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ABSTRACT 
A general radiosity method accounting for al l  

interreflections of l ight between diffuse and non- 
diffuse surfaces in complex environments is intro- 
duced. As contrasted with previous radiosi ty 
methods, surfaces are no longer required to be 
perfectly diffuse reflectors and emitters. A com- 
plete, viewer independent description of the l ight 
leaving each surface in each direction is compu- 
ted, allowing dynamic sequences of images to be 
rendered with l i t t l e  additional computation per 
image. Phenomena such as "reflection tracking", 
reflections following a moving observer across a 
specular surface are produced. Secondary l ight 
sources, such as the l ight from a spotlight re- 
flecting off a mirror onto a wail are also 
accounted for. 

CR Categories and Subject Descriptors: 1.3.7 
[Computer Graphics]: Three-Dimensional Graphics 
and Realism: 1.3.3 [Computer Graphics]: 
Picture/Image Generation 

General Terms: Algorithms 

Additional Keywords and Phrases: Radiosity, 
intensity, bi-directional reflectance, hidden- 
surface, depth buffer, non-diffuse reflection. 

INTRODUCTION 
The production of real ist ic images requires 

the ab i l i t y  to simulate the propagation of l ight 
in an environment. This requires two steps: 
modeling the interaction of l ight with an indi- 
vidual surface and combining the effects of emis- 
sion, transmission and reflection between al l  the 
surfaces in the environment. In the past, compu- 
ter generated pictures were obtained by simulating 
how l ight is reflected from an individual surface, 
ignoring the interreflections from surface to sur- 
face. A number of reflection models were devel- 
oped, ranging from a simple Lambertian diffuse 
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model in which al l  l ight is reflected with equal 
intensity in al l  directions, to more complex 
models including non-uniform specular d is t r i -  
butions based on geometric and electromagnetic 
properties of the surface. For any given reflec- 
tion model, images were created by determining the 
visible surface at each screen pixel location, and 
then computing the intensity of l ight leaving that 
surface in the direction of the eye. This inten- 
si ty was typical ly found from the geometric 
relationships between the visible surface, the 
l ight sources, and the eye. 

Ray-tracing was the f i r s t  method introduced 
which attempted to include the effects of sha- 
dowing and reflections from neighboring surfaces 
[1]. In ray-tracing, an additional intensity con- 
tribution from secondary reflected and transmitted 
rays is added from the mirror and refracted direc- 
tions. The fact that a limited number of rays are 
traced from the eye into the environment precludes 
the ab i l i t y  to completely account for the global 
illumination arising from complex interreflections 
within the environment. 

Although ray-tracing techniques have been 
able to produce str ikingly real is t ic  images, only 
radiosity methods can account for the complex d i f -  
fuse interreflections within an environment. The 
radiosity method, borrowed from thermal engi- 
neering techniques [2] [3], was introduced in the 
context of computer graphics by Goral in 1984 [4] 
and was extended for use in complex environments 
by Cohen [5] [6] and Nishita [7]. This method is 
based on the fundamental Law of Conservation of 
Energy within closed systems. I t  entails perfor- 
ming a simultaneous global solution for the inten- 
sity of l ight leaving each surface by constructing 
and solving a set of linear equations describing 
the transfer of diffuse l ight energy between all 
surfaces. Calculations are performed indepen- 
dently for any number of discrete wavelength 
bands. The advantages of this method are the 
increased accuracy in simulating the global i l l u -  
mination effects and the fact that a l l  of the 
intensity calculations are independent of viewing 
parameters, thus allowing eff ic ient rendering of 
dynamic sequences. 

An underlying assumption in al l  previous 
radiosity methods has been that al l  surfaces 
exhibit perfect Lambertian diffuse reflections. 
Environments could not contain surfaces with 
specular properties. Th is  paper demonstrates a 
method which removes this restriction by gener- 
alizing the radiosity formulation to include 
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directional reflection properties, while s t i l l  
maintaining the advantages of accurate global 
i l lumination and view independence. 

To correctly determine the il lumination of an 
environment, one must simulate the spatial and 
spectral intensity distr ibut ion of l ight  leaving 
each di f ferent ial  surface area (or point) within 
the environment. There are two requirements to 
predict this intensity distr ibut ion. First,  the 
spatial and spectral distr ibut ion of the l ight  
arriving at the point must be specified. This 

" inc ident"  l i g h t  is  a funct ion of the po in t 's  
geometric relationship to al l  other surfaces in 
the environment and the l ight  leaving those sur- 
faces in the direction of the point. Second, a 
reflection model must be specified which describes 
how l ight  of any spectral content, which arrives 
from any arbitrary direction, is scattered from 
the surface. This may include transmission as 
well as reflection and is usually referred to as 
the bidirectional reflectance of a surface. Since 
the l ight  arriving at any surface is a function of 
the l ight  leaving al l  other surfaces, i t  is appar- 
ent that a simultaneous solution for the global 
i l lumination must be performed. 

The solution would contain al l  of the infor- 
mation necessary to render an image of any part of 
the environment from any viewpoint. As with stan- 
dard diffuse radiosity solutions, the complex 
interreflections within an environment are cor- 
rectly modeled, yielding "color bleeding" effects, 
which occur when one surface acts to illuminate 
another surface, as well as soft shadows and 
penumbrae, which are associated with area l ight  
sources. The new procedure for non-diffuse 
environments inherently contains additional direc- 
tional phenomena such as specular reflections, 
which follow the viewer as the eye position 
changes. This "reflection tracking" can be seen 
by moving your head from side to side while 
looking at a shiny surface. Secondary l i g h t  
sources, such as the l i gh t  from a spot l i gh t  
bouncing off a mirror onto the f loor, are also 
accounted for. This source of secondary i l lumi -  
nation has been ignored by a l l  previous image 
synthesis methods. 

THEORETICAL CONCEPTS 

The intensity of a point in a certain direc- 
t ion, or "directional intensity",  is the sum of 
the total reflected intensity from the point in 
that direction and, i f  the surface is an emitter, 
the l ight  intensity emitted from the point in that 
direction: 

/,(~o) =/,(~o) +/,(~o) (i) 

Figure 1 shows the hemisphere of directions 
surrounding the normal to a point, or di f ferent ial  
area, dAl , through which and from which i t  
receives and reflects l ight .  The intensity emit- 
ted direct ly from ~ l i n  outgoing direction o is 
simply: 

[,('~Foj) = el(~IJo.1) (2) 

The subscript 1 has been added to indicate that 
the emittance and reflected intensity terms 
emanate from surface 1. 

Table  1 

D ef lni t ion o f  T e r m s  

W represents  a vector direction to or from a surface. 

~Fi.1 = incoming direction to surface 1 
~i.2 = incoming direction to surface 2 

~Po.l = incoming direction from surface 1 
"Fo.2 = incoming direction from surface 2 
8t = angle away from the normal  to surface 1 
El = direct ional  emission from surface 1 

p'~ = bidi rec t ional  refletance of  surface 1 
dz01 = differential solid angle a round surface 1 

Ei.l  = energy incident  to surface 1 
I , j  = intensi ty reflected from surface 1 
I,.~ = intensi ty emi t ted  from surface 1 
I,.1 = to ta l  direct ional  intensi ty leaving surface 1 
I,.2 = to ta l  d i rect ional  intensity leaving surface 2 

flea = to ta l  solid angle encompassing surface 2 

when viewed from surface 1 

• 
I energy 

J 

H e m i s p h e r e  o f  D i r e c t i o n s  t o  a D i f f e r e n t i a l  A r e a  

FIGURE 1 

The spectral  and spat ia l  d i s t r i b u t i o n  of  the 
re f lec ted  l i g h t  is  a func t ion  of  the mater ial  pro- 
per t ies  of the surface from which i t  r e f l e c t s .  
The l i g h t  i n t e n s i t y  re f lec ted  from a point  can 
be found given a f u l l  desc r ip t ion  of the l i g h t  
arriving at that point and the surface's bidirec- 
tional reflectance. The bidirectional reflectance 
of a surface defines the relationship between the 
l ight  energy arriving at some point and the inten- 
s i ty of l ight  leaving that point: 

I ,  
# ' :  (3) 

The t o t a l  incoming energy is  a func t ion  of  the 
incoming i n t e n s i t y  l i ,  the so l id  angle ~ i  through 
which i t  a r r i ves ,  and the projected d i f f e r e n t i a l  
area. The incoming energy per uni t  area from 
direction ~IJi is thus: 

Ei(~'IJl) = li(~IJi)cos~dcoi (4) 

The ref lected i n tens i t y  in d i rect ion To from 
energy incident from direction '~I~i is therefore: 

1,(%, ~ )  = p"(~o, ~DLcos~,~.oi (5) 
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Consider an environment consisting of only 
two surfaces, A i  and Az (Figure 2). Intensity 
radiates from di f ferent ia l  area ~L~l in direction o 
due to both emission and ref lect ion. The reflec- 
ted intensity in the outgoing direction results 
from energy arr iving a t ~ 1  fromA2. Let I i . i  be 
the incident intensity through solid angle ~ . 
By integrating Equation 5 over the solid angle 
encompassing area A2, the total intensity reflec- 
ted in direction o due to the l ight  energy 
arr iving from A2 is: 

[r(~'iJ°'l) = fnl., ~Od~(~'~°'l '~'Tffi'l)[i'l(~'ili'l)c°sOi'ld~'Oi'l (6 ) 

In Equation 6, the incoming intensi t ies,  
Ii. l , result from and are equal to the outgoing 
intensi t ies,  ItS , fromA2: 

i~ i (~:)  =/,~(%,=) (7) 

Substi tut ing the outgoing in tens i t i es  from A2 for  
the incoming in tens i t ies  to ~ I  , Equation 6 
becomes: 

z'(%a) = /a  " i.=Pl (~iJo.l,~'iJ i,t)l t,2(~ff o.2)c°s~,ldcoi,1 (8) 

Therefore, the d i rect ional  in tens i t y  from 
surface dAl in d i r e c t i o n  o is  the sum of the 
emitted in tens i ty  (Equation 2) and the ref lected 
in tens i ty  (Equation 8): 

I,,1(~'lJo, l) = ~(~'lao, t) + / P~(~lJo.t, ~'IJi,l)ILl(~'lJi,l)cos~,Idg.ot,l 

(~) 

Similar equations define intensit ies leaving 
~ t  for al l  other directions within the hemisphere 
in the simple two-surface environment considered 
above. Each outgoing directional intensity from 
~ is a function of the directional intensit ies 
leaving area A2.  In an equivalent manner, the 
directional intensit ies leaving each di f ferent ia l  
area of Az are a function of the directional in- 
tensit ies leaving area A~. Thus, al l  of the out- 
going directional intensit ies from both surfaces 
must be solved simultaneously. 

In addi t ion to the d i rec t iona l  va r ia t ion ,  
intensit ies may vary continuously according to 
spatial position across a surface, or according to 
wavelength across the vis ible spectrum, since the 
spectral distr ibutions and bidirectional reflec- 
tances are wavelength dependent. Thus, there are 
theoret ical ly an i n f i n i t e  number of unknown inten- 
s i ty values to be simultaneously solved. 

The problem is made tractable by discretizing 
the surfaces, the v is ib le spectrum, and the hemi- 
sphere of incoming and outgoing directions. As 
with previous radiosity approaches, surfaces are 
divided into small discrete areas, or "patches", 
with the assumption that for each direction, the 
intensit ies arriving and leaving the patch are 
constant over the whole patch. The vis ible 
spectrum is likewise divided into a small number 
of wavelength bands. Each wavelength band is 
assumed to be independent f rom each other, 
allowing a separate solution for the l igh t  inter-  
ation for each band. 

The hemisphere above the patch is also dis- 
cretized into a f i n i t e  number of directions, or 
solid angles. Thus, for a part icular patch, the 

- I  

Outgoing intensity ~/ 

from dL~ z, 
/ o.2 A2  / 

][o, l 
1 / 

/ Outgoing intensities from 

i, i intensities to dA r 

A~ 

A simple en~ro~ment of two surfaces, each 

with its own set of directions. 

FIGURE 2 

direct ional  in tens i ty  in d i rect ion f then becomes 
i t s  emission in d i rect ion f plus the sum of the 
ref lected in tens i t ies  from discrete direct ions d, 
which encompasses the hemisphere above the patch 
(Equation 10). d - I  represents the outgoing direc- 
t ions from patch 2 which point towards patch I ,  
and are thus in the opposite d i rect ion from d. 

D 

/, t ( f )  = etV') + ~ # i ' ( f ,  m / ,~ (a -1 )c~e~  ClO) 
d :  1 

Figure 3 shows the results of two incoming 
direct ions with several outgoing direct ions from a 
patch. 

A set of simultaneous l inear  equations can 
now be formed, defining the unknown direct ional  
in tens i t ies  for  a l l  d i rect ions,  given the b id i rec-  
t ional  reflectivities and emissions of each patch. 

So far,  the method has been i l lust rated by an 
environment consisting of only two surfaces. The 
form of the relationships remains the same for 
more complex environments except that l ight  

incoming 

ipt=~=ity l dlstrlbuti~ 

/ 
T h e  o u t g o i n g  d i s t r i b u t i o n s  f r o m  a l l  i n c o m i n g  e n e r g i e s  a r e  

s u m z l ~ e d ,  r e s u l t i n g  in  a n  a g g r e g a t e  d i s t r i b u t i o n .  

FIGURE 3 
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arrives at a patch from many surfaces. An addi- 
tional problem arises from the possible occlusion 
of one patch from another due to intervening sur- 
faces. Thus, the directional intensit ies of each 
patch depend on the directional intensit ies of al l  
other patches and the v i s i b i l i t y  between them. 
Let N be the number of patches in an environment 
and D be the number of directions on the hemi- 
sphere. The outgoing intensity of a patch i is 
given by: 

N D 

z,, ~f) = ~i (f) + ~  ~ ' ( f ,  a)1,j (a-')cosOd~dZID (i d, d) 
j= l~=l (11) 

where 

I Patch i sccs patch j in direction d 
HID(i,j,d) = 0 Otherwise (12) 

for environments with hidden surfaces. 
At f i r s t  glance, Equation 11 appears immen- 

sely more complicated than previous radiosity 
solutions, since intensit ies must be solved for 
each patch for each direction. However, certain 
properties of the matrix and the environment can 
be ef fect ively exploited to obtain tractable solu- 
t ions. For example, i f  in an environment, there 
are 1000 patches, and the hemisphere of directions 
is divided into 1000 small so l id  angles, then 
there are 1,000,000 unknowns and 1,000,000 squared 
or I0 x2 matrix coeff icients. Fortunately, this 
matrix is VERY sparse. This can easily be seen 
since each patch receives energy from only 1000 
directions. Thus,  each row of the coeff icient 
matrix has only 1000 non-zero HID terms, and the 
matrix is 99.9% sparse. In addition, i f  some sur- 
faces are d i f fuse ,  each of t h e i r  patches w i l l  
exhibit  a single constant directional intensity 
over a l l  d i rec t ions ,  and the 1000 d i rec t iona l  
equations can be reduced to a single l inear equa- 
t ion.  These facts are taken advantage of in the 
implementation, which is described in the 
following sections. 

PROGRAM OVERVIEW 
~ ' i ~ e  directional radiosity analysis is com- 
prised of a series of separate steps analagous to 
previous diffuse radiosity methods (Figure 4) .  
First ,  the environment geometry and material pro- 
perties such as the bidirectional reflectance must 
be specified. An additional i n i t i a l  requirement 
for radiosity analyses is that each surface must 
be subdivided into discrete surface patches. 

The second step is to determine the geometric 
and v i s i b i l i t y  relationship between every pair of 
patches in the environment. 

Given the set of equations, a simultaneous 
solution for the directional intensit ies of each 
patch is then performed. This global patch solu- 
tion is then used along with the vertex to patch 
v i s i b i l i t y  relationships to determine the direc- 
tional intensity distr ibut ion at each vertex grid 
point on every surface. The resulting fu l l  des- 
cript ion of the intensity leaving each surface in 
al l  directions provides the means to render an 
image of the environment from any given viewpoint. 

Given an eye position and viewing direction, 
the intensit ies pointing back to the eye from each 
vertex are used to render an image. Succesive 
images of the environment can be rendered from 
different viewpoints. 

-ModelLng m:id Mesb.i.nti 

(Interactive) 

• l obn l  Cube Preprocess i 
(Non-interactive) 

E Global Solution 

(Non-interactive) 

New Eye | RenderizLg 

Position L (Non-interactive) 

Program Flow 

FIGURE 4 

\ 
 2oj2  :;b; ;:(Ztod \ 

/ Every other patch in the environment \ 
J is projected onto the cube. 

FIGURE 5 

THE GLOBAL CUBE 
The l i g h t  leaving a patch depends on the 

l ight  arr iving at i t  and the direction(s) from 
which i t  arrives. This impinging l igh t  is the 

result of l ight  leaving the other patches in the 
environment, and thus a determination must be made 
of which patches are v i s i b l e  from each patch. 
Each patch has a view of i ts  environment across 
the hemisphere of directions surrounding i ts  nor- 
mal. This continuum of directions is approximated 
by finding the v is ib le patches in a f i n i t e  number 
of discrete solid angles which cumulatively are 
equivalent to the hemisphere. 

The hemisphere can be replaced by the upper 
half of a cube, or "hemi-cube" (Figure 5), 
creating f ive separate 90 degree viewing frustums 
through which to project the environment [5 ] .  
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Each surface of the cube becomes an imaginary 
screen which can be divided into small square 
cel ls.  Each of these cells defines a small solid 
angle of view from the patch at the center of the 
cube. Depth buffer algorithms are performed for 
each frustum to determine the patch "seen" through 
each c e l l .  To obtain an accurate view of the 
environment from a patch, a series of sample 
points within the patch from which to view the 
environment are selected. A grid is established 
on the patch defining a series of sub-patches or 
"elements". A view is taken from each grid vertex 
and may vary across the grid. The f inal view of 
the environment from a patch is taken as a 
weighted average of the views from the individual 
grid vertices. This is analogous to the "sub- 
structuring" described in [6] .  

The hemi-cube can be oriented so that the 
patch normal always coincides with the center of 
the hemi-cube's top face. This allows for the 
same set of small solid angles to be located in 
the same directions relat ive to each patch. How- 
ever, since the orientations are always in the 

Each hemi-cube has its own local orientation. 

FIGURE 6 

patch's local coordinate system, there is no sin- 
gle directional relationship between hemi-cubes 
(Figure 6). In previous diffuse radiosity 
methods, since each patch was defined to have a 
s ingle i n t ens i t y  equal in a l l  d i rec t ions ,  the 
directional relationship was unimportant. 

When the i n t e n s i t i e s  are allowed to vary 
d i rect ional ly ,  i t  is important to equate the in- 
coming directions of the receiving patch with the 
reciprocal outgoing directions from the sending 
patches. Rather than reorienting a hemi-cube for 
each patch, a fu l l  cube surrounding each vertex is 
maintained, oriented along the global axes (Figure 
7). The advantage l ies in the fact that i f  patch 
i sees patch j through the cel l  oriented in the 
X,Y,Z direct ion, then the reciprocal cell from 
patch j is simply in the -X,-Y,-Z direct ion. The 
cube is stored as a vector of v is ib le patch iden- 
t i f i ca t i on  numbers. I f  the faces of the cube are 
oriented as in Figure 8a and the vector is ordered 
as in Figure 8b, then the reciprocal global cube 

locations may be t r i v i a l l y  calculated. For a glo- 
bal cube with D discrete directions, the cell with 
the reciprocal direction from a cell with index c 
tO <= C <= D-I) wi l l  simply have index D - c - 1. 

The projection of the environment on a "glo- 
bal cube" surrounding a vertex solves the hidden 
surface problem providing the HID terms in equa- 
t ion 11. The 8 terms are found by the dot product 
of the patch normal and the global orientation of 
the ce l l .  A small solid angle, ~ ,  is associated 
with each ce l l ,  providing the necessary infor-  
mation to simultaneously solve for the directional 
radiosit ies of each patch. 

-X 

+Y 

+Z 

m 

-y 

Rows 

p Columns 

+X 

Starting 

PIxel 

The cells within the faces of the global cube are ordered 

so that the reciprocal global cube locations may be 

trivially calculated. 

(a) 

V e c t o r  o f  

cube locations 

Each global cube is placed in a global oriezltation. 

FIGURE 7 

The ordering within each face is in row major order. The rows 

a.ud c o l u m n s  are  d e t e r m i n e d  b y  t h e  d i a g r a m  above.  

(b) 

FIGURE 8 
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BIDIRECTIONAL REFLECTANCE 
Until now, the actual bidirectional reflec- 

tance, which is derived from a model describing 
how l ight  scatters from a surface, has not been 
specified. The choice of a specific reflection 
model is independent of the methods introduced in 
this paper. However, in this context there are 
two requirements a reflection model must sat isfy. 
The f i r s t  requirement is that the model must 
exhibit  reciprocity. Tha t  is,  the fraction of 
outgoing intensity to incoming energy for any pair 
of directions must be the same i f  the incoming and 
outgoing directions are reversed. 

In other words: 

f ' (~ , ,  ~i) = p"(~,  ~,)  (13) 

The second requirement is  tha t  energy must be con- 
served. The t o t a l  amount of  i nc iden t  energy to a 
patch must be greater  than or equal to the t o t a l  
amount of ref lected energy from the patch. A 
patch cannot reflect more energy than i t  receives. 
Thus, 

E i ~ f ~  E, = f ~  l,cosSdZ, o ~ ,  = hem~phere (14) 

Two d i f f e r e n t  b i d i r e c t i o n a l  re f lec tance  re la -  
t i o n s h i p s  were t e s t e d .  One r e l a t i o n s h i p  i s  a 
m i r r o r - l i k e  r e f l e c t i o n ,  in which the incoming i n -  
t e n s i t y  leaves in  the m i r ro r  d i r e c t i o n  tempered 
only by a reflectance between 0 and 1. The other  
r e l a t i o n s h i p  is  based on work done by Phong [ 8 ] .  
The "Phong- l ike"  b i d i r e c t i o n a l  re f lec tance  used 
i s :  

p,, k, rk, 1 . 

where ka = the f r a c t i o n  o f  energy d i f f u s e l y  
r e f l ec ted ,  and k: = the f r a c t i o n  of energy specu- 
]ar ly  reflected: k a + k , ~  1 . ~ is the angle 
between the mirror e~rection and the reflection 
direction, r ,  and Sa and Ss are constant factors 
which must be included to conserve energy: 

S ,  = f~  ak0= = and S, =,,~L c°s('+l)~ doJ (16) 
h 

GLOBAL SOLUTION 
A simultaneous so lu t ion to the matrix of 

Equations 11 is required to find al l  of the di- 
rectional radiosit ies for al l  of the surfaces of 
an environment. The matrix to be solved is too 
large to be solved using direct solution methods. 
However, the Gauss-Siedel i terat ive technique, 
which was found effective for previous radiosity 
methods is well suited for this problem [9]. The 
i terat ion method allows the matrix coefficients to 
be computed as they are needed. The solution con- 
verges in a small number of i terat ions since the 
matrix is diagonally dominant. 

An i n i t i a l  estimate for the radiosity solu- 
tion is set equal to the emissions of the l igh t  
sources with al l  other patch radiosit ies i n i t i a l l y  
zero. The global cube analysis provides the 
patches and directions from those patches which 
i l l umina te  a pa r t i cu la r  patch. Based on th is  
information and the current solution estimate, a 
global cube of incoming intensit ies to a patch 

through al l  directions is assembled. From 
Equation 11, each outgoing intensity can be com- 
puted from these incoming i n t ens i t i e s  and the 
given bidirectional reflectance of the patch. 
These new directional patch radiosit ies are used 
in the current solution estimate for subsequent 
patches. Every patch is solved in turn, and the 
whole process iterates unt i l  the solution conver- 
ges. 

After every i terat ion step, each patch 
receives a more accurate set of incoming inten- 
s i t ies ,  and therefore, reflects a more accurate 
set of outgoing intensit ies (Figure 9). Every 
directional intensity value is compared with the 
same directional intensity value from the previous 
i terat ion.  I f  no pair of values d i f fe r  by more 
than a prespecified margin, the solution process 
is said to have converged, and no further i tera-  
tions are required. In pseudo-code, the procedure 
is as follows: 

/ *  Initial estimate for directional intensities * /  
FOR each direction d and patch p DO 

IntIp]ldl = EmisslP]ldl 
END 
FOR each iteration DO 

FOR each patch p DO 
/*  Set each new intensity to be its emission * /  

FOR each direction d DO 
Newintlpl[d] = Emiss[pl[d] 

END 
/*  Take energy from incoming directions in and * /  
/*  distribute it to all outgoing directions out */ 

FOR each direction in DO 
/*  Calculate energy from in */ 

Energylin] = IntICubelPllin]l[D-in-l] cos0o~[in] 
For each direction out DO 

Newint[p][out] + =  p"(p, in, out)Energy[in] 
END 

END 
/*  Replace old intensities with new and test * /  
/*  for convergence * /  

FOR each direction d DO 
Compare  Intlp][d] with Newintlp][dl 

IntlPlld] = NewintiP]ld] 
END 

END 
END 

The number of i terations required for conver- 
gence of the patch solution depends on the order 
in which patch equations are solved since the in- 
coming intensit ies to a patch result from the out- 
going intensi t ies of previously solved patches. 
I t  thus makes sense to solve for the patches in 
roughly the same order that l igh t  is propagated 
through the environment (Figure 10). Thus, the 
emitters are solved f i r s t ,  because they are the 
originators of energy for the solution; next, the 
patches that see the emitters are solved, and thus 
become secondary emitters; next, those that see 
the secondary emitters; etc. The results of the 
global cube provide the v is ib le surfaces seen from 
each surface. A l i s t  is compiled of the secondary 
l ight  sources by examining the global cubes of the 
primary emitters. Analogously, a l i s t  of ter t iary  
l ight  sources is compiled from the global cubes of 
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the secondary sources, etc. 
The patch solution provides the intensity of 

l igh t  leaving each patch in each direction. At 
this point, an analogous solution must be found 
for each grid vertex, as i t  is the vertex direc- 
t ional intensi t ies that w i l l  be used during the 
rendering process. Each grid vertex has an 
associated global cube of v is ib le patches, from 
the o r ig ina l  global cube analys is .  A cube of 
directional intensit ies for each grid vertex is 
f i l l e d  by back subs t i tu t ion  of the previously 
solved patch intensi t ies.  The outgoing inten- 
s i t ies are calculated from the incoming inten- 
s i t ies and the bidirectional reflectance of the 
vertex's surface. 

=,..\ \ 

Iteration 1 2 3 

Outgoing 

Intensities 

After each iteration, each patch receives a more accurate set o2 

Incoming intensities, and therefore, reflects a more accurate 

set of outgoing intensities. 

FIGURE 9 
The particular intensities pointing to the eye are extracted 

from the global cubes of directlonal intensities, 

FIGURE 11 

RENDERING 
At th is point, a view independent radiosity 

solution has been calculated. The f inal  rendering 
stage is simply a post process to display inten- 
s i t ies pointing in the direction of the eye. To 
render an image, an eye pos i t ion and viewing 
direction are specified which establishes the 
d i rec t ions from each vertex back to the eye. 
The part icular intensit ies pointing to the eye are 
extracted from the global cubes of directional 
intensit ies (Figure 11). These are obtained by 
b i l inear ly  interpolating between the nearest ver- 
tex cube directional intensi t ies.  This results in 
a single intensity value for each grid vertex in 
the environment from that v iewpoint.  At th is  
point the rendering process becomes identical to 
the process described in [6] ,  where the pixel in- 
tensit ies are b i l inear ly  interpolated from the 
vertex intensi t ies.  Additional views of the en- 
vironment are rendered from the same global radi- 
osity solution simply by specifying a new view 
point. 

i , 9 . ~ . ~ ~  Patch 4 

Patch g 

Patch 7 
Correct 

IPatch4. tri t .... I jill II 
Patch 9 matrix terms 

! × = 

l , . . ~ > ~  9 Patch 4 

Patch 7 

Patch 9 
Incorrect 

l atch4matrix .... FI If 
arch7  trix .... ixl  

h  atc° ' tr Xt°r°s] 

To decrease the number of iterations, solve for the patches in 

roughly the same order that light is propogated through t h e  

environment. 

FIGURE 10 

RESULTS 
The following images were rendered from two 

global solutions of the same environment. Each 
set of f igures contains a series of views (a) 
i l l us t ra t i ng  the view independence of the solu- 
t ion.  Notice the reflections in the f loor 
tracking the eye as the viewer position is 
changed. The two larger images (b and c) in each 
set are enlargements from the series above them. 
The primary difference between the two sets of 
images is the bidirectional reflectance models. 
The algorithms outlined in this paper are inde- 
pendent of any part icular reflectance model. The 
so lu t ion for  the images in Figure 12 used the 
Phong-like reflectance model. For Figure 13, the 
solution used the simpler mirror- l ike 
bidirectional reflectance. 

The environmental modeling and meshing for the 
images was performed using the testbed image syn- 
thesis system at Cornell's Program of Computer 
Graphics. The system was written in C under a VMS 
operating system and ran on a VAX 11/780. An 
Evans and Sutherland picture system was used for 
the modeling and meshing, a Floating Point Systems 
FPS264 attached to a VAX 11/750 was used for the 
solution process, and the pictures were displayed 
using a Rastertek 1280x1024x24 bits frame buffer. 
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(a) 

(b) (c) 

PBONG-LIKE REFLECTION 

Number of Specular Patches : 64 

Number of Diffuse Patches : 93 

Number of Specular Vertices: 1089 

Number of Diffuse Vertices : 1400 

Number of Cube Directions : 24576 

Number of Vavelengths : 4 

FIGURE 12 

PROCESS CPUTIME (Hrs) 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

V i s i b l e  S u r f a c e s  8 
S o l u t i o n  192 
Render 1 

As can be seen from the s t a t i s t i c s  l i s ted  
below each set of images, the computation time, 
part icularly for the solution process, is non- 
t r i v i a ] .  The time required for the solut ion 
process is a function of the number of cube 
directions and the number of patches and vertices, 
more specif ical ly,  the number of specular patches 
and vertices. The amount of time is signif icantly 
reduced by using the simpler mirror- l ike reflec- 
tion model in Figure 13 since incoming energy is 
not scattered in al l  directions. 

An ar t i fact  due to the nature of the algorithm 
becomes visible when the reflection becomes more 
mirror- l ike. Recall that the rendering is based 
on the vertex solution which is in turn based on 
the patch solution. Thus, the discrete patches 
become visible in the reflection. Th is  resulted 
in the increased number of d i f fuse patches in 

Figure 13. 

CONCLUSION 
A general radiosity method which accounts for 

al l  interreflections from both diffuse and non- 
diffuse surfaces has been introduced. The proce- 
dure computes an intensity distr ibution for every 
surface in an environment, consisting of direc- 
tional intensities for a number of discrete direc- 
tions. The rendering process then becomes one of 
only looking up the intensities that point back to 
the eye and displaying them. 

This method makes i t  possible to precalculate 
the energy leaving specular surfaces regardless of 
the viewing direction. Since this global solution 
is view independent, successive views of the same 
environment can be calculated using the same 
directional intensity information, and the pheno- 
menon of reflection tracking can be observed. 

The addi t ion of specular surfaces to the 
radiosity method is signif icant, since radiosity 
methods need no longer be limited to environments 
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(a) 

(b) 

MIRROR-LIKE REFLECTION 

(c) 

Number o f  S p e c u l a r  P a t c h e s  : 64 
Number o f  D i f f u s e  P a t c h e s  : 237 
Number of  S p e c u l a r  V e r t i c e s :  1089 
Number of Diffuse Vertices : 1400 

Number of Cube Direetlons : 15000 

Number of V a v e l e n g t h s  : 4 

FIGURE 13 

PROCESS CPU TIHE (Rrs)  

V i s i b l e  S u r f a c e s  7 
S o l u t i o n  25 
Render 1 

containing only purely di f fuse surfaces. The 
methodology is independent of a particular reflec- 
tion model, thus  any reflection model which 
relates incoming energy from one direction to out- 
going intensity in another direction can be used. 
The only restriction placed on the model is that 
i t  must conform to the physical Taws of recipro- 
city and the conservation of energy as discussed 
in the paper. 

A few problems exist that must be dealt with 
in the future. Errors in approximation occur be- 
cause environments have been discret~zed. Discre- 
t izing the number of directions on the global cube 
results in misrepresenting the incoming energy be- 
cause of aliasing on the faces of the global cube. 
Reflections from a highly reflective surface may 
appear blurred due to discret iz ing the surface, as 
well as interpolating between outgoing intensities 
in rendering. 

Future work should include the addition of 
non-planar and textured surfaces, as well as 
transparent and translucent surfaces. The frame- 
work of the method is general enough to accomodate 
these additions by simply using different reflec- 
tion functions. Although this method currently 
requires very large computational resources for 
complex environments due to the volume of infor- 
mation that must be processed, this research was 
undertaken to provide a scient i f ic basis for 
modeling complex interreflections within an 
environment. In the future, as storage and com- 
putational power increases, global solutions of 
more complex environments wi l l  be within reach. 
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