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Introduction

In the process industries, many operations involve

direct contact between fluid phases by dispersing one
phase as drops or bubbles in another, continuous
phase. Such operations include distillation in tray
columns, gas absorption using tray columns,
bubble columns, and impeller-agitated vessels,
liquid/liquid extraction in spray columns and im-
peller-agitated vessels, and quenching of hot gas
by bubbling through liquid. Chemical reaction
may be present also in any of these operations.
Usually, the quantitative description of mass and
heat transfer in such dispersions requires knowledge

of inter facial area and transfer coefficients that are
given by equations incorporating the terminal veloci-

ty of a single particle as a calculation quantity,
either directly, or indirectly, say via a "slip velocity".
In the motion of single bubbles and drops at ter-
minal velocity, one may distinguish between two
principal regimes in any given fluid/fluid system

(Fig. 1). These regimes of motion are:
Regime 1. Viscosity of the continuous phase or of
both phases has a significant effect on terminal
velocity, Reynolds number is low, drag coefficient
decreases as Reynolds number increases.

Regime 2. Apparently negligible effect of viscosities
on terminal velocity, intermediate to high
Reynolds number, drag coefficient increases as

Reynolds number increases.
The numerical value of the Reynolds number at

transition from regime 1. to regime 2. in any given
system depends on it's components. Here, we are
concerned with regime 2., where motion is affected
by inter facial tension, gravity, buoyancy, and form
drag. With impure fluids, the contaminants affect
motion. Several equations have been proposed for
calculation of the terminal velocity of bubbles or of
drops in regime 2. Some are correlations of ex-
perimental results7'14), while the substitution by

Mendelson (1967)12) of particle perimeter for wave-
length in a surface wave equation, and the same

substitution by Marrucci et at. (1970)13) in a general
interface wave equation (Lamb, 1932)9) provide an

easily memorised equation coupled with reasonable
prediction of experimental data. However, so far
there is no rational explanation that justifies the use
of the wave equations that are based on assumptions
of two-dimensional motion, negligible fluid velocity,
and interface amplitude which is much smaller than
wavelength.

Here it is proposed to formulate a rationally
justifiable equation for terminal velocity of both
single bubbles and single drops in regime 2. (Fig. 1).

The predictions made by this equation are then to be
compared with those made by other equations, and
with reported experimental data.
Discussion

The basic equation for terminal velocity U of a
single particle is derived from the steady-state force
balance

(fit -Pc)gnD*j6 = (CDnD*/4)(pc U>/2)(1)

i.e. (gravity force)-(buoyancy force) = (drag force)
With \Pi-p.\=JP

(2)
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Fig. 1 Terminal velocity U vs. particle diameter D=[6/tt
(particle volume)]1/3, typical relation for clean fluidsReceived December 22, 1975.
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U= V4gD*pi3p& (3)
The Chemical Engineers' Handbook (1973)2) men-
tions several reports on bubble and drop dynamics.
Among these, one finds the following equations for
terminal velocity in regime 2. (Fig. 1) (with nom-

enclature in conformity with that used here) :
Klee and Treybal (1956)7) :

U= 17. 6p70MJp<>-á"iiy>o'>(4)

Thorsen, Stordalen, and Terjesen (1968)14)
17=6. 8/(1. 65-Jp/Pi) Vo/D(3Pd+2pe)(5)

Marrucci, Apuzzo, and Astarita (1970)1
U= >jAPgDI2pc + 2olpcD (6)

At the pressures at which experiments to determine
gas bubble terminal velocities in liquids have usually
taken place, Ap~pc, so that Eq. (6) is virtually the

same as the Mendelson (1967)12) equation.
To derive an equation for terminal velocity the

following argument is put forward :
Introduction into a continuous phase fluid of a

spherical fluid particle of diameter D requires work,
and this increases the potential energy PE of the

continuous phase, i.e.
PE= 7iD*JpgD/6 + 7iDV (7)

potential energy being due to gravity-, buoyancy-,

and inter facial tension effects.
This potential energy exists in the continuous

phase ahead of the moving particle, and disappears
as displaced fluid moves around-, and inward behind
the particle.

Photographs of bubbles in regime 2. as defined

here (Fig. 1) show wakes (Batchelor, 19671), Lindt,
197110>11)), and flow separation seems generally
accepted for fluid particles in this regime (Heertjes
and DeNie, 19715), Haas et aL, 19723)).
Therefore it is postulated here that potential energy
of displaced continuous phase is converted to kinetic
energy as it flows from front to rear of the moving
particle through a vertical distance D. The resultant
kinetic energy is then dissipated in the wake.
Relevantequations are :

^ttZ)V/(6)(2) = 7tD3ApgD/6 + ttDV (8)
vy2 = JpgD/pc + 6<j/peD (9)

From Eq. (8),
Force=?:D3Jpg/6Jr7zDa^constant (for a given

fluids combination and particle size D)
and therefore acceleration a=constant here. Then

v*/2=(l/2)a2t2 (10)
D=(l/2)a/2 (1 1)
a2 =4Z)2//4 (12)

From Eqs. (9), (10), (12),
2

- 4fl' å 
2£>2 JpgD fe

+å 
p./)

(13)

The time / required for conversion of potential
energy to kinetic energy is the time in which the
particle moves through distance D at terminal

velocity U, so that
t=D/U

(14)

Substituting Eq. (14) into Eq. (13),
U1=D>/t1 =JPgD/2p.+3a/p.D (1 5)

From relevant cited literature, it seems that in
systems of relatively clean fluids, a bubble or drop
has a peak terminal velocity at transition from the
viscosity-dependent regime 1. to the viscosity-in-
dependent regime 2. (Fig. 1).
Where this peak velocity at transition was evident
in the reported experimental data, calculated and

observed values of such velocity have been compared.
The second velocity for comparison has been mostly

that at particle diameters approximately two to three
times as large as those at peak velocity, i.e. particle

mass 8 to 27 times as large.
Table 1 shows 90 sets of calculated and observed

values of U for drops, Table 2 shows 12 sets for
bubbles. Fig. 2 shows observed values of U for
both drops and bubbles in juxtaposition to values

calculated by Eq. (15).
To obtain an indication of accuracy of prediction,
values calculated by Eqs. (4), (5), (6), and (15) have
been compared by using the following criteria:

v (number of observations-1) ^ )
V(u)= s{U) 100 (l7)

ZI t/obs/number of observations ^ '
The deviations and coefficients of variation calcu-
lated by Eqs. (16) and (17) respectively have been

tabulated for comparison in Table 3.
C onclusions

An equation has been formulated that describes
terminal velocity of single bubbles and drops in the
viscosity-independent regime, i.e. at intermediate
and high Reynolds number, which are moving
freely, i.e. "infinite" continuous phase is approxi-
mated.

This equation (15) is based on the premise that a

system will tend to minimumpotential energy. The
prediction accuracy of Eq. (15) has been compared
with that of previously published equations using
90 observed data for drops in liquid, and 12 for

bubbles in liquid (Table 3). For the drop data here,
Eq. (15) is superior to others, but for the bubble

data here, Eq. (6) is somewhat more accurate. For
drop and bubble data here combined, Eq. (15) is

more accurate that Eq. (6). Eq. (15) is easily mem-
orised and is based on rational argument.
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Table 1 Drop velocities in Regime 2 (Fig. 1), terminal velocity Uf comparison of calculated valures with reported observed values
T e r m i n a l  v e l o c i t i e s ,  L A  [ c m  -  s e c " 1 ] T e r m i n a l  v e l o c i t i e s ,  U  [ c m  - s e c - 1 ]

e q u iv a l e n t              C a lc u l a te d e q u iv a l e n t              c a l c u la t e d
F lu id s y s t e m  d ia m e t e r     K l e e &  T h o r s e r D [ c m ]  O b s e r v e d  J h i s w Q r k  T r e y b a l 7 ,  e / f l / ｫ ,

      E q . ( 1 5 ) E q . ( 4 )  E q . ( 5 )

F l u i d s y s t e m  d i a m e t e r D [ c m ]  O b s e r v e d   K l e e &  T h o r s e n T h i s w o r k  T r e y b a P  e t a / . u >

      E q . ( 1 5 )  E q . ( 4 )  E q . ( 5 1

b y  K r i s h n a 8 5 b y  K l e e  a n d
T a b l e  2  &  F i g .  2 - 8 T r e y b a l 7 ) F i g . 1

H - a m y l p h t h a la t e      1 . 4      7 . 7     7 . 5     6 . 1     7 . 0 b e n z e n e  d r o p s  i n  w a t e r
7 . 0              4 . 3 l l . 2            l l. 2

0 . 7 5 K e r o s i n e  d r o p s  i n .  w a t e r
2 . 1 5 1 . 3 5

b r o m o f o r m     0 . 1 9   2 4 . 2 &  2 8 . 5  2 5 . 5  3 0 . 6
          2 2 . 9 1

S A E  l O W  o i l  d r o p s      l l . 5
          1 0 . 9

2 2 . 2      2 6 . 6

/i - b u t y l p h t h a l a te   1 . 0   9 . 8   1 0 . 7   8 . 2   9 . 1
                   5 . 7

n o n y l a l c o h o l d r o p s      9 . 0

          9 . 2   8 . 7

c a r b o n d is u lfi d e       1 6 . 9   1 7 . 6  1 5 . 1
             1 6 . 8

s e c o n d a r y  b u t y l  a l c o h o l  0 . 4

i n  w a t e r

c a r b o n  t e t r a c h lo r id e     0 . 3 3 5     1 9 . 9 5     2 2 . 3     1 8 . 8     2 3 . 6 w a t e r  d r o p s  i n  t u r f u r a 1    0 . 4             5 . 7

1 3 . 8 m e t h y l e t h y l k e t o n e                  5 . 2     5 . 3

c h l o r o b e n z e n e        0 . 8      1 3 . 1     1 3 . 2     1 0 . 9     1 2 . 7 d r o p s  i n  w a t e r
2 . 1 5      l l. 0      1 2 . 4      1 0 . 9 b e n z e n e  d r o p s  i n  2 0 %    0 . 7      1 3 . 7     1 3 . 5     1 2 . 8     1 4 . 3

1 - c h l o r o n a p h t h a l e n e     0 .  6 3     1 5 .  8     1 6 . 2    1 3 .  6    1 5 . 9 s u c r o s e  s o l u t io n

m - c r e s o 1           0 . 6 2      5 . 6      5 . 4      5 . 3      4 . 8 m e t h y l i s o b u t y l k e t o n e   0 . 4      1 0 . 3    1 0 . 5    1 0 . 3    l l . 2
5 . 3 d r o p s  i n  w a t e r      0 . 8 8     1 0 . 2    1 0 . 6    1 0 . 3     7 . 5

jp i c h lo r o p h y d r in   0 . 2 8   1 2 . 3   l l . 9  1 0 . 2  1 2 . 1

                   6 . 7
p e n ta c h l o r o e t h a n e d r o p s  0 . 4   2 0 . 0  2 1 . 3  1 9 . 4

             2 0 . 6  1 9 . 4  1 5 . 0

e t h y l c h lo r o a c e t a t e   0 . 3 1   1 3 . 5 6  1 3 . 1  1 0 .2  1 3 . 5

                1 0 . 2
rt -h e p t y l ic a c id d r o p s  0 . 5 5   7 . 8   7 . 7   7 . 7

i n  w a t e r
e t h y l  c i n n a m a t e

8 . 9 b y  T h o r s e n

e t h y l  p h t h a l a t e e t  a / . , 1 4 )  T a b l e  2

1 . 1 9       9 . 7     1 0 . 6     1 0 . 1      6 . 6 m e t h y l e n e  b r o m i d e     0 .  1 5 0                2 3 . 4    3 2 .  6

1 , 2  d i b r o m o e t h y l e n e     0 . 2 4     2 2 .  3    2 4 . 4    2 2 . 0 2 3 . 4

2 3 . 2            1 6 . 0 c a r b o n  t e t r a c h lo r id e                            1 8 . 5     2 9 . 5

e u g e n o l 2 2 . 7

1 . 6 1      7 .2      8 . 4      7 . 8      4 . 7 3 6 . 0

is o e u g e n o l o - d i c h lo r o b e n z e n e      0 . 2 6      2 2 . 3 5    2 2 . 2     1 5 . 3     2 4 . 3
1 . 1 9                            5 . 3 1 8 . 7

m e t h y l p h t h a l a te   0 . 4 2 5   1 2 . 3  l l . 2  1 0 . 6
          9 . 0        7 . 1

e t h y l b r o m i d e          2 1 . 9     2 4 . 1

            1 9 . 1     2 0 . 0

n i t r o b e n z e n e
      1. 2 6

e t h y le n e  b r o m i d e          2 6 . 8

      0 . 2 3 0           2 4 . 8

m - n i t r o t o l u e n e        0 .  4 8 5 t e t r a h r o m o e t h a n e      0 .  1 9 2           2 8 .  2           2 9 .  8
1 . 5 1     l l . 0     1 3 . 1    1 2 . 0      8 . 3 0 . 2 7 3                        2 5 . 0

o - n i t r o t o l u e n e             1  1 .  6
                l l . 6 b y  H u  a n d

K i n t n e r 6 )  T a b l e  2
d ip h e n y l e t h e r

      1 0 . 1

l , 2 d i c h l o r o p r o p e n e  0 . 5 9  1 3 . 4  1 4 . 2  l l . 9 1 . 6 2  l l . 3  1 3 . 3  l l . 9

t e t r a b r o m o e t h a n e   2 5 .  9    2 7 . 9

d i b r o m o e t h a n e      2 1 .4  2 4 .8

e t h y l b r o m i d e       1 6 . 2  1 8 . 8

1 , 1 , 2 , 2  t e t r a b r o m o e t h a n e  0 . 1 9 6

      0 . 4 6 5   2 2 . 5  2 5 . 7

     0 . 4 8 5         1 3 . 7

b r o m o b e n z e n e   0 . 3 9 5    1 9 . 6    1 9 . 8

1 , 1 ,2 , 2  te t r a c h l o r o e t h a n e   0 . 3 0 6
o - n it r o t o lu e n e

0 . 8 0 7      1 6 . 3     1 8 . 5     1 7 . 3     1 2 . 5 te t r a c h l o r o e t h y le n e

t e t r a c h l  o r o e t h y l e n e c a r b o n  t e tr a c h l o r i d e

0 . 9 4 4              2 0 . 6 c h l o r o b e n z e n e                             1 2 .  9

Table 2 Bubble velocities in Regime 2 (Fig. 1), terminal
velocity U, comparison of calculated values with reported
observed values

T e r m i n a l  v e l o c i t i e s  U  [ c m  -  s e c "  1 ]

Equivalent Observed CalculatedM f̂SIL HabermanThiswork Mendel-d�"er &Morton son12) L̂cmj Fig>2&4 Eq.(15) Eq.(6)

   n 1 2 )
   E q . (6 )

f i l t e r e d  w a t e r     0 .  1 4     3 4 .  5     4 0 . 4     3 3 .  3

0 . 2 0     3 0 . 0     3 4 . 5     2 8 . 8

0 .9 5     2 4 . 5     2 6 . 4     2 4 . 9

2 . 0     3 1. 5     3 3 . 0     3 2 . 5

6 . 0     5 5      5 4 . 6     5 4 . 5

t u r p e n ti n e      0 . 1 6    2 6     2 6 . 1    2 1 . 9

m i n e r a l o il      0 . 6 0     1 6 . 5     2 0 . 3     1 9 . 3

m e t h y l  a l c o h o l   0 .  1 0    2 7 .  5    2 9 .  8    2 4 .  6

0 . 1 4     2 5      2 5 . 8     2 1 . 6

0 . 4 0     1 8      2 0 . 1     1 8 . 3

0 . 7 0     2 1     2 1. 5     2 0 . 6

v a r s o 1         0 .  1 4     2 5 . 5     2 7 . 2     2 2 . 7

Table 3 Comparison of prediction accuracy of equations
for terminal velocity U C oeffic ient

 P a rtic le , &
n u m b e r  o f  d at a

p re d ic tio n  D ev ia tio n

eq u a tio n  p J 7 i < ¥

o f
v a ria tio n

V (U ) ,
E q . ( 17 )

[ % ]

d r o p s, 9 0 ( 15 )   1 .6 3 10 . 7

b u b b le s, 12 ( 15 )    2 .8 4 10 . 2
dr o p s  &  b u b b le s ( 15 )    1 .7 9 10 . 8

c o m b in e d , 1 0 2

d r o p s, 9 0 ( 4 )     2 .  6 4 1 7. 4
d r o p s, 9 0 (5)    2 .4 7 1 6 . 3

d r o p s, 9 0 ( 6 )     2 .  4 3 1 6 . 0
b u b b le s, 12 (6 )    2 . 30 8. 2

d r op s  &  b u b b l es ( 6 )     2 .  4 0 1 4 . 4
c o m b in ed , 1 0 2
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Fig. 2 Terminal velocity U calculated by Eq. (15) vs. ob-
served terminal velocity, observed values from reports by
Krishna et al.P Klee and Treybal,7) Thorsen et «/.,"> Hu
and Kmtner,6) Haberman and Morton4)

Nomencl ature
a =acceleration [Lt~2]

CD = drag coefficient
D = diameter of sphere of same volume

as the bubble or drop [L]
g = gravity acceleration [Lt~2]
s(U) = standard deviation of U [Lt"1]
PE = potential energy [ML2t~ 2]
t = time for conversion of all PE to

kinetic energy [t]
U = terminal velocity of bubble or drop [Lt"1]
v = velocity offluid at time t [Lt"1]
V(U) = coefficient of variation of U [%]

A = difference
p = density [ML~3]
g = inter facial tension [Mt~2]
/u = viscosity [ML'H"1]

<Subscripts>
c = continuous phase
d = dispersed phase
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