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Abstract

We consider the deterministic, the full observation and the partial observation LQG optimal control
problems with finitely many IQ (integral quadratic!) constraints, and show that Wohnam’s famous Separation
Theorem for stochastic control has a generalization to this case. Although the problems of filtering and control
are not independent, we show that the interdependence of these two problems is so superficial that in effect,
they are problems which can be treated separately. It is in this context that the label Quasi-Separation
Theorem is to be understood. We conclude with a discussion of computation issues and show how gradient-
type optimization algorithms can be used to solve these problems. In this way, a systematic computation

algorithm is derived.

1 Introduction

In this paper, we consider the deterministic, the full observation and the partial observation LQG optimal
control problems subject to IQ (integral quadratic) constraints. In the unconstrained case, Wohnam’s Sep-
aration Theorem [9] is a towering result. It states that in the unconstrained partially observed case, the
optimal control is obtained by solving both a filtering problem and a control problem, and that these two
problems can be solved separately. In [5, 6], it is shown that a Separation Theorem holds in the case of linear
integral constraints. In this paper, we generalize these results to the case of IQ constraints.

We show that unlike the unconstrained or the linearly constrained cases, a Separation Theorem in the
true sense of the word does not hold for the LQG problem subject to IQ constraints. Although the optimal
control is calculated by solving a control problem and a filtering problem, the control and filtering problems
can not be solved separately - the solution of the control problem is dependent on the solution of the filtering
Riccati equation. However, this dependence adds no complication to the control or the filtering problems. It

is in this context that the label Quasi-Separation Theorem should be understood.
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In the literature, it has been said that the use of multiple-objective LQG (and in particular, LQG control
subject to IQ constraints) in practise has been limited because it is computationally extensive. We conclude
this paper by examining computational issues. We show that the optimal control can be calculated by solving a
certain finite dimensional optimization problem referred to in the literature as an optimal parameter selection
problem [8]. Optimal parameter selection problems can be solved using standard gradient-type optimization
algorithms so long as the gradient of the cost functional can be calculated. In this section, we show how this
cost functional gradient can be determined. In the deterministic case, it is shown in [4] that calculating the
gradient is an easy problem: it is equivalent to solving an unconstrained LQ optimal control problem. We
focus on the optimal parameter selection problem for the full observation and the partial observation cases,
and show that problem of calculating the gradient is equivalent to solving an unconstrained full observation
or partial observation LQG problem respectively. It follows from the Separation Theorem for unconstrained
LQG that there is a Separation Theorem for calculating the gradient. We also derive an alternative form of
the gradient that is easily to calculate. We show that the gradient can be calculated by solving a first order
matrix differential equation in addition to an unconstrained LQ problem. Thus, the gradient can be easily
calculated and efficient optimization algorithms can be used to solve the optimal parameter selection problem
which in turn, gives the optimal control. It is appropriate to mention here that the software package MISER,

3.1 [3] is designed to solve optimization problems of this type.

2 Deterministic Case

In this section, we summarize some relevant results from [4]. Assume that T < oo and denote by L%[0,T]

the Hilbert space of R"-valued, measurable square integrable functions on [0, 7] with inner product

T
(z,y) = / 2yt 1)

Let £ € R™ be a given vector. Suppose that A(t) € R"*™ and B(t) € R**™ are continuous matrix valued
functions on [0,T]. For every u € L3'[0,T], define = € L}[0,T] as the solution of the linear system

& = A@t)zi+ B(t)us, xzp = & (2)

Let z = (z,0) € LE[0,T] x LY*[0, T] where Z is the solution of the differential equation (2) with u; = 0. Define
the set

Y = {(z,u) € LY[0,T] x LT[0, T] : &+ = A(t)zs + B(t)us, xzo = 0} (3)

It follows then that z + ) is the set of solutions of the linear system (2). Moreover, ) is a closed subspace of
L2[0,T] x L5[0,T] and therefore, z + Y is an affine subspace of L}[0,T] x L5*[0,T].
Define the functionals f; : L}[0,T] x L¥*[0,T] - R, i =1,---, N by
1

T 1 T
fi(z,u) = 3 / (21 Qi(t) e + upRi(t)uy) dt + iw}Hla:T + / (ai(t)my + b (t)ue) dt + hixr (4)
0 0

where H;, Q;(t) € R™*", R;(t) € R™*™, a;(t) € R”, b;i(t) € R™ are continuous functions of ¢ € [0,7] and
Ri(t) >0 (i =1,---,N), Qi(t) >0and H; > 0 (i = 0,---,N) and Ro(t) > 0 for each ¢t € [0,T]. Note

that this allows for the case of linear integral constraints. Let ¢; € R4 = 1,--- N be given constants. The



deterministic LQ optimal control problem subject to IQ constraints can be stated as follows:

fo(z,u) = min

filz,u) <e¢, i=1,---)N (5)

(x,u)€ez+Y
We make the following assumption:
Assumption 2.1 There ezxists (x,u) € LY[0,T] x LY'[0,T] which is feasible for (5).
We have the following result on the existence of an optimal solution (z*,u*) for (5).
Theorem 2.1 Suppose that Assumption 2.1 is true. Then there ezists a unique optimal solution (x*,u*) of
(5).
Proof: Let (z,u) be feasible for (5) and o = fy(z,u). Define

H, = {(z,u) € L}[0,T] x L3[0,T]: fo(z,u) <o}
and consider the problem
fo(z,u) = min
fo(z,u) <o

fi(mau)gcia Z:]-aaN

(r,u) € 2+ Y

Since fo(z,u) is strictly convex on L%[0,T] x L5*[0, T, the constraints of (6) define a bounded, closed, convex
subset of the Hilbert space L}[0,T] x L}*[0, T]. Since every continuous, convex functional defined on a Hilbert
space achieves its minimum on every bounded, closed, convex set [1, Theorem 2.6.1], it follows that there exists
(z*,u*) which is optimal for (6). Furthermore, the uniqueness of (z*,u*) follows from the strict convexity of
fo(z,u). Now we show that (z*,u*) is optimal for (5). Note first that (z*,u*) is feasible for (5). Suppose that
(z*,u*) is not optimal for (5). Then there exists (Z, @) which is feasible for (5) and fo(Z,a) < fo(z*,u*) < o.
However, this implies that (Z, @) is feasible for (6) and hence, it follows from the optimality of (z*,u*) for (6)
that fo(z*,u*) < fo(Z,u) - a contradiction. Therefore, fo(z*,u*) < fo(Z,u) for every feasible solution (Z,u)
of (5). The result follows. |

We summarize the results obtained in [4]. For every A = (A1,---,An) >0 and ( = (z,u) € z+ Y let

N
9(¢N) = folQ) + DN fil¢,N) (7)
i=1
and define the Lagrangian
L(Ca )‘) = g(Ca )‘) -XNe (8)
Also, we shall denote
N N N
QLA = ) NiQi(t) H(\) = ) \H;, a(t,\) = Y Nia;(t)
i=1 i=1 i=1

with a similar interpretation for R(t,\),b(t,\) and h(\). We have the following result



Proposition 2.1 Let A > 0 be given and ((\) = (x()\),u(N)) denote the optimal state-control pair for the

problem

ming g(¢, A)
9)
(ez+)Y
Then the optimal control u(X) is
ug(N) = —Rt,\)[B'(t)P(t, )z + B'(t)d(t,\) + b(t, \)] (10)
and z(\) is the solution of (2) with uw = u(X). The optimal cost is
GEON) = SEPO,NE+d(0,NE + 5p(0,) (1)

Proof: Let A > 0 be fixed. Then (9) is just an unconstrained LQ optimal control problem, and the result

follows immediately. ™
We make the following assumption:

Assumption 2.2 For every \; > 0,i=1,---, N (not all equal to zero), there exists (x,u) € z+ ) such that

N
ZAi(fi(wau)_ci) < 0

Remark 2.1 A sufficient condition for Assumption 2.2 to hold is the existence of (Z,u) € z + Y such that
fi(z,u) < ¢, fori=4,--+,N.

Theorem 2.2 Let g(C(A\),\) be given by (11). Then there exists a \* > 0 which is optimal for

max{g(C(A),A) — X'e} (12)

P = —-PA-A'P+PBR'\NB'P-Q(), PT) = H (13)

d = —[A—BR'()\)B'Pld—a(\)+PBR'(\)b(\), dT) = h(}) (14)
p = [B'd+bN] RN [B'd+bN)], pT) =0 (15)

A >0 (16)

Furthermore, the optimal control u* of (5) exists and is given by
up = —RTN LAY [B'()P(t, N )z + B (£)d(t, X*) + b(t, A%)] (17)

Proof: This is an immediate consequence of the Lagrange Duality Theorem [7, Theorem 1, pp 224] which

is true under Assumption 3.2. n

Remark 2.2 The notation P(t, \*) is to interpreted as the solution of the Riccati equation (18) when X = \*.
A similar interpretation holds for d(t,\*), p(t, \*).

From Theorem 2.2, it follows that the optimal control u* for the LQ problem subject to IQ constraints
is calculated by solving the finite dimensional optimization problem (12)-(16). In the literature, (12)-(16)
is known as an optimal parameter selection problem, and can be solved using gradient-type optimization

algorithms if the gradient of the cost functional (12) can be determined. We return to this issue in Section 5.



3 Full observation stochastic case

Let (Q,F, P) be a probability space and z = {z; : t € [0,T]}, u = {u; : t € [0,T]} be stochastic processes on
(Q, F, P). Define the sets

X = {z:z;€Ly(Q,F,P), and E|z;|* is bounded for any k > 0, ¢ € [0,T]} (18)

T
U = {w:u e L3(QF,P)foralltel0,T] and E/ |ug|*dt < oo for all k > 0} (19)
0

Let {F:} be an increasing family of o-algebras such that F; C F. Let {W; : t € [0,T]} be a standard Brownian
motion such that W; is an R/ -valued random variable. Assume that W is adapted to {F,}. Let

X = {z € X :x non-anticipative with respect to {F;}} (20)
U = {u€ U :unon-anticipative with respect to {F;}} (21)

For every u € U, let z € X be the solution of the stochastic differential equation
dl‘t = A(t)l‘tdt + B(t)utdt + C(t)th, To ~ N(f, Eo) (22)

with A(t), B(t) as in (2) and C(t) an R™*J-valued continuous function. We assume that zo and {W,} are
mutually independent. Let

Y = {(z,u) € X xU :dxy = A(t)zdt + B(t)uedt, zo = 0} (23)
and z = (2,0) € X x U where Z is the solution of the stochastic differential equation
dét - A(t)ftdt + C(t)th, 20 ~ N(f, E()) (24)

Then z + Y is an affine subspace of X x U, and is the set of solutions of (22). Define the functionals
fi: XA xU—->R,i=0,---,N by

1 T 1 T
filz,u) = E 3 / [2:Qi(t) s + upRi(t)us] dt + 3 o Hyxr + / [a;(t)my + b (t)us] dt + hizr (25)
0 0

where Q;(t), Ri(t),a;(t),b;(t) are the same as in (4). The full information LQG problem subject to IQ

constraints is

filz,u) <¢, i=1,--- N (26)
(z,u) € 2+ Y
Analogous to Assumption 2.1, we make the following assumption:
Assumption 3.1 There exists (x,u) € X x U which is feasible for (26).

The following result for the existance of an optimal solution (z*,u*) for (26) follows from Assumption (3.1).

It can be proved in exactly the same manner as Theorem 2.1.

Theorem 3.1 Suppose that Assumption 3.1 holds. Then there exists a unique optimal solution (z*,u*) of

(26).



Let ¢ = (z,u). We define, as in the deterministic case, the Lagrangian L({, \) by (8) and ¢g(¢, \) by (7) where
fi(€) is now given my (25). We have the following result:

Proposition 3.1 For every X\ > 0, there exists a unique solution ((X) = (x(\),u(\)) for the problem
ming g(¢, A)
{ (ez+)y
The optimal control u(\) is
ug(A) = —R7'(t,\) [B'(t)P(t, \)xy + B'(t)d(t, \) + b(t,\)] (27)

and z(X) is the solution of (22) with uw = u(\). The optimal cost is

g(C(N\),A) = %f' PO,AN)E+d(0,N) &+ %p(O, A) + % /OT tr{C"'(t) P(t,\) C'(t)} dt (28)
Proof: Suppose that A > 0 is fixed. Let X; = o {zs : s € [0,¢]} and
V = {u € U : u; is measurable with respect to X;}
Then the optimal control for the problem
min, ) g((z,u), A)
(z,u) satisfies (22)
u€ey

is given by (27). In [2, Corollary 4.1, pp 163] it is also shown that (27) is also optimal over the class u € U

and the result follows immediately. ™
To solve (26) we need the following assumption:

Assumption 3.2 For every \; > 0,i=1,---, N (not all equal to zero), there exists (x,u) € z+ ) such that

N
ZAi(fi(wau)_ci) < 0

Under Assumption 3.2, we have the following result:

Theorem 3.2 Let g(C(\),A) be given by (28). Then there exists a \* > 0 which is optimal for the problem
maxy {g(C(\),\) — Ne}
subject to: (13) — (15) (29)
A>0

Furthermore, the optimal control for (26) is

uf = —RNt,A")[B'(H)P(t, \)x; + B (1)d(t, A7) + b(t, A)] (30)



Proof: This is an immediate consequence of the Lagrange Duality Theorem [7, Theorem 1, pp 224] which

is true under Assumption 3.2. ]

Unlike the unconstrained [9] and the linearly constrained [5, 6] cases, certainty equivalence does not hold
in the full-information LQG problem subject to IQ constraints because the optimization problems (12)-(16)
and (29) do not generally have the same optimal solution. This is due to the dependence of A* (and hence
the solution of the control problem) on the intensity of the channel noise, as expressed by C(t). In the
unconstrained case, it is shown by Wohnam [9] that dependence of the control problem on the intensity of the
channel noise will generally occur when the cost functional is not quadratic. On the issue of calculating A\*,
the problem (29) (as in the deterministic case (12)-(16)) is an optimal parameter selection problem. This is
a finite dimensional optimization problems over A € RY and can be solved using gradient-type optimization
algorithms so long as the gradient of the cost functional g({(\),\) — X ¢ as given in (29), with respect to the

parameter A can be calculated.

4 Partial observation stochastic case

The following assumptions are made in addition to the ones for the full observation case in Section 3. Let F'(t)
and G(t) be continuous matrix valued valued functions of ¢ € [0, T] such that F(t) € RP*™ and G(t) € RP**.
Let {V; : t € [0,T]} be a standard Brownian motion such that V; is an R¥-valued random variable for every
t € [0,T]. We assume that zg, {V;} and {W;} are mutually independent. Consider the partially observed

linear system

dyy = F)zdt+Gt)dVy, yo =0 (32)

The class of feasible controls for the system (31) is defined as in [2, 9] for the unconstrained partially observed
LQG problem: let (C?[0,T7],] - ||) be the Banach space of continuous RP-valued functions on [0, 7] with the
sup norm || - || defined by

lgll = sup |g(t)], g€ CP[0,T]
te[0,T)

where | - | is the Euclidean norm on RP. For every t € [0, T], define the operator 7 : C?[0,T] — C?[0,T] by
g(s), s€[0,1]
(meg)(s) =
g(t), seltT]
Let ¥ be the set of functions ¢ : [0,T] x CP[0,T] — R™ which satisfy the following properties:

1. For every ¢ € U, there exists Ky € R such that |¢(¢,g) — (¢, h)| < Kyllg — h|| for every g, h € CP[0,T)
and ¢t € [0,T]. (Uniform Lipschitz condition).

2. ¢(-,-) is Borel measurable.
3. ¢(¢,0) is bounded.

The class of feasible controls is the set

U = {u€U :there exists 1) € ¥ with u; = ¢(t, my) for every t € [0,T], y given by (32)} (33)



where U us given by (19). Let f;(xz,u) be defined as in (25). The partially observed LQG optimal control
problem subject to IQ constraints can be defined as follows:
min fo(z, u)
fl(wau)gcla ’LZI,,N (34)
(z,u) satisfies (31),u € U
As with the full observation case, we need the following assumptions:

Assumption 4.1 There exists (x,u) such that u € U, = satisfies (31) and fi(z,u) <¢; fori=1,---,N.

Assumption 4.2 For every \; > 0,4 =1,---, N (not all zero), there exists (z,u) satisfying u € U and (31)

such that
N

Z)\i(fi(xau)_ci) < 0

i=1
Using standard techniques, we can transform the partial observation problem (34) into a full observation
problem of the form (26). To summarize this, we need the following basic results from Kalman filtering
theory. For every u € U let Gi* = o{ys : s € [0,t]} be the o-field generated by the output y of (31)-(32) when

the input of (31) is u. Let GP correspond to the case when u = 0. The following result is proven in [2].

Lemma 4.1 Ifuy is G -measurable and G = G, then the conditional distribution of z; given G} is Gaussian

with mean &y = E|x¢|G}'] and covariance X(t) where

diy = At)ddt + B(tyudt — SHF() (GG 1) dvy, G0 =¢ (35)

Y = TA+AT-IF(GG) 'FT+CC', T(0) = %, (36)

and the innovations process v is given by dvy = dy; — F(t)&.dt = G(t)dw; where W is a Brownian motion
adapted to {G?} and satisfies

t
E»] =0, Eln vy = / G(s) G'(s) ds, E [ni;] = 0.
0
Furthermore the optimal state estimate, and the optimal state estimate error are orthogonal; that is
El(me —a) 2] = 0

In particular, when u € U, the conditions of Lemma 4.1 are satisfied. Using the results in Lemma, 4.1, it is

easy to show that

R I 1
fiau) = fla) + 5 [ QUOSO e+ g {HET)) (1)
Denote
T
éi = C;— %/0 tI‘{Qi(t) E(t)}dt - %tr {HlE(T)} (38)

It follows that the partially observed LQG optimal control problem subject to IQ constraints is equivalent to
the following full observation problem:
fo(&,u) = min
fl(iiiau)géla ’LZI,,N (39)
(#,u) satisfies (35), u € U

We are now in the position to prove the following generalization of the Separation theorem.



Theorem 4.1 (Quasi-Separation Theorem) Let g(C(\),\) be given by (41). Then there exists a \* > 0

which is optimal for the problem:

maxy{g(C(\),\) — N'¢}

Subject to: (13) — (15) (40)
A>0
where g(C(N), \) is given by
» 1 ! ! 1 1 T !
sCON = GEPONE+EONET gpON +5 [ OPENL O} e @)

with
(1) = SOFBGHE 1) G
Furthermore the optimal control for (84) exists and is given by
uf = —R7'(t,\*)[B'(t)P(t,\*)& + B'(t)d(t, A\*) + b(t, \*)] (42)

where &y is the solution of (35) with u, given by (42).

Proof: It is shown in [2, Lemma 11.3, pp 191] that if u € ¥/, then the conditions of Lemma 4.1 are satisfied;

that is u is non-anticipative with respect to {G?} and G = G{*. Consider the full observation problem

fo(Z,u) = min
fi(i“,u)géi, izl,---,N (43)

(#,u) satisfies (35), u; GP—measurable

Then (43) is exactly of the form (26). Moreover, the class of feasible controls for (43) contains the set Z/. By
Assumption 4.1, the problem (43) satisfies the conditions of Theorem 3.2, so there exists a unique optimal
state-control pair (z*,u*) for (43).

For every A > 0, we can define the functional g(%,u,\) as in (7) with f;(#,u) given by (25). Under
Assumption 4.2, the conditions for Theorem 3.2 are satisfied for (43) and the optimal parameter selection
problem associated with the problem (43) is given by (40). Moreover, the optimal control u* for (43) is
given by (42) where A\* is the optimal solution of (40). Since u* € U, it follows from U C {u € U :

u non-anticipative with respect to G2} that u* is optimal for (39) and hence, optimal for (34). m

The reader should note the following. First, certainty equivalence does not hold. This is no surprise since
certainty equivalence does not hold in the full observation case because the optimal control is dependent on
the intensity of the channel noise. As can be seen in (41), channel noise intensity as given by C'(¢) and G(¢)
effect the solution of the control problem in the partial observation case. As stated earlier, it is shown in [9]
that dependence of the control problem on the channel noise intensity in the unconstrained case generally
occurs when the cost functional is not quadratic.

A second, more important observation is that the Separation Theorem does not hold in the sense of [9].
To see this, the reader should observe (38), (41) and (40). From these equations, it is clear that the solution
A* of (40) is dependent on the error covariance X(t) associated with the filtering problem (35)-(36). Thus

the problems of filtering and control are not separate. However, when solving (40) the dependence of \*



(and hence the solution of the control problem) on X(¢) adds no complication. Since X(t) is independent
of A, it needs to be calculated only once, and the optimization problem (40) may be solved with no further
re-calculation of X(¢) (and hence, with no further reference to the filtering problem). It is in this sense
that the control and filtering problems are separate, and hence our naming Theorem 4.1 a Quasi-Separation

Theorem.

5 Optimal parameter selection problems and a separation theorem

for gradient calculations

In view of Theorems 2.2, 3.2 and 4.1, the optimal control for the deterministic, the full observation and the
partial observation LQG problems with IQ) constraints is obtained by solving the finite dimensional optimiza-
tion problems (12)-(16), (29) and (40) respectively. In the literature, these finite dimensional optimization
problems are known as optimal parameter selection problems, and the interested reader may refer to [8] for
more details. Optimal parameter selection problems can be solved as mathematical programming problems
(using efficient gradient-type optimization algorithms) so long as the value of the cost functional and gradient
of the cost functional can be calculated for any given A. In this section, we derive the gradient of the cost
functional for the problems (12)-(16), (29) and (40).

In the optimal parameter selection problem for the deterministic LQ case, a key part of calculating the
gradient of the cost functional is solving an certain unconstrained LQ optimal control problem - this is proven
in [4]. In the optimal parameter selection problems for the full observation and partial observation problems,
we show that a similar result holds; that is, a key step in calculating the gradient of the cost functional is
solving an unconstrained full observation and partial observation LQG problem respectively. By virtue of
the Separation theorem for unconstrained LQG, it follows that there is a Separation theorem associated with
calculating the gradient.

We shall calculate the gradient of the optimal parameter selection problems (12)-(16), (29) and (40)
by working with a general optimization problem with quadratic cost and quadratic constraints. The LQG
problems as stated in (5) and (26) are special cases of problems of this form and the partially observed LQG
problem is solved by transforming it into a problem of this type (namely, a full observation problem). The
general problem which we shall work with can be stated as follows: Let X be a Hilbert space with inner
product(-,-) and Q a closed subspace of X. Let Q; : X — X, i = 0,---, N be symmetric operators such
that Qo > 0 and @Q; > 0fori=1,---,N. Let a; € X fori =1,---, N. The general quadratic optimization

problem is

fo(z) = min
fi(l‘)SCi, izl,---,N (44)
x €

where f; : X — R are the linear-quadratic cost functionals

fil@) = 5{Qin,a) +las2) (45)

The optimal parameter selection problems (12)-(16), (29) and (40) correspond to the dual problem of (44)
with f;(x) given by (45). We shall derive the gradient of the cost functional of the optimal parameter selection

10



problems by examining the dual problem associated with (44). The dual problem associated with (44) is an

optimization problem over A € RY and may be stated as follows:

JA) =1(QMN) -z, z) + (a(N),z) — max
Q) -z +a() € X* (46)
zeX, A>0

It should be noted that for every A € RV, XA > 0, there is a unique z(\) € X satisfying the constraint
Q) -z+a()) € X*
and that x()\) is the optimal solution of the following optimization problem over x € Q

{ % (Q(A) - z,z) + (a(A), ) — min an

z €N

Moreover, z(A) is a smooth function of A > 0. The optimal parameter selection problems (12)-(16), (29) and

(40) correspond to the dual problem (46). The following theorem gives the gradient d‘;g\’\) where J()\) is as

stated in (46).

Theorem 5.1 For every A € RN, X\ > 0 the gradient of J()\) with respect to X is

di(x)  [dJ(N) dJ(\) ]
| dn 0 dw
as) o
vl filz(N)) —ci (48)

where £(\) is the unique x € X which satisfies the constraint Q(\)-z+a()\) € X+ and fi()\) is given by (45).

Proof: By the chain rule

dI) 9N 2T dx(N)
From (46), we obtain
8J(\)

= QW) -z(\) +a()) € Xt

0z ()
On the other hand, z(A\) € X for every A > 0 and hence

02 _ o

It follows that for every A > 0

The result follows from the fact that

8J(\)
o,

% (Q; - 3OV, 3OV + (a6 2(V)) — i = Fi(@() — ¢

11



Thus, for every A > 0, the gradient of J(\) is obtained in the following way. First, we solve the unconstrained

optimization problem (47) over z € Q and obtain the optimal solution z(\). Once x(\) has been obtained,
dJ(A

i

cost functionals of the optimal parameter selection problems (12)-(16), (29) and (40) correspond to the cost

the components of are obtained by evaluating the constraint functionals f;(z) — ¢; at z(X). Since the

functional J(\) of a dual problem of the form (46), we obtain the following result from Theorem 5.1.

Theorem 5.2 Let A € RV, A > 0 and J(A\) = g(¢(N), X) — X c where g((()\), \) is given by (11). The gradient
of the cost functional J(\) evaluated at X is

dJN)  [aJ(N) 8J(N\)
- {axl BAN]

8J>\ 1 T ! ! 1 ! T ! ! !
oL = 5 s R g D)+ [ B by de (1)) s (49)

where (B(t) is the solution of the equation

with n(t) given by
n(t) = —R7' (A [B'(t) P(t) B(t) + B'(t) d(t) + b(\, 1)] (51)

As stated before, the problem of calculating the gradient of J(A) is equivalent to solving an unconstrained
LQ optiimal control problem, and evaluating the value of the constraints with this optimal control. This can
be clearly seen from Theorem 5.1.

The optimal parameter selection problem (29) is the dual problem of the full observation problems (26).

By Theorem 5.1, the gradient of the cost functionals of (29) and (40) is given as follows.

Theorem 5.3 Let A € RN, X > 0 be given. Then the cost functional of the problem (29) is of the form
1 ! U 1 1 T ! !
J) = 55 PO, \)¢+d'(0,\)¢ + 5;0(0, A+ 3 tr{C'(t) P(t,\),C(t)} dt — N'c (52)
0

The gradient of J(\) evaluated at \ is

dI) {BJ(A) 8J(>\)]
dX a0 O
a;ﬁj) =E %/OT [6"Q; B+n' R;n dt+%ﬁl(T)Hjﬂ(T)+/0T [a}; B+ bin] dt + h,(T) B(T)| —¢; (53)
where
A8 = A(t)Bedt + B(tyndt + CodWs, 0 ~ N(£,%0) (54)
with 1; given by
m = —R(\1)[B'(t) P(t) By + B'(t) d(t) + b(\, )] (55)
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As in the deterministic case, the problem of calculating the gradient is equivalent to solving an unconstrained
full observation LQG control problem, and evaluating the constraints with this optimal control.

The partially observed problem (34) is solved by transforming it into the full observation problem (43). By
Theorem 5.1, the gradient of the cost functional of the optimal parameter selection problem (40) is obtained
by solving an unconstrained, partially observed LQG problem. For this reason, there is a Separation theorem

for calculating the gradient.

Theorem 5.4 (Gradient Separation Theorem) Let A € RV, A > 0 be given. Then the cost functional
of the problem (40) is

1 ! U 1 1 r ! !
O = FEPONEFIONE+ 30N +5 [ ol OPEN., Ohd—Ne  (50)

where , (t) = S(t)F(t)(G(t)G' (t)) LG (t). The gradient of J(\) evaluated at X is

di(N) _ [0J(N) dJ(N\)
- { an BAN]
aJ (A 1 /7. A 1. N T . .
aij) —E 5/0 [,BIQjﬁJrnijn] dt+§,85~HjﬁT+/0 [a;ﬁ+b;n] dt+ () fr| —¢;  (57)
where
B = A(t)Bedt + B(typdt — (1) F(t) (G(t) G' (1)) " dvy, w0 = & (58)
m = —R7'(\t) |B'(1) P(t) By + B'(t) d(t) + b()\, 1) (59)

v is the innovations process given by dv; = dy; — F(t),@tdt and y is the solution of the stochastic differential

equations

where W and V' are standard Brownian motions which satisfy the conditions stated in Section 4.

For computational purposes, the following expression for the gradient is the most useful. As observed in
Theorem 4.1, when calculating the optimal control for the partially observed case, the problems of ‘control’
and ‘filtering’ are not independent but rather, the ‘control’ problem (namely, the optimal parameter selection
problem (40)) depends on the solution X(t) of the filtering Riccati equation. This dependence on ¥(t) can
be seen in the expression for the gradient of the cost functional of (40) which is stated in Theorem 5.5. Once
again however, once X(t) has been determined, the problem of calculating the gradient can be carried out
independently of the ‘filtering’ problem and hence, the control problem can be solved independently of the
filtering problem.

Theorem 5.5 Let K (t) = 0 for the optimal parameter selection problem (12)-(16), K (t) = C(t) for (29) and
K(t) = S(t) H{t)(G(t) G'(t)) "L F(t) for (40). Let X\ > 0 be given. Then the gradient of the cost functional
J(N) evaluated at X for (12)-(16), (29) and (40) is

dI(x) [aJ()  9J(N)

dx | on T A
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17 1 T
= 5 [ Qs Ry dek S H@V AW + [ [+ 8] de+ by (1) BT -
0 0
T
+%/ tr {(PBR™'(A\)R; R™'()) B’P+Q]~)AK}dt+%tr{AK(T)-Hj} (62)
0

where B(t) is the solution of the costate equation

Bty = A@®)B[H) +Bt)n), BO) = ¢ (63)
with n(t) given by
n(t) = —R'(\t)[B'(t) P(t) B(t) + B'(t) d(t) + b(A, )] (64)
Ak (t) is the solution of
Ak = (A=BR'\B'P)Ax +Ag (A—BR™'(\)B'P) + KK', Ag(0) = 0 (65)

and P(t), d(t) are the solutions of the differential equations (13)-(14).

6 Conclusion

We have studied the LQ and LQG optimal control problems subject to IQ constraints. We have shown that
the classic Separation Theorem result of Wohnam does not hold, but a generalization of this result which we
call a Quasi-Separation Theorem is true. We show that the optimal control is determined by solving a finite
dimensional optimization problem, and derive the gradient of its cost functional so that efficient algorithms
for finite dimensional optimization problems can be used to calculate the optimal solution. We show that the
problem of calculating the gradient is equivalent to solving an unconstrained LQG problem, and a Separation
theorem for this gradient calculation (which we call a Gradient Separation Theorem) is proven. Since repeated
calculations of the gradient are needed when implementing these optimization algorithms, the optimal control

is calculated by solving a sequence of unconstrained LQG problems.
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