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Abstract

We propose and analyze new numerical methods to evaluate fractional norms and apply
fractional powers of elliptic operators. By means of a reduced basis method, we project
to a small dimensional subspace where explicit diagonalization via the eigensystem is
feasible. The method relies on several independent evaluations of (I —ti2 A)~! f, which
can be computed in parallel. We prove exponential convergence rates for the optimal
choice of sampling points #;, provided by the so-called Zolotarév points. Numerical
experiments confirm the analysis and demonstrate the efficiency of our algorithm.

Mathematics Subject Classification 46B70 - 65N12 - 65N15 - 65N30 - 35J15

1 Introduction

Fractional powers of differential operators are a field of substantial interest in different
branches of mathematics. Their augmented appearance in real world problems, such
as ecology [11], finance [6], image processing [25], material science [9], and porous
media flow [10] has given rise to several approaches in order to understand and analyze
problems of this kind.

Typically, direct computations rely on matrix approximations L of the desired
operator, whose s"*-power is computed subsequently. This procedure requires diag-
onalization of L, which amounts to a large number of time-consuming eigenvalue
problems, making this approach inapplicable for general purposes. Adding to this
difficulty, many practical scenarios demand numerical methods that allow efficient
evaluations in s. In [20], the fractional exponent is determined in a way, such that the
observed data matches the mathematical model. In [44], s serves as control param-
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eter to minimize a given cost functional. All these investigations suggest that one is
interested in the entire family of solutions for s € (0, 1) rather than one specific value
of 5. The demand for suitable methods that address these problems has substantially
increased throughout the last years.

Fractional powers of the Laplace operator appear to be of particular interest. Widely
varying definitions of (—A)® have emerged, e.g., as pseudo differential operator
defined by the Fourier transform, by means of its involved eigensystem, as a singular
integral operator, or as inverse of the Riesz potential operator. All these definitions turn
out to be equivalent in R”, see [30]. This result no longer holds as bounded domains
are incorporated. A detailed excursion of its versatile definitions as well as the com-
parison of both existing and newly proposed numerical schemes is explained in [32]
and [13].

A difficulty that all fractional operators have in common is their nonlocal character.
Caffarelli and Silvestre managed to avoid this inconvenience in [22] by relating any
fractional power of the Laplacian in R" to a Dirichlet-to-Neumann map of an involved
harmonic extension problem in R" x R, providing a local realization of (—A)*.
Adaptions for bounded domains €2 have been conducted in [19], [21], and [23], yielding
a boundary value problem on the semi-infinite cylinder C := Q x R™. Enhancements
for a more general class of operators has been presented in [45].

A large number of methods exploits the structure of harmonic extension techniques
to approximate fractional differential operators and their inverses, see [2], [5], [7], and
[4]. In [38], the solution of the aforementioned boundary value problem is computed
on the truncated cylinder C, := Q x [0, ), with y > 0 of moderate size, by standard
finite element techniques, at the cost of one additional space dimension. Truncation
can be justified by the fact that the solution decreases exponentially in the extended
direction. Other strategies rely on block-wise low-rank approximation of the associated
stiffness-matrix [36]. Of particular interest are fractional elliptic operators in context
of parabolic equations. Tackling problems of this kind has been a matter of several
recent publications, e.g., [3, 15, 37, 43].

In this article, we interpret fractional operators as interpolation operators and make
use of the K-method [40] to provide attractive approximations for any arbitrary sym-
metric, uniformly elliptic operator £. This approach requires the knowledge of the map
t— v(t) =+ 20)7! f, whose smoothness in ¢ justifies the usage of standard
reduced basis technology, see e.g., [8, 33, 34]. Providing an optimal choice of snap-
shots #;, we pursue a proper orthogonal decomposition (POD) strategy, see e.g., [29],
to project a matrix approximation L of the desired operator to a lower dimensional
space, where its fractional power can be determined directly. The decoupled structure
of the projection trivially admits an efficient implementation in parallel. Multigrid pre-
conditioner can be utilized, whose convergence rates are bounded independently of the
shift parameter #; and uniform mesh size . The proposed method can be interpreted
as model order reduction of the approach devised in [38], without requiring truncation
of the domain. Among others, it provides accurate approximations for evaluations of
both types s > (—A)*u and u — (—A)*u with considerably reduced computational
expense. The arising operator incorporates a nonlinear dependency in u. This inconve-
nience is compensated by its analytically affirmed exponential convergence property,
while, at the same time, the computational effort grows only logarithmically in the
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condition number. Emerging estimates rely on rational approximation of the bivariate
function (1 4+ 2%¢2)~! over a suitable spectral interval of the discrete operator. Real-
ization of the inverse operator and parabolic problems that involve fractional diffusion
operators is the matter of a consecutive paper.

We emphasize that this is not the first investigation that recognizes the importance
of v(#) in context of fractional operators. The approach developed in [17] and later
improved in [16] relies on the Dunford-Taylor integral representation of (—A)~%.
A sinc quadrature scheme especially tailored for integrals of this type is presented
and requires the evaluation of v(¢) at the quadrature nodes. Exponential decay of
the error in the number of nodes is shown. Further modifications are discussed in
[14] where computations of the quadrature are accelerated by means of a reduced
basis method. While the construction of the reduced basis differs from the one we
pursue, the involved proof of convergence also relies on rational approximations and
partially follows the outline of our analysis. A similar approach is proposed in [24] in
consideration of a different quadrature rule, where exponential convergence rates are
observed numerically. A model order reduction that relies on the extension method is
proposed in [5].

It remains to be mentioned that we are not the first to relate fractional powers of
differential operators to rational approximation. In [27], for instance, the so-called
best uniform rational approximation (BURA) of t—*, which was originally proposed
in [28], is utilized as matrix function to approximate (—A)~*.

The paper is organized as follows. In Sect. 2, we introduce three different concepts
of Hilbert space interpolation. They serve as abstract template to provide a setting that
is suitable for the study of our problem. Equivalence of all three methods appears to be
the main result of this section. A reduced basis strategy is applied in Sect. 3. Feasible
choices of the reduced space and the efficient implementation of its arising reduced
basis interpolation norms are taken into account. Having understood its underlying
structure, we proceed, in Sect. 4, to deduce the induced fractional operator, providing
the essential definition of this paper. Numerical analysis is performed in Sect. 5. The
optimal choice of the reduced space is elaborated, yielding exponential decay in the
error for both norm and operator approximation. The core of this paper is summarized
in Theorem 12. Thereupon, in Sect. 6, we conduct several numerical examples that
illustrate the performance of our method. Eventually, in the appendix, we prove two
technical results that are referred to within Sect. 2.

2 Notation and preliminaries
In this section, we establish the notation and terminology we utilize throughout this
paper and introduce several function spaces we address in the subsequent.

Throughout what follows, let the induced norm || - || of a Hilbert space (V, (-, -))
be defined as

1=V 2.0
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Conversely, given a Banach space (V, || - ||), such that || - || satisfies the parallelogram
law, we define the induced scalar product of | - || as the unique scalar product (-, -)
on 'V that satisfies (2.1), obtained by polarization identity. Whenever referring to a
Banach space (V, || - ||) as Hilbert space, we mean that || - || induces a scalar product
(-, ), such that (V, (-, -)) is a Hilbert space.

2.1 Hilbert space interpolation

Throughout what follows, let V;, i = 0, 1, denote two real Hilbert spaces with inner
products (-, -);, respectively, such that V| € V is dense with compact embedding. It
is well-known that there exists an orthonormal basis (¢);2; of Vo and a sequence of
positive real numbers (A)p2, with Ay — 00 as k — 00, satisfying

Yw e Vi (gr, w) = )»%((pk, w)o
for all k € N. Along with these premises, we introduce, based on [12, 18, 31], the first

of three space interpolation techniques. For each s € (0, 1) we define an interpolation
space between Vg and V; by

[Vo, Vilus := {u € Vo : llullps(vy,v,) < oo},

equipped with its Hilbert interpolation norm

o0
2 . 2s 2 .
||u||1.p(\70,\71) = Zkksuk, ug = (U, Pr)o.
k=1

([Vo, Vilws, | - ||H5(V0,V1)) incorporates a Hilbert space structure and satisfies

Vi € [Vo, Vilas € Vo.

Another approach is provided by the real method of interpolation in terms of the
K-functional. It was first published by Peetre [40], Lions and Magenes [31] and also
works for Banach spaces. Let || - ||o and || - ||; denote the induced norms on Vg and
V1, respectively. We define for all # > 0 and u € Vg the K-functional as

Kvo, v (5 0) = inf /e — vl + 2]}
vEVl
to obtain the K-norm

oo
2 . —25—12 .
”u”KS(Vo,Vl) = /(; = K(v()yvl)(t’ u)dt.

Along with its inner product, obtained by parallelogram law, the norm induces a Hilbert
space

[Vo, Vilks :={u € Vo : llullxsvy,v,) < o0},

@ Springer



A reduced basis method for fractional diffusion operators |

which again turns out to be intermediate.

Based on the work of Peetre and Lions, it has been shown that [V, V{]gs can be
characterized as space of trace, see [46, 47]. The arising norm, which turns the trace
space into a Banach space, is known to be equivalent to the K-norm. We affirm this
observation by proving that these norms are not only equivalent but do also coincide
up to a multiplicative constant. This result is well-known for some particular choices
of Vo and V1, see e.g., [23, Proposition 2.1], but has not been recorded in its most
general setting to the best of our knowledge. To make matters precise, we investigate
some technical results.

Foreachs € (0, 1) letw := 1 —2s henceforth. For all i = 0, 1, we define the space
Lr(RT, V;; y*) of all measurable functions v : Rt — V;, such that

[ oty <o
and further
H' (R, Vo; y) == {v € La@®™, Vo3 y*) 1 v/ € La(R™, Vo y*)).
Thereupon, we introduce
V(Vo, Vi3 y) := H'(RF, Vo; y*) N Lo(RY, V5 y*)

and endow it with the norm

11w vy = fR R (||v<y>||% + ||v’<y)||%) dy.

This space is amenable to trace evaluations, as the following Theorem shows.

Theorem 1 There exists a linear, surjective trace operator

tr: VWV, V1; %) — Vo, Vilus,
v(y) = v(0),

such that for all v € V(Vg, V1; y*) there holds
Vsl ol evg, vy < 10lvevg. vy 2.2)

By d; we refer to a positive constant whose value can be specified by means of the
Gamma function,

ra—s)

d — 2] —2s
y ['(s)

Proof See Appendix. O
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Theorem 1 justifies the introduction of an interpolation space
[Vo, Vilgs = tr(V(Vo, Vi; y*)), (2.3)
endowed with the extension-norm

ul|gs = inf u @), 2.4
llellgs vy, v1) veval o Ul (v, Vi y) 24)
tr U=u

which is is well-defined by standard arguments from calculus of variation. Due to
surjectivity, (2.3) coincides with [V, V1 ]gs.

By means of Euler-Lagrange formalism, we observe that the infimum in (2.4) is
the unique solution of an involved variational formulation. Thereupon, we introduce
the following definition.

Definition 1 The a-harmonic extension U of u € [Vy, V1]gs is defined as the unique
solution of the variational formulation: Find U € V(Vq, V{; y%), such that for all
y € Rt and W € V(Vg, V1; y¥) there holds

a
Otu W o o u/ W — 0
(U, W) dy (W ), Wy)o) =0, 2.5)

tr'l = u.
Lemma 1 Let U denote the a-harmonic extension of u € [Vo, V1]gs. Then there holds

lelles (v, vi) = IWlvve, vy ye)-

Proof Follows directly from the fact that (2.5) is the Euler-Lagrange equation of the
minimization problem in (2.4). |

As the following Theorem shows, all three interpolation methods coincide.

Theorem 2 Let Vg, V| denote two Hilbert spaces, such that Vi C Vq is dense with
compact embedding. Then there holds

|- IEs(vo, vy = Vsl - las(vo,v) = VdsCsll - lks(vo, V1)

where Cg := ,/@.

Proof See Appendix. O

Throughout what follows, we denote by [Vg, Vi]s the unique interpolation space
emerging from one and hence from all three interpolation methods. The interpola-
tion norms | - [|gs(v,, v,y and || - lks(v,, v,) satisty the parallelogram law on [V, V1 ].
By virtue of Theorem 2, this property also applies to || - ||gs(v,,v,). We summarize
these observations in the following corollary.
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Corollary 1 All three interpolation norms, | - llgscvo, vy, | - IlHs(vo, vy, and | -
lks(vy, vy, induce a respective scalar product, (-, -)Es(vy,v,) (> JH(Vo, V), and
(-, )RS (Vo, V1) Such that for all v, w € [Vo, V1]

(v, WYEs (v, V) = ds (U, W)HS (v, V) = dyC% (v, W)KS(Vo, V)

Definition 2 Let || - [Is € {Il - les(vo,v1)> I - lHs(vo,v1)s I+ lKs (v, V1) }- By means of the
Riesz-representation Theorem, we define the induced operator of || - || as the unique
linear function £; : [Vg, Vil —> Vo, such that

VU € [V()’ VI]S : (U, L:S‘w>0 = (U, w)S

for each w € [V, V115, where (-, )¢ refers to the induced scalar product of || - ||5.

Corollary 1 immediately reveals the following result.

Corollary 2 All three interpolation norms, || - |gs(vy, v,y | - llas(vg, vy, and | -
lks(vy,v,), induce an operator, Lgs(vy vy, Lus(vy,vy), and Lxsv, v,), Such that
Sforallv,w € [Vo, Vils

(v, Les (v vy W) = ds (v, Ly vy, v who = dsCEv, Lis vy, v W)o-

Remark 1 Let 2 € R4, d € N, be a bounded domain with Lipschitz boundary. Along
with the choice Vo = (L2(R), || - lz,) and Vi = (Hg (), [V - l£,)s Lis(vo,v))
coincides with the spectral fractional Laplacian subject to homogeneous Dirichlet
boundary conditions and Lgs(v,,v,) with the involved Dirichlet-to-Neumann map
from Caffarelli and Silvestre.

2.2 The finite element framework

Results from Sect. 2.1 are also valid in a discretized setting. Depending on two fixed
Hilbert spaces Vo and V| which satisfy the premises from Sect. 2.1, we denote by
V; € V; a conforming finite element space of dimension N henceforth. Further, let
(bi)_, € V), denote an arbitrary basis of V;,. By M, A € RV*N_ we refer to the
mass- and stiffness-matrix of Vy, arising from finite element discretization in terms
of

M;j; = (bi,bj)o, Aji={(bi,bj)1. (2.6)

Due to its finite dimensional nature, the spaces (Vp, | - [lo) and (Vy, || - ||1) satisfy the
conditions from Sect. 2.1, such that the discrete interpolation norms on Vy,

lunlles ==lunll£s (Vi -10), Vi) NrllEs == lunllEs (Vi l-l0), (Vasl-1)»
o0
2 —25—1 1,2 .
hien i '_/o 17 K Wil (Vi (85 1R) A 27
=K2(t;up)
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are well-defined. The finite element space equipped with each of these norms is a
Banach space, inducing both scalar product, (-, -)gs, (-, ) ms, (-, -) ks, and operator,
LEs, Lys, Lgs, respectively. The aim of this paper is to provide an accurate approxi-
mation of these operators with considerably reduced computational expense. By virtue
of Corollary 2, it suffices to address this problem in any of those three interpolation
settings. Each of them comes with its own benefits and difficulties attached. In the
following section, we exploit the advantages of all three strategies to derive a compu-
tationally beneficial norm approximation, such that the induced operator satisfies the
desired properties.

3 Approximation of the interpolation norms

The goal of this section is to devise an accurate approximation of the discrete interpola-
tion norms, introduced in (2.7), with downsized computational effort. For convenience,
we neglect the subscript £ for all finite element functions uj, € Vj, and solely write u
henceforth. Furthermore, by (¢x, )‘1%)11\]:1 C V;, x Rt we refer to the 0-orthonormal
eigenpairs of (Vp, || - |lo) and (Vy, || - ||1) from now on, such that

Ywe Vi (g, w) = AL {gk, wo. (3.1)

The eigenvalues are assumed to be in ascending order according to their value, such
that

0<A?<..-<2A}.

3.1 The reduced basis approach
Utilizing standard reduced basis technology for one dimensional parametric elliptic

partial differential equations, we define for each u € V), its approximate interpolation
norms as follows.

Definition 3 (Reduced basis interpolation norms) For each t € R™ we define vy (¢) €
Vj, as the unique solution of

(VN (1), w)o + 2 (v (1), w)1 = (u, w)o (3.2

for all w € V. Given some real parameters 0 = #9p < t; < --- < t,, specified in
Sect. 5, we introduce the reduced space

V, :=span{vy(tp), ..., vn (1)} 3.3)
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The reduced basis interpolation norms on V, are defined by either of the three equiv-
alent definitions

Nulley == Nulles v 110,V 10)» (3.4a)
leell g == NeellEs (V-0 Vel » (3.4b)
oo
Il 12/0 2T K oy, iy (5 ) . (3.4¢)
::Krz(t;u)

Remark 2 The choice fy = 0 yields vy (t9) = u and hence u € V,, such that (3.4a)-
(3.4c) are well defined. Definition (3.3) is motivated by means of the K-method.
The variational problem (3.2), which is uniquely solvable according to Lax-Milgram,
appears to be the Euler-Lagrange equation of K 2(z; u), such that vy (¢) coincides with
the minimizer of K 2(t; u). Based on a sophisticated selection of 71, . . . , #, the choice
of V, aims to provide a both accurate and efficient approximation to the family of
solutions (vy (t));er+-

Remark 3 Definition 3 incorporates a nonlinear dependency in u. For simplicity, we
neglect this relation in both terminology and notation throughout our discussions. We
point out, however, that all V,.-connected constructions are subject to this dependency.

In analogy to (3.1), we denote the eigenpairs of (V,, || - [lo) and (V,, | - |l1) by

(@), M? ;:0 C V. x R* from now on, such that

(@) ¢ido=0ji,  (Bjwhr =pi{dj, wrho, wr €V, (35)
with
0<ud<---<u

In general, the construction of V), yields a r + 1 dimensional space. The proof is
carried out in two steps.
Lemma?2 Forallt € RY there holds

N

ug
WO =) ——ek =, gro.
242
= I+

Proof Both vy (¢) and u provide expansions in the eigenbasis

() =) () eopr, 1=

k=1 k

(1, Qr)oPr -
1

N N
Plugging into (3.2) with w = ¢; yields
(VN (@), @i)o + 2AT (v (1), @ido = (u, i )o = u;.
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Resolving the equation for (vy (), ¢;)o concludes the proof. O

Lemma 3 Let |{)»% e {12, ... ,)L%,} s ug # 0} =: m € N denote the number of pair-
wise distinct eigenvalues, whose corresponding eigenspaces contribute nontrivially to
the linear combination of u. Then there holds

r+1<m =— {vn(t),...,VvN(t)} is linearly independent.

Proof W.l.o.g. we assume that {k € {1,...,N} : ur # 0} = {1,...,1}, where
| > m. We show linear independency straight forward with the result from the previous
Lemma. Assume that

l

O—Z“JVNUJ)_Z“JZ]H%ZW ZZ 11+:2Az¢k
-0

k=1 j=0

for some coefficients «g, ..., o, € R. The orthonormal system (gok)izl is linearly
independent, yielding

,
1
Vke(l.....l}: > aj———=0. (3.6)
=1

Letnow I C {1,...,0}, such that (A7 € {A%,...,23} 1k e I} = {A%,..., 27} and
[T} = m. Then, condition (3.6) is equivalent to

r
1

Vkel: ZO[]TZ

S+

Exploiting » + 1 < m and the pairwise distinctness of both (¢ j);:o and ()\.]%)ke]l, one
deduces that g = - - - = 0, = 0. O

The proof of Lemma 3 immediately reveals that the set {vy (f9), ..., vy (#,)} becomes
linearly dependent as r + 1 > m. In practice, we observe two possible constellations.
In the common case, where u provides contributions from multiple basis vectors ¢y,
solutions of (3.2) for different shift parameters #; indeed lead to an enrichment of V.,
as long as r is small enough. If the amount of non-zero Fourier-components of u is
rather small, we might be confronted with the case, where augmenting » does not
affect the dimension of V), any further. In this case, however, enlargement of V), is no
longer necessary, as the following Theorem shows.

Theorem3 Let |{3} € {3,...,A%} 1 ux # 0} = m € N. If r + 1 > m, then the
reduced basis interpolation norms (3.4a)-(3.4c) coincide with the exact finite element
interpolation norms from (2.7), respectively.
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Proof 1t suffices to validate the claim with respect to the Hilbert space interpolation
norm for the case r + 1 = m. Let therefore I = {ip, ..., i} € {1,..., N}, such that
An. . A2 = € (A, ..., Ay} - ux # O} Moreover, let

u= @u’
iel

refer to the orthogonal decomposition of u according to the corresponding eigenspaces.
Due to

1 .
VN(l‘j)IZTul, j=0,...,r,
— 1+ 120

and the regularity of the matrix B € RUTD*0+D with By, := (1 + t,?klz)_l, we have
that (u'); ey is a basis of V., which is orthogonal by construction. We deduce )%_ = u%

forall j =0, ..., r. Direct computations reveal
m—1 P2 m—1
2 (u,u J>() 2
luell 7 —Zu w, ;) Ai_fT—ZA Sl = el s -

]

With exception of Theorem 6, we only consider the case where r + 1 < m for the rest
of this paper, such that the dimension of V), coincides with r + 1.

3.2 Computational aspects
The remainder of this section reviews the major ingredients to supply the reduced
basis interpolation norms with a computationally applicable form. Before addressing

this issue explicitly, we specify some further notation. Throughout what follows, for
each v € V), we denote by v € R” its uniquely assigned coefficient vector, such that

N
v=") (b,
k=1

where (by) ,]{VZ | denotes the finite element basis from (2.6). Moreover, we introduce the
h_power of any symmetric matrix Q € R'*!, [ € N, by diagonalization, i.e.,

0 = dA O,
where ® € R'*! denotes the matrix of eigenvectors of Q and A* the involved diagonal
matrix, containing the s'"-power of all corresponding eigenvalues. If Q is also positive
definite, we set

Y.y eR': flx|p=2T0x,  (x.y)g=x"Qy.
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Based on these definitions, we follow the idea of POD [29] to propose an accurate
procedure that computes (3.4a) - (3.4c) for one and hence for all norms efficiently.
The structure of |lul|gs and ||u| ks is less amenable to direct computations, since this
would require quadrature rules on the unbounded domain RT. A more convenient
setting can be provided by the eigensystem. Targeting at the computation of V,, we
introduce the matrix

V= [vn (o), ..., yn (1)) € RVUFD,
whose j’ h column consists of the coefficient vector of v N(tj),ie.,
() = (M +17A) " Mu. 3.7

Thereupon, we introduce an orthonormal basis of V, that is suitable for the study of
our problem.

Definition 4 The reduced basis matrix V, € R¥*"*D is defined as the unique matrix
that arises from Gram-Schmidt orthonormalization chronologically applied to the
columns of V, with respect to the scalar product (-, ) ps.

Remark 4 The chronological performance of Gram-Schmidt orthonormalization in
Definition 4 yields that the first column of V, coincides with 8~ !u, where B := ||u|o.

The reduced basis matrix suggests a canonical basis on V), by referring to the unique
functions b}, ...,b; € V, C Vj, whose assigned coefficient vectors coincide with
the columns of V,, i.e.,

v,:[_;,...,g].

Thereupon, we introduce for all v, € V, its uniquely assigned coefficient vector
v € R’*! such that

There holds
(e, w1 = (v, w)a = v Aw, = v "V AV, (3.8a)

(s wrho = v VI MVew, = v w, (3.8b)

for all v,, w, € V,, where the last equality follows by the orthonormal property of V..
Thereupon, we introduce the following definition.

Definition 5 The projected stiffness matrix A, € RUTDXC+D i5 defined by

A, =VTAV,.
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Theorem 4 Lete; € R+ denote the first unit vector and B = ||ul|o. Then there holds

lullgs = Blletllag-

The proof is postponed to Sect. 4. Theorem 4 highlights the beneficial structure of
the proposed reduced basis algorithm. The arising problem size is of much smaller
magnitude r < N, making direct computations of the eigensystem affordable.

4 Approximation of the operators

All three reduced basis interpolation norms (3.4a)—(3.4c) induce an operator, £ ES
L HS and £ Ks on V», which do all coincide up to s-dependent constants. In the same
way as Lps serves as reduced basis surrogate for the spectral finite element operator

N
Lus =) 3¢ oudogr,
k=1

L Es can be interpreted as model order reduction of the generalized Dirichlet-to-
Neumann map from [45]. The latter coincides with Lgs(v, v,), if Vo and V; are
chosen appropriately. The purpose of L is more of a technical than theoretical kind.
We make use of the K-method as vital tool to proof convergence for one and hence for
all three reduced basis operators. However, due to its computationally beneficial form,
we stick to the equivalent spectral setting at first and refer to Ly as our truth reduced
basis approximation. In dependency of u € Vj,, we state the essential definition of this

paper.

Definition 6 (Reduced basis operator) For all r € N we define the reduced basis
operator Lys of Lps as the induced operator of || - || .

Remark 5 In order to indicate its nonlinear nature, we write arguments of the reduced
basis operator in brackets, i.e., Lps (1) instead of Lysu.

As one can show, the matrix representation of Lys, i.e., the unique matrix Lys €
RY*N such that

Lysu = Lysu

forall u € Vy, is given by (M ~! A)*. It serves as matrix approximation of the original
fractional operator Lys(v,,v,) in a finite element setting. Direct computations, how-
ever, are not feasible due to the typically large problem size. The proposed algorithm
provides a remedy for this difficulty. In the following, we derive the u-dependent matrix
representation L ys of the reduced basis operator, providing the necessary information
to carry out the actual computations.
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Theorem 5 For all u € Vy, there holds

||u||%,; =ul MV, ASVT Mu. 4.1
Moreover, the induced scalar product (-, -)gs on (V,, || - ||us) satisfies
(Vr, Wy = v MV, AV Mw, 4.2)

forall vy, w, € V,. The matrix representation of Ly is given by
Lys =V, A VI M.

Proof 1t suffices to prove (4.1). Recalling (3.5), we define

®, = @ Q e RUFDXCHD A= diag(ud, ..., u2) € ROFDXCHD,

Equation (3.5) combined with (3.8a) and (3.8b) yields
ole, =1, @I'A®, =A,.

Thus,

.
ul MV, AV Mu = u" MV, @) A (Ve @) Mu =" 15 (u, 603 = lul3.
j=0

We catch up on the postponed proof from the previous section.

Proof of Theorem 4 Follows directly from Theorem 5 and Remark 4 by utilizing the
substitution u = BV, e;. O

L gs serves as efficient approximation of (M ~1A)%. Ahead of investigating its accu-
racy, we examine the arising computational costs, requiring knowledge of the map
r +— (t1, ..., t) and its involved complexity. We address this problem adequately in
Sect. 5, indicating for now that its essential computational expense amounts to finding
a lower and upper bound for the spectrum of M ~! A. The overall complexity has to be
regarded from two different perspectives, the so-called offline and online phase, and
depends on the particular problem.

At first, we consider evaluations of type u +— L HS (1), which are of nonlinear char-
acter. The underlying offline phase encompasses computations of the spectral bounds
as a one-time investment. The online phase has to be performed for each argument
separately. It incorporates computations of r finite element solutions vy (¢;) of the
original, expensive problem size, followed by orthonormalization of V, € RNx(+D
to obtain the reduced basis matrix V,.. Furthermore, the projected matrix A, = V,T AV,
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has to be established in order to determine its eigensystem. The assembly of first AJ
and second of V. A VrT Mu completes the computations. Despite its nonlinear nature,
the savings gained substantially outweigh the arising inaccuracy, if r is of moderate
size.

The offline-online decomposition is of particular interest, if we target at approx-
imations of type s +> Lpys(u) for fixed u and several values of s € (0, 1). In this
case, the online phase breaks down to the assembly of AS and V, ASV! Mu, while
all remaining computations are the matter of a one-time investment within the offline
phase.

Several properties of the reduced basis interpolation norms also apply to Definition
6. Exemplary, the operator counterpart of Theorem 3 is procured in the following.

Theorem 6 Let [{A7 € {A},..., A%}t ux # 0} =2 m € N. If r + 1 > m, then there
holds

E]-[g (M) = Equ.

Proof Follows the very same arguments as the proof of Theorem 3. O

5 Convergence analysis

The goal of this section is to specify the choice of snapshots in Definition 3 to gain
optimal convergence properties. We affirm that there exists a tuple of positive numbers
t, ..., t, naturally arising from the analysis, such that exponential decay in the error
for both norm and operator action is obtained. While computations are carried out
in the spectral setting, the approach involving the K-functional turns out to provide
a more beneficial environment for the analysis. We adopt Theorem 5 in this context
and take advantage of the, up to a multiplicative constant, interchangeable role of the
reduced basis scalar products. Before going further into detail, we investigate two
fundamental definitions that are based on [26, 48], see also [39], involving the theory
of elliptic integrals and Jacobi elliptic functions, see [1, Section 16 & 17].

Definition 7 Letd € (0, 1). Foreach r € N we define the Zolotarév points Z, ..., 2,
on the interval [§, 1] by

2(r—j 1
Zj :=dn<(”-2¢lc(5/)78/)a j=15"'7r’
r

where dn(6, k) denotes the Jacobi elliptic function, KC(k) the corresponding complete
elliptic integral of first kind with elliptic modulus k, and §" := +/1 — §2.

Definition 8 Let Q <a < b € RT. For each r € N we define the transformed
Zolotarév points Z1, ..., Z, on [a, b] by

ijbZ, j:],,..,r,
where Zi, ..., Z, refer to the Zolotarév points on [£, 1].
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As shown in the further course of action, the transformed Zolotarév points on
[)\;,2, Afz] turn out to be perfectly tailored for our reduced basis strategy. We recap

that )\% and )\%, refer to the minimal and maximal eigenvalue of the discrete operator
and agree on the following nomenclature.

Definition9 A reduced space V, = span{vn(fo),...,vN(t)} < V; is called
Zolotarév space, if and only if there exist two constants 22, A%J e Rt with

2 2 2 2
)‘Li)" )"Uz)“N’

such that the squared snapshots tlz, el tr2 coincide with the transformed Zolotarév
points on ginv .= [ADZ, AZZ]. We call o := [A2, A%/] the spectral interval of V.

5.1 Error of the reduced basis interpolation norms

We specify some further notation. By a < b we mean that there exists a constant
C € R, independent of a, b, and r, such that a < Cb. Along with this premiss, we
prove that Definition 9 provides an optimal choice for the reduced space.

Theorem 7 (Exponential convergence of the reduced basis interpolation norms) Let
u € Vi andV, C Vy, a Zolotarév space with o = 22, A%}] and § = )»%/AZU. Then there
holds

IC eRY: 0 < llullzy — lulfs < e flulf. (5.1)

The constant C only depends on § and satisfies

1
COH=0|——), asé— 0.
(ln(%))

Its precise value coincides with 2C*, where C* refers to the constant from Remark 7.

Verifying the claim of Theorem 7 is challenging, which is why we conduct the proof
in several steps. Under the prescribed assumptions, we start with the first inequality
of (5.1).

Lemma4 There holds
lullgs = Nullgs.
Proof The relation V, C V;, immediately reveals

2., : 2 2 2 : 2 2 2 2/,
KXt = inf = v+l = inf flu = vl + 2ol = K2 ).
vevy

vEVy
for all t € RT. Hence,
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o0 [e¢)
Ilull?<5=/0 t‘z“‘le(t;u)drz/O KA w) dt = ul ks

Due to

]

llly — Wi = [ (R0 - Kww) a6

the error of the norms can be traced back to the error of the K-functionals. To make
matters precise, we conduct some technical preparations.

Definition 10 For all + € R* we denote by v,(t) € V, the unique minimizer of
K2(t; u).

Remark 6 Similarly to vy (t), utilizing Euler-Lagrange formalism, the minimizer
v,(t) € V, is the unique solution of the variational problem

Yw, €V (ve(0), wp)o + 2 (v, (), we)1 = (u, wy)o,

or equivalently, v, (7) € R"*1 solves the linear system of equations
Iy + 2 A, (1) = VT Mu,

where I, € RU+D*0+D represents the identity matrix.

Lemma5 Forallt € Rt and w, € V, there holds

2, .2 2 2 _ 2 2
llu —wrllg + 7 llwrlIT = llu = vn @ llg = 7 Ive @117

2,2 2
= [y (@) —wrllg + 71l (1) — welly.

Proof For convenience, we omit the dependency in ¢ in consecutive elaborations. One
observes

2 2
lu —wllg —llu —vnllyg = (@ —wr,u —wp)o — (U — VN, U —VN)O

= —2(u, wy)o + lw,lI§ + 2¢u, va)o — Ivall3.

We define the bilinear form a(u, w) := (u, w)o+t>(u, w); on Vi x Vj,. Due to (3.2),
there holds

2 2 2 2
lu —wrlly = lle = vnllg = =2a(vn, wr) + lwrllg +2avy, va) = vy Il

Thus,

2 2y 2 2 _ 2 2
lu = wellg + 7 llwellT = llu = Vallg — 2V lly = a(w,, wy) —2a(Vy, wr) +a(Vy, Vi)

=a(w, —Vy, wy _VN)

@ Springer



T. Danczul, J. Schéberl

2 2 2
= v~ —wrlly +#7lIve — w7

O

The accuracy of Krz(t; u) rests upon the approximation quality of the minimizer
v, (t) = vy (1), as the following result shows.

Corollary 3 Forallt € RT there holds
K2(t;u) — K2(t;u) = vy () — v, OIF + llvv () — v, 017 (5.3)

Proof Follows directly from Lemma 5 with w, = v, (¢). O

Dealing with (5.3) is challenging. We derive an upper bound for the error which turns
out to be more amenable to analytical considerations.

Corollary 4 Forallt € Rt and w, € V, there holds
KXt u) — K2(t;u) < [lvw(8) — we 1§ + 2 [lvi (6) — we 1. (5.4)
Proof Due to the minimization property of v, (¢), there holds
K}t w) — K2(tu) < llu — wellg + 2w I — lu — vy O — v @117

forall t € R* and w, € V,. Utilizing Lemma 5 concludes the proof. O

In the subsequent, we aim to choose
-
wy =Y ajvn(t) € Vy (5.5
j=0

from Corollary 4 in a clever way, such that the upper bound in (5.4) becomes small.
The idea of how to choose its coefficients « ; emerges from the following investigation.

Theorem 8 Forall ay, ..., a, € R there holds
KZ . 2., u 1 2,2 1 - 1 ? 2
S(tu) — Ko(t;u) < 1;( 4+t Xk)(m — jg()ajr%) uy.
Proof Due to Corollary 4, there holds for any function of type (5.5)
KP(tu) — K2t u) < v (@) = wpl§ + 2 v (0) — we 7.
Spectral decomposition combined with Lemma 2 yields

N r

N
Uk U
vy () —w, = E T2, 2%k E o E T 2.2%
k=1 L+1 ’\k j=0 k=1 1"Hj)‘k
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N ( 1 d 1
ZZ 2,2 _ZO‘J' 2 2)““”"‘
i \LH17g oy L+ 1545

Based on the orthogonal property of (¢r) 11?]: |» We observe

N
1
o) =l = 32 (a7 - z i )uel,
N 1 2
2
-l ZJHN)

Computations in the 0-norm can be concluded analogously, proving the claim. O

Theorem 8 reveals that (5.5) has to be chosen in a way, such that for all A1, ..., Ay,
or more generally, for all values of A € [A1, Ay], the difference

1 1

1+222 Z%aj 141222 60
= j

becomes small. Typically, neither A| nor Ay are known a-priori, which is why we
consider (5.6) with respect to the spectral interval from Definition 9, admitting A €
[AL, Ay] instead. Any possible bound of (5.6) then trivially also holds on [A1, Ay].

In the further course of action, we derive two different candidates for the coefficients
(x j);'=0 in dependency of ¢. The first one ensures that (5.6) becomes small for ¢ > 1,
while the second achieves the same as ¢ < 1. To this extent, we make a first ansatz and
set g = 0. The latter coefficients are determined by means of a rational interpolation
problem, which we inquire in the subsequent Lemma.

Lemma 6 Assume that k € RT, Kk, ...,k € 0™, and k; # kj fori # j. Consider
the space R of all rational functions R, which admit a representation

-
1
R(x) = Za./
o 1 +xjx

for coefficients a1, . .., ar € R. Further define

8 (x) = T +rx

Then the solution of the rational interpolation problem: Find q € R, such that

1 1
Viell,...,r}: q(;):g,((;) 5.7
J J
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satisfies
1 ol —kjx
Vi co: g —q)] < 1+Kx,.nl 1+Kj_x : (5.8)
Proof Let
d 1
q(x) = Z&jm
j=1
denote the unique solution of (5.7). Then there holds
1 ~, 1 p(x) 5o
8 =q(0) = 1 +xx ;a] T+xix  (14kx) [Tj=1 (0 +«jx) (5:9)

for a suitable polynomial p of degree r. The interpolation property yields

1
Viefl,...,r}: p(—) =0.
Kj
The fundamental Theorem of algebra affirms the existence of a constant ¢ € R, such
that

p(x)=c 1_[(1 —KjX).

j=1

The constant ¢ can be further specified. Multiplying (5.9) by (1 + «x) and setting
1 .
x = — yields

"1 Kj r

t (k — k)
1:c1_[1_ﬂ, and hence, cznm.
K

j=1
All together, we obtain for all x € o

r

1
186 () = q(@)] = 77— H

Jj=1

(k —xj) (I —kjx)
(k +xj) (I +«;5x)

1 "1l —kjx
< 1_[ J
_1+Kxj_1 I+«;jx

m}

Minimizing the maximal deviation of the upper bound in (5.8) leads to a min-max
problem of the following kind: Find «1, ..., k, € o', such that

. (5.10)

. d 1-— ij

min max 1_[

Oy 0, eqinv Xx€0 2 1 1—|—0]x
J=

,
1 —«jx
—max [ |
xeo | 1 +xjx
Jj=1
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Closely related problems have been investigated in [26, 48]. We summarize the
essential results. Consider the slightly modified problem: Find «1, ...,k € [§, 1],
8= AZL/AZ such that

X—GJ'
x+9j

) (5.11)

-
= max []
x€[é,1] 7

Jj=1

min max .
01,...6,€[8,11 xe[8, 1]1_[ X+ kK
Zolotarév and Gonchar showed that its unique solution is given by the Zolotarév points
Z1, ..., 2, on [8, 1]. They further approved that there exists a positive constant C,
depending on § only, such that
,
x—2Z;
J
max
x€[8,1] 1_[

<e ¢, (5.12)
x + Z

The product in (5.12), considered as function in x, features r + 1 points of alternance
and has the least deviation from zero on [, 1] among all functions of this form. We
set results from problem (5.11) in correspondence with (5.10).

Theorem 9 The unique solution k\, . .., k, of problem (5.10) satisfies «j = Z forall
j=1,...,r, where Z denotes the J[h transformed Zolotarév point on o',

Proof Consider the linear transformation W : [§, 1] — o™ with U (x) := )Lzzx.
Direct computations, based on the results of [48], reveal

= min max 1_[

min max 1_[
01,....0,€ginv XEO 1+ 9 iX

01,...0,€0inv xea”” x + 9
W(x
= min 1‘[ Y = ¥0)
61,....6,€l8, 1]xe[51 lIJ(x)+\IJ(9 )
" X — Zj
= max
xels, 11 % | x + Z;
Jj=1
v (x) —
= max —_—
xe[S,l]jZl Y(x)+V(Z))
Tl — Z; "= Zix
= max 1_[ Aj =max1_[ / .
xeginv = Ll x 4 Z; xeo & L] 4 Zix
j=1 J j=1 J

r = r
1—Zix x—Z;
max [T 2225 | = max T[22,
xXeo iz 1+ij x€els,1] i x~|—Zj

@ Springer



T. Danczul, J. Schéberl

which, due to (5.12), immediately reveals the following result.

Corollary 5 Let 2\1, ol 2, denote the transformed Zolotarév points on o™V Then
there holds
- ~
1-Z;
JCeRT: max ||| —E| <o €. (5.13)
Xeo izl 1+ ij

Remark7 As shown in [35], constants from Corollary 5 can be further specified. More
precisely, the maximal deviation in (5.13) can be bounded by means of

- ~
1—Z-x *
max — T <2 O
Xeo 1+ij

j=1

’

with

4Ky 1+ /8

K1) VA
7T J—
cr o= oAU u:( >, w1 =1 —pu?

and /C the elliptic integral from Definition 7. The following asymptotic formulas are
known to hold,

16
l—pn

1
’C(M)NEIH( >, ’C(Ml)’?‘g, as . — 1,

see e.g., [1, Section 17]. This yields the asymptotic behaviour of C* in dependency of
8’
1
l b
In ()

Along with the choice A7, := A| and Ay := Ay, this reveals that the constant C* only
deteriorates at logarithmical rate as the condition number 43/2? = 8! increases. The
number of solves required to achieve a prescribed precision &€ > 0 behaves like

C*(§) ~ as§ — 0.

r = O(In(e) In(5)).

We eventually return to the original problem of interest in (5.6).

Lemma?7 Denote by &y, ..., & € R the coefficients of the unique solution ¢ € R
from the rational interpolation problem (5.7) with k = t* for some t € Rt and
Kji= tjz. Let C* denote the constant from Remark 7. Then there holds

1 1 e C'r

,
—_— a; =< , k=1,...,N. (5.14
R e AT, o4
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Proof According to Lemma 6, Corollary 5, and Remark 7, there holds

—C*
eCr

<
T 141222

1— 212
1+ z2x2

1 1 1
- . <
1+ 122 ;a’ T+1222 | 7 1+1%2 H

forall A € [z, Ay]. By construction, there holds Ay € [Ar, Ay]forallk =1,..., N,
which is why (5.14) is valid. O

Assembling results from above finally enables us to derive an upper bound for the
error in the reduced basis K-functional.

Theorem 10 Let C* denote the constant from Remark 7. Then there holds for all
t e Rt

N

K2(t:u) — K2(t:u) < e 2€77 _
F ) — K2 (15 u) < ;HM%

1
2

Proof Theorem 8 combined with Lemma 7 yields

N fC*r 2 N 1
K tiu) — K2(t; u) < 1+ 292 ——— | ud =267 E——
(t;u) — K> (15 u) < ;< O\irmz) 4 };Ht% ;

O

As it turns out in the further course of action, the upper bound derived in Theorem 10 is
only sharp enough in case of t > 1, butnotas ¢ < 1. We overcome this inconvenience
by subtle adjustments of the interpolation problem (5.7), such that its arising solution
leads to the desired properties.

Theorem 11 Let C* denote the constant from Remark 7. Then there holds for all
t e RT

N

K7t u) = K*(tu) < €€ Z

4,4
A
1+t2A2k

Proof In analogy to Lemma 6, we consider the following rational interpolation prob-

lem: Fork € RT and k1, ..., k, € o/ pairwise distinct, find g € R such that
. 1 1
Vie{l,...,r}: g\ — =8| — ),
Kj Kj
q(0) = g«(0),

where R denotes the linear span of R enriched by constant functions. We remark that
oo = 01is no longer constrained. Similarly to the proof of Lemma 6, one affirms that
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I —kjx
1+le_[’1+lcj

kx| k) (=)
|8k (X) —q ()| = 1+;<lej[l (k +xj) (L+xjx)]| —

The transformed Zolotarév points on oV ensure exponential convergence of the
product. Proceeding in the same manner as before, one concludes the proof. O

We have now all the required tools to prove exponential convergence of the reduced
basis interpolation norms in the K-setting.

Proof (Proof of Theorem 7) Theorem 10 and 11 together with (5.2) yield

) ) o N 13- 2s)L4 P 00 4251 )
lullgs — lullgs <e =" / — dt+/ ———updt
K K 2 o T+2a2" LTt

k=1

2c* - 2 - 2%‘ ®
<e 7 u dt+/ T dt
a5

k=1

N
*
5 672C*r ZM% (Az _ 1) 5 672C r”u”%
k=1

5.2 Error of the reduced basis operator

The reduced basis interpolation norms provide an exponential decay in the error, grant-
ing good chances that similar results are valid with respect to the induced operators.
Indeed, convergence of the operators is based on the results from Sect. 5.1. The core
of this paper is summarized in the following Theorem, relying on the notation

N
vl =) Av.@)g. v e Va
k=1
Theorem 12 (Exponential convergence of the reduced basis operator) Let u € Vj, and
Vy € Vy, a Zolotarév space with o = [Az, rpland § = ?»ZL/AZ Then there exists a
constant C € RY, such that

I Las () — Losullo < e [lull. (5.15)

The constant C only depends on § and satisfies

1
C)=0——], ass —> 0.
(ln(%))

Its precise value coincides with the constant C* from Remark 7. Moreover, if s € (O, %)
the 2-norm of u in (5.15) can be replaced by ||u||.
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The rest of this section is dedicated to the proof of Theorem 12 and therefore sub-
ject to the prescribed assumptions. All arising matrix-valued integrals are understood
component-by-component.

Lemma 8 There holds

2 T >
lullgs =u M/

21 (M—l — (M + ﬂA)—l) dt Mu.
0

Moreover, the induced scalar product (-, -Yxs on (Vp, || - || ks) satisfies
o
(v, wygs = gTM/ 251 (M’l - (M—i—tzA)*]) dt Mw
0
forallv,w € V.

Proof We show the first equality. Due to (3.2), there holds

lu —vn Ol = llu — (M + 24" Mull3,
=u"Mu—2u" MM +1>A)""Mu + |[(M +>A)" " Mu|?,.

Utilizing the identity 1A = (M + t>A) — M yields

PlvnOIF = 1M + 2 A) " Mul|3
= (M + 24" "Mu) 2A(M + 12 A) " Mu)
=u" MM +* )" ' Mu — (M + £ A)~" Mu])},.

This reveals

K2(t,u) = lu —vn O3 + iy O3
=u"Mu—u"MM+*A) " Mu=u"MM™" — (M +*A)"HYMu.

Hence,
o0
llue| % :/ 1727V VK2(, u) dt
0
o0
:/ =21, Ty (M’l —(M+t2A)*1)Mgdt
0

o
=4TM/ 1251 (M—‘ — (M+t2A)_1> dt Mu.
0

m}

Throughout the rest of this paper, the identity matrix on RC+D*0+D s denoted by
I, giving rise to the following claim.
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Lemma9 There holds

o0
i) =ZTMV,/ =21 (1, — +t2A,)*‘) dt V! Mu.

0
Moreover, the induced scalar product (-, -)gs on (Vr, || - || ks) satisfies
o0
(Vr, wr) ks = v,TMV,/ 2! (1, — (I, +t2A,)—1) dtVIMw,  (5.16)
Yr ) Wr

forall v, w € Vj. The matrix representation of Lgs is given by
o0
Lis = Mv,/ 21 (1, — (1, +t2Ar)_l) dtvIm.
0

Proof In analogy to the proof of Lemma 8, one shows that
KXt;u) =u MV, (I, — (I, + 1*A)"HVI Mu.
Plugging into the integral representation of ||u ||%(3 eventually proves the claim. O

Definition 11 For all v € Vj, and w, € V, we define

<U, wr)Hr‘ = (ya LHf&)Ma

(v, wr)ks == (v, Lk;Wr)m-

s
H

Lemma 8 and 9 are fundamental to show pointwise convergence of the induced operator
in the K-setting. We proceed in two steps.

Theorem 13 For all w € Vy, there holds

o0
[, )2 — (. wyges| < ||w||of 27 K200 - K26 dr.
0
Proof Due to Lemma 8 and 9, (w, u) ks — (w, u) g+ can be expressed as
o0
w'M (/ 21 (v,(I, — (L +2A) ™ HVT — M M+ tzA)_l)dt> Mu.
0
One ascertains that the first term cancels out the third, i.e.,
wl'M (V,VrT - M_1> Mu=uw" <MVrg - Mg) —0.
Computations of the remaining terms together with (3.7) and Remark 6 reveal
w' M (—V,(I, + 1247V Mu + (M + tzA)_lMg) — wT M (—v, (t) + N (1)) .
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Cauchy-Schwarz inequality leads to
o0
[, ubks — (w, ) o] < / 2571w, vy (1) = v (D)ol di
0
o0
< IIW||0/O 5 vy (1) — v ()l dt.

There holds for all t € Rt

v ) =% Ol < v = v O13 + v @) = v O,
which validates the conjecture by virtue of Corollary 3. O

Theorem 14 Let C* denote the constant from Remark 7. Then there holds
Yw e Vit [(w ks — (w,u)gs| < e wllollulla. (5.17)

Moreover, if s € (O, %), the 2-norm of u in (5.17) can be replaced by ||u||.

Proof We prove that for any w € Vj, and sufficiently small ¢ > 0, satisfying 4s +2¢ <
4, there holds

N

—-C* 2 4s+2¢ 2

w. ) ks — (w,uw)ks| < e lwlo |l + D A8 ug,
k=1

which directly implies (5.17). Moreover, if s < %, we can choose ¢ < 1 — 2s to verify
the latter claim and conclude the proof. To this extent, let ¢ € (0,2 — 2s), if s > %,
and ¢ € (0, I — 2s) otherwise. Applying Theorem 11 followed by Cauchy-Schwarz

inequality yields

2%-1 | +e -2 g 2
oL K2t u) — K2(t; u) dt </ miteam—e | pact dt
/ (10 = K0 Z T

N

1
<eC /:—«—I—zsz -
- 0 =g

Il
o

13—4s— 25)»4
z [
1+ t2A2

Define i := min{k € {1,..., N} : Ay > 1} to observe

t3 —4s— 28)\’4

i—1 1 i-1

2 k 2 [ % 3—ds—26,4 2, 4s+2e

Euk[ - dt = E”k/ t AkdtﬁEukAk .
R k=1 0 k=1
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Similarly, we obtain for the rest of the sum

(35— 2&;\4 N , % 3te2ena 1 t3—4s—2g);{1
dt < u PTTEY dt+/ ——=dt
Z / EEYYE Z k /0 k L 22

k=i K
N 4542 4542
- Zuz )\‘kY 3 + )\‘k _ )\'kC &
T 4 -ds—2e 24526
N
4s+2
< lullf + ) ugag e,
k=i

such that

1 N
/ t*ZH\/Kg(t; W) — K2(tuwydr < e €7 |} + ) udaf
0 —
On the interval [1, 00), we make use of Theorem 10 to conclude for all s € (0, 1)

N 2
VK2 u) — K2t u dt</ Foep2 e | o=2CH Y

N 00 —ds—142

- t—4s—1+42e
ﬁecr M]%/ 72(1[
1 1+[2)\.k

k=1
, o) t—4s71+2e
u ———dt
k./1 12}

A
o
4
M=

=~
I

1

.
< e ullo.

Adding up the integrals in combination with Theorem 13 proves the claim. O
As shown in the subsequent, equality of the scalar products is also valid with respect to

Definition 11, providing the crucial link to transfer the error analysis form the K-setting
to the spectral setting.

Lemma 10 Forall v € Vy, and w, € V, there holds
(v, wr)my = C3 (v, wy) ks (5.18)

Proof If v € V,, then (5.18) holds due to Corollary 1. Let now I1, : V;, — V), denote
the 0-orthogonal projection on V., such that

Yw, €V, 0 (I1v, wr)o = (v, wr)o
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for each v € V). By virtue of the identity (mv)’ = "MV, equation (4.2) and
(5.16), there holds for any arbitrary v € Vj, and w, € V,

(, we) gy = (v, wEs = Co{Tv, wy)ky = Cy (v, wr)k

s,
r r

We are eventually able to conduct the proof of Theorem 12.

Proof (Proof of Theorem 12) Due to Corollary 1 and Lemma 10, there holds
Yw e Vo [w,u)ps — (w, u)ps| < {w, u)gs — (w, u)gs|.

Hence,

w, Lys(u) — Lysu)ol
ILps () — Lusullo = sup
weV\[0) lwllo
Hw, u)gs — (w, u) gs |
= sup
weVy\{0} lwllo
w, u) ks — (w, u)gs|

< —C*r
sup <e llull2,
weVy\ {0} lwllo

where the last inequality relies on (5.17). The fact that ||u ||, reduces to ||u||1 as s < %

follows directly from the latter claim of Theorem 14. O

Remark 8 Results from Theorem 7 and 12 can be ameliorated in a sense that the lower
and upper bound, A% and )L%], solely have to be chosen with respect to that minimal and
maximal eigenvalue, whose corresponding eigenfunction nontrivially contributes to
the linear combination of the argument «. This leads to improvements of the constant
C* and hence to faster convergence.

6 Numerical examples

In the subsequent, we underpin our analytical results by several numerical examples,
which can be found on GitHub!. To make matters precise, let Q C R2 be an open,
bounded Lipschitz domain with Lipschitz boundary d€2. We define Vo := (L2(2), || -
llz,) and V1 := (HO1 (2), [IV-|lL,) to consider its arising interpolation space [ Vg, V1];.
The induced operator Lys (v, v,) of || - llas (v,,v,) coincides with the spectral fractional
Laplacian subject to homogeneous Dirichlet boundary conditions, i.e.,

oo
Vu e Vo, Vily: Ly vt = (=) u =Y 37 (u, oa) 1, ¢k
k=1

1 https://github.com/TobiasDanczul/FractionalDiffusion.git.
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Fig.1 Error Eivgrm (s, r) of the 1071 F =
reduced basis interpolation norm
of a randomly chosen

u € span{gy, ..., g} for three 1074
different values of s,
o = [272, 42001, and

2C* ~ 1.65 1077 1

error

10—10 b

10718 1 1 1 1 I —

where (¢, )»,%),?‘;1 - H(}(Q) x R denote the L,-orthonormal eigenfunctions and
eigenvalues of Vo and V. This setting is utilized to adequately study and analyze the
performance of our method. All tests were implemented within the NGS-Py interface
of the open source finite element packages NETGEN and NGSolve?, see [41, 42].
Computations of the Zolotarév points are performed by means of the special function

library from Sc ipys.

Example 1 Consider the unit square 2 = (0, 1)2 and a finite element space V, C
HO1 (2) of polynomial order p = 3 on a quasi-uniform, triangular mesh 7;, with mesh
size h = 0.08, together with its arising eigenbasis (gok),ivzl and N = 1762. We set

n
=3 e
k=1

for some randomly chosen coefficients ¢; € (—1, 1) with n = 300, such that the
reduced basis norm is exact for r > 299. On €2, the exact eigenvalues (v,%),fil of —A
are given in closed form in terms of

2 2

Vk = Vi,j = ﬂz(i2+j2).

Consistent with Remark 8, we set )»% =2 < A% and utilize the power method
to obtain an upper bound A%] := 4200 > ;. In accordance with Theorem 7, Fig-
ure 1 affirms the exponential decay of the error Eftv orm(s,r) = ||u||%,s — ||u||%1s in
r. Furthermore, we observe, as indicated in Sect. 5, that the error incrreases as s is
augmented.

Example 2 Consider the unit circle @ = {x € R? : ||x|| < 1}, where || - || denotes
the Euclidean norm. For the sake of simplicity, we approximate 2 using a quasi-
uniform triangular mesh 7;, of mesh-size 1 = 0.06. In particular, the boundary 92

2 www.ngsolve.org.

3 https://docs.scipy.org/doc/scipy/reference/special.html.
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Fig.2 Lj-error E,?hp (s, r) of the
reduced basis operator for three
different choices of s

error

10712 (=2 I I 1 I [
0 5 10 15 20 25
r
Fig.3 Impact of the mesh
parameters 4 = 27! on the error
0,
E r{;nd (01’ r) 10 b

llh

1072 1

1075 [

10—8 H

is approximated using (non-curved) line segments. We highlight, however, that our
theory equally holds true when curved elements are used. Provided the mesh, we
use polynomials of order p = 2 to construct the finite element space Vj,. Let now
uy, = Iu € Vy, denote the Ly-orthogonal projection of

u(x) = u(x, y) = (1 — [x|)y*sin(||x|)) € Hy ()

onto V. Having no further information which eigenfunctions contribute to the linear
combination of uj, we set A% =1< A% and A%] = X%v + 1 ~ 49723.4, where 5‘%\/
denotes a numerical approximation of )\%\, obtained by power iteration. The error of
the reduced basis operator, E,?hp (s,7) := ILgs (up) — LysupllL,, from Theorem 12
is examined in Figure 2. Here, the exact operator action L ysuy, has been replaced by
L HS, (up), where r* € N is taken large enough to neglect the arising inaccuracy. The

... . —C*
observed convergence rate is is in accordance with O (e ¢ ’), where C* ~ 0.41.

The dominant computational effort for evaluating £ s (u,) comes from the offline
phase, in which a basis for the reduced basis space is computed. The construction of
the latter requires the solution of » parametric reaction-diffusion equations, which can
be obtained in O(r N) operations using an optimal solver such as a multigrid method.
For each new exponent queried during the online phase, the surrogate is found in
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the coordinate space with complexity O(k3) by diagonalizing the compressed matrix
A, € RUTDx0+D "Since typically k <« N, this allows us to efficiently query the
surrogate for multiple values of s.

It is evident that the performance of our method relies on the condition of the
problem and thus on the mesh parameter /. The exponential convergence property of
KH,S forh =27%,i =3,5,7,9, on Q with p = land s = 0.1 is shown in Figure 3
with respect to a randomly chosen uza”d € Vj,. The example confirms that the rate of
convergence deteriorates as 7 — 0. The error approximately behaves like O (e’o'ﬁr)

forh =273 and O (e72") for h = 27°.
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7 Appendix

Proof of Theorem 1 The proof follows the outline of [23, Proposition 2.1] and [19,
Lemma 2.2]. Let v € V(Vy, Vy; y*) with

v(y) =Y (e,

k=1

and vg(y) = (v(¥), @k)o. Then there holds

o0
101 p0,v1i5) = D A ¥ () + 0, 07?) dy
k=1

(7.1)

YreH' (RY)

=Y w©? min [ (B0 + w07 .
= s
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It is well-known that the minimizer v coincides with the solution of a Bessel-type
differential equation

Wi+ SV = Mk =0, inR,
lim ¢ (y) =0,

y—>00

Y (0) =1,

which admits the following representation
V() = ey K (Aiy).

Here, ¢, denotes a constant and K; the modified Bessel function of second kind, see
[1]. The constant is chosen in a way, such that 1% (0) = 1, which allows us to write

Y (y) = ¥ (Axy) (7.2)

for a suitable function ¥ € H'(R1) with ¥ (0) = 1. For all k € N the value of the
minimum in (7.1) is given by

|23 (0P + 0P dy =32 [0 (502 4 v 02) .
R+ 0

Integration by parts and incorporating the asymptotic behaviour of K yields

/ Tien (v +v'®?) ar = d,
0

see e.g., [19, Remark 2.3]. Thus,
o0
110,50y = ds Y A 0k (0)* = dy |[V(O) s (v v, -
k=1

We conclude that tr defines a linear, bounded operator that satisfies (2.2), such that
its range is contained in [V, V| ]gs. To evidence surjectivity, we observe that for each
u € [V, Vi]us the function

o
U(y) =Y urgr¥ (Aey)
k=1
is contained in V(Vg, V1; y*) and satisfies tr U = u. O

Proof of Theorem 2 Let u € [V, Vi ]gs and consider the ansatz function

U(y) =D gty (iy),

k=1

@ Springer



T. Danczul, J. Schéberl

with ¥ as in (7.2). The proof of Theorem 1 validates that U € V(Vy, Vy; y*) and

U v, visye) = Vdsllullas vy, vy)-

Moreover, U satisfies (2.5), by construction of 1. What follows is that U is the «-
harmonic extension of «. Due to its minimization property from Lemma 1, we further

have
lullgs(vo, vy = IUlvve, visye) = Vdsllullas vy, vy)-
To evidence the second equality, we refer to [18, Theorem A.2]. O
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