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A RE-EXAMINATION OF THE PURE CONSUMPTION LOANS MDDEL*

¥
David Cass and Menahem E. Ysari

I. Introduction

Professor Samuelson's 1958 art;cle on an exact consumption-loan model
of interest [8] led to a series of exchanges, thus becoming the bééis for one
of the controversies which tend to flare up periodically in economies. At
issue was the_detérnﬁnation and properties of interest rates in a dynamic
economic system with no capital. One might havg thought that thesg exchanges,
between Samuelson and ierner [3, 4, 9] on the:one hand, and between Samuelson
and Meckling [5, 6, 10] on the other, would résﬁlt, if not in a complete
resolution of the disagreements, at least in the emergence of a clear
picture of what the issﬁes are and how they might be treated. Unfortunately,
such was not the case. The Samuelson-Lerner and the Samuelson-Meckling
"dialogues leave the reader rather perplexe&, as though he had just watched
a New Wave film -~ executed with brilliance, rather enjoyable while in progress,
but not quite clear as towhat'ishappening éndinever giving one a sense of

regolution.

Research support from the National Science Foundation 1s gratefully
acknowledged.
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The 1960's have brought with them an upsurge of interest in capital
theory and, more generally, in questions of allocation over time. Now Samuelson’'s
model, even though it has no capital, is of interest to capital theorists (we
shall resist the temptation to call this "= paradox") because it has many of
the features of & model of capital accumulation with decentralized decision
making. Since we are of the opinion that the 1958-60 discussions of thie model
by Samuelson, Lerner and.hhﬂkling left some qnesfions uhanswéred, we feel that

a restudy of the model is in order. The following is an attempt at such a restudy.

We shall take the liberty of deviating somewhat from Samuelson's original

notation.

I1. The Model

We shall concentrate throughout most of our discussion on the simpler
of Samuelson’s two modgls, namely the one in which people live for two pericds,
earning a fixed incomé in the first and earning nothing in the second. In the
first period of his lifetime, a person earns one unit of output, where "output
is something usable directly (and exclusively),ih consumption, and we dd not

inguire as to wherefrom it comes.

The generation which is born at time t will be called generation t ,
and we shall assume that there are (l+n)t people in it. Thus, n ies the
(relative) rate of growth of population, which is assumed constent. Members
of generation t are thought of as being alike in all respects, 50 one can
speak of a member of generation t without specifying the individual. ILet
the symbol C% stand.for the first-period consumption of a member of generation

t , and let Ci stand for his second-periocd consumption. A member of

generation t 1is assumed to value any given consumption plan (Cé, Ci)
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according to the value, U(Ct, Ci) » teken on by a "regularly shaped"

utility function U at (Ci, Cz) . The utility function U is assumed to

be the same for all generations.

Continuing in Samuelson'’s footsteps, we now proceed to assume that
output 1B_noﬁdurable and thus cannot be carried over from one period to
the next. This assumption reduces the production possibilities in the model
to nought. 'it is clear, fﬁrthermore, that the assumptions made so far are
80 rastrictivé as to rule out_from the outset any possibility of trades,
mar#ets, of prices. A member of generation t who wishes ﬁo engage 1in a
transaction_'canndt fiﬁd'anyong willing and able to participate in the

transaction on the Bppositg side.

Glyen that production and frade have both been dispensed with, there
'reﬁains'only;oné other eéqndﬁic activity to be considered -- aiétribution,
This function is still opéﬁ in.our economy; for output can be taken from the
‘youhg:who-;arn it and given to the old who don't. Thus, ocur first task will
be thg exXamination of alternative distribution schémes. Hoﬁever, before
proceeding with fhislexaminatibn, we must define the notion of ™the raﬁe of

interest." Writing T, for the rate of interest in period t , we defihe:

Two things should be noted: (a) 1 + r with .r, as defined here, is

t’ t

',ndﬁ~a price, I.e.,no transactions are ever held using it'a$ & rate of exchange.

1t is not even an "implicit price,” in the sense of a pricel which emerges as a
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py-product of efficient allocation of resources. It is, rather, an ex post
rate of exchange which is inferred from observation of the consumption pattern

of a member of generation t-1 , and it has reference neither to trade nor to

efficiency. (b) When Cp_, =1, r, is clearly not defined. Tf €y ;=1
and. cﬁ-»l # 0 we shall say that r, can be any real number, and if C'l“_l = 1
and c’f-l > O we shall say that r. = + o .

TII. Distribution of Output

As has already been remarked, the only economic function remaining in

the model of the foregoing section is that of distribution of output. A ?air

of sequences

{c;:;, t=0, +1, + 2, }

{c,ec, t =0, +1, + 2, }

with non-negative elements will be referred to es a distribution scheme. It

specifies how much each member of any given generation shall consume in each
Period of his lifetime. A distribution scheme will be called feasible if it

does not use up more output than is available in any period. In other words,
the scheme <{Ci'} » {Ci}) is feasible 1f and only if

(1+n)t ci' + (1+n)t-l cf’_.l s (1+n)t



or

fdr all t , where the inequality arises from an assumption of free disposal.

Suppose that in period t no disposal takes place. Then,

2
ct%l
t l+n

=1,

On the other hand, we have, by the definition of the rate of interest s that

2
_ o _
1 t-1
o b ——=1,
t-1 l%rt

Subtracting the latter from the former, we get

o v, -1 .
' (1+r)2+n) t-1

As an immediate consequence one now obtains that

WL 1
if ct-l = Ut f 1.
) then. T, =D .
brs 01'_1 = Ct =1 then r_ can be any real mumber, and we might as well

agree once agaln that r,=n.

This equality of r, and n in case 'Cl‘ . cl is what Samuelson

t Y£-1 T V.
calls "the biological rate of interest," which he £inds “paradoxical,” even

"agtonishing,"” }_/ and which Meckling finds very hard to accept. (ILerner's

}f [83 » DP. W71 and 473, respectively.
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position will be discussed below.) The main cause for suspicion seems to be

the fact that a rate of interest has heen detefndned without any reference

to impatience and time-p;eferenée or, more generally, to the utility function U .
Somehow, the fact that rt 1e a coﬁpletely mechanistic construct, having no

reference to markets, seems to have become blurred.

I¥. Stationary Schemes

. In order to analyze the relation between the rate of interest and the
rate of growth of population somewhat fﬁrther, let us define a Statiogggz

distribution scheme by the requirement

o =
for all t
2
Ct =
which implies that
1 2
r{ =1 = c * c]”i - for all ¢

1l~C

1< , B0 T is well defined. Now let

We are assuming for the moment that C
us check the feasibility of a stationary distribution scheme, By direct

substitution, we find that

o* + —%— %1 ifemdoniyir rSao.

Thus, the feasibility'of a stationary distribution scheme is eguivalent to

the statement that the rate of interest.is no greater than the rate of growth
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of population.. Furthermore, the same algebraic ope.ration vwhich yielded the
equivalence of the above inegualities also ylelds the equivalence of the
strict inequalify r < n and the strict inequality Cl + _02/ (14n) < 1 .

With a stationary distribution scheme, a rate of interest which falls short

of the rate of growth of population means that some output is being discarded
in every period. In other words, the inequality r <n meens that the
aistribution scheme under consideration is inefficient (unless consumers are
satiatéd.) This result has a familier ring to 1t. In models where investment
and capitél accumulation are pOBBibJ.é we often find that &n_:bng all feaslble
stationary paths, the path which ma.i:imizes per-caéita consumption is the so-
called golden rule path, which is characterized, smong other things, bj the
equality of the rate of .’L_nte:rest and. the ‘ra.t_e‘of g:rcmfh of populetion. TIndeed,
we know that a stetionary path .along which the (constent) ré.te of interest

is lower than the rate of growthtof‘. population i in fact inefficient in the
gense that‘eve'ryboldy's- consumption can be increassed (see FPhelps [7]).

Let us recapituiate:- Every sﬁétionary_diétribution scheme is
characterized by a pair of non-negative real numbers, ¢t ema ® . The set
of all feasi‘bie schemes ls represented by the sbgded ares in Flgure I, and
it corresponds precisely to the set of all sehenté’s w:l.th & rate of interest which
is no greater than‘the, rate of growth of population. Amongthe'latter, only
the schemes which are represented 'b'y. poinf.s on the ﬁorl:.heastern boundary line
of the shaded srea are efﬁcient. 'i.UheBe efficlent s.chemes are precisely

those for which the rate of interest s, in fact, equal to the rate of growth

of population.
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FIGURE I

Note that Figure I actually contains part of Samuelson's Figure 1 on -
p- 519 of [9). 1In that figure, Samuelson marks two specific schemes,
represented by the points S and L , which he labels the "Samuelfon
plan® and the "Lerner plan," respectively. Now both 8 end L are in fact
on the efficient frontier of the shaded set and‘therefore both represent
distribution schemes for which the rate of interest is equal'to n . The dis-
cussibns by both Samuélsoh and lLerner, in which the point L is referred to as

corresponding to a zero rate of interest, therefore seem to be in error. 2/

The only'pbint on the efficient frontier which could possibly be taken to

§/ Samuelson and Lerner both refer to the case where n =1 and L 1is the
point (2/3, 2/3). Clearly, at that point every person foregoes 1/3
units ¢f output in the first period and-receives-E/B in the second pericd,
which corresponds to a rate of interest of 100 percent.
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represent a distribution scheme with zero interest is the point (1, 0) ,
where the rate of Interest can be teken to be any real number, includiﬁg 0

(and also including n ).

Iet us turn now to the question of choosing between alternative distribu-
tion schemes. If we take all the feasible distribution schemes and ask a
member of generation t which of these he prefers, he will no doubt say
that the schemes which satlsfy the requirement

cl

2
tul, Ct=l+n

are highest on his preference scale. These are the schémes vwhich give
generation t all the output in pericd t , as well as all the output in period
t + 1 (under the assumption that within each generstion all share alike}. He
will be indifferent as to which of the schemes satisfyiﬁg this requiremeﬁt is
picked.'_It is cbvious, éherefore, that no single distribution scheme will be
preferred to all other feasible schemes by 81l individuals. In a situstion of
this sort, the econamﬁst usually resorts to one of two things: Elther he
defihes an overall social welfare function and picks the feasible distribution
¥scheme‘which maximizes it, or he regtricts the choice_ef a scheme to a pubclass
of the original eclass of all feasible schemes, a subclass suéh that individusl
maximizetion over it will result in compatible choices. The subclass of éll
stationary distribution schemes clearly has this property, since stationarity
neans that everybody h;s'the same lifetime conéumption profile. Thus,.if we

agree to restrict the search for a distribution scheme to the class of all
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gtationary schemes é/ {(and this agreement is extranecus to the analysis, just
as the choice of & social welfare function would be) we can find one distribu-

tion which maximizes everybody's utility. We write

max U(Cl, 02

)

subject to the constraint that the stationary scheme be feasible, i.e. subject

to

This is indeed Samuelson's meximization problem (1eading to the point 5 in
his disgram as the golution) but stated in terms of choice between distribution
gchemes, rather than in terms of the opportunities open to a "representative
qﬁn." It should be stressed again that all the efficlent points in the set over
vhich the maximization takes place are points which correspond to & rate of
interest equel to n (except the point (1, 0) , where the rate of interest is

indeterminate).

_ ‘Before leaving this part of the discussion, let us consider the problem
of decentralization. It is clear that the distribution schemes which have

been discussed above (whether stationary or not) are not, in general, sttainable
by having each individual act on his own, in a decentralized fashion. Indeed,

the only distribution schemes which are attainable with each individual acting

3/ It seems that Lerner’s concern for equality of income distribution really
ought to lead him to stationarity (everybody getting the same consumption
profile) and not to equality of consumption for all within each time-period,
i.e., C+ = 02 , which he seems to advocate in [3] and [L].
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on his own through the (inactive) market are distribution schemes for which

&
L
A

1

?> for all t..

=0

Among these, fhe only efficient,schemg is given by Ci =1 and Cf =0

fbr 2ll t , which also happens'tﬁ be a statiqnary scheme. Héwevef,.this-is

_obviously not (in general} fhe.schéme_which individuals would pick, aﬁong all
stationary sqhemés, if they had thé-choige. Thus, as SamuelsOn_points out, we .

have here an example in which decentralized:(cémpetitivé) behavior fails to
lead to an optimuﬁr This conclusion can be shéﬁpene& consid;rably if one drcps

the assumption that output is nondurable. (See Section VI below.)

V. Constant Rate of Interest Paths

In the foregoing section we have seen that the rate of interest isi
constant along every stationery path. We now ask whether every path along

"which the rate of interest is constant is, in fact, stationary.

Constency of the rate of interest means that there exists a real

number - r such that

=1 forall t .

1 for all © .



- 12 -

gsubtracting the latter from the former and rearranging leads to

2

.ct l+r
=1 T 1l+4n
c

el

Since Ci is bounded by

A -

'c,f l14+n forall t©,

we find that the only rate of interest which can be cms’_c’ant for all t =0, i-_ 1,

+2, ... is the rate r = n which, indeed, corresponds to @ statignary. scheme.

However, iij':fre only regﬁiré the rate of interest t;o 'be rc‘onsta.nt from some
point on, say t =0, 1, 2, ... , then we find that r S < n 1is possible, while
r >n is not. -/ If r<n thenas t+ e, Cf tends to 0 , and therefore
Ci‘ tends to 1 . In fact , by a straight-fomard calculation one can show that
if there exists an ¢ >0 such that r,Sn-¢ for t=0,1,2, ..., then

lim C§=0.
t0

As a particuler instanoe', this discussion applies to paths along which the

rate of interest is always zero, which is what Lerner seems to advocate.

VI. Durable Qutput

- Now let us drop the assumption that cutput is completely perishable and
substitute in its stead the opposite assumption, namely that output is completely

dursble.

Y Similarlg if the rate of interest is reguired to be constant up to some polnt,
then r 2n is possible, but r <a is not.
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The first thing to notice is that ‘ﬁra.des are still imposesible. A member
of generation € yrho wish'es.to give up a ngntity of cutput at time £ | in
return for a quantity of output at £ime t +1 can never find anyone who is
offering to give up a qua.ritity of output at tiﬁe t +1 in refturn for a quantity
of output st time  t . ' On the other hand, & technology. is now availsble to a
member of generation t with wh_ich he can transform output at time t into

output at time t + 1, unit for unit.

Sﬁppose that with ‘Ehis' new regime .we now reguire our economy to proceed
in an entirely decentralized fa.shion, each individual acting on his own. The
opportunity set evallable to each individuel is now given by the triangle OAB
in Figure II. (Recall that when output was nondureble, the individusl's
opportunity set consisted only of the line éegment OA.) An individual of
generstion t will thérefo:e plck his consumption plan (C.:,IJ', Ci) so as to
meximize U(C}, C;) subject to Cp + 65 =1, which will lesd him to a point,
say D, on the boundary of his opportunity set. Clearly, D will not in
general coincide with A, iae'., the individual will in general choose 1o
consume positive amounts in bqth'periods. Note also that the point D. will be
optimal for individuals of all generations (since we are assuming a common
utj:lity function for all) so tha_.t decentralized behavior leads, once again, to a

stationary path.

Now let us look at distribution schemes which are not necessarily de-
centralized. Obviously, any scheme which was feasible under the assumption
that output is nondursble is algo feasible under the assump’cion that ocutput is

completely durable. Hence, the set of feasible distribution schemes in our
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new regime certainly contains the feasible set of the old regime. In particular,
the set of all feasible stationary schemes must contain 2/ the -shaded set in

Figure I, which appears in Figure II as the triangle OAC .

2

4

1+n J

1-

A brief look at Figure IT tells the story: While in the old regime
decentralized behavior led to an efficient but (in general) non-optimal
dstribution scheme, in the new regime decentralization leads {in general) to an

inefficient (to say nothing of optimality) distribution scheme.

This .phenomenon, the inefficiency of decentralized behavior, does not

disappeér if we drop yet ancther assumption and permit capital (which in this

ﬁf Actually, the two sets coincide.
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model is in the form of inert inventories) to become-préducti?vé. This has been
shown recently by P. A. Diamond [2]. ¢/ | Tn Diamond's model, the inefficiency
eppears only if people “"want to save too much" (in some well-defined sense).

In the present model, péople in the decemtralized schemeji;i_lirﬁ want’ to save
‘too much, in the sense that the efi’ic?iéz;t distrivution sch;ms‘ jnvolve: ;éroi;u‘;-
ventoriés at every _moment of:time,; ﬁhi’le the decentralized ééhgmg, (\imgenera;)

involves positive inventories .at every moment of time.

ViI.. Financial Intermediation

Thus fa,r;, -;we have avbidgd the'quesfion of how an efficient‘distribution
‘Bcheme lﬁight be brought a‘t_)out. Is there an economic agent which could be |
Introduced into the ‘model 9,1?6. wﬁose activity would ensure efficiency? Before
attempting to answer this question e mst probe a litble further into,the’ nature

of the ‘.‘Lnefficiency of decentralization in the model of the foregolngisection.

At the heart of the inefficiency in our néw. model (with, dureble output)
lies the fact that deéent_ralig.afion {fforces beople to 'hdard otftput in their first
period ‘so as tp b? a'ble. to c;oﬁg,ume.wﬁrhat they had hearded in ‘?he second, i)ériqd_.
The result is ‘that" in every'pé:‘-iéd.,f;:rractﬂ;p‘of totaii,outp@ﬁ-i,s put aside in the
form of & savings fund;,-'t;é.be fcat.'i:':f:t,e:c‘i ‘over to the! next period. But when the next

period comes sround and the‘&)lder generstion consumes its savings, the yonngfer

& Indeed, the present model, with durable output, may be lpoked upon as a
special case of Diamond’s model, with the intensive production function (i.e.,
the function releting the output/labor ratio to the capital/lebor ratio).
1dentically equal to unity. '
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generation establishes its own savings fund snd the economy ends up carrying
a load of dead weight, in the form of output which ig never consumed. Indeed,
wder the assumption of the same utility function for all, this load of dead
we;ght keeps growing like a geometric progression, because the sevings fuhd

of generation t 1s 1 + n the size of the savings fund of generation t - 1 .

The only way to restore efficiency to our system is to find an arrangement
whereby the savings of generation t (when it is yoﬁng) are used to provide
for the consumption of generation +t -1 (vwhen it is oid). In this way, the
situation 1n which :positi#e emounts of real oufput are. alt}ays being carried
over from period to period will not arise. But thls cannot be done in a
decentralized msmner within the present framework of assumptions. The first
thing which comes to mind at this point is that maybe the trouble lies in the
lack of 'éufficient overlap between generations, which prevents the right trades

from being made.

- In order to lnvestigate this possibility, we introduce into the picture
#. financial intérmediai'y of some sort (sey a banking system or a system of
pensién fund.s)‘wﬁich is assumed to exist ct;ngurrently with all gener_atigns. People
are now sble to save -By holding the liabilit.;i.es of this financial intermediary,
which they will in fact prefer to do if by hold;i_.ng such lisbilities for one
_ pericd they can earn a positive rate of izrﬁereét. Now, the intermerli_?.z‘y can,
in. Tact, offer holders of 1ts iié.bilities & rate of interest of n per period,
simply by using t.l'ie output deposited with it by generation t to recieem the
lisbilities which are held by generation “t -1l . The resudt is :bha.t all

output availsble in period t is in fact consumed in period % , partly by
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| generation t and partly by generation t - 1 . Generation t - 1 recelves
whatever generation t decides to save as payment in full (principal as well

s interest) of the debt incurred to it one period earlier By the financial
intermedlary. There will no longer be & carry-over of output from period to
period and, as a result, efficiemcy will be restored. Indeed, optimality will
be restored. ag well, because :Ln response o a ra:bé of interest of n :per period
‘people will choose to save exactly the amount which leads to the optimal

distribu{:ion gcheme.

The outlook seems rosy, until one tekes & brief look at the balance sheet
of our f‘i:_;ancia,l intéxmedim, where things are rather ﬁnf.o_rtun'a'be:' The balance
sheét as of the end of period t shows zero assets and lisbilities o.f :s(l+n)t
vhere s 1is the (staﬁionm) savings ratio of pe;)ple in their first period of
life. This means that at the end of peri.od % -the net worth of the inter-
medidry is given i)y -s(l-i-n)t . Now by not doing enything (i.e. by shutting
dcm_:l)_ the intermediary éan.éuarantee itseif a ng‘t_worth of iero, and so one
might a.rgu.e that. it will never choose t0 engage in thé eforementioned transactions.
On the 0ther ha.nd, it might 'be aergued that the i’ntemd.iary should be looked upon
_ as a social security system which is not priva'bely owned, so that its net worth
position is of no concern {or should not be of any concern). Thie is what
Lerner seems to be saying vhen he decries ([3] p. 517) Rthose of the accountants
who insist ‘on the 'solvency! of the Social'éecurity_ Adminietration.” Later,

((&] p. 523) Lerner seems to be taking a 180° turn, by insisting on the very

accounting practice which he had previously dec_ried.:

"Business is fine,' said the optimistic contz'actor. ort is
true that I lose money on every contract, but I elways start

a bigger one and get an advence that more than covers the loss
on the old one.”
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Be that as it may, it is certainly the case that a privately owned
financial- intermediary will not rescue the economy from inefficiency. In
other words, decentralization and competitive behavior still fall to result

in efficient behavior.

VIII. Lack of Borrowing &s a Source of Inefficiency

EY
Let xe be the amount of output carried over by society from period ¢

into period t + 1 . If we restrict our attentlon to stationary states then
it 15 clear that a neceséary and sufficient condition for efficlency is X, = 0
for all t . However, if we wieh to consider the nonstationary cases as well,
the condition for efficiency becomes somewhat more complicated. For it is
possible, for instance, for generation t +to underconsume and for generation
t + 1 to overconsume, with the result that Xy
economy will remein efficient. More generally, the building up of inventories

will be positive and yet the

- does not destroy efficiency as long as these lnventories are eventually

consumed. The exact statement in this regpect is ag foilows: A necessary and

sufficient condition for the economy to be efficient is that there exist a

subsequence {xt } of the sequence {xt} such that
k E

lim xt =0,
ke K

The proof of this assertion will be given in the Appendix. Roughly speaking,
efficiency requires that inventories return periodiecally to a level which is

"practically zero."
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From the point of view of balance sheets, Xy is clearly net gggggg
(totel assets minus total liebilities) in the economy at the end of period ¢ .
1f we concentrate our attention at the time periods tk , we find that
efficiency requlres net assets at the end of these periods to be (practically)
zer0. —/ In other words, in order to have efficiency, it mist be the ‘case
thet for each outstanding asset in the economy at the end of period t there
exists a corresponding liability outstanding at the end of period tk . Bubt now
let us recall the time structure of our model. People live for two perlods,
ﬁhey consume in both periods but earn iﬁéome only in the first. This forces
individuals to become net l?ndars (and never net borrowers) no matter what rate
of interest prevails. §/ Iﬁ partiéular, members of generation tk will want
to be net lenders, i.e. to havé'an end-of -periocd balance sheet which shows just
assets and net worth, and no lﬁabilities. But eFficiency requires that
aggregate net w;rth in the economy be zero, so there must exist someone in the
economy holding liabilities in exc;ss of asaets, i.e. having a negative net
worth at the end of periocd tk . This puta the unfavorable net worth position
of the financial intermediary of Section VII in perspective. By the same token,

the decentralized economy of Section VI is inefficient preclsely because no one

can be a net borrower while everyone wishes to be a net lender.

I/ The word “practically" is intended to convey the notion that strictly speaking
net assets at the end of perlod t might be given by some ¢ >0 , but by

taking k large enough, this ¢ may be taken as small as we wish. From
here on, we shall neglect to remind the reader of this gualification.

§/ As long as this rate of interest exceeds -1 .
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It is of some interest_to investigate Semuelson's discussion concerning

#the contrivance of money™" in‘thé light of the foregoing remarks. C;eaxly)
jf efficlency is to e atéginea, people have to be dissuaded from holding |
output as a store of valﬁg and peisgaded to ho}d another asset instead. If
this other asset bears a positive rate of 1ntérest ‘then people will in fa@t_
mmm;thedesired shift. As Samuelébn points out, the role of this other aSSeﬁ_
can very well be fulfilled 5y money. Pe@ple would save by buying the existing
money supply and d;ssavt By'selling it to next ﬁeriod's EBVETS., On a
stotionary path, the price of money will rise by a factor of 1+ n in

each period, which corresbonds to é rgte of interest of n per period, 8o
individuals will 1# fact prefer holding money.td-holding output. Thus, et
least with respect to stationary paths, the introduction of money ieads to
efficiency. (More precisely: ZEvery stationary path in the mpneﬁ ecoﬁomj is
efficient ) Samelson’s interpretatian of this phenomenon is a philosqphical
one: An economy is inherently more than a mere mechanical system of particles
in motion, it is, in fact, such a system plus something called a "Hobbes -
Rousseau social contract® ([8] p. 479). A physical system can operate
efficiently without this added aspect, but a soclal system cannot —/ Now,

it seems to us that the Social Contract is no more involved in Samnelaon ]
money economy than it is in any other general eguilibrium model. For this reason
we feel that Samuelson's discussion in this area is liable to be misleading. In

general equilibrium analysis one thinks of & market comvention in which prices

2/ It is not clear whether Sammelson intends his model to constitute a
mathematical proof of the Locke-Hobbes-Rousseau thesis.




are ennounced and econcmic agents determine the trades and the productive
activities in which they wli.'sh to engage at these prices. If the totality of

all trades clears all markets, then the announced prices are said to be
equilibrium prices. The questlion which general equilibrivm theory asks is the
following: Under the assumptlon that everybody takes prices as given, is there

& schedule of prices which leads to the clearing of sll markets? In Bammelson's
money eccnomy, commodities are time-dated output and time-dated money, end all
that one asks is whetllner' or not a glven price schedule is an éq_uilibrium price
schedule. It turns out that the schedule which sets the price of output in

all periods equal to 1 , and the price of money in period t  equal to (1+n)t
i1s, in fact, an equilibriwm price schedule. The element of public trust in the
monetary unit is reflected by the fact that a person who buys money in period ¢,
at & price of (14n)° , aseumes that he will be sble to sell it in period t + 1,

t+1

et a price of (1lin) . But this 1s precisely what is meant in general

equilibriwn theory by the phrase "taking prices &s given,"”

At the beginning of this sectlon, we argued that if éfficiency is to
be attained, someone will have to have a balance sheet showing liabilities
in excess of assets. For this i-eaéon it seems appro;priate to look upon money
86 & liability of & monetary euthority which is committed to paying one
dollar to whoever present_s it with one dollar. The balance sheet of this monetary
authority shows only liabilities 'aﬁd no assets, and the value 6f the authority's
liabilities (quantity of money multiplied by the price of money) 1s precisely
equal to theAexcess of assets over liabilities in the private sector. From

this point of view, Samuelson's “contrivance of money"” is basically no different
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grom the financial intermediary of Section VII, except perhaps to the extent

of the distinction between "outside money" and "inside money."

We turn now to a brief investigation of a model in which people live
for three periods, and in which efficiency can be achieved (under some circum-

stances) without introducing into the economy a sector with'negativé net worth.

I¥. A Three-Period Model

We have argued that in order to have efﬂciency there must be someors in
the economy who is, at least periodically, a net borrower. Along stationary
paths, this must be the .ca,Se in every period. However, there was nothing in
that argument to suggest that the net borrower ilmst be a net borrower throughout
his (or its) lifetime, Indeed; this role may.vel_‘l. change hands over time, #rhieh

was not the case with the financial intermediary of Section VII.

The prime candidate for this state of temporary net borrowership is
the consumer himself. To check on this poseibility, let ué consider tﬁe following
modification of our model: Assume that people live for three periods rather than
two. 1In the first period of life a person grows u_.IS and i1s educated and therefore
earns nothing; in the second period he works a.ud.éa:ms one unit of output; in
the third he is retired. Every person will now be a net borrower at the end of
this first period, a net lender at the end of his second period, and he will be
nelther a borrower nor a lender &t the end of his last period. (We are not
using the terms "negative net worth" and ."positive net worth" because it is
not clear that they are applicable in the present context.) We shall restrict

our attention to stationary paths. Along a stationary pa.th, everybody receives
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tne same lifetime consumption profile, say (C~, C%, } . Pemeibility and
efficiency now mean that the following equation holds: -

3
1 2 ¢
()0 + ¢° + T

= 1

which is similar to the feasibility and efficiency eguation in the twp-period
case, and is derived in the seme way. If we let the (constant) rate of interest
glong the stationary path be denoted r , then each berson's budget constraint

is given by

¢?

1+

(1+r)ct + 0° +

which leads, once egain, to r = n . In other words, the only rate of interest
which can be established along an efficient staticnary path is n . Fach person
is now viewed as maximizing the utility function U(Cl, 02, c3 ) subjeét to the
budget constraint (with n replacing r ). The maximization will result in

an optimal consumption plan, say (51, 52, 55) . This optimel triple must be
examined, to see if it can be brought about bjr purely competitive (decentralized)

trades.

The optimal consumption plan (El, '62, '53) will be seid to be

competitively ettainable if the following equatibn holds:

63 = (l+n)2 El .

To see how this condition is obtained, consider a person of generation ¢ . When
he is young, he borrows an amount El from members of generation t - 1,
who are in their middle years. Next period, when he is middle aged and generation

T -1 is retired, he returns the loan, plus inmterest. In other words he returns
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the aia.mémnt'_(:’;L-!-n)E'l . Now aggregate borrowing by generation t (when young)

is given by the amount (l+n)t El , &nd therefore total payment by generation t

(vhen middle aged) to generation t ~ 1 (vhen retired) is given by (l+n)t+1 .
This quantity,kdivided by the size of generation + - 1 , ylelds the per capita
consumption of the retired, i.e. 55 . This is precisely what the foregoing

equation says.
As an example, consgider the utility function

3
U(Cl, 02, 05) = & log ¢t .
i=1

Maximizing it subject to the budget constraint leads to
‘ =3
(1+n)c1 = c2 = ¢ -
l+n

AN

which is clearly competitively aﬁtainable.ig/

Why is the decentralized economy in this example efficient? Surely, it
is possible to attribute this result to "the social contrivance of binding
contracts." It is clearly in the interest of_fhe middle aged to default and
ignore the debt which they have incurred when young. Even if the rules are such
that a person guilty of &efault is denied access to the capital market as a
lender (and so must lose interest on hié savings) it is still t?ﬁe in many

cases that default will Tesult in increased consumption in all periods. Here,

o/ It is interesting to note that if one introduces the same three-periocd
configuration into Diamond's model, which has productive capital, then
(with an additive logarithmic utility function) the system is always
efficient. A generalization of Diemond's model is discussed in [1].
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once again, is an opportunity to appeal to the Social Contract and here ; once
again, it would seem to be beslde the point, and for very much the same reasons
ss before: The assumption that contracts are not defaulted upon usually goes
without saying in the theory of the competitive mechanism; it does not explain

our result, it merely permits it.

But our example is & very lucky one. For it is not, in general, to be
expected that the optimal solution of a consumer's lifeti:me allocation problel;z_
will satisfy es stringent a condition as P = (1+n)2 El . In fact, with most
utility functions this condition will not held. If @ > (140)° T then we
shell, once again, have too little borrowing in the econonw_a.nd an a@d.itional

. agent with negatlve net wc;r'th would be needed in order to attain efficiency.
However 1f © < (1+n)° T then we shall have too mich borrowing in the economy,
and it will be pdssible to introduce & :fiﬁa.ncial intermediary with positive p_ét ‘
worth which will guarantee efficiency. The balance sheet of this in‘bermedia:w |
will show I0OU's o.f young pecple on the asset slde and nothing on the liabilities
side. In order to rsee how this intermediary would operate, let us concentrate,
once ageln, on period t . In this period, & member of genera'bioﬁ t offers to
sell a guantity 51 of I0U's . The total supply of I0U's lby ge;mration, t | is
therefore given by (l-}-n)t . However, a member of genmeration t - 1 wishes
to buy only 53/ (2+n) in IOU's , 80 that the total quantity of I0U's demanded
is (.‘i.+'.1'1)t"2 & , which fells short of the quantity supplied. The intermediary
now éteps in and bu;}s the excess sti:xpl&, using as payment the resources which
generation t - 1 pays in when it redeems its own IOU's, which it sold to the
/.'ilnte:'mgdiaryl il.n the previous period. Stationarity ensures that these resources

‘will slways be precisely adequate to buy the outstending IOU's . The result
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will be that physical output will not be carried over from perlod to period, so
that efficiency will be attained. The aggregate debt of the cbnswner gector to
the financial intermediary will grow like a geometric progression, but each
consumer by himself will be balancing expenditures and receipts over his life~
time, l.e., at the end of his last period ofllife he will have zero net worth.
Under these circumstances, the intermediary mey very well be thought of as a

privately owned, competitive, institution.

¥. Conelusion: A Note on Infinity

" Both Diamond and Samuelson seem to attribute the possible inefficiency H/
of the competitive mechanism (in modele of the sort discussed here) to the
nysteries, or pathologies, of infinity. —12/ In our opinion, this is somewhat
misplaced emphasis. Consider, for instance, the model in which the world ends
abruptly et time T , and assume that the end of the world catches: people by
surprise. In other words, assume that people's expectations are static. This
is a finite model which behaves exactly like the infinite model of the foregoing
discussion. Admittedly, the behavior of this new model depends crucislly on
the assumption of static expectations, just as the behavior of the old model
d.ei:ends crucially on the assumption thet the world is infinite. It merely seems

that the phrase "this involves infinity" should not be regarded as an explanation

1L

‘—/ Sameulson refers only to non-optimality. But, as has been remarked sbove
(Section VI), his non-optimality transforms into inefficiency if output is
durable. '

12

12/ Diamond speaks of "the infinity of decision makers"” ([2] p. 17) and
Samuelson makes repeated reference to "the infinity paradox" (see, e.g.,
(8] p. 47k, and [9] p. 522.) '
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of any phenomenon. Suppose it were shown, in fact, for e._i}_ finite models, that
competition always leads to efficiency. . It would still seem faulty to argue
that “since finite models. are always efficlient, inefficiency must be due to
infinity.," It is rather like arguing that “since women never contract

hemophilia, hemophilia must be due to the fact that men are not women,"
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APFENDIX

Let xt be the level of inventories carried over by the economy from
period t into period t + 1 . In Section VIIT, a necessary and sufficient

condition for efficiency was stated. The following is an equivalent assertion:

THEOREM: The economy is efficlent if and only if

lim inf xt =0
i

FROOF. (a) Necessity: Suppose 1lim inf Xy >0 . Then there exists an ¢ >0

and an integer T such that X, >e for t 27T . Let aggregate consumption in

reriod T be increased by ¢ , and let corisumption in all subsequent periocds

remain unchanged. ILet the sequence of inventory levels under this new scheme

: | 1 t < L - -
be denoted {xt} . C;early, xt =xt for t > T and xt = X, € .for

t >T . All that must be verified to show that the new scheme is feasible is
x/ 2 O forall t . But this follows from the hypothesis.

(b) Sufficiency is proved similarly: Assume 1im inf %, =0 . We mst show

fhé.t it is impossible to increase aggregate consumption in any period while
keeping aggregate consumption in subsequent periods unchanged. Let aggregate
consumption in period T be increased by an emount ¢ >0, where T 1is an

arbitrary integer. Denote the new sequence of inventory levels by {x%} . Now
for t >T, we have X, =X, - €, Dbut by hypothesis there exists a t > 7T

such that X, < € . Hence x1{’ would have to be negative ; L.e. the new scheme

18 not feasible.



