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Abstract—A general recursive algorithm for the efficient and Y
accurate computation of the bit error rate (BER) of square-shaped I 1
M-QAM constellations over additive white Gaussian noise Clotr 1 1001 L0001 1 0011
(AWGN) channels is derived. We take advantage of the relation- o ' o id g L e
ship amongst different square-shapedM-QAM constellations : ' '
using Gray coded bit mapping. "0 T 000 [ 0000 1 0010
Index Terms—AWGN, BER computation, M-QAM, square con- S e 1 e —~e @
stellation. Xn3d fd v 13y
I. INTRODUCTION ) | ') _doﬁ)o | %0
SI(ECE its discovery inthe early 1960s, quadrature amplitude PR SRR & R
odulation (QAM) has continued to gain interest and ¢ 1L 1101 4 0101 1 011
practical applicationsi/-ary QAM (M -QAM) is a bandwidth : ° ! * =® ! ¢ :
efficient scheme, which has been employed for digital video 1) SRR [ v
broadcasting (DVB) [1], while adaptivé/-QAM has been Y

applied for high-speed data transmission over fading channEE 1
[2], [3]. Conventionally, the bit error rate (BER) computation of
M-QAM has been performed by either calculating the symbol
error probability first [4], [5] or simply estimating it using whereZ} is the symbol interval, which is related to the bit du-
lower/upper bounds [4], [6]. In [1] the BER has been directlgation byZ, = m1; wherem = log, M represents the number
estimated for 16-QAM and 64-QAM constellations using Gragf bits per symbol, the quadrature amplitudésand A, range
coded bit mapping. However, no general algorithm of satisfaever the setof£d, £3d, - - -, £(v/M —1) d}, inwhich2d rep-

tory accuracy exists for directly estimating the BER of arbitrafjesents the minimum Euclidean distance of constellation points,

16-QAM square constellation.

M-QAM constellations. while d can be computed according to [5]:

The objective of this letter is to present a general algorithm for
the efficient and accurate computation of the BER of coherent d— 3m - B )
square-shaped Gray codéd-QAM constellations over addi- 2(M —-1)

tive white Gaussian channels (AWGN). In contrast to conven- .

tional approaches, which treaf-QAM having different values Wherek, represents the average energy per bit.

of the relationship between different squafeQAM constella- bt mapping [1]. With reference to Fig. 1 as an example, it can

tions. Explicitly, a simple recursive algorithm is derived and thee seen that according to the Gray coded bit mapping two ad-

BER performance of an arbitrary Squ%QAM constellation Jacentm—blt Symb0|S differin a S|ng|e bit. As a I’eSU|t, an erro-

is estimated. neous decision resulting in an adjacent symbol is accompanied
This letter is organized as follows. Section Il describes tHy one and only one bit error. Furthermore, we will assume op-

M-QAM system model. As a special case, the BER of a 16-QAKMUM coherent_ detection with perfect carrier tracking, perfect

constellation is analyzed in Section Ill. The approach used fégauency tracking, and symbol synchronization.

16-QAM is then generalized for arbitrary square QAM con-

stellations in Section IV. In Section V we present numerical ex- [ll. BER OF 16-QAM CONSTELLATION

amples, which is followed by our conclusions in Section VI. We commence by considering the simple case of a square

Il. SYSTEM MODEL 16-QAM signal constellation, as sh.own in Fig. 1, wherg each
h ianal llation i lified i phasor can be represented by a 4-bit symhel,i- g2, wherei;

_The squarel/-QAM signal constellation is exemplified in 54, ingicate the inphasgl) bits, whileg, andg. the quadra-
'FIQI.I 1iorM = 1%[&].'TheM-QAM signal can be mathemat- ture-phasd )) bits. The M -QAM signal can be decomposed
ically represented by: into two independeny/AZ-AM signals [5]. These twa/M-AM

s(t) = Accoswet — A, sinwet, 0<t<T, (1) Signals have the same error probability and can be treated in-
dependently. Consequently, considering the in-pliasé-AM
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where Q(-) is the @Q-function, which is defined ag)(x) = Y
V % et7/2 I 1
(A/v2m .~ e at, and 101 /37, 10L 101, | 00L, 00I, 001 /575
_ d? (4) e ... ° [ ° ® - °
T No/2 z
[ ] L [ L] L] L]

Substituting (2) into the above equation, we arrive at (4/5)- X N
(Eyp/Ny) for 16-QAM, where E, /N, represents the average (~VM+1)d -3d -d d 3d (VM - 1)d
Signal-to-nOise ratio (SNR) per bit. Sim”arly’ according 0 Fig. %ig 2. Simplified representation of an arbitrary squiifeQAM constellation
E\irtui;cr):lgve\/|2%:1:sgggr§§ch of [1] the error probability of the usihg'Gray coded bit mapping.

Pis(v) = 3 2Q(v7) +QBv7) = QGBI (5)  approximated by (6) witt () and P2,(v) given by (3) and

Finally, the exact average BER for the square 16-QAM signéd), respectively.
is computed by averaging the error probabilities given by (3) andAbove, we have used 16-QAM as an example and inves-
(5), yielding tigated its average exact and approximate BER. The above

_17pl 2 approach of combining the BER expressions &f-QAM
. _Pw(?) =3 [Pie(7) +_P16(7)]_' . (6_)_ having different values ofA/ can be extended to arbitrary

In conjunction with Gray coded bit mapping [1], in additionsq aren/-QAM constellations and consequently can be used

to two adjacentn-bit symbols differing in a single bit, another;, simplify the associated BER computations. Let us now

important property is that tha/4 constellation points of the ;qngjder the general algorithm suitable for computing the BER
four quadrants in Fig. 1 in the mirror-symmetric positions havgy 5, arbitrary squard/-QAM constellation.
identical bits assigned to them with respect toshandY” axes,

if we ignore thei; andg; bits. Hence, without considering bits
andgy , the points in each quadrant actually constitutéfahi4)-
QAM constellation. Consequently, the average bit error proba-The points of am/-QAM constellation in quadrants | and II
bility of an A/-QAM constellation can be expressed with the aifian be simply portrayed, as seen in Fig. 2, where the first two
of the BER expression of afi\//4)-QAM constellation, if we Dbits indicate the bits; and ¢, encountered in the quadrants
ignore the bits; andg; . Let us now invoke this property in order! and I, while the remainingm — 2) number of bits of the
to investigate the approximate BER expression of 16-QAMZ-QAM symbol are represented b¥f, Iz, - -, or I /57,.
Throughout, lePy(~) representthe BER expression of a4-QAMReferring to Fig. 1 and [1], itis explicitthat, I, - -+, I 57,
constellation butwithy computed according tothe 16-QAM con-actually represent the corresponding points of a row in the
stellation, i.e. using = (4/5) - (E,/No), asshown previously. (M /4)-QAM constellation. Leti;qii2qa - - - iy /2¢m /2 rEPre-
sent them-bit A/-QAM symbol. Then, the average BER can
A. Approximation 1 be derived as follows.

In practical terms it is reasonable to assume that a bit error js L
most frequently caused by a noise sample exceet]inyile the A." Approximation 1
probability of exceedingd is insignificant, when the signal-to- Based on Approximation 1, where the probability of noise ex-
noise ratio is sufficiently high. Consequently, the BER expreseeding3d was neglected, the BER of thigbit of an A/-QAM

IV. BER OF ARBITRARY SQUARE M-QAM CONSTELLATIONS

sion of (3) for the biti; can be approximated as constellation can be expressed as:
Pio(1) ~ 3Q (V. ™) Ph(3) = —=Q(/7) (10)
Upon invoking the BER expression of 4-QAM—which is ex-

pressed a®,(v) = Q(,/7)—the BER of (5) for thei, bit can where+y is given by (4), whiled is given by (2) forA-QAM.

be expressed as The average BER of bitg, i3, - - -, i,,/2 Of an M-QAM con-
stellation can be expressed as:
Pis(y) = Py(v). (8) P2(v) = Payya(7). (11)

Finally, the average BER of square 16-QAM can be approsgonsequently, the average BER/E-QAM can be derived by
mated with the aid of (6), wherB],(v) and PZ,(y) were given averaging the BER given by (10) and (11), yielding

by (7) and (8). _1 2 m/2-1
o Pp(y) m/2 \/MQ(W) + m/2 Pyra(y). (12)
B. Approximation 2 According to (12)Py/4() has to be determined first, in

The approximate formulae of (7) and (8) are suitable farder to derivePy; (). Hence the general BER expression of
16-QAM upon assuming sufficiently high SNR’s. However, if12) can be implemented with the aid of a recursive algorithm,
the SNR is low, a more close approximation is required. Thighich is described as follows. Lét.(v) = A = Q(,/7) and
can be achieved by considering also the case, when the néigaluate: /
exceeds3d. In this case the BER of tha bit is given by (3), oy L2 kj2-1
while that of thei, bit can be expressed as Prc(r) = k/2 \/E)\ + k/2 Piejalr) (13)

1 1 for K = 16, 4 x 16, ---, until K = M, which is the average
2 — — e —_ 7 ) ’ 1

Pis(7) = QL) + 2Q(3ﬁ) =P+ 2Q(3ﬁ) () BER of the considered squarfd-QAM scheme, wheré: =
upon neglecting the probability of the noise exceedidén (5). log, K represents the number of bits per symbol of a K-QAM
And finally, the average BER for the square 16-QAM signal cazonstellation. It can be shown on the basis of (13) that we have
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to evaluate only one integral, in order to determine the resulting
BER of anM-QAM constellation.

Approximation 2

When using Approximation 2, where the probability of the
noise exceedingd was neglected’s,(v) and P%;() can be
expressed as:

Pl(y) = %M Q) + QByA). (14)
PY() = Prryaly) + Nivi . #Q@ﬁ) (15)
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where the former is the probability of an bit error, while the Fig. 3. BER performance of squafé-QAM using Gray coded bit mapping

latter is the average BER of bits, i3, - - -, 4,,/2. Note thatin
the computation of’;,(~y) there exists only one term including
Q(34/7), except those included ify;/4(v). This term is the
second part at the right-hand side of (15), which is derived from

over AWGN channels, wheré,(E) represents the average symbol error
probability.

Approx. 1

10°F
E — Approx. 2

107'E

007; and10/; by considering that; and/, have a one-bit dif- *;‘; ;
ference according to Fig. 2, due to the associated Gray coding. R
When invoking Approximation 2, leP,(v) = A = Q(/7), -
B = Q(3,/7). Then the average BER of the squaie QAM 5 f
signal can be recursively determined according to: G107
12 kj2—1 B |
Pir(V)=+— —=PM+8+-+-—— 107
5 ]
. PK/4(’Y) + —K . m/} (16) SNR per bit expressed in dB
. \/_ T Fig. 4. BER performance of squaitd-QAM using Gray coded bit mapping
for K = 16, 4 x 16, ---, until K = M, which is the average over AWGN channels.

BER of the considered square-shapddQAM constellation.

Equation (16) implies that only two integrals have to be evalwhile the BER of the remaining/-QAM constellations was es-
ated at the first step, in order to obtain the resulting BER of tiignated according to (13) and (16), upon invoking Approxima-

squared/-QAM constellation.

tions 1 and 2, respectively. It can be shown that at the average

BER 0f 1072, 4-5 dB of SNR per bit has to be invested, in order

V. NUMERICAL EXAMPLES to

Inthis section we use the above algorithms, in orderto evalug’t
the BER performance of various squafe QAM schemes using
different values ofM. Fig. 3 is used to show the accuracy of

transmit an extra 2 bits/symbol by employing a higher-order

%uard\/[ -QAM constellation.

VI. CONCLUSIONS

the BER estimated by the proposed approximation approaches? simple recursive algorithm was proposed, which is based
while Fig. 4 implies that we can readily estimate the BER of amn the symmetry of the different square-QAM constellations
arbitrarily high-order squard/-QAM constellation. In Fig. 3, using Gray coded bit mapping for evaluating the BER of arbi-
the BER of 16-QAM and 64-QAM computed according to th#rarily high-order squaré/-QAM constellations. The numerical
recursive expression of (13) and (16) were compared with tRsamples show that the BER of any squadfeQAM constella-
exact BER of 16-QAM—which was obtained from (6)—andion can be accurately estimated by the proposed algorithm.

the exact BER of 64-QAM—which was computed according to

The authors would like to acknowledge the contributions of

the related equations in [1]. These results were also compatkéir colleagues.

with the “standard” approximation derived from the division of
the symbol error probability by the number of bits per symbol,
log, (M) [5, p. 630]. It can be shown that both Approxima-
tion 1 and 2 are closer to the exact BER than the “standard”
approximation within the range of SNR per bit considered. An

accurate BER can be achieved by Approximation 1, when the[z]

SNR per bitis sufficiently high. However, when the SNR per bit
is too low (for example lower than 4dB for 64-QAM), the more

accurate Approximation 2 hasto be invoked, in order to achieve 4

satisfactory BER approximation. As shown in Fig. 3, we cannot
distinguish the exact BER from that computed by Approximation
2for16-QAM and 64-QAM over the SNR range of interest.

Fig. 4 shows the BER performance of various squdrQAM
constellations fodd = 4, 16, 64, 256, 1024 and 4096. Note that
for M = 4 the BER formula is reduced to that of quadrature
phase shift keying (QPSK), yielding, = Q(\/(2E,/No)),
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