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Abstract. Real-Time Future Interval Logic is a temporal logic in which for-
mulz have a natural graphical representation, resembling timing diagrams. It
is a dense real-time logic that is based on two simple temporal primitives: in-
terval modalities for the purely qualitative part and duration predicates for the
quantitative part. This paper describes the logic and gives a decision procedure
for satisfiability by reduction to the emptiness problem for Timed Biichi Au-
tomata. This decision procedure forms the core of an automated proof-checker
for the logic. The logic does not admit instantaneous states, and is invariant
under real-time stuttering, properties that facilitate proof methods based on ab-
straction and refinement. The logic appears to be as strong as one can hope
for without sacrificing elementary decidability. Two natural extensions of the
logic, along lines suggested in the literature, lead to either non-elementariness
or undecidability.
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1. Introduction

Specification and verification of concurrent systems is difficult in part because the many
possible alternative interleavings of activities generate a large number of cases that must
be considered. The presence of real-time constraints, and their interaction with constraints
on the interleavings, makes the problem even more difficult. Propositional temporal logic
(PTL) and the propositional p-calculus are too low-level to capture abstract system re-
quirements easily without including extraneous details that can bias subsequent implemen-
tations. Interval logics aid the specification of concurrent systems by providing temporal
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modalities designed explicitly to ease the definition of temporal contexts and of properties
required to hold in such contexts.

Interval logics also permit natural graphical representations, which are usually more
intuitive and easier to understand than their textual counterparts. When expressed graph-
ically, interval logic formul® resemble the “back-of-the-envelope” timing diagrams that
designers typically draw to document and reason about temporal properties of their designs.
Interval logics, in their graphical representation, could serve to extend existing design and
documentation environments to the more challenging task of verification of concurrent
systems.

However, most known interval logics are either non-elementary or even undecidable. In
particular, the Interval Temporal Logic of Moszkowski (Halpern e al 1983) is provably
non-elementary and the Modal Logic of Time-Intervals of Halpern & Shoham (1991) is
undecidable. In Ramakrishna et al (1992) we presented an interval logic, called Future
Interval Logic (FIL), and a decision procedure for it. As far as we are aware, this is the first
and indeed the only interval logic known today, with an elementary decision procedure.
Examples illustrating the use of FIL in specification and verification appear in Dillon et al
(1992) and Kutty et al (1993). However, FIL is a “timeless” logic, with no quantitative
notion of time.

There are numerous applications, however, where a purely qualitative notion of time
is insufficient, because correctness depends crucially on real-time constraints between
events in a system. This has led to real-time extensions of temporal logics (Jahanian &
Mok 1986; Narayana & Aaby 1988; Alur & Henzinger 1989; Emerson et al 1990; Lewis
1990). The theory of timed-automata of Alur & Dill (1990) and Alur & Henzinger (1992)
has helped clarify fundamental issues regarding the decidability of real-time temporal
logics. These results have not, however, been applied to real-time extensions of interval
logics (Melliar-Smith 1987; Narayana & Aaby 1988; Razouk & Gorlick 1989) to establish
their decidability or to obtain “efficient” decision procedures.

In this paper we extend FIL to real-time. We associate the domain of non-negative reals
with a computation, and extend the language of FIL to allow statements about the durations
of intervals. This gives a relatively clean extension of FIL. Firstly, the extension is con-
servative. All tautologies of FIL are tautologies of this logic. Moreover, the tautologies of
RTFIL, restricted to the language of FIL, are precisely the tautologies of FIL. Secondly, the
extension does not sacrifice decidability. RTFIL is decidable by reduction to the emptiness
problem for Timed Biichi Automata; this constitutes the main result of this paper. Finaily,
the extension is adequate. RTFIL has the expressiveness needed for real-time reasoning.
We give an example of its use in Ramakrishna et al (1993), where a proof-checker based
on the decision procedure presented here is used to verify a simple real-time system.

Our work, like Barringer et al (1986) and Alur ef al (1991) but unlike Narayana & Aaby
(1988), Emerson et al (1990), Jahanian & Mok (1986) and Razouk & Gorlick (1989), uses
adense model of time. A dense time domain is preferable and to a discrete time domain for
specifying concurrent systems because independent events in asynchronous components
may occur arbitrarily close in time. It is not possible, therefore, to bound a priori the granu-
larity of the underlying time domain, as required for a discrete model. A dense time domain
is also preferable for carrying out hierarchical verification, since proofs remain valid under
refinement or abstraction. A dense time domain facilitates compositional specification and
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verification of real-time systems, where a component’s (timing) semantics must be inde-
pendent of (the timing granularity of) the environment in which it may operate. Dense time
is also required when a component interacts with the continuous world; hybrid systems are
a good example (Maler er al 1991). Numerous real world and process control applications,
thus, require a dense model of time.

Unlike most real-time temporal logics, RTFIL is insensitive to instantaneous states.!
This semantics agrees with our intuition that a property of a system can be “observed”
only if it persists for some measurable amount of time. It may be counterproductive, when
specifying systems, to impose instantaneous requirements on behaviours. Specifications
whose only satisfying models contain instantaneous states obstruct the use of hierarchical
refinement in much the same way that the next operator obstructs hierarchical refinement
(Barringer et al 1986; Lamport 1991) in non-real-time temporal logics. In the case of
RTFIL, the absence of instantaneous states, in concert with its restricted syntax, results in
the property that, for any model whose valuation function is right-continuous, the valuation
function extended to an arbitrary RTFIL formula is also right-continuous. This property of
“temporal interpolation” is expected to facilitate proofs based on successive refinement or
abstraction, where the refinement mapping defining a predicate at one level may involve
an arbitrary RTFIL formula on predicates from an adjacent level.

This paper is organized as follows. Section 2 introduces Real-Time Future Interval Logic
(RTFIL) by means of a simple graphical formula. It then defines a textual syntax, intended
models, and semantics of RTFIL. Section 3 contains some preliminary definitions and
notation. The decision procedure is described in § 4 and its correctness is proved in § 5.
We present complexity results in § 6. In § 7 we discuss related work and conclude in § 8
with some open problems and on-going work.

2. The logic

We first provide a very informal introduction to RTFIL and illustrate the graphical repre-
sentation of formule. RTFIL is a linear-time temporal logic. Thus, a formula is interpreted
on a linear trace of states, representing a possible execution of a transition system (or a
fragment of such an execution). Every trace has an initial state. Traces may, however, be
unbounded and may thus represent nonterminating behaviours. We assume that the states
of the transition system are continuously observed at all # € R (the set of non-negative
reals); thus, every trace of the system is a dense real-time trace.

The key constructs of RTFIL are the interval modality and the duration constraint.
Syntactically, an interval modality is constructed by means of searches and other (simpler)
RTFIL formule. Semantically, an interval modality extracts a convex subset from a given
dense trace. This convex subset specifies the interval over which a property designated by
a nested formula holds. The duration constraint is expressed using the special predicate
len, and specifies rational lower and upper bounds on the length of an interval.

An interval is constructed using a pair of search patterns; searches are shown dashed
with arrowheads, and target formula are left-justified below the arrowheads. The semantics

!The decidability results presented here do not require this semantics.
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of a search that starts at a point in the trace is that the search locates the earliest point in
the reflexive future where the target formula holds. When such searches are composed
sequentially into a search pattern, every subsequent search begins at the state where the
previous search ended. In case the target of a search is not satisfied at any point in the future
of the current point within the previous outer interval, the formula is assumed to be true
by default if the search is “weak” (shown by a single arrowhead) and false if the search is
“strong” (shown by a double arrowhead). Intervals are shown solid with square brackets
on the left and parentheses on the right. A formula drawn left-justified below the start of
an interval must hold at the first state of that interval, while a formula indented below an
interval must hold throughout the interval. In the graphical representation of an RTFIL
formula, the horizontal dimension shows progression through the trace (time progresses
from left to right) and the vertical dimension describes the composition of formulz from
subformule.

The example in figure 1 is a fragment of a road intersection specification. The state
predicates near, cross and green are true, respectively, when a car is near an intersection,
when it is crossing the intersection and when the signal along that direction is green. It
states that, if the signal is green whenever a car first approaches the intersection, it takes
more than 3.5 seconds but at most 7 seconds to complete the crossing.

Although graphical formule such as that above are easier to read and understand than
their textual counterparts, the rest of the paper will use a textual syntax for convenience of
exposition.

2.1 Syntax

The sets of well-formed formule (wffs), well-formed search patterns (wfsp), and well-
formed interval modalities (wfim) of RTFIL are defined relative to a finite set P of primitive
propositions by the following BNF grammar. We use f for a wif, p € P for a primitive
proposition, 6 for a wfsp, I for a wfim and d € Q (the set of non-negative rationals) for a
duration, each possibly with a subscript.

f=true | p | len0,d] | =f | irnfa | If
I=[-16) {6]—>) 1161162
P=—f| >f0

Although in the syntax above, we do not use 8 to include the trivial search patterns, “—”
and “—”, in the sequel we shall use the meta-variable 6 to mean any search pattern, trivial
or non-trivial, unless explicitly noted otherwise.
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Figure 2. Textual equivalent of the graphical specification in figure 1.

We consider two special sets of well-formed strings when defining the semantics. The
first, the set of wfsp, will be denoted by srchp(P), and the second, the set of wfim, will be
denoted by imod(P). In addition, we shall call a wif purely propositional if it is formed
by the following grammar:

f=tue | p|~f| finf

We use false as an abbreviation for —true, f Vv g as an abbreviation for =(=f A —g),
len(d, oo) as an abbreviation for —len(0, d], and len(d, d] as an abbreviation for
len(d;, o0) A len(0, d>]. The traditional temporal operators are defined by

oF % 15 F ) >talse

Dfdéf [—»—f | —>)false

UL oef v l-e
and so on.

In FIL, the formula /f, I an interval modality and f a formula, has the semantics “if
the interval designated by I exists, then f holds at the initial state within that interval.”
Syntactically RTFIL is just FIL extended with the timing primitives len(0, d] ford € Q,
the domain of durations. The formula 7 len(0, 4] has the natural interpretation that if the
interval I exists then its duration is no more than d. Intuitively, len(0, d] asserts that the
duration of the remaining (suffix) interval is at most 4 time units. A search to len(0, d]
locates the earliest future point within the current interval, such that the duration of the
remaining interval is at most d. Consequently, over an interval of infinite duration len(0, d]
is never satisfied.

A detailed description of the translation of graphical formule to the textual syntax is
beyond the scope of this paper (details appear in Dillon et al (1994)). For purposes of
illustration, however, we note that the graphical formula given in figure 1 translates to the
textual RTFIL formula given in figure 2.

2.2 Models

The models on which we interpret RTFIL formul are partial functions from the non-
negative reals R (the time domain) to states, which assign valuations to the primitive
propositions. We represent a model by a total function M: R — 27 U{ L }, where P is the
set of primitive propositions and L represents undefined.? We require a model for RTFIL
to satisfy the following requirement of admissibility.

2The semantics of formula containing wfim that involve timing primitives can be counterintuitive. Thus, while such
formule are decidable in the logic at no extra cost, their use should probably be avoided.

3We assume that all functions and predicates, except equality, are strict, i.e. if any of its arguments is L then the
result of a function or predicate is also L. For equality, however, we regard L. =1 to be true and L= x and x =L
to be false if x is not L.
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DEFINITION 1
[ADMISSIBILITY] A function F: R — X U {1} is

— finitely variable iff, for any two elements #; < t; in R, there are only finitely many
changes in F between ¢ and 1,

— right continuous iff for any t € R, limy_,,, F(t') = F(t)

F is admissible iff itis finitely variable, right continuous,dom F = {t € R| F(t) #L1 }is
a left-closed right-open segmentof R, andim F = {x € X | 3t € R, F(t) = x } is finite.
The above definitions of finite variability and right continuity are stated relative to an
arbitrary valuation function on R in order that we can also use them with extended models
(see theorem 3 in § 3.2 below), and not just with models. Note that finite variability implies
discreteness, but finiteness of the image set is a stronger requirement. These definitions
are equivalent to the standard ones in the literature.

Intuitively, the domain of a model represents the interval (or “context”) over which a
formula is evaluated. Finite variability ensures that a system performs only a finite number
of actions in any finite period of time and right continuity guarantees that a property
can be observed only if it holds over an interval with a positive duration. Together these
conditions imply that corresponding to every proposition p there is a sequence 1o, f1, ...
of time values, with lim;_, o ; = 00, that partition the time domain R into half-open
segments [¢;, ;4 1) over which the valuation of p is constant. We call any model satisfying
the above properties an admissible model. We write L 4 for the everywhere undefined
model L ,: R — 27 U { L}, which satisfies dom(L o) = @ and is (trivially) admissible.

An observation regarding the condition of right continuity is in order. The semantics of
RTFIL can be generalized to admit models that are not right continuous. However, as long
as the semantics are defined so as to be insensitive to instantaneous states, a formula will
be satisfiable in the more general class of models precisely if it is satisfiable in the class of
right continuous models. Moreover, the semantics of RTFIL are simpler to state and more
intuitive if formul® are interpreted over right continuous models only.

An admissible model M satisfies an RTFIL formula if the formula is true when evaluated
at the initial state of M, where the valuation of formulz is defined below. If an admissible
model represents an entire behaviour of a system, then its domain will be all of R. (To
represent a terminating behaviour by such a model, the last state of the behaviour is
stuttered.) However, in general, the domain of an admissible model may be any left-closed
right-open segment of R.

2.3  Semantics

We now give a formal definition of the semantics of RTFIL, which have been explained
informally above. The semantics are a natural extension of the FIL semantics (see
Ramakrishna er al 1992). They are defined here with respect to a dense, rather than a
discrete, time domain. Moreover, the syntax of FIL does not contain timing primitives, so
that FIL formul® describe only constraints on the ordering of states.

The semantics make use of the “locator” function A for locating the result of a search
and the “constructor” function C for constructing the subinterval, given the current interval
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and the states located by the searches. For brevity, we use R to denote R U { L, 00}
below.

DEFINITION 2
The search-locator function

A:srehp(P) x 2P U {1 PR x RE® - RL®
is defined by
— IfM=1,,0rt =1 then

@, (M, 1)) =1

— IfM #Lyandt #L then

M= M, 1)) =1
M=, (M,1))  =supdom M
. , . )
M—=a, M, 1) L, if (M. t)) raforallt’ > ¢, ¢ € domM

inf{r' | t' > t, (M. 1) = a}, otherwise
M=a, 0, (M, 1)) = 1@, (M, M(—a, (M, 1))

The model-constructor function
C:imod(P) x QP U{L DB x R > QP u{LpHrk

is defined by
C([61 1 62), (M, 1)) = Mi@a,,(M.1)).402.(M.1))

where M, 1, with f1, 1, € R, represents the subinterval model defined by
My L =My, =L m

and My, ;, is the restriction of M to [t1, 1) if y #L and £, # L.

DEFINITION 3
[SEMANTICS] The valuation of an RTFIL formula is defined at a point t € dom M in an
admissible model M e (27 U { L })® using the satisfaction relation defined below.

If M =14 then

- <M’t> |=f

If M %1\ then

— (M, ) =true and (M, 1) } false

— M, t) E p,forp e Piff p € M(1)

- M) E-fifft (M, 1) = f

- M EfAgiff M t)E fand (M, 1) = g
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— M, 1) Elen(0,d]ifft < supdom M <t +d
— (M, 1) k= If iff (M, inf dom M') k= f where M’ = C(I, (M, 1))

We say that f is true at ¢ in M iff (M, t) = f and that it is false otherwise.

A formula f is satisfiable iff there exists an admissible model
M e 2P U{L DR such that dom M = R and (M, 0) = f. We then say that M is a
satisfying model for f. A formula f is valid iff every admissible model M for which
dom M = R is a satisfying model for f.

The theorem below follows from the definition of admissibility and from the semantics,
by induction on the structure of an RTFIL formula. The proof of this theorem is subsumed
by that of theorem 3, which appears in the next section.

Theorem 1. Let f be any RTFIL formula and let M be an admissible model. Then for
anyt € R, (M, 1) = f iff there exists € > O such that forall t < t <t+e M, 1) Ef.

This theorem motivates the choice of len(0, d] and, by negation, len(d, oo) as timing
primitives. If, for instance, we had chosen len[d, oco) (with the intuitive semantics) as the
basic timing primitive then, if M is an admissible model with dom M = [0, 1), we would
have (M, 0) = len[1, co) although (M, ) K~ len[1, oo) for any ¢ > 0, and theorem 1
would no longer be valid.

The significance of theorem 1 springs from the fact that it ensures that any refinement
mapping definable in RTFIL preserves admissibility. The absence of such a property would
make refinement proofs difficult, since a refinement mapping on a given level might pos-
sibly produce an inadmissible model at the next lower level. This means that, at every
stage, in order to apply further refinements, one would first have to prove that the pre-
vious mapping preserved admissibility. Moreover, it would overly restrict the applicable
mappings.

3. Preliminaries

This section introduces important concepts required by the decision procedure. In particu-
lar, it describes the timed automata used in deciding satisfiability and the various concepts
of reductions and clocks used in the construction of the automata for the decision procedure.

3.1 Timed Biichi automata and timed w-strings

The approach we use for our decision procedure is closely related to the procedure for
the untimed logic in Ramakrishna et al (1992). The first step in that procedure is the
construction of a Biichi Automaton (BA) for a formula, such that the formula is satis-
fied iff the automaton has a non-empty language. This is the basic automata-theoretic
approach (Wolper 1987). However, since RTFIL deals with real-time rather than only or-
der relations, the notion of automata on infinite strings is now extended to that of timed
automata on timed strings.
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DEFINITION 4

[TIMED w-STRING] A timed w-string over the alphabet ¥ is an infinite sequence
(01, t;iew in (X x R)? such that {t;);c, is an unbounded strictly monotonically in-
creasing sequence, with fg > 0.

Observe that an admissible model for our logic identifies a timed string over the alphabet
2P, In fact, in some of our subsequent proofs we shall use this representation for RTFIL
models rather than the one we gave in the previous section.

The following definition of Timed Biichi Automaton (TBA) is a special case of the TBA
described in Alur & Dill (1990).

DEFINITION 5
A Timed Biichi Automaton A is a tuple (%, §, C, p, §,, ;) where

~ X is a finite input alphabet
— S is a finite set of states
— C 1is a finite set of clocks

C  HP(C) . .. .
~ S x X > 25x27x2 " is the transition function where & (C0), the set of clock
conditions, is the set of inequalities of the form¢ <zandc =t,force Candt € Q

— §, C S is the set of possible initial states

— 8, € §is the set of accepting states.

The transition function p defines for each state s and input o a set of triples, where
each triple (s, C’, ¢) € p(s, o) specifies a next state s’, a set C’ of clocks reset with
that transition and a set ¢ of clock conditions that must be satisfied at the moment of
the transition. We say that a clock assignment y € RC satisfies a set of clock conditions
¢ C ®(C) iff the set of inequalities ¢p{c < y (c)] obtained by replacing each clock variable
¢ in ¢ by the corresponding value y (c) is satisfied.* If (s/, C’, ¢) € p(s, 0), we say that
p allows the transition s a'—c—-’>¢ s’

A run of A on an w-string o = {(6;, 4)); € (X x R)* is an w-string R(4,0) =
{(si, ¥i))i € (S x RE)¥ satisfying

— Initiality: so € S,, and forall ¢ € C, yp(c) =0

— Transitions: for each i, there is a set of clocks C; € C and a finite set ¢; C ®(C) of
clock conditions such that

.. 0;,Ci.¢i
— p allows the transition s; — ' sy

~ the inequalities in ¢;[c < yi(c) + #; — t;—1] are satisfied, where 1.} =0
— vi+1(c) =0forall c € C;
= vir1© =vyi(0)+1; —ti_foralc e C\ C;

4 As usual the empty set of conditions imposes no conditions and so is always satisfied.
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We write (s9, ¥0) 2050 (s1, Y1) AL B when these conditions hold. Such a run is
accepting iff the set {i | si € S, } is infinite. The language of a TBA is non-empty iff
there is a timed w-string over its alphabet on which it has an accepting run.

Intuitively, a TBA reads a timed X -string and makes transitions satisfying its transition
function. It has a finite set of clocks, which proceed at the same rate, and which it can reset
with a transition or compare with rational constants. Transitions must satisfy the associated
clock conditions for the input string to be consumed. The operational semantics of the run
shown above are that the automaton stays in state s; at time ¢, ;) < ¢ < t;. At time ¢
it moves into state s; resetting the clocks in C;. The remaining clocks have meanwhile
advanced by the time spent in s;. The semantics of the input string o are that it is a model
Mg suchthatfort;_; <t <t andi € w, Ms(t) = 0;. We say that the TBA A consumes
a timed X-string when there exists a run of A on the string and that it accepts the string
when some such run is accepting.

We note for the sequel that a BA can be regarded as a TBA whose set of clocks is empty.
We take this as our definition of BA below. Because the set of clocks of a BA is empty,
its transition function is regarded as a function p: § x & — 25, and it ignores the timing
information on a timed w-string.

DEFINITION 6

[UNTIMING| We define a polymorphic untiming function as follows

— When given a timed w-string (03, #;)icw, it returns the untimed w-string
untime((0;, ti)icw) = (0i)icw

— When givena TBA A = (%, S, C, p, §,, S;), it returns the BA
untime(4) = (%, S, 0, S,,S;)

where the transition function p”: S x & — 25 is defined by

ps.0)={s"| (s.C.9) € p(s. )]

Lemma 1. For a timed w-string o and TBA A, if A accepts o then untime(A) accepts
untime(o).

Proof. The statement follows immediately from the definition of untiming. i

Observe that the admissibility requirement makes the acceptance criterion for our TBAs
slightly more restrictive than that in Alur & Dill (1990). However, it is not difficult to see
that, because of our more restricted edge conditions @, if there is any accepting run of the
TBA by the less restrictive definition of Alur & Dill (1990), there is a also an admissible
mode] on which the TBA has an accepting run by our definition.? Thus, the emptiness
algorithm of Alur & Dill (1990) suffices for our purpose.

5The latter model is obtained by simply closing each interval of the former model on the left (and opening its
successor interval on the right) — that this does not violate any of the transition conditions in the course of an
identical run of our automaton on the latter model is easy to establish, using the fact that edge conditions are of the
formc =t orc <t only.
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Theorem 2. Alur & Dill (1990) It is decidable whether the language of a TBA is empty.
3.2 Subformule, reductions and extensions

The concept of subformula closure set, reductor set and reductions on interval formule
for FIL were introduced in Ramakrishna et al (1992). The first is well-known in automata-
theoretic approaches in conventional temporal logics. The latter were introduced to simplify
the statement of the FIL decision procedure and correspond, roughly, to the so-called
rewrite rules used in the method of semantic tableaux.

The definitions that follow are straightforward extensions of those appearing in
Ramakrishna et al (1992) to take into account the presence of duration formula, i.e. those
involving predicates of the form len(0, d].

The subformula closure scl( f) captures the idea that in deciding the satisfiability of
the formula f, one need only consider formule in the set scl( f). The formule in the set
intuitively represent all the “verification conditions” arising in an on-line strategy to verify
if f is satisfied by an arbitrary model. As in Fischer & Ladner (1977) our closure is an
extended subformula closure, sometimes also called Fischer —Ladner Closure, in the sense
that scl( f) may contain formula that are not syntactic subformul of f.

Notation 1. Let I be an interval modality and let F be a set of formulz. Then /.F denotes
the set of formulz {If | f € F}. if F is empty thensois I.F.

DEFINITION 7
[SuBFORMULA CLOSURE] The subformula closure sel(f) of a formula f is the smallest
set such that®

a) f escl(f).

b) true € scl(f) and false e scl(f).

c) f1 € scl(f) iff = f; € scl(f).

d) if fi A fo € scl(f) then fi € scl(f) and f> € scl(f).

e) if [—a, 01 | 62) f1 € sel(f) or [0y | —a, 62) f1 € sel(f)
then [0; | 62) f1 € sel(f).

f) if [-a | 82) f1 € scl(f) then if 6, is not — then [— | 62) f; € sel(f) and if 6 is —
then f; € scl(f).

g) if any of [—>a, 61 | 62) f1, [61 | —=a, 62) f1, [=a | 62) f1, or [0y | —a) f1 is in scl(f)
then a € scl(f).

h) if {8 | 62) f1 € scl(f) then

— if 61 is not — then [6; | —)false € scl(f), and
— if 6, is not — then [0, | —)false € scl(f).

6 As usual we identify —— f; with f], —true with false and —false with trie.
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! d.;_f [—>pl|—p, —>q)~len(,3]
i 2 1o 15p >g)-len©,3]
i Z m15pog)eno,3
/ \ f déf [—=p | —=>g)—~len(0, 3]
73
/ \ rd fi g -1op sotaise
/f4 fS\ /f6 7 5 2 = 15p ogtrue
def
fo = [—|—=g)-len(0,3]
B 110 def
\ A 2 =1o9kn3
12 /3 o [—p, —q | —)false
‘ fo déf [- | =>¢)false
d
! P fio =4 [— | > gitrue
def
\/ fit = [-gq]|>)false
def
true fiz = [->p]|-»)false

Figure 3. Example illustrating the subformula closure definition.

i) if [~ | 6)f1 € scl(f) and f; is purely propositional then f; € sel(f) (recall that
duration predicates are not purely propositional)

) if [— | 6) f1 € scl(f) then [— | 6).scl(f1) < sel(f).

Example 1. Let f be the formula [—p | — p, >¢)—len(0, 3], where p,q € P and
let fi,---, fi2 represent the subformule as shown in figure 3. Then scl(f) consists of
precisely the formulz f, f1, --- f12, p, q, true and all their negations. This is shown in
the figure in the form of a Hassé Diagram, where a formula f’ (and its negation) is in the
subformula closure of another formula f” (or its negation) if either f’ and f” are at the
same “node” (such as, for instance, fi and f>) or if f’ is below f” and reachable from it
(such as for instance f1; and f1). We assume that at every node, a formula and its negation
are both present although, for clarity, we do not explicitly show the negation.

Consider now a model M and ¢ € R, such that the formule p and [—>p | - p, —>¢g)—
len(0, 4] are both satisfied at (M, 7). Clearly, the “search” to p starting at ¢ will locate
the current point, so that, as a result, the formula [— | —¢g)—1len(0, d] must also hold at
t. Moreover, the formula [— | —¢) len(0, d] must not hold at ¢, unless either g holds at ¢
(the interval “collapses”) or g never holds for any ¢’ > ¢ (the search “fails”), i.e. unless g
or [->q | —)false also holds at ¢. This notion of a set of formulz forcing the truth of other
formule is closely related to the concept of (finitary) “forcing” in descriptive set theory,
and motivates the following series of definitions, culminating with lemma 2.

DEFINITION 8
[REDUCTOR SET| The reductor set red(f) of a formula f is the smallest set of wff,
not containing f, such that

- if f is of the form [—a, 61 | 62) f1, [>a | 62) f1, [61 | =a,62) f1
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or[#; | —a)fi thena € red(f)
if f is of the form — f} then red( f) C red(f)
if f is of the form [6; | 6;) f1 then

- if 81 is not — then [#; | — )false € red(f) and
- if 6 is not — then [§, | —)false € red(f)

if f is of the form [— | 65) fi then [— | 62).red(f}) C red(f)
if f is of any other form then red(f) = @.

DEFINITION 9

[REDUCIBILITY] Let a and f be formule. Then f is a-reducible iff a € red(f).
Otherwise it is a-irreducible. If S is a set of formule, then f is S-reducible iff it is a-
reducible for some a € S.

DEFINITION 10
[REDUCTION] Let a, f be such that a € red(f). Then the wff f’ is an a-reduct of f,
written f’ <, f, iff one of the following holds

— fisof the form [—a, 8, | 62) fi or [6) | =a, 6) f1 and f'is [0 | 62) f1

— fisofthe form [{—a | 9;) fiand f'is[— | %) fi

— f is of the form [6; | —a) f1 and f’ is true

— f is of the form [6y | 6,) f1, a is either [6; | —)false or [6, | —)false, and f’ is true
— fisofthe form [—>a | —)f and f’is f

— fisofthe form = fi, f'is —f] and f{ <4 fi

— fisofthe form [~ | 62) fi, ais [— | 62)b, f'is [— | 62) f] and f] <p fi.

When f is reducible to f” through a chain of reductions with respect to formulz in a
set S, wesay f' <% f.

Example 2. Continuing with example 1, figure 4 illustrates the definitions just given. In
the figure, if a formula f' is reachable from a formula f” by a direct edge labelled with a
formulaa, then f/ <, f”.Thus, the fanout labels of anode f’ are precisely the formula in
red(f’). For instance, f is p-reducible but g-irreducible. Moreover, p transitively reduces
f to fe. This reduced formula is now g-reducible, so that true <‘{"p7 a) f. Note also that f3
directly reduces f to true.

Observe that for a wif a, the parameterized reduction operator <, on wff, has been
defined so that f’ <, f guarantees thata = (f’ = f) and sel(f’) C sel(f). This
is formalized in the next lemma, which helps motivate the construction of the untimed
automaton described in § 4.2.

Lemma 2. Let f, f', a be formule and M be a model such that (M, t) = aand f' <4 f.
Then (M, 1) = fiff (M, t) = f.
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f
P p
fl 3 . f12
p p
fl1, 12
f6
g fl1
Figure4. Example illustrating reduc-
true tions.

Proof. The proof is by a case analysis of the reduction rule used in the reduction (defini-
tion 10). The presence of the last rule requires an induction. We use induction on the number
of applications of the last rule in the reduction. The base case involves an application of
one of the earlier rules, which can be proved easily using the semantics of FIL.

For the induction step, let f be [— | 62) f1, a be [— | ;)b and f' be [— | 02)f1’. To
establish the forwards implication, assume that (M, ) = f, (M,t) Eaand f' <, f.
Using the semantics of the logic, it is clear that (M’, 1) = f}, and (M, t) k= b, where
M’ = My, 56, (m,1)))- But, by the definition of reduction, f{ <5 f1, so that by the induc-
tion hypothesis (M, t) = f|. Again, from the semantics, we have (M, 1) k= [— | 62) f]
as required. The backwards implication follows similarly. a

COROLLARY 1
Let (M,1) [=a foralla € S and let f' <% f. Then (M, 1) k= f iff (M, 1) k= f.

Example 3. Observe, in our running example, that p = (f = f1),(pAg) = f and
fs = f.Note also that, for a formula f, the formul® which are the (transitive) reducts
of f give rise to a complete lattice under the relation “is a reduct of.”

We have so far represented models as mappings from R to the powerset of primitive
propositions. It is a useful abstraction for the description of the decision procedure and for
the subsequent correctness proofs to extend this mapping so that it provides valuations to
every formula in scl( f).

DEFINITION 11
[MODEL EXTENSION] Given an admissible model M € (2P)R, its extension with
respect to an RTFIL formula f is the function M/: R — 254() satisfying MS(r) =

{fi | f1 € sel(f), (M, t) = f1). We call M/ an extended model, and each set MY (¢) an
extended state.
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It is easy to see that for an arbitrary model, extension is well-defined and, thus, that
corresponding to every model there is a unique extension with respect to a given formula.
Moreover, every state M/ (¢) in an extended model M/ is

— consistent in the sense that for any formula f’ € scl(f), f/ € MS (1) only if =f" ¢
M (1)

— complete (up to elements in scl( f)) in the sense that for any formula f’ € scl(f) either
fle Mf@t)or—f € MF(p).

Theorem 3. Admissibility of models is preserved under extension.

Recall that the real-line is partitioned by any primitive proposition P into a sequence
of segments over which the valuation of P is constant. We may extend this concept to
arbitrary subsets of formula in scl( f), such that two points #; < t € R are in the same
equivalence class iff all points ¢ such that 1; < ¢ < 1, yield the same valuation for all
formule in the set. Intuitively, our proof of theorem 3 uses the fact that the partition of
the real-line induced by any RTFIL formula f, not involving duration predicates, is at
most as fine as the coarsest partition that refines the partitions induced by the formulz in
scl(f) \ {f, —~f}. Moreover, if every equivalence class belonging to one of a finite set of
partitions is left-closed and right-open, then so is every equivalence class in the coarsest
partition that refines these partitions. For formul# containing duration predicates, we note
that there is at most one (right-continuous) change in the valuation of a duration predicate
in any finite segment of R, and no change in any infinite segment of R.

The proof of theorem 3 makes heavy use of the following lemma, the proof of which is
straightforward.

Lemma 3. Let X1 and X, be finitely variable and right continuous functions from R to
finite subsets of a set S. Let P(by, - - -, by) be a boolean function of n variables by, - - -, by,
and let xy, . .., x, be elements of S. Then the functions’

1. X:R — 25 defined by X (t) = X1(t) U X2(¢)
2. B: R — {true, false} defined by B(t) = P[b; <(x; € X1(1))];
are also finitely variable (FV) and right-continuous (RC).

Proof of theorem 3. Let M be an admissible model. Then dom MS = dom M. Moreover,
since scl( f) is finite for any formula f, clearly M/ is image finite. It remains to prove that
M/ is right-continuous and finitely variable. The proof is by induction on the inclusion
order induced by the subformula closure.

For the first of two base cases, we note that

{true, p} if pe M(t)

14 —
M) = { {true, -p} otherwise

Finite variability and right continuity of MP” then follows easily from that of M for any
pEeP.

TThe abbreviation P[x; <;]; denotes simultaneous substitution of y; for x;, for every i.
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For the remaining base case, we note that supdom M # ¢ for ¢ € dom M, so that, for
any t € dom(M),d € Q,

mlenc.dl ) = {true, len(0, 4]} if supdomM —t <d
“ ] {true, —len(0,d]} otherwise

Thus there is at most one right-continuous change in the valuation of Mien©.dl gyer
dom M'en©.d1.

For the induction step, we consider two sample cases. The remaining cases are similar.
CAsE 1.  Consider M/1"f2. We have

MMy = MA@ UM UX ()

where

X(t) = { {finf2} if fi € MN1(t) and > € MP2(2)
| {=(fin f2)) otherwise

Clearly X is FV and RC by the second clause of lemma 3, since MJt and M2 are. By
the first clause of lemma 3, so is MArS,
CASE 2. Consider now the case of M/ with f=1[-a,61|>b,6)f".

From the definitions of extension and subformula closure we have

4
M@y = MO UMIB UM UX (@)
i=1
with
fi e MAi@@), or
fr € MIL(t), or
{f} if { aeM®@¢)and f3 e M), or
b e Mb(r)and fy € MT4(r), or
B(t)
{—f} otherwise

X)) =

where

fi=[—a, 6 | »>)false
fr=[—b,6, | >)alse
=101 —>b,6)f
fa=[—a,61]60)f

and B(t) is a boolean condition defined by

ae MA(Y A fr € MB(Y)
I >t 1 " ’ byt a1
Vit (tst <t = —be M°(t")~a € M ))
B(t) = or
b e MP(t) fa € MPA(t)
I >t " ” ’ by "
vt (tgt <t = -be M°(t")-a e M ))
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We now show that B(¢) is itself RC and FV. By the induction hypothesis each of the
functions M4, Mb , M7 and M/# is RC and FV. Consider now an arbitrary point ¢ €
dom M. We have the following possibilities. Either a € M%(t) or b € MP"(t) or neither.
In the first two cases B(¢) is false, and continues to be false at least up to (but possibly not
including) the least * where neither a € M?(t") nor b € MP(¢'). Consider therefore the
third case, for which —a € M4(t) and —=b € M?(t). Now we have two cases depending
on whether there is any point t' > ¢ where eithera € M?(t') or b € ME().

— Assume not. Then clearly B continues to be false for all t’ > ¢.

— In the alternative case, let t' > ¢ be the least point such that either a € M4(¢’) or
b € MP(t'). Then B is false on [z, ') if

—((a e M*(t) f5 € MB3()) v (b € MP(F) f4 € Mfat))),

and otherwise B is true on [z, t').

This establishes the RC of B.

Let D r4e represent the set of points at which M“ has a (left) discontinuity, and similarly
D, for M®. Forasubset Sof Rands € R,letS | t = {s € S| s < t}.The FV condition
for M? is then equivalent to saying that D | ¢ is finite for any ¢ € R. By the induction
hypothesis M@ and M? are FV, so each of Dy and D b has this property and, therefore,
$0 also does Dy« U D 46, and a fortiori any subset of Dy U D, 5. As our argument
above for RC of B clearly shows, B is constant between any two consecutive points (in
the usual ordering) in Daga U D, 5. Therefore, Dp C Dpga U D, 4, giving FV for B.

Now, using lemma 3 we obtain RC and FV, first for X, and then for M/, O

Note that right continuity of M/ for an arbitrary f gives us theorem 1 as a corollary to
theorem 3.

The above theorem plays a crucial role in our completeness proof. The automata that we
build in the sequel operate on extended models. Satisfying models for f are obtained by
restricting the extended models accepted by the automaton for f to the set P of primitive
propositions.

Our definition of reductions yields the following property of extensions, which helps
motivate the construction of the untimed automaton in § 4.2.

Notation 2. In what follows, 7 represents a string of zero or more interval modalities of
the form [— | 8), which we refer to as current modalities.

Lemma 4. Let M be an admissible model and f, € scl(f) be vy (t)-irreducible. Let
t' € R be the least t' > t such that M7 (t) # M (t). Then

a) if f1is Z[61162) f» where 0 is not — then (M, 1) = f1 iff (M, ') = fi
b) if f1is I—[61162) f» where 0, is not — then (M, t) = fi iff both
(M, ) = fi and (M. ') - Tfalse
c) if frisZlen(0,d] and (M, t) k= fi then (M, ') = I—-len(0, d} iff
(M, V') = Tfalse
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d) if f1isI—1en(0,d] and (M, t) = fi then (M, ') ¥ Ifalse.

Intuitively, in the first case, if Z[61 | 62) can be constructed, it lies in the strict future of ¢
and, therefore, in the reflexive future of ¢’. In the second case, [81 | 02) can be constructed
within T (its surrounding context), so Z cannot collapse at #’. For the third case Z must
collapse at " since its duration cannot increase in going from ¢ to ¢'. Finally, for the last
case, Z cannot collapse before its duration becomes less than d (at the earliest such point
Zlen(0, d] must hold).

In the following proof, we say that “a search —a at t resolves at a point ¢’ > t in a

.model M” when either

— ¢ =tand (M, 1) =a,or
—t>t, (M,t) =aandforall t” suchthatt <t < t', (M, t") £ a.

Proof sketch of lemma 4. Proofs of each of the four clauses are sketched below.

[CLAUSE 1.] We sketch only the proof of the forwards direction, the reverse direction
follows by similar arguments. From the definition of reductions, we know that since f] is
M/ (¢)-irreducible, all searches in Z, 6; and 6, must resolve in the strict future of ¢ and
not before ¢’. The semantics of searches immediately gives us (M, t') = fi. Note that
none of the searches in Z, 67 or 8, can “fail” since our definition of reductions ensures the
reducibility of f; to true in M (t) in such a case.

[CLAUSE 2.] Once again, we shall sketch only a proof for the forwards direction.
For the forwards direction, the proof that the first consequent follows is essentially along
the lines of the last case. We show why the second consequent, (M, t') (= Zfalse, also
holds. Assume for a contradiction that (M, t) = Z—[61 | &) f2, (M, ') |= Ifalse and f;
is MY (t)-irreducible. As in the last clause, then, all of the searches in Z, 6; and 6, will
resolve in the strict future and not before ¢'. Since all modalities in Z are current, the left end-
points of all these intervals are at t. With the above, (M, t') |= Tfalse implies that the right
endpoint of one of the intervals in 7 was located at ¢’. From the semantics, therefore, in fact
(M, t') = Zf' for an arbitrary formula f’, and in particular, (M, ¢') = Z[6, | —)false.
Now, since Z[0; | 62) f is MJ (t)-irreducible, so also is Z[6; | —)false. By the reverse
direction of clause 1 above, therefore, (M, t) k= Z[0; | — )false. But Z[6; | — )false €
red( f;) thus contradicting the assumption of irreducibility of f; in M (1).

[CLAUSE 3.] From the semantics, we know that all searches in T resolve in the strict
future, not before ¢'. Thus the right endpoint of the instance of interval Z, cannot be before
¢'.Ifitis at ', then some search in Z caused an interval to “collapse” at ¢/, so that from the
semantics (M, t') = Zfalse and, therefore, also (M, ') = Z—len(0, 4]. If not (i.e. if the
right endpoint is in the future of ¢'), assume that the right endpoint is located at some 71 > ¢/,
then from the semantics, t; < ¢ + d. Moreover, since the instance of interval Z beginning
at t’ also ends at ¢, surely the duration of that interval is also less than d, since from the
above t; < t' + d. In this case, both (M, t') = T—len(0, d] and (M, t') = Ifalse.

[CLAUSE 4.] The argument here is quite similar to the previous. The right end-point
of the instance of interval Z starting at ¢ ends either at ¢’ or later. In the first case, there
must exist a point between ¢ and ¢’ at which an instance of the interval Z (also ending at ¢')
has duration at most d. At this time (say, #1), we have (M, 1) = Z len(0, d], contradicting
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Table 1. Example illustrating model extension.

[0, 1) [1,4) [4.7) [7, 00)

fio
fu
fiz

OO = OO~ O, OO0 — OO OO = -

OO = OO O = O D= = O = =
O O == O e e e e e e e e e e

1
0
0
1
1
0
1
0
fs 1
1
0
0
0
1
0
0

the assumption that ¢’ is the first time greater than ¢ at which the M/ changes. Thus, we
need only consider the second case. In such a case, the instance of 7 starting at ¢’ cannot
collapse at ¢/, giving us the result. O

Example 4. Let M be defined by M(t) = @ fort € [0, 1), M(z) = {p} fort € [1,7), and
M(t) = {p, q} fort € [7, 00). The reader can verify that M (1) is defined by the matrix
shown in table 1, where the f; are as defined in figure 3. In the table, a row denotes an
interval I of R. A formula appearing in a column is in MY (¢), t € I, iff the entry in that
column is a 1 and its negation is in M/ (¢) iff the entry in that column is a 0. The example
also illustrates the ideas in lemmas 2 and 4.

Finally, we introduce the following notation that we use to describe the construction of
the eventuality automaton.

DEFINITION 12
[Basis] Let f, f' be formul and let S be a set of formulz such that f* <% f and f’
is S-irreducible. Then ' is a basis formula for f with respect to S, and is denoted by

f'={fs.

Note that the basis formula for any formula with respect to a given set is unique. The
proof relies on the local confluence property of < and the absence of infinite descending
chains. This ensures global confluence by Newman’s Diamond Lemma (Newman 1942).
It is useful to bear this in mind (and we shall implicitly assume this in our subsequent
exposition) although we do not require this property for any of our subsequent proofs.
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Example 5. For the case of example 4, for instance, fo = (f) s fort € [1,7) and
true = (f) ) for 1 € [7, 00). Note also that f is irreducible at ¢+ € [0, 1) and is

(trivially) its own basis with respect to MI@®), 1 €0, ).

3.3 Interval reductions, clocks and conditions

In Example 4 there are no formul® involving nested interval modalities. However, in
general, a formula may involve nested modalities, so that for ease in describing our con-
structions, we require the more general machinery below.

Roughly speaking, the essential “real-time” unit of manipulation by the TBA is a timed
current interval formula of the form 7 l1en[0, d]orZ—len[0, d], where Z = [—|6))[—|63) - - -
[—1{6,) is a string of zero or more current interval modalities. For the case of such formulz,
we also need the concept of an interval-reduct. Interval reduction is a relation on strings
of current interval modalities and is parameterized by a set of formulz.

DEFINITION 13

[INTERVAL REDUCTION]| Let Z and 7’ denote strings of current interval modalities and
let S be a set of RTFIL formula. Then I’ is an interval reduct of T with respect to S iff
T'true <% Ztrue. We represent this by 7’ C% Z and we say that T is S-reducible.

Note that 7’ above may be the “empty” sequence of modalities (which we suppress), which
is irreducible with respect to any S. We shall simply say “Z’ is a reduct of 7" instead of
“T’ is an interval reduct of Z,” when there is no confusion.

Among the possible reductions on an interval modality is a special kind of reduction
called a collapsing reduction. A collapsing reduction may trigger the checking of clock
conditions on a transition that was just taken, and so our procedure must treat it differently
from a non-collapsing reduction. This will become clear later when we describe the TBA
construction.

DEFINITION 14
[CoLLapsING REDUCTIONS] Let T = I1lp--- I, and T’ = I{I}--- I}, be such that

7' =5 Zand m < n. Then I is a collapsed reduct of T and the corresponding operation

is a collapsing reduction, written Eg.

The important property of interval reductions that we require for the sequel is as follows.
Suppose M is admissible, r € R and Z is M/ (¢)-irreducible. Suppose further that there is
anext (least) time ' > ¢ such that M7 (¢") % M7 (¢). Then Z is M/ (¢')-reducible to T’ if
is of the form Z}[— | —a)T; or Z{{— | —a, )T where Tia € Mf(t’). Intuitively, then,
7T is equivalent to the syntactically simpler formula Z' when evaluated at ¢'. Moreover, the
reduction of Z in MY (¢') is collapsing in the case that T has the first form. Essentially,
this means that, if the interval 7 is evaluated at time 7, it will “end” at time ¢’ and, if it is
evaluated at ¢/, it will be empty.

Example 6. Continuing with Example 4, the modality [— | —¢) collapses at all ¥ €
[7, o). The modality [— | — p, —>¢g) reduces to [— | = ¢q) att € [1, o) and collapses at
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t € [7, 00). In each case the “set” with respect to which the collapse or reduction occurs
is M/ (¢), for the appropriate 7.

We also use reductions on intervals to keep track of the “remaining searches” of an
interval as it is timed by an active clock of the automaton.

The clock closure and clock condition sets defined below represent the clocks and associ-
ated conditions required by a TBA during the satisfiability procedure. Thus, while deciding
a formula f, the antomaton .A(f) never needs any timers other than those in clocks( f)
and the conditions appearing on its transitions are contained in the set clkconds(f).

DEFINITION 15
[CLock CLOSURES] Given a formula f its clock closure set, denoted clocks( f), is the
smallest set satisfying the following conditions:

1. if Zlen(0, d] € sci(f) then ¢ ¢ clocks( f)
2. if cg;f-d € clocks(f) and T, C% I, for S C scl( f), then c%f’d e clocks(f)

3. if cgf‘d € clocks( f) then cﬁ;“ € clocks(f)

DEFINITION 16
[CLock CoNDITION SET] Given a formula f, its clock condition set, clkeconds(f) is

the set of conditions of the form

~ c<dforallc=c§5"? € clocks(f)

— c=dforallc = CQ;I"’ € clocks(f)

Intuitively, ¢-clocks enforce upper-bound constraints and S-clocks enforce lower-bound
constraints. States in the TBA for a formula will contain “clock-activity sets,” which
indicate the clocks that are active. The clock czz’d (where y is either « or 8) will be made
active at a state within an instance of an interval 7 when it is necessary to time Z, and 7
is the interval that remains to complete the instance of 7.

Example 7. Let f be [—>p | = p, > ¢q)—len(0, 3]. Then clocks(f) contains the clocks,

i 2 . ser
?i;izq)’3, ‘[Xi;’)p o3 cf‘i:)qm, and their 8 counterparts. 8 The clock condition
B.l=4q).3

. . _ a.[-—>q).3 . e e A ' ;r

associated with ¢ = (g 18CZ 3 and with its B-counterpart ¢’ = Clog) I8¢ = 3.
As in Ramakrishna ez al (1992), let the number of logical connectives and primitive

propositions in an RTFIL formula be its size, and the depth of nesting of interval modalities,

plus one, be its depth. The following lemma is straightforward.

Lemma 5. For an RTFIL formula f of size n and depth k, [scl(f)| = 0"y and
|clocks( f)| = O(n?k).

8We are using the abbreviation [8) for [~ | 6).
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4. Decision procedure

We now have most of the formal machinery required to describe the construction of the
TBA A, (f) corresponding to a formula f, whose satisfiability is being checked. The
construction of A, is described in four steps.

In the first step, we construct a BA A4, (f) containing timing assertions in its states.
This construction is similar to the construction of the local automaton for the untimed case
Ramakrishna ef al (1992). Intuitively, the automaton produced in this first step ensures
that all timing-independent safety conditions are satisfied and also checks some simple
consistency conditions relating to real-time. The BA A4, (f) accepts the untiming of any
timed string corresponding to a model of £, but may also accept other strings, since it does
not fully take into account the real-time constraints imposed by f. The states of A, (f)
are annotated by timing assertions that encode these constraints.

The second step is the heart of the construction. This step constructs a TBA, A, (f), from
Ay, (f) in such a manner that all timing assertions, of the form Z len(0, d] and Z—len(0, 41,
annotating the states of A, () are encoded as timer related actions of the TBA. Each state
of the TBA A, (f) has a set of “active clocks,” a subset of clocks( f), that is uses to enforce
the timing assertions. The edges of A;(f) have timer resetting and comparison actions.
A (f), thus, ensures that all timing based properties are handled properly, in addition to
the timeless safety conditions. In this connection, it is useful to note that a time-bounded
liveness property is really a safety property; the time bound must not pass before the
liveness property is satisfied. That the requisite time must eventually pass — the condition
of non-Zenoness — is an implicit liveness condition.

In order to take care of the timeless liveness conditions, we construct the eventuality
automaton 4,(f) in the third step of the construction of .4,,. The eventuality automaton
is a pure BA, without any timers. It is constructed in essentially the same manner as for
FIL (Ramakrishna et al 1992).

The final automaton A4, ( f) is a product of A, (f) and A, ( f). The formula f is satisfiable
iff the TBA A,,(f) accepts some timed string. We use the procedure by Alur & Dill (1990)
to solve the emptiness problem.

An interesting aspect of RTFIL is reflected in this construction. The local automaton
A (f) might consume non-Zeno runs, but A,,(f) does not. This is because, in RTFIL,
unlike for instance MITL (Alur et al 1991), there is an implicit liveness condition asso-
ciated with every timing constraint, namely, the right endpoint of an interval satisfying
the timing constraint is eventually found. This allows us to, in effect, dispense with the
“progressiveness check” that Alur & Dill (1990) require while checking the emptiness of
the final TBA.

4.1 Hintikka sets

Most constructive decision procedures use sets of formul to construct the “components”
of a canonical model for a given formula. The formulz in the sets, like the states in
the model extensions above, give a complete characterization of that component of the
model in terms of not only the atomic formul® (primitive propositions), but also more
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complicated formule. Following tradition (Smullyan 1968; Emerson 1990) we call such
a set of formula® a Hintikka set for an RTFIL formula.

DEFINITION 17

[HINTIKKA SET| A Hintikka set for a formula f is a subset s of scl(f) satisfying the
following conditions:

. forall fj escl(f), fiesiff ~f &s

. for all Ttrue € scl(f) such that Ztrue is s-irreducible, Ztrue € s and Zfalse ¢ s
. for all len(0, d] € scl(f), —len(0,d] € s

for all 7 f; € sel(f) such that 7 f| is s-irreducible, Z f; € siff I—f] & s

forall Z(fi A f2) € scl(f) such that Z(fi A fo) is s-irreducible,
I(fi A fr)esiff TffesandZfy €5

6. for all Zf, € scl(f) such that f} is purely propositional and Z f] is s-irreducible,
Ifi € siff fi € s (note that len(0, d] is not propositional)

7. for all Z-[-6) f1 € sel(f) such that Z—[—|6,) f; is s-irreducible,
I-[~162) f1 € siff I[—|6)—f1 € 8

8. forall fi, f2 € scl(f) such that f| <5 fo, fiesiff fes

R

The set of all Hintikka sets for f is denoted H( f).

As aresult of the first rule, Hintikka sets are complete and consistent in the sense of p 160.
However, they may contain temporal inconsistencies that may make them unsatisfiable. The
completeness proof for our decision procedure uses the fact that if a set is not Hintikka then
it is unsatisfiable. Thus, it suffices to consider Hintikka sets in the automaton construction,
as we shall see shortly.

Lemma 6. Any complete subset of scl( f) that is not Hintikka is not satisfiable.

Proof. Assume that s is a complete subset of scl( f) that is not Hintikka. We use a case
analysis on the condition in definition 17 that s violates. Consider for instance the last
condition. Assume that f1 <3 f>, fi € sbut f, & s. Since s is complete, = f, € s. Let M
be a satisfying model for s. Then (M, 0) = f; and for all a € s, (M, 0) [= a, so that by
Corollary 1, (M, 0) &= f,. But =~ f; € s and, thus, (M, 0) = —f2, a contradiction. The
case of f1 €sand f» € sis similar.

Arguments for the remaining cases can be done in a similar manner using the semantics
of the logic to exhibit a contradiction. O

It follows that each state M7 (¢) of the extended model M is Hintikka. However, not
every w-sequence of Hintikka sets is the extension of a model, because the consecution of
states in the sequence might be unsatisfiable.

Example 8. When M/ is constant throughout the interval [#1, t7), let M1, tp) denote its
value in that interval. In Example 4, it is clear that the sets S| = mt [0, ),$ = MI11, 4),
S3 = U 4,7), S4 = M7, 0o) are Hintikka. In this case the conjunction of formulz in
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a Hintikka set is satisfiable. However, consider the set S5 = (51 \ {~f11}) U { f11}. This
set is Hintikka by our definition above, but is not satisfiable, because the conjunction of
— fg and f1; cannot be satisfied in any model. Such “temporal conflicts” are detected by
the consecution and acceptance conditions of A.(f) and A;(f), as will become clear in
the sequel.

4.2  Untimed construction

Having obtained the candidate states for A, (f) as Hintikka sets above, we must now
connect them together appropriately. Compared to FIL Ramakrishna et al (1992), the
only new feature now is the presence of formulz of the form Z len(0, d] and Z—len(0, d].
Reductions on such formul® in a given state are essentially as before. However, consecution
of two different states imposes further conditions on the timing assertions that these two
states may contain, in addition to the reducibility of non-current interval formule from
one state to the next.

DEFINITION 18
[UNTIMED CONSTRUCTION] A,(f) is the BA with

~ Input alphabet 25¢1()
— State set H(f)
— Non-deterministic transition function p, defined on H( f) x 2591/ such that p, allows
s > tiff
l.i=s
2. if I[6162) f1 € s is s-irreducible and 6; is not —,
then Z[61]62) f1 € t
3. if I[61162) f1 € s is s-irreducible and 6 is not —,
then Z—[6 | 8;) fi € t and Zfalse ¢ t
4. if Tlen(0, d] € s is s-irreducible, then if Z—len(0, d] € t then 7 has a collapsing
reduction in t

5. if Z—len(0, d] € s is s-irreducible, then Zfalse ¢ t

— Accepting state set H(f)
— Initial state set {s € H(f) | f € s}

The first transition rule ensures that the automaton consumes only Hintikka sets. The
remaining transition rules reflect the conditions stated in lemma 4. Observe that p, is
reflexive, allowing the automaton to (non-deterministically) stay in state s whenever input
withi =s.

Example 9. Consider the Hintikkasets Sy, - - - , S4 of the last example, and M/ of Example
4.1f we feed untime(MY) to A, ( f) as an untimed w-string, then the resulting run is shown
in figure 5. The vertices represent states of the automaton and the edge labels represent
letters of the input string. Note that the automaton A, (f) has many other states and
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Figure 5. A run of 4, for example 9.

transitions, but for brevity only those in the locus of this run are shown. The reader can
verify that the transition conditions given above are satisfied for each transition shown.

4.3 Timing augmentation

The timing augmentation systematically examines each state of the automaton built above,
starting from an initial state, adding activity indicators to its states and clock conditions
to its transitions, and splitting states when necessary. State-splitting occurs when different
paths from an initial state to some state of A, (f) require different sets of timers to be
active. The resulting automaton is the required local TBA.

The augmentation is described in two steps. First, we replicate the states of A,(f),
pairing the replicas with subsets of clocks( f), to obtain the states of A;(f). Intuitively,
for (s, a5) € H(f) x 210¢Ks() the clock-activity set a, represents the clocks that are
active in this replica of the state s of A, (f). We then define the transition function of
A;(f) to permit only “legal” transitions between the states produced by this replication
process. While this style of exposition clarifies the underlying mechanics, it is generally
more expedient to perform a breadth-first traversal of A, (f), adding clock-activity sets to
its states and splitting states as required. Although the worst-case behaviour of this latter
augmentation procedure may be as bad as the naive method of the description, in general,
the latter procedure never creates many unreachable replicas.

For expositional reasons, we allow the transitions of A;(f) to copy the value of a
clock ¢y into a clock ¢, provided that ¢; has the form c%;z’d, ¢2 has the form c}I'z’I’d, and
I, T* I;. Thus, in addition to clock resetting actions, we allow restricted copying actions.
This method of description clarifies the underlying reasoning better than a direct encoding
into a conventional TBA. A slightly unnatural clock-naming scheme would allow us to
rename the ciocks in A;(f) while eliminating the copying actions on its transitions. For
instance, it is easy to see that instead of the copy action ¢; <« c¢1, a “shadow clock” ¢1 2
could be started simultaneously with ¢; and used in place of ¢, following the copy action.
This simple-minded scheme, however, increases the number of clocks quadratically and
increases the number of states by a factor exponential in the number of clocks. A slightly
more sophisticated scheme, taking account of properties of interval reductions, allows us
to encode copy actions without increasing the number of clocks, while keeping the number
of states essentially the same. Note for this that the clocks form a natural partial order under
the copying relation. We give details of this construction in the next subsection.

Note also that clock-activity sets are not mentioned in the definition of TBAs given
earlier or in the original definition in Alur & Dill (1990). It is easy, however, to modify the
definition of TBAs and the emptiness algorithm in Alur & Dill (1990). to handle clock-
activity sets in a straightforward manner; see Dill (1989), for instance, where a similar
concept is used.
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Below we formalize the operations of clock activation and deactivation, which we use
in our construction of the TBA A;.

DEFINITION 19 LC.b
[CLock OPERATIONS] The transition (s, as) —> (t, a;) of A;(f) activates the clock ¢
iff one of the following holds

l.c = cg‘z’d, Zlen(0,d] € t, 7 is irreducible in t, and Zlen(0,d] € s only if 7 is
reducible in s

2.c= cﬁ"“’, I-len(0,d] € s,Z1en(0, d] € t, and 7 is irreducible in both s and t

I,d .. . . T, .. . .
3.c= c%z & ag, Ty is irreducible in ¢, cglz = ag, 7; isirreducible in s, I C§ Zy, and
this reduction is not collapsing

The transition deactivates clock c iff ¢ = c;f"’ is in a5 and Z; is reducible in ¢.

We now define the automaton A; (f).

DEFINITION 20
[TIMING AUGMENTATION]| Let A, (f) be an untimed automaton such as obtained above.
Then its timing augmentation, denoted A,(f), is the TBA with:

— State set H(f) x 2¢locks(f)
— Input Alphabet 25¢1()
— Clock Set clocks( f)

— Non-deterministic transition function p; defined on (H( f) x 2°10¢ks(f)y x 25€l(f) gych
that o, allows the transition (s, a,) 'ﬂ (t, a;) iff

1. s 5 tis allowed by ou

2. a, consists of all clocks that are activated by the transition and all clocks of a; that

are not deactivated by the transition
y.I.d

3. if the transition activates ¢, by the third rule of definition 19, ¢; = ¢z and
= c%’z 4 are the clocks in this rule, and y = 8, then for all c’l = cﬁ,’f’d € ag
1

such that 7} # Iy, it is not the case that T, Cf 7}
4. C contains the reset action “c < 0” iff the transition activates c by either the first
or the second rule of definition 19

5. C contains the copy action “cy « ¢;” iff the transition activates c; by the third

rule of definition 19, ¢ = c%;l‘d and c; = cI;I’d are the clocks in this rule, and if

=a, thenforall ¢, = %59 ¢ a; such that 7) ¥ 7/ we have 7) CF T/
Y 1= ¢ t 41 t 41
6. ¢ contains the clock condition ¢ < d iff c = cgf 4 ¢ a,

7. ¢ contains the clock condition ¢ = d iff c = cg;” € a; and 7; has a collapsing

reduction in t
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Figure 6. A run of A; as in example 10.

— Initial state set { (s, as) }s,a, suchthat f € sanda; = {cg’z*d}a,z,d suchthatZ len(0,d] €
s and 7 is s-irreducible

— Accepting state set H(f) x 2¢locks(f)

The intuition behind the augmentation procedure is as follows. Rule 4.3 ensures that
any model of A, (f), when untimed, is accepted by A, ( f). Rules 4.3 and 4.3 ensure that
the appropriate clocks get started whenever there is a new upper- or lower-bound condition
to verify, and that conditions are remembered until discharged. Rules 4.3 and 4.3 ensure
that the upper- and lower-bound timers are compared with their prescribed limits when the
ends of intervals are reached. Rule 4.3 frees up timers for reuse. The condition for a-clocks
in the last part of that rule states that if there are two running instances of an interval that
reduce to the same one, the older instance continues to be timed for the upper-bound. Rule
4.3 guarantees that such a condition will not arise for B-clocks.

Example 10. Recall example 9, where we illustrated an accepting run of A, (f). Figure 6
shows the corresponding accepting run of A;(f) on our now familiar MY The states of
A;(f) shown in the figure are S| = (S1,0), S5 = (52.0), S5 = (83, {c, ¢'}), Sy = (84, 9),
where ¢ = c >0 and o = cﬂ =03 are the clocks of Example 7. The edge labels also
indicate as3001ated clock condmons and/or clock actions.

Although the role of clock ¢ is superfluous in the run shown above, in general it may be
required.

4.3a Eliminating copying of clocks Notice that the only clause in the transition con-
ditions of A; that requires copying of one clock’s value into another is clause 5. In the
following we describe how such copying actions can be eliminated in order to obtain
a conventional TBA. First of all, we note that we may rename the timers in clocks(f)
so that each clock c;,‘z’d is replaced by a unique clock cly’I’d, i € {l,---,m} where
m = |{ZI'| T’ C* I}|. Further, we associate with each state a tagging function, which
associates with each clock active in that state an element of { I’ | 7' C* T }. The essen-
tial idea is that, instead of copying one clock ¢ value into another ¢’ on a transition, we
simply update the tag function on c¢ in the next state. The tag function, thus, keeps track
of the remaining suffix of the interval being timed by a clock. This will not work in case
a transition also resets the active clock, following a copying action, since the old value
would get “clobbered.” In such a case, (i.e. if the transition also resets the source clock of
a copy action), we simply pick an inactive clock, with the same superscript (perhaps with
the lowest subscript among those available) and activate it. It is not difficult to see that in
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every such case an inactive clock will always be available. This takes care of all cases of
copying. When a clock’s tag collapses, indicating the end of an interval, it is compared
with its upper or lower bound as appropriate, and returned to the pool of inactive clocks.
We need only show that the number of clocks suffice, i.e. there is always a clock of the
required kind available, when we want to pick an inactive one. But this is clear from the fact
that for a clock with superscript Z there cannot be more than | {Z' | I’ C* T }| copies ever
required, since there will never be more than that many instances of the interval Z active
simultaneously. We have thus eliminated all copying actions while keeping the number of
clocks the same as before. However, in comparison with our original construction which
involves copying between clocks, there is an increase in the number of states, because of
the association of active clock sets and tag functions with states. In fact, the total number

of states in the resulting TBA is now bounded above by |[H(f)| - 20 klogn)
4.4 Eventuality automaton

This is essentially the same as the construction in Ramakrishna et al (1992) to which we
refer the reader for more details and intuition.

DEFINITION 21
[EVENTUALITY AUTOMATON] A.(f) is the BA with

— Input Alphabet 25¢}()

— State Set 2E() | where E(f) is the subset of scl(f) that contains all formula of the
form —[8 | —)false

— Deterministic transition function p, defined on 2E(f) » 25¢1(f) such that s — ¢ satisfies

1. t={f1 € E(f) Ni| fi isi-irreducible} whens =
2.t={(f1)i €E(f) | fi € s} whens # ¢

- Accepting state set {#}
~ Initial state set {J}

Note, in particular, that A.(f) handles only unbounded liveness conditions. Time-
bounded liveness conditions are handled by the combination of A,(f) and A,(f); A.(f)
ensures that the required state is eventually reached (without regard to real-time) and
A;(f) ensures that the related timing constraints are met when the state is reached. A
similar “communication” (via the “input” string) also occurs in the purely untimed case
of FIL while dealing with eventualities that are bounded within intervals (Ramakrishna
et al 1992): for checking an eventuality within a bounded context, the local automaton
checks that the context does not end before the eventuality is found, a pure safety property;
the eventuality automaton checks that the right end-point of the enclosing context does
eventually occur, a pure liveness property.

Example 11. In our running example, we have E(f) = {-f3, ~f11, = f12}. As in the
previous two examples, we illustrate the accepting run of A.(f) on M/ in figure 7. The
states shown are @, E1 = {—f3, = f11, — f12}, and Ez = {=~f11}.
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Figure 7. A run of A, for example 11.

Note how A, (f) is always one step “behind” A, (f): A, (f) is non-deterministic, while
A.(f) is fully deterministic, allowing precisely one transition on any input. Note also
that both automata do not cycle, in the terminology of fundamental mode asynchronous
automata; i.e. on any input stream consisting of precisely one input letter, there is at most
one state change.

4.5 Combining the automata

The decision procedure is now straightforward. We construct .4, ( f) and augment it using
the timing construction to obtain 4;(f). We then take the product of A;(f) with the
eventuality automaton A4, (f), where A, is run on the untiming of the input string. Finally,
we check the emptiness of the resulting timed automaton Ay, (f), using the emptiness
algorithm of Alur & Dill (1990). We thus have our main theorem.

Theorem 4. [DECISION PROCEDURE| Given an RTFIL formula f, it is decidable
whether or not f is satisfiable.

The main lemma required in the proof of theorem 4 is
Lemma 7. The language of A (f) is empty iff f is not satisfiable.

Proof. The proof follows from the Completeness and Soundness lemmas below. The proofs
of the two lemmas follow the usual format of playing off the semantics of formula against
the allowed runs of the automaton, and are sketched in the next section.

Lemma 8. [COMPLETENESS| Let f be an RTFIL formula and M a satisfying model for
it. Then M7 is accepted by An(f). .

Lemma 9. [SOUNDNESS| Let f be an RTFIL formula, M’ a timed string accepted by
Am(f), and M the restriction of M’ to the primitive propositions. Then M = f.

The construction for our decision procedure shows, once again, that RTFIL is invariant
under finite infinitesimal timed stuttering. This was stated and proved directly in theorem 1,
but is further clarified by noting that the local TBA A, (f) has a reflexive transition relation
with the self-loops containing edge conditions of the form ¢ < d only and no clock actions.
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5. Proof of correctness

We devote the next two sections to proving the Soundness and Completeness lemmas.
5.1 Completeness

Throughout this section we assume that M/ is the extension of a satisfying model M for f,
as stated in the Completeness Lemma. Moreover, we use the timed w-string representation
for M7 . It is easy to see that admissibility of M/ implies that there is a timed w-string
representation for it. Note that any of the uncountably many representations suffices for
our purposes. However, for convenience, we use a “canonical” representation, with vy
represented by the timed w-string (o;, #; )i, defined inductively as follows (let z_; = 0):

o =Ml (ti-1)
i =inf({{t > ti-1 | MY () # M G_DYU (1] + 1))

The proof of the Completeness Lemma follows from lemmas 12 and 14. Proofs or these
lemmas make use of several intermediate lemmas.

Lemma 10. A,(f) accepts untime(M /).

Proof. Observe first that since all states of A, (f) are accepting, we need only show that
there is an infinite run of A, that consumes (0;);c,, = untime(M”). Since each state o;
is Hintikka, it is a state of .4,,. By clause 1 in the definition of p, (see definition 18), ay
CAN CONSUME the input symbol o; iff it is in the state o;. Thus, if 4, has an infinite
run consuming M/, that run is unique. That it has an infinite run is shown by induction
on the length of the run.

BASE CASE. Since (M, 0) = f, we have f € MY (0) and, therefore, f € og. Thus ag
is an initial state of A,,.

INDUCTIVE STEP. Weneedtoshowthatojt € py, (0, 0;). Assume not. Theno; # 041,
since p, allows self-loops. This means that ¢4 is the least ¢’ satisfying ¢’ > f; and
MT(t;) # MT (). But then the assumption that the transition o; —> g violates one
of the last four transition requirements of p,. But using the definition of extension, this
contradicts lemma 4. O

Lemma 11. If a timed w-string (i, ti)icy Is accepted by A,, then the acceptance run is
unique.

Proof. From the definition of the transition function of 4;, the BA .4, must accept the
untimed string {o; );. From the proof of lemma 10, the run of .4, on (o;); must be unique.
Recall that the state of .4; consists of two components: a Hintikka set and a set of active
clocks. From the above, it is clear that the “Hintikka component” of the run of A; on
(0i, t;); is unique. What remains to be shown is that the “clock component” is also unique.

To see that this is indeed the case, we note from definition 19, that the clocks that are
active in the state following a transition are uniquely determined by the Hintikka component
of the states adjoining the transition, and the clocks that are active in the state prior to the
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transition. Moreover, the clocks that are active in the initial state are uniquely determined
by the Hintikka component of the state. Since the Hintikka component is unique and
determined, so also is the clock component, and the result follows. a

Lemma 12. A;(f) accepts M.

Proof. Assume for a contradiction, that it does not. From lemma 10 we know that .4,
accepts untime (M NI A rejects, it must be because some clock condition, introduced
as a result of the timing augmentation is not satisfied along the run. Before we proceed
with the proof, we introduce some terminology.

DEFINITION 22
For a run of A, over an extended model M/, a timer thread cy’z'd[ta, tz) is a finite chain
of clocks (c%’{z’d, -+, e such that

I=1,
foralli e {1,---,n—1},Ti41 C* I;

1.
2.
e . . y,I.d
3. atransition at time #; activates c7
4.

there is a strictly monotonically increasing sequence of time values (71, - - -, ,— ) with
tp <ty and 1,1 < t,, such that a transition at time t; copies c;tfz’d into c;:f;“, and no
transition at any time strictly between #; and #; | deactivates c%’i‘r’d

5. atransition at time #, deactivates c%,y’d

A timer thread is incomplete if the deactivating transition at . also copies the last clock
to another clock.

A timer thread is useless if the transition at ¢, deactivates the last clock without copying
it and the remaining interval Z,, does not collapse in the state following the transition.

A timer thread is a complete useful thread if Z, has a collapsing reduction in the state
following the transition at ,.

The intuition behind this terminology is as follows. A complete useful timer thread
represents a successful verification of a timing constraint. A useless thread represents a
verification that was started but was later abandoned, because the corresponding timing
constraint was subsumed by another timing constraint whose verification was in progress.
An incomplete thread represents a verification that is in progress and that may be either
completed into a successful verification or abandoned in the future. The reader should
observe that, with the transition function for A; defined in definition 20, if y = 8, then
every incomplete thread eventually completes usefully. On the other hand, incomplete
a-threads may become useless. It is easy to see that each active clock in any run belongs
to precisely one incomplete thread and, moreover, each incomplete thread correponds to
precisely one active clock in any state. Also, threads may complete usefully or become
useless as a run progresses, but they never fork or merge. Therefore, starting from an active
clock and tracing back along the thread to which it belongs, one can locate its “ultimate
ancestor”, or the initial clock created for the verification of a timing constraint. The value
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of the active clock indicates the time that the thread has been active since its ultimate
ancestor was activated.

Proof of lemma 12 Cont’d. We need to show that A;(f) consumes the timed w-string
(07, ti)iew rEprEsenting MY . We show that for all Jj € w, the TBA A;(f) consumes the
prefix (g;, t;)i=0,...,j—1 inarun t/ that ends in the state (o}, a]-),' where a; consists of the
clocks that terminate the incomplete timer threads induced by 7/.
The base case of j = 0 follows immediately from the definition of initial states of .4;.
For the induction assume that the above holds for j.

We first show that p, allows the transition (o, a;) a]—’—cé(p (0j+1, a") where a’ consists of
all clocks activated by the transition and all clocks of a; not deactivated by the transition,
C satisfies clauses 4.3 and 4.3 of definition 20 for the timing augmentation, and ¢ satisfies
clauses 4.3 and 4.3. Because of lemmas 10 and 11 all we need show is that a; does
not contain a pair of active B-clocks representing two distinct incomplete timer threads
Cﬁ’z’d[t,'(l), tj) and Cﬂ’I’d[ti(z), t), with Li(1) #* 4i2), which merge at t. The starting
of a B-clock at ;1) implies from definition 19, clause 2, that Z—len(0, d] € oj(j) and
Tlen(0, d] € oj(1)4+1. The semantics then imply that ¢; + x = #;(1) +d, where x represents
the common suffix that will be timed by the thread following the merge at ¢;. Arguing
similarly for the case of the second clock, we have ¢; + x = f;(2) + d, thus together
contradicting the assumption that ;1) # f;(2).

Next we show that the run t/+! of A4,(f) obtained by extending t/ by the above
transition consumes (0;, t;);—,..., j. For this we need only show that the timing conditions
required by clauses 6 and 7 of definition 20 are not violated. For the case of clause 6,
consider an active a-clock in a; representing the timer-thread ¢** 4y, t;). But the starting
of an a-clock at #; implies from definition 19, clause 1, that Zlen(0,d] € o;4+;1. The
semantics then tell us that ¢; < #; + d. The value of the clock, #; — #; cannot then exceed
d. The case of clause 7 is similar.

Finally, we note that &’ consists of the clocks terminating the incomplete timer threads
induced by the run 7/*1, But this follows immediately from definition 22 for timer threads
and the definition 19 for the clock operations. O

For the proof of lemma 14, the following simpler lemma is useful.

Lemma 13. Let t and t° represent, respectively, the runs of A,(f) and A.(f) on some
w-string o € (25N Then for all i € w, ¥ C Tt

Proof. We first make the following observation about the statement of the lemma. As we
have seen, on any arbitrary w-string on which .4, has a run, it has a unique run. Moreover,
as we show below in the proof of the next lemma, A, has a unique run on an arbitrary
input. Thus the runs 7# and 7¢ are unique.

The proof of the lemma follows by induction on the index i of the run, as follows:
BAsSe CASE. Every Hintikka set has some element, thus 7 # @; but 7§ = §.
INDUCTIVE STEP. Assume that 77 C t¥. We consider two cases.

CAsE 1 [tf = @)]. First note that a Hintikka set contains its basis, since it is closed under
reductions, and every Hintikka set contains true ¢ E(f). From the transition conditions
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of A, therefore, T, is a subset of the nth input which is . Further, by the transition
conditions of A,, t,’ ‘1 contains all irreducible formule in 7,/, S0 that T¢ 4 C T, nE
CASE 2 [r; # @]. Since 7, contains the irreducible subset of 7 and 7, | contains all

irreducible formul of 7/, using the induction hypothesis, we have 77 | C 7,/ ;. O

Lemma 14. A.(f) accepts untime(M/).

Proof. Observe, first, that A, ( f) is deterministic, and in every state has a (unique) transition
for every input letier from 2540 Thus, there is a unique infinite run of 4, on o0 =
(0i)icw = untime(M/) that consumes o; call this run 7°. Since 75 = @, if ©¢ is not
accepting, then there is a largest / such that 77 = @.

From the second transition rule for A, in definition 21 and the definition of reduction, we
can conclude for any two consecutive states s # ( and t # s of A, such that p,(s, i) = t,
that size(t) < size(s).? By the well-foundedness of size, there is some j > i, such that for
allk > j, ox = oj # @. Thus there is some formula —[6 | —)false € oy forall k > j.
Without loss of generality assume that 6 is —a, 6’

By the definitions of p, and reducibility, then, a & oy for all k > j. Completeness of o
implies that —a € oy for all kK > j, whence the definition of an extension and semantics
yield (M, t;) = [—a, 8" | —)false.

But from the proof of lemma 10 we have r,f =mf (ty), where ¥ = (al.“) ice denotes
the infinite run of A, on ¢. By lemma 13, tf C 7}, so —=[—a,0 | —)false M @).
By the definition of extension and semantics, then (M, ) ¥ [—a,0 | —)false, a
contradiction. a

5.2 Soundness

The proof consists of showing that given a (timed) string in the language of .4,,, one can
construct a satisfying model for f. Let (a;, ;)ic be a string in the language of A,,, and
let M’ be defined by

M@ ={fiescd(f)| fieoit€lti_1, 1)}
where we have assumed 7_; = 0. Moreover, let M be defined by
MWy ={peP| pe M@}

To prove the lemma, we want to show that (M, 0) = f.
Lemma 15. Foranyt € R and f, € scl(f), fi € M () iff M., 1) = fi.

Proof. For a given ¢, we induct on the inclusion order induced by scl on the formulae in
scl(f). Letr € [t; 1. t;) as defined above.

BAse Case. Consider a primitive proposition p € P. For the forwards direction, let
p € M'(t), s0 p € M(t), whence the semantics give us (M, t) = p. For the backwards
direction, let (M, 1) k= p, so p € M(t), so p € M'(1), by construction,

9For a set of formula F, let size(F) = Yrersize( f).
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INDUCTIVE STEP. Assume that the lemma holds for all f’ € sel(f;) wherescl(f’) C
scl( f1). We can show then by a case analysis of the structure of the f}, that the lemma then
holds for f; also. The details are routine and extremely tedious and are therefore skipped.
However, we illustrate below a sample case to illustrate the argument.

Consider the case of fi = [6; | 62) f>. Assume for the forwards direction that f; €
M’ (t). We have two subcases depending on whether or not f) is M’(¢)-reducible.

SUBCASE 1 [REDUCIBLE]. By our construction, fi is o;-reducible. Let f{ € o; and
F C oi be such that f{ <% f1. Then since o; is Hintikka, f| € oy, so by construction
f{ e M'(t) as well as F C M’(t). Now as the subformula closure of all the reductors
and reducts of a formula f are strictly contained in scl( f), the induction hypothesis and
Corollary 1 give us the result.

SUBCASE 2 [IRREDUCIBLE|. By construction, fi € o; is oj-irreducible. By our
earlier observations, since ¢ = (0} )¢, is accepted by A, (f), we may consider ¢ to be the
run of A, on o. By the transition conditions of A,, fi € oj forall j,i < j < k where k is
the least index greater than i such that fi is ox-reducible. To see that such a finite k must
exist, use the acceptance criteria for A, along with the fact that both —=[6; | —) f, € 0; and
=[6, | =) f> € oy, since f) is o;-irreducible. At index k, we use an argument identical to
Subcase 1 above to establish that (M, #,_1) k= fi1. Using the fact that f; is irreducible in
the intervening period, allows us to use the induction hypothesis on red(f1) and (k—1—1i)
applications of lemma 4 to conclude that (M, t) = f].

The backwards direction is similar. For some more details, we refer the reader to
Ramakrishna (1993). O

The soundness lemma follows since f is in M ).

6. Complexity

Let f be an RTFIL formula of size n and depth &, and let T be the size of the encoding
of largest finite timing constant appearing in f. By lemma 5, |scl(f)| = O(n*). Clearly,
Au(f) and A.(f) can have at most 20() states each. The timing augmentation can
introduce up to O (n?*) clocks. Following the elimination of copying actions, thus, A; (f)
(and consequently also A, (f)) can have at most 20 klogn) grates and O (n?*y clocks.
The final emptiness check has a complexity of O(C!- (S + E)271°8T) where C is the size
of the clock-set, S and E are the number of states and edges in the TBA, and T is the size of
the binary encoding of the constants appearing on the edge conditions of the TBA (Alur &
Dill 1990). The overall complexity of the decision procedure is thus 2¢ (n?*-2k-logn+T log T)

The main source of the blow-up is due to the large number of clocks. Note, however, that
usually the number of clocks will be much less than that indicated by the large upper-bound
because timing conditions in specifications will generally involve relations between a few
simple predicates rather than long sequences of events. As a result the overall complexity
will be closer to 20(n*+C-klogn+T108T) yhere C is the number of clocks introduced in
the timing augmentation. Comparing this with the 20") upper-bound for FIL, the price
for real-time is seen to be an additional factor exponential in the number of timers and the
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constants appearing in the specification. However, the decision procedure is still doubly
exponential (deterministic time), essentially the same as for the timeless logic FIL. In fact,
by combining the PSPACE-containment of the emptiness problem for TBAs (Alur & Dill
1990) with the EXPSPACE-encoding of the automaton constructed in the last section, it
can be shown that RTFIL is in EXPSPACE. '

The procedure given can be adapted in a straightforward manner to obtain a model-
checking algorithm for RTFIL having the same complexity with respect to input formula
and linear in the size of the input model (for instance, in the form of a fair-transition
system).

Analogous to the result in Ramakrishna er al (1992) we can show that if we bound
the largest constant appearing in a formula and the largest depth of nesting of interval
modalities, then this bounded version of satisfiability for RTFIL is PSPACE-complete in
the size of the formula. This result is more indicative of the type of scaling behaviour one
would expect for the logic.

7. Related work

The idea of bounding the duration of intervals was first articulated by Melliar-Smith in
an early paper on real-time interval logic (Melliar—Smith 1987). Subsequent proposals for
real-time interval logics appear in Narayana & Aaby (1988) and Razouk & Gorlick (1989).
However, none of these proposals provided decision procedures for the logics presented.
In fact the logic of Razouk & Gorlick (1989) is so powerful that it is highly undecidable.
The logics of Narayana & Aaby (1988) and of Melliar—Smith (1987) allow the expression
of the forbidden “punctuality” construct of Alur et al (1991), so that they can be shown to
be undecidable if interpreted over a dense time domain.

Consider an extension of RTFIL by allowing searches of the form — + d ford € Q.
The semantics of such a search is that it locates a point ¢’ in the future of the point ¢ where
the search began such that ¢’ = ¢ + d. It thus allows relatively natural expression of many
real-time constructs. However, it is not difficult to show that this simple extension (with no
other restrictions) makes the resulting logic undecidable (Ramakrishna 1993). The proofs
of undecidability of all these logics follow essentially along the lines of Alur ef al (1991),
by reduction from the halting problem for two-counter Minsky machines.

Another possible extension is to consider backwards searches, for instance « f. We
have shown that even in the absence of real time, this construct leads to non-elementariness
(decidability of the logic with backwards searches, but without real-time, follows by trans-
lation to S1S). The proof of non-elementariness (Ramakrishna 1993) is by reduction from
the non-emptiness of complement problem for extended star-free regular expressions.

Decidable dense real-time logics are relatively rare because a dense real-time logic must
tread a fine line between expressiveness and undecidability. The logics RTFIL and MITL
(Alur et al 1991) adopt different compromises, and neither, we believe, is as expressive
as the other. MITL appears to have no direct way of expressing RTFIL formula that

lOHowever, the best lower-bound we have is the PSPACE lower-bound for FIL. We refer the reader to Ramakrishna
(1993) for related comments.
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constrain the length of an interval defined between the endpoints of a sequence of (more
than two) searches. Correspondingly, RTFIL cannot express the MITL construct p U;q,
which requires ¢ to occur within the time bounds denoted by I (while not constraining its
occurrence outside that interval), and p to hold until that occurrence.!!

In effect, RTFIL defines events in relation to other events, and then imposes real-time
constraints on their relative occurrence. In contrast, MITL first defines real-time inter-
vals and then requires events within those intervals, possibly in relation to other events.
Thus, it appears that MITL may be better suited for synchronized real-time systems, where
the synchronization is by real-time, whereas RTFIL may be more appropriate for asyn-
chronous real-time systems. A natural question, then, is whether there is a reasonable
combination of the two logics that retains decidability. We conjecture that the answer is
in the affirmative, and a decision procedure for the combination would follow from a suit-
able “composition” of the procedures for the two logics. This is the case, for instance, for
FIL and PTL(S, U), where such a “combined” decision procedure follows from purely
automata-theoretic methods (Ramakrishna 1993).

The Duration Calculus (Chaochen et al 1991) differs from RTFIL in that it treats intervals
as primitive. It is well-suited to describing and reasoning about cumulative behaviour, a
feature especially useful for hybrid systems. The operator | in that logic, for instance,
allows one to bound the duration of a (fragment of a) computation for which a predicate
holds. This ability to integrate over non-convex intervals, combined with the “non-local”
character of the logic makes it very expressive. However, as shown in Chaochen et al
(1993), over dense time the simplest real-time fragment of the calculus is undecidable,
and even without real-time the simplest fragment is non-elementary. We are currently
investigating an extension of RTFIL with ageing operators, inspired by the [ operator of
the Duration Calculus.

8. Conclusion

We have presented a real-time interval logic RTFIL which conservatively extends the
timeless logic FIL. The logic extends FIL in a natural way to allow real-time specification,
without sacrificing decidability. We have presented a formal semantics for the logic and
have given a decision procedure for it. That RTFIL involves an additional exponential factor
proportional to the number of clocks and the constants appearing in the specification should
come as no surprise for those familiar with other dense-time logics.

A prototype RTFIL theorem-prover based on a tableau-theoretic analogue of the decision
procedure given in this paper has been implemented and used to verify some simple real-
time systems. However, further work is required before the system can become the basis
of a practical verification system for real-life examples. Apart from the use of efficient
data-structures, such as binary decision diagrams for state-encoding, efficient heuristics,

U1 each case; the introduction of auxiliary predicates mitigates the problem. Note also that the logic TPTL (Alur &
Henzinger 1989), with “freeze” quantification, can express the RTFIL property given earlier. Unfortunately, TPTL
is undecidable when interpreted over a dense time domain. We must add, however, that MITL extended with past
operators can express this property, although apparently less succinctly (see Ramakrishna 1993). This logic has a
decidable validity problem.
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such as those used in Alur et al (1992) will need to be used in order to reduce the space
requirements for the verification. Since our procedure is automata-theoretic, it can directly
benefit from any advances in verification technology based on w-automata.

We are also devising a proof calculus for the logic in the style of the natural deduction
calculi that are now gaining popularity in many applications. The success or failure of
an “expensive” logic such as RTFIL would depend crucially upon whether one is able to
obtain a clean proof system. We consider our decision procedure an important first step
in this direction. For instance, our reduction and transition rules can be seen as a form of
“rewrite rules” for a tableau proof system. The incorporation of timers in a formal manner
into such tableaux, however, presents non-trivial difficulties. One approach might be to use
time variables with such operations as resetting, assignment, comparison and difference,
to simulate the role of timers. However, such an approach is probably far too low-level
to be useful. On the other hand, some appropriate mixture of automated inference within
such a proof system, along with user assistance at crucial points, may be feasible.

Finally, from a more theoretical standpoint, there are interesting expressiveness ques-
tions regarding RTFIL and some other decidable real-time logics. The apparent duality
between our approach and that of other real-time temporal logics, as outlined in the previ-
ous section, clearly merits further study. Another interesting direction involves identifying
a natural decidable fragment of parametric RTFIL, in the sense of Alur et al (1993).

We thank Rajeev Alur for useful discussions, and for helpful comments on the conference
version of the paper.
The research was partially supported by NSF/DARPA grant CCR-9014382.
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