial sets which are biorthogonal on the unit circle and
more general than (1.1) and whose weight function is equivalent to the one that
Hahn considered.

In this work we first reconsider Pastro’s biorthogonal polynomials and show,
using generating relations, that they imply a g-beta integral which is more gen-
eral than (2.1) although it is less general than the one obtained, using a different
method, by Gasper (see [6, (4.11.4)]).

In §3 we show how this g-beta integral leads to a pair of four-parameter
rational functions which are biorthogonal on the unit circle. This seems to be the
first system of biorthogonal rational functions, on the unit circle, with so many
free parameters and seems to be an analog of the Askey-Wilson polynomials
on the unit circle. For related systems of rational functions biorthogonal on
subsets of the real line we refer the interested reader to [1, 10, 11, 15, 16].
One may also consult the recent monograph [5] for applications to numerical
analysis and the interesting work of Iserles and Norsett [10] for a general set-up
for the concept of biorthogonality. In §3 we also consider the asymptotics of
these biorthogonal polynomials and functions. Also we obtain results which
suggest that there are analogies for rational functions biorthogonal on the unit
circle with corresponding results for polynomials orthogonal on the real line due
to Szegd [7, 8] and results for polynomial sets biorthogonal on the unit circle
due to Baxter [3].

In the following all products are to the base ¢ which we assume to be real and
|g] < 1. We shall also assume that |aq'/?| < 1 and |bq!/?| < 1. Furthermore,
we use the notation

(1.4)
oo = TT(1 = agh), I CIL )-SR S S S
(a; q) k]})( aq®) @@=
(1.5)
aidy, ..., a,.4q, 2 = (ar; @laz; Qi (ar; Qi k
’¢"'( bioba .. by ) Z% (4 9« bl, )(bz;q)k---(b,_l;q)kz’
and
— (a; @)k ‘ﬁ‘
1.6 B q, z) = , =<zl < 1.
(1.6) wila; B q, z) k;w(ﬂ;q)k " ||

For compactness we shall use the notation (a), to mean (a; g), and (a)w
for (a; q) if the base g is used. We shall also use the contracted notation

n
(ar,az,...,an; @)n = H(ak; q)y, where N is finite or infinite.
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Furthermore, Z shall denote the complex conjugate of z, and if f(z) is a
power series in z, then f(z) is the power series whose coefficients are the
conjugates of the power series coefficients of f. For a polynomial P(z) of
degree n we use the standard notation P*(z) = z"P(1/z).

2. BIORTHOGONAL POLYNOMIALS AND A Q-BETA INTEGRAL

Pastro [14] started with a g-beta integral of Ramanujan and showed that it
is equivalent to

(2.1) L/z” (¢'%z,9'*/z; 9) _ (g4, ab; @)oo
' 2n Jo (ag'z,b9'%/z;9) (4, abq; )
which suggested to him to use, as a weight function, the function

— . . 1/2 _ (q’abq’ ql/ZZ, ql/z/z; q)oo
(22) Q(Z) - IWI(l/a’ (Ib, 9,4 / az) - (aq’ bq, q‘/zaz, q]/zb/z; q)oo
where |bg!/?| < |z| < |aq'/?|~! so that the case b =a =7 (i.e., a and b are
equal and real) gives the weight, w(6), used by Askey in his remarks. The last
equality in (2.2) is the sum of a general ;y; (see [6, p. 126]).

‘The function Q(z) is complex on the unit circle when a # b, and thus
according to Baxter [3] we are assured of the existence of a unique pair of
polynomial sets which are biorthogonal on the unit circle when certain Toeplitz
determinants do not vanish.

Pastro proved that the following pair of polynomial sets are biorthogonal on
the unit circle:

_ _ @Ok 112k
- pn(2) = pn(z, @, b) kzo Do @)
_ (D)~ (@ "k(ag)k (q"22/b)k

(D & (@i /)i

=0
and
(2.4) gn(2) = qn(z, a, b) :=pu(z, b, a).

We note that although Pastro assumed the parameters @ and b are real, in
fact they do not have to be and the biorthogonality with respect to the complex
weight (2.2) still holds.

The corresponding monic polynomial sets are given by

25) @ =a" Dy iz a by, G2 =g D gz, a, b,

(aq)n (bg)n
By using easy calculations we find the recurrence relations
(2.6) Pn+1(2) + 2Pn(2) + Pn+1(0)4,(2)
and
(2.7) dn+1(2) = 24n(2) + Gn+1(0)P(2) -

From (2.6) and (2.7) we see that the monic biorthogonal sets satisfy a three-
term recurrence relation of the form

(2.8) Pn+2(2) = (2 + Cn)Pns1(2) — AnzPn(2),
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where
_ Pns2(0) _ p1 = bg™t!
(29) ‘=5 1 T=ag
An = cn(1 = Pny1(0)Gns1(0))
(2.10) . (1_ (1 —a)(1 — b)g"+! )
- n (1_aqn+1)(1_bqn+1) :

The polynomial set {g,(z)} satisfies a similar recurrence relation.
The orthgonality relation becomes

2n
(211) -21_7z A Q(eio)pn(ei(i)qm(eig) do = (‘zz;]ﬂ)n

We now proceed to recast (2.11) in terms of generating functions. Using (2.3)
and the g-binomial theorem (see [6, (I1.8)]), we can easily derive the generating

q "Omn -

relations
— (bt, aq'?zt; q)oo
— n_
(221) Gz, 0= 2 pul2)" = - g
and
. (@t, aq"*tz; q)o
— n _
(2.13) H(z, 1) = Zn=0q"(z)’ =P )

Now calculating the integral using the above generating relations and the
biorthogonality relation (2.11) we obtain

(2.14)
{ A - > (abq)n _, (hit2ab)s
L Q xoG 'G,t H 10,1 do = the Rg" =127/
2n Jo (e")G(e"”, t)H(e , 11) PR @n 7 (t112/q) 0

n=0
On the other hand using the right-hand side of (2.12) and (2.15) the integral in
(2.14) becomes

L[ o e (at, aq' 1 /z; @)eo(bla, ag'?ty2; q)
. - Q i0 > ’ [e ] ’ s [e o] .
215) 2n /0 (") (tr, a7/ 25 Qoo(t2, 47120225 @)oo o
Thus (2.14) and (2.15) lead to a g-beta integral, which we state as

Theorem 1 ( g-beta integral). The following g-beta integral holds when |aq'/?| <
1, |bg'? <1, |ti] <|q'7?|, and |t2] < |q"/?|:
1 (™ (q'%z,4'%/z, a9z, bq'*11/2; 9)eo
2n o (ag'Pz,b9'2/z, q" PPtz 47211/ 7 G)oo
_(ag,bq, 11, 1, abtity; 9)oo (z = )
(q,abq, aty, bty, 11127 ") o '
Note that the case ¢, = ¢, = 0 yields the g-beta integral (2.1).

dé

(2.16)

3. BIORTHOGONAL RATIONAL FUNCTIONS

In this section we shall apply (2.16) to introduce a pair of rational functions
biorthogonal on the unit circle. To do this, we first rewrite (2.16) in the form

1 dz
(3.1 m/m:] K(z)—z- =1
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where
(3.2)
K(z)=K(z, t1, tp)
_(9'?z,4'2)z, at2q¢"?z, bt1q' ]z, q, qbq, ati, bty, 12" ; @)oo
"~ (aq'z,bq'\2[z,q72tz, q7 12t [z, aq, bq, 11, 1, abtity; §)es
Note that (3.1) is valid for all values of the parameters ¢,, ¢, such that |{;| <
Ig'72|, and |t| < |g'/?.
The functional relationship
(4=t /2)m(a ™ Ptr2)
(bg'/2t1/z)m(aq' 212 2)k
(at
(1

K(Z’ tl ) 12)

(3.3)
at))m(bt2)i (1124~ mek

Dm(t2)k(abtitaq=Y) ok
establishes the following evaluation of a g-beta integral:
1 /2" ( i0)(q_1/2tle—':0)m(q_l/2126":0)k _ (@t)m(b)i(t102g ™ ) mk
21 Jo (bq'/2t1e=1%),m(aq'/2tre1%), (t)m(t2)k(abt1t2) mek
Now multiply both sides of this equation by
(@ k()i (abtitrg" Vi 4
(@(bt2)(t1t2/ )k
Then sum over k =0,1,2,...,n toget

=K(z,t{",tq)

l 27[ 10) tl/Z) d) q—" ) q_1/2t22> b, abtlthn_l 4,4 do
1/2bt1/z)m bty, aq'’trz, 117!

_ (atl)m(tltzq Dm p <q‘",tltzq”'",abtltzq”“;q,q>
(t1)m(abtt2)m htaq~', abtitr,g™
_ (@ ™)n(q7"/(ab))n (at)m(titg” " m
(titag=n((abtity)~1g=1=m=m),  (t1)m(abtitz)m
Let

_ _ a7, 97’0z, b, abtit,g" 5 q, g
(3‘5) rn(z) - rn(Z, a, b’ tl ) t2) - 4¢3( aql/thZ, bt2, tlt2q_l

and
(36) Sn(z)=rn(za 57 aa t2atl)'
Then (3.4) shows that

3.7
1 2n

— | K(®sn(e?®, a, b)r,(e’, a, b)do
2n 0

0 ifm=0,1,2,...,n-1,
=1 (abg)n(abtit2g"")n(q)n
(abti12)on(t11247 1 )n
In a similar fashion we can derive a relation similar to (3.7) with r and s
interchanged. Thus we obtain the biorthogonality relation in

(thtag™)" ifm=n.
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Theorem 2. The rational functions {r,(z)} and {s,(z)} satisfy the biorthogo-
nality relation

L[ v it g (aD@)n(abliag" " )a(q)n
7w J, K sm(e (e db = o (6i2d D)

Let {P,(z)} and {Q,(z)} be the biorthogonal polynomial sets corresponding
to (2.2) and (2.3). To get the asymptotics for these polynomial sets we use (2.3),
(2.4), and (2.11) to write

1/2
Pa(z) = [ ] 7 o (2)
Dn }‘/2 "~ (aq)n—k (b)i k(g1 ek

* (tlt2q_l)n6nm .

S

B { Eabq)n

(38) = (Dn-k(D
' V2 aq oo = (B
[ abq oo oo Z q 1/2/2
[< 7)o (a9) o0 ]'/2( ‘/Zb/z)oo
(9)oo(a@bq)oo (9" 2)oo

Similarly we get for {Qn(z)}
(54)oo (B4) oo ] (¢'28/2)o

(@)oo(@g)ee ] (9'72/2)o0

Now we can state a limiting relationship.

(3.9) On(z) ~ 2" [

Theorem 3. As n — oo and for |q'/?| < |z| < |g~'/?| we have

(3.10) Pa(2)Q,(1/2) ~ 1/Q(2).

As for the strong asymptotics of the rational functions (3.5) and (3.6) we
utilize an asymptotic formula that Ismail and Wilson [13] obtained for the
Askey-Wilson polynomials which show

(3.11) 4¢3(

when |z| < 1. We identify (3.5) with (3.11) and obtain for |z| > g!/2 the
asymptotic relationships

q",abcdq""',az,a/z;q,q) _ (_c_z_)” (az,bz,cz,dz; @)
ab, ac, ad z/) (z2,ab, ac,ad; q)s

—nynpn (2,09, 2b)z, 47125 g)es

3.12 .
(312)  ma(z)~4q @72]z, aq' 2, by, 12014713 @)os

and
(3.13) sn(z) ~ g2 (F)" 2" (11,549,392, 4702 Qoo
(q'/2/z, bq"?t\z, @ty , 111297 ; @)oo
Therefore,
rn(2)5n(1/2)
e N(llfzq_l)"( (ti,1,a9,bq,a9'%2,b4'?/2,q7"1,/2,4"?1r2; )00

at; bty ,ti1,q= ", 1,9~ ,aq'?t,2,b9' 21, /2,422,912 /2 q) o
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In terms of the corresponding biorthogonal sets {R,(z)} and {Sn(z)}
(3.15)

— 1/2
_ =2 [ (@btita)an(tit2g ™ )n }
Rute) = Rt 0,100 70 { R ] )

and

(3.16) Sp(z)=8Su(z,a,b,t;,t):=Ry(z,b,a,1,1,).
Relationships (3.12) and (3.13) lead to

Theorem 4. As n — oo and for |q'/?| < |z| < |g~'/?| we have
(3.17) Ru(2)8n(1/2) ~ 1/K(z).

We also note that z7"R,(z) converges uniformly on compact subsets of
|z| > |¢"/?| to
(3.18)
p(z)=p(z,a,b,t, 1)
_(t2,aq,4'?b/z, 4711/2; @)oo { (abtity)os }"2
(b2, 9'2/z,a9"?12;9)0e L (g, abq, i12q7 5 Q)00

and, using (3.18) and (3.16), we see z7"S,(z) converges to

g(z)=a(z,a,b,t;,)=p(z,b,a,1,1).
This takes us to
Theorem 5. We have

(3.19) lim p(re®)a(rei®) = 1/K(e').
r—l+

4. EPILOG

The asymptotics of polynomials orthogonal on a compact set contain a wealth
of spectral information on the spectrum and the spectral measures of the poly-
nomials. For example, under certain conditions (see Szegé [20] and Grenander
and Szego [8]), a polynomial system {S,(x)} orthonormal on [—1, 1] will have
the asymptotic development

(4.1) Sp(x)~z7"/D(z), xeC/[-1,1], z:=x—-Vx2-1, asn— o0

where D(z) is analytic in the open unit disc. The weight function w(x) is
related to the function D(z) by

(4.2) w(x) = (1 -x*)71/2 lim D(re'®)D(re™"%).
r—1-
For polynomial sets, {#,(z)}, orthogonal on the unit circle (see [8, p. 51])
we have
(4.3) lim z7"¢,(z) = 1/8(1/2),  |z|>1,

n—oo
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where (see [8, p. 25]) almost everywhere on [0, 27] we have
(4.4) lim lg(re’®)|> = w(6) = o'(6)

where a(6) is the measure with respect to which {$,(z)} are orthogonal.

Szeg6 introduced his theory of polynomial sets orthogonal on the unit circle
in the early twenties. He assumed that the orthogonality measure is a posi-
tive probability measure on the circle with infinite support. His assumption is
equivalent to positivity of the associated Toeplitz determinants. Under these
conditions the trigonometric moment problem has a unique solution. Many
authors contributed to Szegd’s theory, and it is now considered to be a fairly
mature theory. To the best of our knowledge there is no such general theory
known for biorthogonal rational functions on the unit circle. Part of the dif-
ficulty is that the measure with respect to which the functions are orthogonal
may not be unique, and results as precise as those that exist for orthogonal
polynomials on an interval or orthogonal polynomials on the unit circle cannot,
in general, be expected.

Despite this, and as we have seen above, certain properties seem to carry
over. The asymptotic and limiting relations obtained in the last section are not
predicted by any theory that we know. Yet they suggest that Szegd’s theory may
be contained in a more general theory for rational functions biorthogonal on
the unit circle. Even more surprising are the asymptotic relations (3.17) and
(3.19) which seem to give a mechanism for recovering the weight function from
the asymptotics of the rational biorthogonal functions.
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