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Abstract

We present mathematical analyses, experimental data, and clinical
observations which support our novel hypothesis that tumor-induced
alteration of microenvironmental pH may provide a simple but complete
mechanism for cancer Invasion. A reaction-diffusion model describing the
spatial distribution and temporal development of tumor tissue, normal
tissue, and excess H' ion concentration is presented. The model predicts
a pH gradIentextendingfrom the tumor-hostinterface,which Is con
firmed by reanalysis of existing experimental data. Investigation of the
structure and dynamics ofthe tumor-host Interaction WithInthe context of
the model demonstrates a transition from benign to malignant growth
analogous to the adenoma-carcinoma sequence. The effect of biological
parameters critical to controlling this transition are supported by exper
imental and clInical observations. Tumor wave front velocities determined
via a marginal stability analysis ofthe model equations are consistent with
in vivo tumor growth rates. The model predicts a previously unrecognized

hypocellular interstitial gap at the tumor-host interface which we demon
grate both in vivoand in vitro. A direct correlation between the interfacial
morphology and tumor wave front velocity provides an explicit, testable,
clinically important prediction.

I. Introduction

Wemathematicallymodeltumorinvasionin anattemptto find a
common, underlying mechanism by which primary and metastatic
cancers invade and destroy normal tissues. In this approach we make
no assumptions about the process of carcinogenesis. That is, we are
not modeling the genetic changes which result in transformation nor
do we seek to understand the causes of these changes. Similarly, we
do not attempt to model the large-scale morphological features of
tumors such as central necrosis. Rather, we concentrate on the micro
scopic scale population interactions occurring at the tumor-host inter
face, reasoning that these processes strongly influence the clinically
significant manifestations of invasive cancer.

Any broadly applicable model must incorporate as key parameters
properties common to all or nearly all tumors despite their underlying
genetic instability and heterogeneity (1â€”5).We note that one consist
ent cellular dynamic is evolution of tumor populations away from the
differentiated state of the tissue of origin toward one that is more

primitive and less ordered (6â€”10).Metabolic changes parallel this
evolution with increasing use of glycolytic metabolism (even in the
presence of oxygen) despite the 19-fold decrease in energy production
thatresults(10).

We propose the simple hypothesis (1 1â€”13)that it is precisely this
inefficiency which may facilitate successful tumor invasion. Specifi
cally, we hypothesize that transformation-induced reversion of neo
plastic tissue to primitive glycolytic metabolic pathways, with result
ant increased acid production and the diffusion of that acid into
surrounding healthy tissue, creates a pentumoral microenvironment in
which tumor cells survive and proliferate, whereas normal cells are
unable to remain viable. The following temporal sequence would
ensue: (a) high H@ ion concentrations in tumors will extend, by
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chemical diffusion, as a gradient into adjacent normal tissue, exposing
these normal cells to tumor-like interstitial pH; (b) normal cells
immediately adjacent to the tumor edge are unable to survive in this
chronically acidic environment; and (c) the progressive loss of layers
of normal cells at the tumor-host interface facilitates tumor invasion.

Key elements of this tumor invasion mechanism are low interstitial pH
of tumors due to primitive metabolism and reduced viability of normal
tissue in a pH environment favorable to tumor tissue. The first element is
supported by clinical data showing that tumors in situ use approximately
one order of magnitude more glucose than normal tissue (14â€”16)and that
tumor interstitial pH is typically 0.5 units lower than normal tissue
(17â€”21).The second element is supported by studies (22â€”27)showing
that normal cells have an optimal pH@of 7.4 with a sharp decline in
viability below pH@of 7.1, whereas tumor cells typically proliferate
optimally at a pH of 6.8.2 Indeed, Dairkee et aL (28) have recently used
this differential sensitivity to suppress the growth of normal cells in
human breast biopsies, allowing selective isolation of tumor populations.
Finally, data reported by Martin and Jan (29) and Martin (Ref. 30;
personal communication) demonstrate a pH gradient extending from a
tumor edge into surrounding normal tissue with the pH in pentumoral
normal tissue significantly lower than 7.1.

In this article, we mathematically frame our acid mediation
hypothesis as a system of reaction-diffusion equations which,
when solved, make detailed predictions of the structure and dy
namics of the tumor-host interface. These model equations depend
only on a small number of cellular and subcellular parameters.
Analysis of the equations shows that the model predicts a crossover
from a benign tumor to one that is aggressively invasive as a
dimensionless combination of the parameters increases through a
critical value. We show that changes to these basic biological
parameters resulting in such a transition are consistent with those
observed experimentally and clinically in transformation from
adenoma or carcinoma in situ to invasive cancer.

We quantify the size of the H@ ion gradient extending into the
normal tissue and find it is consistent with published data. The
dynamics and structure of the tumor-host interface in invasive cancers
are shown to be controlled by the same biological parameters which
generate the transformation from benign to malignant growth. A
hypocellular interstitial gap at the interface is predicted to occur in
some cancers. We present evidence of this heretofore unrecognized
phenomenon in human tumors and in in vitro coculture experiments.
Finally, our mathematical model demonstrates a strong correlation
between the interfacial morphology and the rate of tumor growth,
providing an explicit, testable clinical prediction.

II. Description of the Model

We present a mathematical model of the tumor-host interface based
on our acid mediation hypothesis of tumor invasion. It is important to

2 At least three mechanisms act to reduce normal cell viability in vivo at low pH: (a)

Nonmalignant cells are unable to maintain intracellular pH when the extracellular pH
drops below 7.1, having multiple consequences including precipitous reduction in the
activity of phosphofructokinaseâ€”therate-limiting enzyme in glucose metabolism (23, 25,
26). (b) Acidic pH causes fibroblasts and macrophages to release lysosomal enzymes,
leading to a breakdown of extracellular matrix in peritumoral normal tissue (31). (c)
Acidic pH markedly reduces the number and patency of gap junctions, thus limiting the
ability of normal tissue to cooperatively maintain the viability of normal cells at the
tumor-host interface (32, 33).
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A REACTION-DIFFUSIONMODEL OF CANCER INVASION

point out that we are neither modeling early tumor formation (onco
genesis) nor large-scale tumor morphological structures such as cen
tral necrosis. Our model describes the interaction between a growing
tumor and surrounding normal tissue only in the immediate vicinity of
the tumor-host interface.

The model is a system of three coupled reaction-diffusion equations
which determine the spatial distribution and temporal evolution of
three fields: N1 (x, t), the density of normal tissue; N2 (x, t), the
density of neoplastic tissue; and L (x, t), the excess concentration of
H@ ions. The units of N1 and N2 are cells/cm3 and excess H@ ion
concentration is expressed as a molarity (M). x and t are the position

(in cm) and time (in s), respectively.
The behavior of the normal tissue is determined by (a) the logistic

growth of N1 with growth rate r1 and carrying capacity K1; (b) a
population competition with the tumor tissue characterized by a
Lotka-Volterra competition strength parameter@ 2; (c) the interaction
of N1 with excess W ions leading to a death rate proportional to L;
and (d) cellular diffusion with an N2-dependent diffusion coefficient,
DN[N2]. These effects can be written as the following reaction

diffusion equation:

8N1 I N1 N2\
= r1N1( 1 â€” â€” â€” a12 â€” J â€” d1LN1 + V . (DN[N2]VNI)

at \ K K2/

(A)

d1L is the excess acid concentration dependent death rate in accord

with the well-described decline in the growth rate of normal cells due
to the reduction of pH from its optimal value of 7@4â€¢3r1 has units of
1/s. K1 and K2 have units of cells/cm3, d1 has units of l/(M - s), and
a12 is dimensionless. Normal tissue is only able to diffuse into regions
where N2 is small due to a volume exclusion effect; thus, the N2
dependence of the normal tissue diffusion coefficient, DN.

The neoplastic tissue growth is described by a similar reaction
diffusion equation with one important difference, the lack of a death
term due to the excess acid. Thus,

aN2 f N2
= r2N21 1 â€” __ â€” a21 J + V . (DN@[NI]VN2) (B)

at \ K2 K1/

where r2 and K2 are the growth rate and carrying capacity of the
neoplastic tissue and , is the competition parameter characterizing
the tumor tissue growth reduction due to competition with the normal
tissue for space and other resources. No acid concentration-dependent
death rate is included in Eq. B because no decline in the growth rate
of tumor cells has been observed at the pH levels to be examined.3

We now make the following simplifying assumptions:

DN,[N2] 0 and DN,[NI] = D2(l â€”N1/K1) (C)

The first equation in Eq. C is a recognition that the healthy tissue is
well regulated and participating normally in an organ and will, there
fore, not be diffusing in space. In the second equation in Eq. C, D2 is
the diffusion constant (cm2/s) for neoplastic tissue in the absence of
healthy tissue. Therefore, when the local healthy tissue concentration
is at its carrying capacity, the diffusion coefficient for neoplastic
tissue is zero and the tumor is confined. The latter mechanism is at the

heart of the model; the neoplastic tissue is unable to spread without

3 For example, we have measured the growth of MCF-7 tumor cells and primary

fibroblasts in DMEM plus 10% fetal bovine serum at differing pH levels in 10 duplicate
experiments. The growth of normal cells was reduced by 60% when maintained for 3 days
at pH 6.9 versus 7.5 [mean cell count, (10.0 Â±0.1) X lO'/cm2 at pH 7.5 versus
(4.2 Â±0.4) X l0@'/cm2at pH 6.9]. There was no significant change in the growth rate for
the MCF-7 at those same pH levels [(2.4 Â±0.4) X l0@/cm2versus (2.2 Â±0.4) X l0â€•/ = 63(7)2 A) + V@A (H)
cm2]. These results are virtually identical to those reported by other authors (23). aT

the surrounding healthy tissue being first diminished from its carrying
capacity, i.e., it is assumed that fully healthy tissue (N1 = K1) is able
to marshal multiple defense mechanisms (immunological and nonim
munological) to keep the tumor confined. Since healthy tissue is by
definition at its carrying capacity and thus occupies all available space
within the volume of tissue adjacent to the tumor, it is only into
regions where healthy tissue number density has been significantly
reduced that tumor tissue can effectively spread. Eq. C is the simplest
possible assumption which phenomenologically model these aspects
of the tumor-host interaction.

It is assumed that excess H@ ions are produced at a rate propor
tional to the neoplastic cell density and diffuse chemically. An uptake
term is included to take account of the mechanisms for increasing
local pH (e.g. , buffering and large-scale vascular evacuation). There
fore, we have the following equation governing the excess H@ ion
concentration:

= r3N2 â€” d3L + D3V2L (D)

at

where r3 is the production rate (M . cm3/(cell . s)), d3 is the reab
sorption rate (us), and D3 is the H@ ion diffusion constant (cm2/s).

In the analysis presented below, it will be shown that, for a certain
range of parameters, there are spatial regions where N1 and N2 can
stably coexist; therefore, there is the potential for competition for
space and resources between these two populations. In such a situa
tion, the Lotka-Volterra parameters a12 and a21 will be important for
a quantitative description of the tumor-host interface. Nevertheless, in
the remainder of this article we restrict ourselves to the case where
a12 a21 = 0. As will be shown below, for aggressively invasive
cancers there is no region of coexistence between tumor and normal
tissues and therefore the Lotka-Volterra competition has no effect on
the structure and dynamics of the tumor-host interface. The restriction
that a12 0 and a21@ in no way changes the qualitative behavior
of the model but it does facilitate the derivation of analytical results
useful for understanding frankly invasive tumors.

The following transformation of variables renders Eqs. Aâ€”Ddi
mensionless:

Tr1t @= @x (E)

where L0 = r3K2/d3. Using the transformations in Eq. E, the dimen
sionless form of the equations become:

= i@1(l â€” @i@) â€” @1Av@1 (F)

aT

a@2
â€”= P2Th(l â€” Th) + V@-[@2(1 â€” v@1)V@i@2] (G)

aT

and

N1T1I@ N2

@12
K2

L

L0
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A REACTION-DIFFUSION MODEL OF CANCER INVASION

(38,39) showthat initial tumorgrowthis avascular.Theresulting
limited nutrient supply reduces K2 and, as predicted by the model,
tumor growth is limited. However, acquisition of angiogenesis (in
creasing@ because of greater substrate availability) results in inva

sive tumor growth.
2.@ will increase with increasing r3, the production rate of acid by

the tumor. Thus, tumor growth is predicted to be more aggressive as
(I) the tumor becomes more glycolytic, consistent with studies (14â€”16)

that show malignant tumors take up more glucose than benign tumors
and that among malignant tumors increased uptake of glucose
strongly correlates with poorer patient prognosis.

3. 6@will increaseasd3,thereabsorptionrateof acid,decreases,
predicting that tissue environments in which acid washout is dimin
ished are permissive for malignant growth. Although this prediction
has not been explicitly tested, states of vascular disruption such as
chronic scarring and inflammation (e.g. , cirrhosis and ulcerative co
litis) tend to be sites predisposed to cancers (37).

On the basis of the above clinical correlations, we are naturally led
to identify the crossover at 61 = 1 with the transformation of nonin
vasive tumors, such as adenoma and carcinoma in situ (@ < 1), into
frankly invasive malignant tumors (6@ > 1).

IV. Experimental Evidence Consistent with the Acid Mediation
Model

In recent articles, Martin and Jan (29) and Martin (Ref. 30; per
(J) sonal communication) reported in vivo interstitial pH profiles for both

neoplastic (VX2 rabbit carcinoma) and peritumoral normal tissue.
Using the model presented in the preceding section, we reanalyzed
their raw data (29, 30) to extract estimates of the parameters r3 and d3
in Eq. D. Our reanalysis shows their data to be consistent with the acid
mediation model by both confirming the existence of a pH gradient
extending into peritumoral normal tissue and deriving independent yet
equivalent acid production rates.

The Martin-Jam (29) data consist of pH measurements taken at a
variety of points within both the tumor and surrounding healthy tissue
for four composite cases. In the data sets, the tumor sites are at a lower
pH than the normal tissue sites and there appears to be a relatively
smooth pH gradient extending from the tumor edge into the surround
ing normal tissue. To quantify this gradient, we calculated the dis
tance, r, between the tumor centroid and each normal site. In Fig. 1 we
plot the excess H@ ion concentration, L, for these sites versus r,

xlO4
9.0

8.0

7.0

6.0

@5.0

@4.0

3.0

2.0

1.0

0.0
1.0

where

@I (d1/d3) x (r31r1) X K2

P2 r21r1

@2

@3= d3/r1

are the four dimensionless quantities which parameterize the model.

Eqs. F and G now explicitly include the simplifying assumptions
given in Eq. C and a12 a21 = 0 as well.

ifi. Predictionof Benignto MalignantCrossoverwith Clinical
Correlations

The fixed points (spatial homogeneity and temporal invariance) of
the model are found by setting the spatial and temporal derivatives in
Eqs. Fâ€”Hto zero and solving for the fields. The following four fixed
points are thus obtained:

FP1: i@'=0 i@=0 A*=0

FP2: @=1 rp@=0 A*=0

FP3: v@=1â€”@ @=1 A*=l

FP4: @i'@'=@ ri@=1 A*l

These correspond to four physical states: FP 1, the trivial absence of
all tissues and acid; FP 2, the healthy tissue existing at its carrying
capacity in the absence of tumor tissue and acid; FP 3, the coexistence
of tumor tissue at its carrying capacity and healthy tissue at a dimin
ished level; and FP 4, the tumor tissue existing at its carrying capacity
having killed off all healthy tissue.

A linear stability analysis (34) shows that FP 1 and FP 2 are
unconditionally unstable, i.e., small perturbations in r@ and â€˜r@2in the
case of H@1 or small perturbations in â€˜q2alone in the case of FP 2 will
continue to grow until the system evolves toward one of the other two
stable fixed points (either VP 3 or FP 4). The linear stability analysis
also shows that FP 4 is stable and FP 3 is unstable when @l> 1 and
vice versa when@ < 1. Two important consequences follow from

this analysis: (a) If a spatial region occupied by the system in one of
the stable fixed points is adjacent to one at an unstable fixed point, the
stable region will grow into the unstable region in the form of a
traveling wave front. (b) if a tumor evolves such that @lincreases
through unity, the dynamics and structure of that tumor will crossover
from FP 3 to FP 4,4

This analysis results in several biologically significant predictions.
First, we find that some tumors should be populated by a variable, but
nonzero, fraction of genotypically normal cells. Although a novel con
cept, there are some supporting data showing that benign tumors are
polyclonal and contain sections of histologically benign tissue (35â€”37).

Second, the prediction of a crossover from FP 3 to FP 4 as 6@increases
through unity is also biologically significant. In terms of the basic system
parameters, the dimensionless @lis given by 61 (d1/d3) X (r@,/r1)X K2.
The tumorigenic transformations that a cell undergoes will not affect
either r1 or d1 (these characterize the healthy tissue only). Changes to the
other three parameters causing 6@to increase through unity are consistent
with the following three clinical observations:

1. &@will increase linearly with the value of K2, the carrying
capacity of the tumor population. Studies by Folkman and colleagues

4 With the inclusion of the Lotka-Volterra terms discussed above, this crossover point

shifts from &@= 1 to 6@= 1 â€”a12@and the values of FP 3 change to reflect their
dependence on a12 and a21. However, all qualitative features ofthe model are unchanged.

3.5

Fig. 1. Excess H@ ion concentration, L, plotted as a distance, r, from tumor centroid.
The plotting symbols are the data of Martin (30) converted from absolute pH to excess
ion concentration and x-y coordinates to distance from tumor centroid. Note the pro
nounced spatial gradient in the H' ion concentration at increased distance from the tumor.
The lines are the curve fits of the data points to Eq. L. See Table 1 for the values of the
fitting coefficients.

5747

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
://a

a
c
rjo

u
rn

a
ls

.o
rg

/c
a
n
c
e
rre

s
/a

rtic
le

-p
d
f/5

6
/2

4
/5

7
4
5
/2

4
6
2
5
5
8
/c

r0
5
6
0
2
4
5
7
4
5
.p

d
f b

y
 g

u
e

s
t o

n
 2

4
 A

u
g

u
s
t 2

0
2

2



Composited3r3r0(mm)41

49
50
57

Geometric mean1.03

x lO4/s
6.66 X 1O@@/s
4.60 X 104/s
4.47 x l05/s
1.09 x l0@4/s1.83

X 10@ M â€c̃m3/(s . cell)
1.17 x 10â€”â€˜@M . cm3/(s . cell)
1.78 X l0 16M@ cm3/(s . cell)
6.17 x 1018 M@ cm3/(s . cell)
2.20 x 10 â€˜@si@ cm3/(s . cell)1.23

1.28
1.07
1.52

A REACTION-DIFFUSION MODEL OF CANCER INVASION

Table 1 Determinations of d3, r3, and r0 for the four Martin (30) data sets

Estimates of parameters r3 and d3 determined by fitting Eq. L to a converted form of
the data of Martin and Jaiis (29). Tumor radius r0 is reported incidentally as well. See Fig.
1 for curve fits.

whereas they impose constant H ion concentration boundary condi
tions at the vessel walls.

V. Solutionsof the Modelandthe ResultantBiological
_______________________________________________________ Predictions

We have performed computer simulations of our model by numer
ically solving Eqs. Fâ€”Husing suitable boundary and initial condi
tions.6 Biological parameter values are shown in Table 2. We present
two such simulations: the first with 6@= 12.5 > 1 (FP 4 dynamics,
i.e., malignant) and the second with@ = 0.5 < 1 (FP 3 dynamics, i.e.,

benign). In both cases the remaining parameters are as follows:
assuming a baseline ofpH = 7.4 for healthy tissue. It is apparent from@ i.o, A2 = 4.0 x iO@, and 63 _ 70.0. The dimensionless system
this figure that excess H@ ion concentration diminishes markedly@ was taken to be 2@ = 2.5, where â€”@@@@ and the spatial

from L 8 X 10-8 M (pH = 6.9) to L 0.5 X 10_8 M (pH = 7.3), and temporal discretizations used were A@= 0.01 and@ = 0.01.
with increasing distance from the tumor. This observation is fully In Fig. 2 we plot the numerical solutions (â€”, , â€”â€”â€”)for

consistent with our hypothesis, and, in what follows, we will use it to the late-time wave front profiles for both cases. In Fig. 2 the wave
obtain estimates for the acid production and washout rates. fronts are propagating from left to right. When 6@> 1, the normal

The data depicted in Fig. 1 are analyzed within the context of our tissue is completely destroyed behind the advancing wave front (Fig.
model by using Eq. D and making the following assumptions: (a) the@ when@ < 1, however, the tumor and healthy tissue coexist
left-hand side of Eq. D is set to zero because the pH profile evolves behind the wave front (Fig. 2b) but with the latter at a diminished
very slowly on the time scale of the pH measurements; (b) the concentration vj@= 1 â€”6@.Notice that for the case where 6@> 1, the
Laplacian in Eq. D is two-dimensional because the rabbit ear chamber h@aithy tissue profile leads the tumor edge, resulting in a hypocellular
used (29) was extremely thin, effectively confuting the tissues to a interstitial gap, whereas for 6@< 1 it is coincident with the tumor
plane; (c) the tumor exists at its carrying capacity K2; and (d) the edge. In the former case, this offset is approximately given by Eq. 0
tumor-host interface is smooth and sharp (on the length scale of the and is consistent with clinical pathology findings (see Figs. 4 and 5).
entire tumor). With these assumptions we rewrite Eq. D as: Finally, note that the H@ ion profile is centered, as expected, on the

I \ very sharp tumor edge.

r K â€”d L + â€”@-@-@(r@ 0 r < r Although we are able to numerically solve our model equations, it

3 2 3 r@ an Â° is highly desirable to obtain a general understanding of the sensitivity

of relevant biological quantities to changes in the basic system pa
D3 a / aL\ rameters. To gain insight into such sensitivities, we have constructed

â€” d3L + -;--@ r @â€”) = 0 r r0 (K) approximate mathematical solutions to the model equations. Once

obtained, these analytical results are used to make specific biological

where r0 is the tumor radius. Eq. K is subject to the boundary predictions concerning the dependence of the structure and dynamics
conditions that lim@,@ L(r) = 0 and that L(r) and its derivative are of the tumor-host interface on the basic system parameters. The
continuous at r0. Subject to these conditions, Eq. K has the following accumcy of these solutions is apparent by comparing them with the
solution: numerical solutions (see Fig. 2 and Table 3). The mathematically

inclined reader may wish to consult the â€œAppendixâ€•for the details of
L(r) L0[ 1 â€”qr0K1(qr0)10(qr)] r < r0 these solutions; however, in what follows we simply present a sum

mary of the resultant predictions.
L(r) qr@L@J1(qro)Ko(qr) r r0 (L) The interfacial widths of acid and tumor tissue profiles can be

determined by performing the integrals in Eqs. AS and A6 using Eqs.
where q = @/@;i@;,L0 = r3K2/d3, and Io.@and K01 are modified A2 and A3. Doing so, we find the following interfacial widths:
Bessel functions. The biological significance of q and L@is as follows:
q is the reciprocal of the length scale characterizing the H@ ion
gradient across the tumor-host interface, and L@is the excess H@ ion (M)
concentration asymptotically deep within a large tumor.

Eq. L can be curve fitted to the converted data shown in Fig. 1 for and
estimates of q, r0, and L0. In turn, estimates of r3 and d3 can be found
using r3 = L@q2D3IK2and d3 q2D3. In Table 1 we show the results N
for such a determination of r0, r3, and d3 for the four Martin-Jam (29) ( )
data sets. Martin and Jan (29) estimated acid production by tumor
tissue in a quite different fashion, i.e., by fitting their data to a where c is the speed of the propagating wave front. Because of the
one-dimensional diffusion model along a line joining two adjacent complexity of the analytical solution in Eq. A4, no such simple result
blood vessels. They find an acid production rate of Q = 3.29 X iO@ is derivable for the width ofthe normal tissue profile, W,@.Instead, we
M/s which compares reasonably well with our value of numerically performed the integrals in Eqs. AS and A6 for the two
Q = r3K2 2.2 X 10â€”8@ considering that (a) we analyze the acid values of 6@and present the results in Table 3.

gradient outside the tumor whereas they analyze it between adjacent As is apparent in Fig. 2a, when@ increases beyond unity, an
blood vessels entirely within the tumor, and (b) acid removal in our appreciable hypoceflular interstitial gap develops between the advanc
model is accomplished with an explicit acid washout term (d3), ing tumor edge and the retreating healthy tissue. In general, no simple

5 In obtaining this value, we have used the same acid diffusion constant as Martin and

Jam (29) rather than the value appearing in Table 2.
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ParameterEstimateReferenceK1

K2
r1

r2

D2

D3

r3
d35

x l07/cm3
5 x l07/cm3
1 X lO6/s

1 X lO6/s
2Xl0@0cm2/s
5 x 106 cm2/s

2.2 X 10 17 M@ cm3/s
1.1 )< lO4/s46

46
46

46

47
48

From Table 1
From Table1d1O@l0/Ms

A REACI'ION-DIFFUSIONMODEL OF CANCER INVASION

Table 2 Parameter values used in model Eqs. Aâ€”Dand references used in determining
their values

of the tumor-host interface. As discussed in â€œSectionIII,â€•invasive
(malignant) growth will occur only when 61 > 1. However, the
interfacial structure is not uniform in all malignant tumors. As shown
in Fig. 3, the interface when 1 < 81 < 3 will generally consist of
overlapping tumor and host tissue. This would result in an interface
morphology in which the tumor is visibly penetrating into the normal

tissue. This permeative pattern of tumor growth is commonly ob
served (37). The model also demonstrates that malignant tumors with
a value of @l@ 4 will have a well-defined, nonoverlapping interface.
This also is frequently observed in pathological specimens (37).
However, tumors in which @l>> 4 are predicted to have an appre
ciable hypocellular interstitial gap between the advancing tumor and
retreating normal tissue edges. The size of this gap will increase at a

rate proportional to the logarithm of@ and therefore should be visible
in at least some tumors. We could find no previous reports of the

P2 1,81 = 12.5,i@=4x1O5, &3=70

analytical result is obtainable for the dependence of this gap, @,on the
system parameters except for when 6@>> 1, in which case:

I-
Log@â€” i__

12 Ic
@0m: +@I__ @I>>l (0)v@;

In Fig. 3 we show exact values of@ for the full range of 6@
determined by numerically integrating Eq. AS withft@) given by Eq.
A4.

To compute the positions of the plotting symbols in Fig. 2, we used
Eqs. A2â€”A4,with a value of c determined from the numerical solu
tions themselves. If we compute an analytical expression for c in
terms of the basic system parameters, our model equations would be
completely solved. Such an analytical result for c can be obtained by
performing a â€œmarginalstability analysisâ€•(40â€”43). For our model,
this is a rather technical calculation, the details of which will be
published elsewhere.6 The result of this analysis is a transcendental
equation for C, namely,

C = @2@1L(@= 0; c) + 2 @J@lâ€”â€˜1I(@= 0; c)}p2@2 (P)

where r@land its derivative are evaluated at@ 0, but still depend on
c (Eq. A4). Eq. P can be solved numerically for c using Newton's

method, the results of which are presented in Fig. 3 for a range of @.
When 6@becomes large, the hypocellular interstitial gap between

the tumor and host (@) becomes large as well. In such a case,
wherever @1iis nonzero, @12will be zero and vice versa. The dynamics
of such a situation is described by Eq. G with v@ = 0, i.e., the
well-studied Fisher equation (44) which has a propagation velocity
c 2V'@@. From Eq. A4, we find that as 8@â€”@oo,@ (@= 0), and

T,@ (C = 0) approach zero, Eq. P becomes c = 2\/@@ as expected.

In Fig. 3 we show the value of the healthy tissue density at the
tumor-host interface [v@(@= 0)] plotted versus @l.from which it can
be seen that the healthy tissue has effectively decoupled from the
tumor tissue by the point where @l 4@after which tumor growth is
determined using the Fisher equation.

In Table 3 we contrast values of the profile widths, interfacial
propagation velocity, and tumor-host gap derived from the analytical
results with those determined directly by the computer simulations. In
each case the agreement is excellent.

VI. Clinical Correlations with Model Predictions

The predictions of the mathematical and numerical solutions may
be compared to experimental results and clinical observations. The
prediction of the presence and approximate range of a pH gradient
extending into peritumoral normal tissue is consistent with the data of
Martin and colleague (29, 30). The predicted growth rates of benign
and malignant tumors reasonably approximate clinical observation.

The mathematical solutions demonstrate the critical role of the
biological parameters contributing to 6@in the structure and dynamics

P2 1,Ã¶1=O.5,L@=4x105,63=70

-0.50 0.00 0.50

1.20

1.00

0.80

0.60

0.40

0.20

0.00
-1.00 1.00

Fig. 2. Late-time (i 20) wave front profiles for the 8, = 12.5 case (a) and for the
81 = 0.5 case (b). The curves are the results of the computer simulations, and the plotting

symbols are the approximate analytical results given in the â€œAppendix.â€•The wave fronts
are propagating from left to right with speeds c 0.0128 (0.03 mm/day) and c 0.0064
(0.01 mm/day), respectively. Note the sharp tumor profile in both cases, the coexistence
of tumor and healthy tissue behind the wave front for the S, < 1 case (b). and the
formation ofa tumor-host hypocdllular interstitial gap for the &,> 1case (a). At each time
step, using Eqs. A5 and A6, we computed the position E(i) of the wave front edge and its
width W(i) for each of the three fields. The wave front velocity was found using
c dE('r)/dr. For all three fields we found that, after sufficient time had elapsed to allow

for the decay of transients (i 5), the wave front velocity for each of the fields became
constant and virtually identical to that of the remaining two. Detailed results for the wave
front profile widths W, propagation velocity c, and tumor-host gap@ are summarized in
Table 3.
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61 = 0.561=12.5SimulationApproximationSimulationApproximationWA0.1690.168

Eq. M0.1690.168 Eq.MWI)2

will
C

@o

a The analytical approxim0.013

0.168
0.0064

â€”0.008

ation results for W,,1 and @weredetermined0.012

Eq. N
0.171 Eq. A6a
0.0062 Eq. P

â€”0.008Eq. @a

by numerically integrating Eqs0.024

0.130
0.0128
0.313

. A6 and A7 withft@) replaced by approximat0.023

Eq. N
0.129 Eq. A6@'
0.0126 Eq. P
0.313 Eq. ASâ€•

e solution for s@given in Eq.

2.00 4.00 6.00 8.00 10.00 12.00
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Table 3 Comparison of computer simulations and analytical approximations for relevant biological quantities

A summary of relevant biological quantities predicted by the model for two representative cases, 8@= 0.5 (benign) and 8@= 12.5 (malignant). The agreement between the computer
simulations and the approximate analytical expressions is uniformly excellent. Convert lengths to mm by multiplication by 23.8; convert speeds to runs per day by multiplication by
2.03.

14.00

A4.

predicted hypocellular interstitial gap at the tumor-host interface and
therefore investigated this further.

To investigate this prediction, 21 pathological specimens from
human squamous cell carcinoma of the head and neck were reviewed
for evidence of a hypocellular interstitial gap as predicted by Fig. 3.
Specimens were designated as positive if a hypocellular space of at
least 10 pm was observed in at least 50% of the visualized tumor-host
interfaces within that specimen. Using these criteria, 14 specimens
were judged to show a hypocellular interstitial gap (67%). Three
examples are shown in Fig. 4. The gaps ranged from approximately 10
@tmto more than 150 @m;however, considerable variability in the

size and appearance of the gap was observed both within different
sections of the same tumor and in different tumors. Naked nuclei and
poorly staining and morphologically disrupted normal cells were
frequently observed scattered within the gap or at its edge (Fig. 4,
arrowhead) as predicted by the mathematical model. The gap was

found, although somewhat morphologically different, in tissue
whether formalin fixed (Fig. 4a) or flash frozen (Fig. 4b).

Because of the possibility that the gap at the tumor-host interface
represents an artifact of fixation, we examined the tumor-host inter

face in vitro. Briefly, the 4047 colon cancer was maintained in vivo by
serially passing it in the subcutaneous tissues of the Fischer 344 rat
(45). The tumor-host interface in situ was shown to be tumor cells and

layers of fibroblasts with a moderate hypocellular interstitial gap. The
tumor cells and the fibroblasts from the tumor edge were established

P2 1,i@=4x105,83=7O
1.00

0.80

0.60

0.40

0.20

0.00

-0.20
0.00

Fig. 3. Tumor-host interstitial gap (@, â€”), tumor-host interface propagation velocity
(c ), and healthy tissue density at tumor-host interface [sf1 (@ = 0), â€”â€”â€”1as a

function of 6,. For comparison,@ and c have been scaled by multiplicative factors 3 and
50, respectively. Note that for &@less than approximately 1.1, the tumor edge leads the
healthy tissue edge (@o< 0). At the benign-malignant crossover point, b@= 1, the healthy
tissue density at the tumor-host interface is at 55% of its carrying capacity [ip,
(C 0)= 0.55],reflectingsignificanttissueoverlap(seealsoFig.2bforthe8,= 0.5
profiles). The tumor and host are decoupled for@ after which the interfacial velocity
saturates at the Fisher equation limit of c = 2Vp@2.
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Fig. 5. Phase-contrast micrographs of an evolv
mg in vitro tumor-host interface (arrows) at 113 h
(a) and 136 h (b) after seeding. An acellular gap
(arrows, b) develops coincident with tumor expan

sion.

in pure culture as described elsewhere (45). Equal numbers of the two
populations were seeded in 35-mm plates and maintained in DMEM
supplemented with 10% fetal bovine serum and antibiotics in an
incubator at 37Â°Cin 5% CO2. The cocultures were observed daily
with a phase-contrast microscope. Although the cultures were seeded
as single-cell suspensions, they grew in a characteristic pattern with
tumor cells gathering into nodules which were surrounded by the
fibroblasts as shown in Fig. 5a. The populations coexisted, expanding
steadily until the dish became confluent (Fig. 5a showing a coculture
113 h after seeding). Once the cells established a dense monolayer, the
fibroblasts at the tumor margin were observed to fragment and lift off
of the surface of the dish as shown in Fig. Sb, which is the same
coculture as in Fig. 5a but at 136 h after seeding. This resulted in the

formation of a hypocellular interstitial gap similar to that found in vivo
(Fig. 4b, arrowheads).

The presence of the gap in unfixed in vitro experiments and in
flash-frozen tissue suggests this phenomenon is not an artifact (of,
e.g., fixation), although we cannot exclude that possibility entirely.

Because61controlsthe interfacialstructureandthespeedof tumor
growth (Fig. 3), the mathematical model explicitly predicts that the
characteristics of the tumor-host interface will have prognostic sig
nificance. The specific predictions are somewhat counterintuitive: a
tumor-host interface which is infiltrative (i.e., having a small region of

overlap between neoplastic and normal tissue) indicates a better
prognosis than one having a well-defined, sharp interface. Finally, the

formation of a hypocellular interstitial gap indicates a poorer progno
sis than the sharp interface, and the prognosis worsens as the size of
the gap increases. This prediction should be readily testable in pro
spective or retrospective clinical studies.

VII. Conduslons

We demonstrate that transformation-induced reversion to glycolytic
metabolism provides a mechanism for invasive tumor growth which,
although conceptually simple, yields complex interactions consistent
with many aspects of cancer biology.

A mathematical model encompassing the key components of the
hypothesis predicts an acidic pH gradient extending into the peritu
moral normal tissue, which we have confirmed by reanalysis of extant
experimental data. We demonstrate that the normal mammalian cells,

but not tumor cells, are intolerant of acidic interstitial pH in the range
typically found within this gradient.

The model predicts crossover behavior consistent with clinical
observation of noninvasive tumor growth (such as adenoma and
carcinoma in situ) preceding the development of an invasive pheno
type. Furthermore, critical parameters controlling this transition, such
as the acquisition of angiogenesis, are consistent with experimental
and clinical observations.

Finally, the mathematical model predicts a variable interfacial
structure, including a previously unrecognized hypocellular interstitial
gap in some malignancies. We show evidence in support of this
prediction in both clinical observations and in vitro experiments. The
model predicts a strong correlation between the interfacial structure
and the tumor growth velocity (and thus patient prognosis) which can
be readily tested.

We believe that this approach may provide a simple but complete
framework for understanding invasive cancer within the context of
cellular properties induced by transformation. New approaches to
tumor evaluation and therapy based on this model should be possible.
Therefore, we believe that further clinical and experimental work to
confirm or refute its predictions is warranted.
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VIII. Appendix: Approximate Analytical Solutions of the
Model Equations

We seek analyticalapproximationsfor the interfacialprofile structuresand
their dependence on the wave front propagation velocity. The approximations
we make result from two reasonable assumptions: that the tumor edge is sharp
and that the wave front propagation velocity is small. It is natural to expect the
tumor edge to be sharp since the logistic growth of the neoplastic population
within a spatial domain far outstrips its diffusive flux out ofthat domain (P2>>

A2) That it should also be sharp on the length scale of the widths of ij@and A

@751

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
://a

a
c
rjo

u
rn

a
ls

.o
rg

/c
a
n
c
e
rre

s
/a

rtic
le

-p
d
f/5

6
/2

4
/5

7
4
5
/2

4
6
2
5
5
8
/c

r0
5
6
0
2
4
5
7
4
5
.p

d
f b

y
 g

u
e

s
t o

n
 2

4
 A

u
g

u
s
t 2

0
2

2



A REACI1ON-DIFFUSIONMODEL OF CANCER INVASION

is also reasonable; the large chemical diffusion of A affords its deep penetra
tion into the surrounding healthy tissue, causing a decrease in i@on the same
length scale as the penetration depth of A into s@. The latter occurs on a time

scale much shorter than that of diffusion of neoplastic tissue into the resulting
interstitial space. That the wave front propagation velocity c is small follows

from the fact that, for biological systems, the time scale associated with the
cellular diffusion constant is much longer than that associated with any cellular
growth rates or chemical diffusion.

We now look for traveling wave solutions to Eqs. Fâ€”H.We begin by
assuming the existence of solutions having the formf(f, T) = f(f â€”cr), where
I is either i1@, @â€˜12'or A, i.e., each field has some wave front profile, f,

propagating in the +@ direction at velocity c. Substituting these forms into Eqs.
Fâ€”Hgives a new system of ordinary differential equations:

â€”cs@Ã§= @(1â€”ii@) â€”

â€”ci@ P2Th(l â€” @12)+ @2[(l â€”q1)s@ â€”@ri@si@1

â€”cA'= @3(Th A) + Aâ€•

where the primes denote differentiation with respect to the co-moving coor

dinate@ =@ â€”CT.
Using only the assumption that @2@ P2'7 and therefore a sharp tumor

profile edge and small propagation velocity, we were able to solve6 Eq. Al for

the A@ @12(C)@and i@(@)profiles:

and

C exp[â€” pe@c + @@]p4@q

y(r/q, pe@')

7li(C) =
c exp[â€”pe@ â€”r@]p@q@ > 0

y(rlq, p)p@@q + y(s/q, p) â€”y(s/q, pe't)

where p = 61/(2c\/'@I;),q@ r 1/c, and s = (&@â€”1)/c. y(a, x)
f@ e'lâ€• â€˜dtis an incomplete â€˜yfunction.

In Fig. 2 these approximate analytical solutions are plotted at a number of
select values of@ (El, Eq. A2 for A; 0, Eq. A4 for i@1;and <@>, Eq. A3 for ip2).
Plotting Eqs. A3 and A4 in Fig. 2 required values of c. These were taken to be
the values found in the simulations themselves which, in turn, agree very well
with the analytical determination for c in terms of the basic system parameters
(Eq. P) presented in â€œSectionV.â€•The error between these approximate
solutions and the numerical results is everywhere <0.1%.

There are a variety of ways one could define the position and width of the

wave front profiles. Noting that the spatial gradients of the wave front profiles
are sharply peaked functions, we define the edge position E(T)and width W(T)
of a profile by:

i@@:@ @jf(@'r)d@
Ej('r)

and

I1@@â€”Ef(T)]2@@_f(@,T)d@

-S@ r) d@

wherefis either the ij@,@p2.or A profile. Eqs. AS and A6 were used for defining
the position and width of the profiles in both the computer simulations and,

when the integrals could be obtained in closed form, in the approximate
analytical results.
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