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A Refined Sinus Finite Element Model for the Analysis
of Piezoelectric-Laminated Beams
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ABSTRACT: A three-nodded beam finite element is developed for the analysis of composite-
laminated beams with distributed piezoelectric sensor/actuator layers. The mechanical part of
the proposed element is based on the refined sinus model. This element does not require shear
correction factor and ensures continuity conditions for displacements, transverse shear stresses
as well as boundary conditions on the upper and lower surfaces of the beam. This conforming
finite element is totally free of shear locking, and the number of mechanical unknowns is
independent of the number of layers. For each piezoelectric layer, a high-order electrical
potential field is considered. The virtual work principle leads to a derivation that could include
dynamic analysis. However, in this study, only static problems have been considered.
Comparison of numerical results obtained from this formulation with previous works
shows that the present finite element is suitable for predicting fully coupled behaviors of
both thick and thin smart-laminated beams under mechanical and electrical loadings.

Key Words: finite element, composite beams, piezoelectric layers, refined sinus model.

INTRODUCTION

F
UTURE engineering research is inclined toward struc-

tures that are able to sense, respond, and minimize

the effects of applied disturbance on them. This class of

structures is generally called smart structures.

Piezoelectric materials have been widely used in the

form of sensors and actuators in order to self-respond

to structures. Thanks to small dimensions, it is possible

to use many piezoelectric patches as sensors and actua-

tors, without causing significant changes in dynamic

properties of the main structure. In the application of

sensors, mechanically induced deformations can be

determined by measuring the induced electrical poten-

tial, whereas in the application of actuators, deforma-

tions can be controlled by introducing an appropriate

electric potential. An overview on applications of smart

structures can be found in the study carried by Chopra

(2002) and Gaudenzi (2009).

Various mathematical models developed for struc-

tures containing piezoelectric sensors and actuators

can be classified into two broad categories including

induced strain models and coupled electromechanical

models. An overview on the modeling of piezoelectric

structures is given in Benjeddou (2000), Saravanos

and Heyliger (1999), and Carrera and Boscolo (2007).

Also, see Gaudenzi (2009).

The induced strain models use approximate theories

in order to incorporate external forces associated with

the piezoelectric actuators. The electric potential is

neglected as a state variable in the formulation; there-

fore, these models cannot capture the coupled mechan-

ical and electrical responses and are only limited to

predict the actuator behavior of piezoelectric materials

(Crawley and de Luis, 1987; Tzou and Gadre, 1989;

Wang and Rogers, 1991; Sung et al., 1996).

Compared to the induced strain models, the coupled

electromechanical models provide a more consistent rep-

resentation of both the sensor and actuator responses of

piezoelectric materials, incorporating both the displace-

ments and the electric potentials as the state variables in

the formulation. Piezoelectric three-dimensional (3D)

finite elements (FEs) have been proposed early by

Allik and Hughes (1970), Tzou and Tseng (1990), and

Xu et al. (1995). However, the cost of the 3D analysis is

relatively high, and it will become a problem when pie-

zoelectric layers are thin compared to the structure size.

In order to overcome these restrictions, several theories

for laminated structures including piezoelectric elements

exist in the literature. The electric part is usually modeled

by a layerwise (LW) approach (Reddy, 1993); therefore,

the discussion concerns only the mechanical approach.



The following classiEcation is associated with the depen-

dence on the number of mechanical degrees of freedom

(DOFs) with respect to the number of layers:

. The equivalent single layer (ESL) approach: the num-

ber of unknowns is independent of the number

of layers, but continuity of transverse shear and

normal stresses is often violated at layer interfaces.

This approach is called ‘hybrid’ or ‘mixed’ in the lit-

erature. We can distinguish classical laminate theory

(CLT), Erst-order shear deformation theory (FSDT)

(Suleman and Venkayya (1995), Sheikh et al. (2001),

and Wang (2004) for plates), and higher order

theories: the third-order shear deformation theory

has been carried out by Chee et al. (1999) (beams),

and Shu (2005), Thornburgh and Chattopadhyay

(2002), Fukunaga et al. (2001), and Mitchell and

Reddy (1995) (plates) for instance.

. The LW approach: the number of DOFs depends

on the number of layers. This theory aims at overcom-

ing the ESL shortcoming by allowing discontinuity of

out-of-plane stresses on the interface layers. See for

instance, Saravanos and Heyliger (1995), Kusculuoglu

et al. (2004), and Plagianakos and Saravanos (2005) for

beams, Semedo Garcao et al. (2004), Garcia Lage et al.

(2004a, b), Heyliger and Saravanos (1994), Saravanos

et al. (1997), and Robaldo et al. (2006), etc., for plates,

and Tzou and Ye (1996) for shells.

Note that an extensive assessment has been provided

by Saravanos and Heyligher (1999).

In this framework, reEned models have been devel-

oped in order to improve the accuracy of ESL

models while avoiding the computational burden of

the LW approach. Starting from a refined LW descrip-

tion, taking into account physical considerations and

after some algebraic transformations, the number of

unknowns becomes independent of the number of

layers. This type of approach has been carried out by

Ambartsumyan (1969). The resulting model can be clas-

sified as a zig-zag one (see the historical review of

Carrera (2003)). In the framework of electromechanical

problems, Oh and Cho (2004) have extended the third-

order zig-zag model. Also, note the recent works for

beams (Kapuria, 2001; Kapuria and Alam, 2006) and

plates (Kapuria, 2004).

Finally, the so-called advanced models based on prin-

ciple of virtual displacement (PVD) or Reissner’s mixed

variational theorem (RMVT), and Carrera unified for-

mulation (CUF) must be referred here. Different types

of interlaminar continuity can be considered: transverse

shear/normal stresses and/or transverse electric displace-

ment. For the most recent works on multilayered piezo-

electric structures, readers can refer to D’Ottavio and

Kröplin (2006) and Carrera and Nali (2009) for plates,

and Carrera and Brischetto (2007) for shells.

In this article, a refined sinus beam FE is presented for

the prediction of fully coupled behavior of smart rect-

angular laminated beams under electromechanical con-

ditions. This element is based on the sinus model

introduced by Touratier (1991). Then, it was extended

to take into account the interlaminar continuity of the

transverse shear stresses by Polit and Touratier (2000)

for plates, and by Dau et al. (2004) for shells. The cou-

pling with the piezoelectric effect is carried out by

Ossadzow-David and Touratier (2004) and Fernandes

and Pouget (2003) using an analytical approach. The

original sinus model has been enriched by Vidal and

Polit (2008) by introducing a layer refinement in the

kinematics, and then extended to thermal effects (Vidal

and Polit, 2009). In this framework, this study is focused

on the extension of these last works of the piezoelectric

effect.

This beam element is a three-nodded element which

satisfies the continuity conditions between layers of lam-

inate for displacements, transverse shear stress, and the

free conditions at the top and bottom surfaces of the

beam. The element is totally free of shear locking

(cf. Vidal and Polit, 2008) and has finally four indepen-

dent generalized displacements: three displacements

and one rotation. Concerning the electrical part, a

high-order electrical potential field is considered.

The advantage of this electrical potential field is that it

satisfies the boundary conditions of applied voltage.

This high-order electrical potential also allows dealing

with the conjuncture conditions between two piezoelec-

tric layers using the electric field at the interface. The

results obtained with this FE are in good agreement with

available published reference solutions. This efficient FE

is simple and has a low cost compared to layer-wise

theory or 3D models from commercial softwares.

MATHEMATICAL FORMULATION

Geometry and Coordinate System

The considered beam has a rectangular uniform cross-

section of height h, width b, and is assumed to be

straight. The beam is made of NC layers of different

linearly elastic materials. Each layer may be piezoelectric

(actuators/sensors) or non-piezoelectric. The laminated

beam and Cartesian coordinate system ðx1, x2, zÞ are

shown in Figure 1. As shown in this figure, the x1, x2,

and z axes are respectively along the central line, width,

and thickness of the beam. This study is based upon a

displacement approach for geometrically linear elastic

beams.

Constitutive and Governing Coupled Equations

In this study, the non-piezoelectric materials are

assumed to be orthotropic and the general type of



piezoelectric materials is ‘‘orthorhombic-class mm2.’’

Considering this assumption, the constitutive equations

of a piezoelectric material in its material axis system can

be expressed as:
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where Di is the electric displacement vector components,

Ei the electric field vector, and cij, eij, �ij the elastic, pie-

zoelectric, and dielectric material constants.

In a laminated beam with small width, the following

assumptions are made:

�zz ffi 0, �yy ffi 0, �yz ffi 0, �xy ffi 0, Ey ffi 0 ð3Þ

Using the conditions (3), the constitutive relations (1)

and (2) reduce to:

�r ¼ �C�e� �e �E

�D ¼ �eT�eþ �v �E
ð4Þ
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The principle of virtual work for the piezoelectric

medium of volume � and regular boundary surface �

can be written as:
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where Fi, fi, �q, and �Q are surface force components,

mechanical body force components, electrical body

charge, and surface charge, respectively. �ui and �� are

admissible virtual displacement and potential. � is the

mass density and fci the components of concentrated

loads.

Z

Z

X2

X2

X1
h/2

b

L

Figure 1. The laminated piezoelectric beam and coordinate system.



Substituting Equation (4) in Equation (5) allows us to

deduce the formulation, where ui and � are the

unknowns. The obtained equation is a good starting

point for a FE formulation.

Displacement and Strain Fields

The displacement field used in this model is given by

Vidal and Polit (2008):

u1ðx1,x2,z,tÞ¼uðx1,tÞ�zwðx1,tÞ
0þfðzÞð!3ðx1,tÞþwðx1,tÞ

0Þ

þ
X

NC

k¼1

ð �uklocðx1,z,tÞþûklocðx1,z,tÞÞðHðz�zkÞ

�Hðz�zkþ1ÞÞ

u3ðx1,x2,z,tÞ¼wðx1,tÞ

ð6Þ

The functions u1ðx1,x2, z, tÞ and u3ðx1, x2, z, tÞ

represent the horizontal and vertical displacements,

respectively. The subfunctions uðx1, tÞ and wðx1, tÞ are

the mid-plane horizontal and vertical displacements,

respectively. !3ðx1, tÞ is the shear bending rotation

around the x2 axis, and t the time.

The local functions �ukloc and ûkloc based on Legendre

polynomial can be written as:

�uklocðx1, z, tÞ ¼ 	ku
k
31ðx1, tÞ þ �

1

2
þ
3	2k
2

� �

uk32ðx1, tÞ ð7Þ

�uklocðx1, z, tÞ ¼ �
3	k

2
þ
5	3k
2

� �

uk33ðx1, tÞ ð8Þ

where 	k ¼ akz� bk, ak ¼
2

zkþ1 � zk
, and bk ¼

zkþ1 þ zk

zkþ1 � zk
.

H is the heaviside function, f ðzÞ is defined by:

f ðzÞ ¼
h



sin


z

h

� �

The coordinate system related to the above formula-

tion is shown in Figure 2.

CONTINUITY CONDITIONS

The following continuity conditions on displacements

and interlaminar stresses must be imposed to the

displacement field equations.

Displacement Continuity Conditions

The continuity conditions of displacement on the lam-

inate interfaces should be satisfied. By applying

the continuity condition on the displacement based

on the so-called 1,2�3 double-superposition theory

(Li and Liu, 1997), the following two equations can be

deduced:

�u
ðkÞ
loc ¼ �u

ðk�1Þ
loc k ¼ 2, . . . ,NC ð9Þ

û
ðkÞ
loc ¼ û

ðk�1Þ
loc k ¼ 2, . . . ,NC ð10Þ

Using the above equations yields the following

equations:

uk32 ¼ uk�1
31 þ uk�1

32 þ uk31 ð11Þ

uk33 ¼ ð�1Þk�1u133 ð12Þ

Transverse Shear Stress Continuity

The transverse shear stress of the kth layer can be

obtained as follows:

�k13 ¼Gkf
0ðzÞð!3 þ w0Þ þ Gkaku

k
31 þ 3Gk	kaku

k
32

þ Gk �
3

2
ak þ

15

2
ak	

2
k

� �

uk33 ð13Þ

where Gk is the shear modulus of kth layer. By imposing

the transverse continuity conditions between two adja-

cent layers, the following recursive equations need to be

satisfied:

Gkf
0ðzkÞð!3 þ w0Þ þ Gkaku

k
31 � 3Gkaku

k
32 þ 6Gkaku

k
33 ¼

Gk�1f
0ðzkÞð!3 þ w0Þ þ Gk�1ak�1u

k�1
31 þ 3Gk�1ak�1u

k�1
32

þ 6Gk�1ak�1u
k�1
33 k ¼ 2, . . . ,NC

ð14Þ

Boundary Conditions

Free shear traction conditions should be satisfied for

both lower and upper surfaces. Thus, the following two

boundary conditions are obtained:

�113 z ¼ �
h

2

� �

¼ G1f
0 �

h

2
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1
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Figure 2. Coordinate system of the laminated piezoelectric beam.



�NC
13 z ¼

h

2

� �

¼ G1f
0 h

2
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ð!3 þ w0Þ þ GNCaNCu
NC
31

þ 3GNCaNCu
NC
32 þ 6GNCaNCu

NC
33 ¼ 0

ð16Þ

Using Equations (11) and (14), the following recursive

equations are obtained:

uk31 ¼ Akð!3 þ w0Þ þ Bku
k�1
31 þ Cku

k�1
32 þDku

k
33 ð17Þ

uk32 ¼ Ekð!3 þ w0Þ þ Fku
k�1
31 þHku

k�1
32 þ Iku

k
33 ð18Þ

The calculation of coefficients Ak, Bk, Ck, Dk, Ek, Fk,

Hk, and Ik are detailed in Appendix. Substituting

Equation (12) in Equation (15) yields:

uk33 ¼
ð�1Þkf 0 � h

2

� 	

6a1
ð!3 þ w0Þ þ

ð�1Þk

6
u131 þ

ð�1Þk�1

2
u132

ð19Þ

The above equation expresses uk33 with respect to u131,

u132, and ð!3 þ w0Þ. Substituting Equation (19) in

recursive Equations (17) and (18) allows us to deduce

uk31 and uk32 with respect to u131, u132, and ð!3 þ w0Þ.

After calculating uNC
31 , uNC

32 , and uNC
33 , respectively,

from recursive Equations (17), (18), and (19) and

substituting them in Equation (16), u132 can be elimi-

nated. Thus, Equations (17), (18), and (19) can be

rewritten as:

uk31ðx1, tÞ ¼ �k1ð!3ðx1, tÞ þ wðx1, tÞ
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1
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<

>

>

>

>

>

>

:

ð20Þ

where coefficients �k1, �k
2, and �k

3 and �k1, �k2, and �k3
are obtained from the procedure described above.

These coefficients are only dependent on the shear mod-

ulus and z-axis coordinate of layers. Finally, the four

unknowns are u, w, !3, and u131.

Displacement and Strain Fields

Using the usual definitions for strain, the strain

equations can be derived from the displacement field:

"11 ¼ u,1 � zw,11 þ ð!3,1 þ w,11ÞFðzÞ þ SðzÞu131,1

�13 ¼ ð!3 þ w,1ÞFðzÞ,3 þ SðzÞ,3u
1
31 ð21Þ

where

FðzÞ ¼ f ðzÞ þ
X

NC

k¼1

	k�
k
1 þ �

1

2
þ
3	2k
2

� �

�k
2

þ �
3	k

2
þ
5	3k
2

� �

�k
3

!

� ðHðz� zkÞ �Hðz� zkþ1ÞÞ

SðzÞ ¼
X

NC

k¼1

	k�
k
1 þ �

1

2
þ
3	2k
2

� �

�k2 þ �
3	k

2
þ
5	3k
2

� �

�k3

� �

� ðHðz� zkÞ �Hðz� zkþ1ÞÞ

In order to prepare the FE approximations, the dis-

placement and the strain Equations (6) and (21) are

expressed in the following form:

u ¼ Auuu, e ¼ Luuu ð22Þ

where u ¼ ½ u1 u3 �
T, uu ¼ ½ u w !3 u131 �

T,

e ¼ ½ "11 �13 �
T, and

Au ¼
1 �z d

dx1
þ FðzÞ d

dx1
FðzÞ SðzÞ

0 1 0 0

" #

,

Lu ¼

d
dx1

�z d2

dx2
1

þ FðzÞ d2

dx2
1

FðzÞ d
dx1

SðzÞ d
dx1

0 FðzÞ,3
d
dx1

FðzÞ,3 SðzÞ,3

2

4

3

5

High-Order Electric Potential

In this study, the following electric potential has

been used for the kth piezoelectric layer (Jiang and Li,

2007):

�kðx1, x2, 	kÞ ¼Lk1ð	kÞ �Ekþ1ðx1, x2Þ þ Lk2ð	kÞ �Ekðx1, x2Þ

þ Lk3ð	kÞ ��kðx1, x2Þ

ð23Þ

where �Ekþ1ðx1, x2Þ and
�Ekðx1,x2Þ denote the electric field

at the top and bottom surfaces, respectively. ��kðx1, x2Þ is

the difference of electric potential between the top and

bottom surfaces. Lkið	kÞ ði ¼ 1, 2, 3Þ are the interpolation

functions as follows:

Lk1 ¼ � 1
8
ð	k þ 1Þ2ð	k � 1Þðzkþ1 � zkÞ

Lk2 ¼ � 1
8
ð	k þ 1Þð	k � 1Þ2ðzkþ1 � zkÞ

Lk3 ¼
3
4
	k þ

1
2

� 	2
� 1

4
	k þ

1
2

� 	3
� 1

2

8

>

<

>

:

ð24Þ

This high-order electric potential ensures the bound-

ary condition of applied voltages. Moreover, this elec-

tric potential enables us to deal with the conjuncture

conditions between two piezoelectric layers by

means of the electric field at the interface. According

to the definition of electric field, this one can be



expressed as:

Ek ¼
Ex1

Ez

� �

layer k

¼ �

@�

@x1

@�

@z

( )

k

¼ �
Lk1ð	kÞ

d
dx1

Lk2ð	kÞ
d
dx1

Lk3ð	kÞ
d
dx1

dLk1

dz
dLk2

dz
dLk3

dz

" # �Ekþ1

�Ek

��k

8

>

<

>

:

9

>

=

>

;

¼ �Lk
�u

k
�

ð25Þ

FE FORMULATION

FE approximations have to be defined for the vari-

ables of Equation (6). From the displacement field

(Equation (6)), the transverse displacement w must be

C1-continuous. Therefore, Hermite cubic functions are

employed to interpolate transverse displacement w.

Although the rotation !3 must be only C0-continuous,

it is interpolated by Lagrange quadratic functions. This

choice allows the same order of interpolation for both

w,1 and !3 in the corresponding transverse shear strain

components due to bending, and enables to avoid trans-

verse shear locking phenomenon using the field compat-

ibility approach. Finally, u and u131 are interpolated by

Lagrange quadratic functions (Polit et al., 1994; Polit

and Bruant, 2006; Vidal and Polit, 2006; Vidal and

Polit, 2008). Mechanical representation of the laminated

beam FE is shown in Figure 3. For the geometric

approximation, Lagrange’s linear interpolation is

employed. The mechanical variables uu can be expressed

with respect to the DOFs vector ueu as follows:

uu ¼ Nuu
e
u ð26Þ

where

ueu ¼
n

u1 w1 !3ð Þ1 w,1

� 	

1
u131
� 	

1
u3 ð!3Þ3

u131
� 	

3
u2 w2 ð!3Þ2 ðw,1Þ2 u131

� 	

2

oT

Nu¼

�N1 0 0 0 0 �N3 0 0 �N2 0 0 0 0

0 N1 0 Nd1 0 0 0 0 0 N2 0 Nd2 0

0 0 �N1 0 0 0 �N3 0 0 0 �N2 0 0

0 0 0 0 �N1 0 0 �N3 0 0 0 0 �N2

2

6

6

6

4

3

7

7

7

5

where �Niði ¼ 1, 2, 3Þ are the Lagrangian quadratic func-

tions defined as

�N1 ¼ �N1ð	Þ ¼ �	ð1� 	Þ=2, �N2 ¼ �N2ð	Þ ¼ 	ð1þ 	Þ=2

�N3 ¼ �N3ð	Þ ¼ ð1þ 	Þð1� 	Þ=2

ð27Þ

and the Hermitian shape functions are:

N1 ¼ N1ð	Þ ¼
1

4
ð1� 	Þ2ð2þ 	Þ,

N2 ¼ N2ð	Þ ¼
1

4
ð2� 	Þð1þ 	Þ2

Nd1 ¼ Nd1ð	Þ ¼
le

8
ð1� 	Þ2ð1þ 	Þ,

Nd2 ¼ Nd2ð	Þ ¼ �
le

8
ð1� 	Þð1þ 	Þ2

ð28Þ

where 	 is the local coordinate.

Using Equations (22) and (26), the displacements

vector and the strain vector can be expressed as follows:

u ¼ Auuu ¼ AuNuu
e
u ¼ Nueu,

e ¼ Luuu ¼ LuNuu
e
u ¼ Buu

e
u

ð29Þ

where the N and Bu are displacement and strain interpo-

lation matrices, respectively. Again, using the linear

Lagrangian interpolation functions for �Ekðx, yÞ,
�Ekþ1ðx, yÞ, and

��kðx, yÞ, the vector u� can be expressed as:

u� ¼ N�u
e
� ð30Þ

where

N� ¼

N0
1 0 0 N0

2 0 0

0 N0
1 0 0 N0

2 0

0 0 N0
1 0 0 N0

2

2

6

4

3

7

5
,

ue� ¼ ð �EkÞ1 ð �Ekþ1Þ1 ð ��kÞ1 ð �EkÞ2 ð �Ekþ1Þ2 ð ��kÞ2

 �

T

and N0
1, N

0
2 are the Lagrangian linear shape functions

defined as:

N0
1 ¼ N0

1ð	Þ ¼ ð1� 	Þ=2, N0
2 ¼ N0

2ð	Þ ¼ ð1þ 	Þ=2 ð31Þ

From Equations (25) and (31), the electric field E can

be expressed as:

E ¼ �L�u� ¼ �L�N�u
e
� ¼ �B�u

e
� ð32Þ

Substituting Equations (4), (30), (31), and (33) in

Equation (5), and assembling the elementary matrices,

yield the following general dynamic equation of motion:

M 0

0 0

� �

€qðtÞ
€/ðtÞ

� �

þ
Kqq Kq�

K�q K��

� �

qðtÞ

/ðtÞ

� �

¼
FqðtÞ

F�ðtÞ

� �

ð33Þ

u u
w
w,1
w3

g1 g3 g2

w3

u31
1

u

w
w,1
w3

u31
1u31

1

Figure 3. Mechanical representation of the laminated beam FE.



The matrices and vectors in the above equation are

the mechanical DOFs qðtÞ, the electrical DOFs /ðtÞ,

the mass matrix M ¼
R

V

�NTNdV, the elastic matrix

Kqq ¼
R

V

BT
u
�CBudV, electromechanical coupling matrix

Kq� ¼
R

V

BT
u �eB�dV, the permittivity matrix K��

¼
R

V

BT
� �vB�dV, the mechanical load vector Fq

¼
R

V

NTfdVþ
R

S

NTFdSþNTfc, and the applied charge

vector F� ¼
R

S

NT
�QdS.

RESULTS AND DISCUSSION

In this section, a four-layered substrate composite beam

with piezoelectric bonded to its top face [pz/0�/90�/90�/0�],

a three-layered cantilever beam made up of piezoelectric

and non-piezoelectric materials, and a polyvinyl difluoride

(PVDF) bimorph beam are analyzed using the present ele-

ment. In order to evaluate this FE, the obtained results are

compared with available experimental and numerical

ones. Note that the polarization of the piezoelectric mate-

rials is aligned with the transverse direction of each piezo-

electric layer unless stated otherwise.

For further comparison, Table 1 gives the main fea-

tures of the FE formulations given in the following

numerical examples: the type of FE, the number of

nodes, the number of mechanical and electrical DOFs

per node or element, the number of generalized

unknowns, and the interlaminar continuity of the trans-

verse shear stress are precised.

Four-Layered Substrate Composite Beam with

Piezoelectric Bonded to its Top Face

In this section, a simply supported piezoelectric-lami-

nated beam with length-to-thickness ratio SðL=hÞ ¼ 4

(thick beam), S ¼ 10 (moderately thick beam), and

S ¼ 100 (thin beam) is considered. This beam has the lam-

ination scheme [pz=0�=90�=90�=0�], where pz indicates the

piezoelectric layer. The substrate of the beam ismade up of

graphite�epoxy with the following properties:

ðEL,ET,GLT,GTTÞ ¼ð181, 10:3, 7:17, 2:87ÞGPa,

ð�LT, �TTÞ ¼ ð0:28, 0:33Þ

L and T denote parallel and transverse directions to the

fibers, respectively. The piezoelectric layer is made up of

PZT-5A with the following properties:

ðE11,E22,E33,G12,G23,G31Þ ¼

ð61:0, 61:0, 53:2, 22:6 , 21:1, 21:1ÞGPa,

ð�12, �13, �23Þ ¼ ð0:35, 0:38, 0:38Þ

ðd31, d32, d33, d15, d24Þ ¼

ð�171, � 171, 374, 584, 584Þ � 10�12 m=V,

ð�11, �22, �33Þ ¼ ð1:53, 1:53, 1:50Þ � 10�8 F=m

The ratio of the piezoelectric layer thickness to the

laminate thickness h is assumed to be 0.1. All layers of

the substrate are assumed to have equal thickness. The

accuracy of the proposed element is assessed by compar-

ing the obtained result with an exact piezoelectric solu-

tion. The 3D exact solution and the aforementioned

properties for graphite�epoxy and PZT-5A are issued

from Kapuria (2001). In the following sensor/actuator

model, all results are normalized as follows:

ð �u1, �u3Þ ¼ 100ðu1, u3=SÞYT=hS
3p0,

ð ��11, ��13Þ ¼ ð�11=S, �13Þ=Sp0, �� ¼ 104�YTdT=hS
2p0

Table 1. Main features of different FE models.

Number of DOFs per node

or (element) Interlayer

continuity

Number of generalized

unknowns

Electrical Mechanical

Element/number

of nodes conditions electrical mechanical Models

Saravanos and Heyliger (1995)

NCPþ1 2�NCþ 2 Beam/2 Not considered NCPþ 1 2�NCþ 2 Chee et al. (1999)

NCPþ1 4 Beam/2 Not considered NCPþ 1 3 Fukunaga et al. (2001), nine-node

element

(NCP) 5 Plate/9 Not considered NCP 5 Fukunaga et al. (2001), four-node

element

(NCP) 7 Plate/4 Not considered NCP 5þ 2 Correia et al. (2000), 11 DOFs

(NCP) 11 Plate/9 Not considered NCP 11 Correia et al. (2000), nine DOFs

(NCP) 9 Plate/9 Not considered NCP 9 Tzou and Ye (1996)

NCPþ1 3�NCþ 3 Plate/12 Considered NCPþ 1 3�NCþ 3 Suleman and Venkaya (1995)

(NCPþ 1) 5 Plate/4 Not considered NCPþ 1 5 Hwang and Park (1993)

(1) 3 Plate/4 Not considered 1 3 Present

2�NCPþ 1 5/3 Beam/3 Considered 2�NCPþ 1 4 Saravanos and Heyliger (1995)

Note: NCP, number of piezoelectric layers/sublayers.



ð ~u1, ~u3Þ ¼ 10ðu1, u3=SÞSdT�0,

ð ~�11, ~�13Þ ¼ ð�11=10,S�13Þh=YTdT�0

where dT ¼ 374� 10�12 CN�1 and YT ¼ ET.

Before proceeding to the detailed analysis, numerical

computations are carried out for the influence of the

aspect ratio (shear locking). The normalized displace-

ment obtained at the middle of the beam is shown in

Figure 4 along the exact solution for the sensor and

actuator cases (see ‘Sensor model’ and ‘Actuator

model’ sections for more details about the configura-

tion). The results are in good agreement. It can be con-

cluded that the present element is free from shear

locking phenomenon.

SENSOR MODEL

A sinusoidal pressure pðx1Þ ¼ p0 sinð
x1=LÞ is applied

on the top surface of the simply supported beam. The

beam is divided into 24 elements of equal lengths. The

normalized numerical results for deflection, in-plane dis-

placement, shear stress, in-plane stress, and the induced

potential at the sensory layer are given in Table 2 for

three values of length-to-thickness ratio S ¼ 4, S ¼ 10,

and S ¼ 100. The variation of the normalized in-plane

displacement, shear stress, and in-plane stress through

the thickness (S ¼ 4 and S ¼ 10) are shown in Figures 5

and 6. The distribution of the normalized induced

potential across the sensory layer is also shown in

Figure 7. It must be noted that the transverse shear

stress is obtained by integrating the stress equilibrium

equation through the thickness of the laminates (i.e.,

�13ðzÞ ¼ �
R z

�h=2
�11,1dz) at the post-processing level.

For deflection, the present model gives results with an

error rate of less than 4.3%, whatever the length-to-

thickness ratio. The model predicts the in-plane dis-

placement and in-plane stress of thin to moderately

thick laminated beams with an error of less than 3.4%.

The shear stress distribution obtained from the present

model is in excellent agreement with the exact solution

for both thin and thick laminated beams (with a maxi-

mum error rate of 2.5%). The present coupled model

has also the capability to predict induced sensory poten-

tial with very good accuracy for thin to moderately thick

laminated beams. The error rate in the predicted sensory

potential is only 3.7% for moderately thick beams. The

error rate approaches zero for thin beams. These results

show that the prediction of the sensory behavior of thick

and thin laminated beams is accurate.

ACTUATOR MODEL

An actuating potential �ðx1Þ ¼ �0 sinð
x1=LÞ is

applied at the top surface of the simply supported

beam. The layered substrate composite beam and its

piezoelectric layer are discretized into 24 elements of

equal lengths and the thickness is divided into five

numerical layers. The normalized numerical results for

deflection, in-plane displacement, shear stress, and in-

plane stress are compared in Table 3 for length-to-thick-

ness ratio S ¼ 4, S ¼ 10, and S ¼ 100. The variation of
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Figure 4. Distribution of the non-dimensional maximum displacement ~u3ð0:5L, 0Þ with respect to aspect ration L/h � four-layered substrate
composite [pz/0�/90�/90�/0�] left (sensory beam) � right (actuated beam).

Table 2. Results for the sensory beam under the
pressure load.

Sensory beam [pz=0�=90�=90�=0�]

Present/exact Exact S

�u3ð0:5L, 0Þ 0.95 �3.0636 4

0.97 �1.2971 10

0.99 �0.9444 100
�u1ð0, 0:5hÞ 0.86 2.4785 4

0.96 1.6797 10

0.99 1.5218 100

��11ð0:5L, 0:5hÞ 0.85 �0.5140 4

0.96 �0.3409 10

1.00 �0.3068 100

��11ð0:5L, 0:4
�hÞ 0.85 �0.8478 4

0.96 �0.7065 10

1.00 �0.6764 100

��13ð0, 0Þ 1.02 �0.4063 4

1.00 �0.4343 10

0.99 �0.4402 100
��ð0:5L, 0:5hÞ 1.24 7.896 4

1.03 7.920 10

1.00 7.884 100



the normalized in-plane displacement, shear stress, and

in-plane stress through the thickness (S ¼ 4) are shown

in Figure 8.

The model predicts the in-plane displacement, deflec-

tion, and in-plane stress of thin to moderately thick

laminated beams with an error rate of less than 5%.

Similar to the sensor model, the shear stress distribution

deduced from the equilibrium equation using the pre-

sent model is in excellent agreement with the exact

solution, even for the very thick beam, S ¼ 4 (the

maximum error rate is 3.3%). These results demon-

strate that the present model allows to predict the

actuator behavior of thick and thin laminated beams

accurately.

–0.5

–0.4

–0.3

–0.2

–0.1

0

0.1

0.2

0.3

0.4

0.5

–2 –1 0 1 2 3

Normalized in-plane displacement at (0,z)

z
/h

Exact

Present

–0.5

–0.4

–0.3

–0.2

–0.1

0

0.1

0.2

0.3

0.4

0.5

–1 –0.5 0 0.5 1 1.5

Normalized in-plane stress at (0.5L,z)

z
/h

Exact

Present

–0.5

–0.4

–0.3

–0.2

–0.1

0

0.1

0.2

0.3

0.4

0.5

–0.5 –0.4 –0.3 –0.2 –0.1 0

Normalized transverse stress at (0,z)

z
/h Exact

Present

Figure 5. Distribution of �u1, ��11, and ��13 along the thickness (S¼ 4) � four-layered substrate composite [pz/0�/90�/90�/0�].



Three-Layered Cantilever Beam Made Up of

Piezoelectric and Non-Piezoelectric Materials

A three-layered cantilever structure constituted by a

substrate (bottom layer), adhesive (middle layer) and

piezoelectric material (top layer) is considered. The sub-

strate is made of isotropic aluminum or Gr/epoxy com-

posite [0�] T300/934. The material properties and the

relevant data are given in Table 4. This beam has been

studied by Saravanos and Heyliger (1995), and Chee

et al. (1999). Saravanos and Heyliger applied the LW

theory for all the mechanical and electrical variables.

Their FE model is divided into 16/5/8 layers for the

substrate/adhesive/piezoelectric materials, respectively.

In the mixed model of Chee et al. (1999), the Higher

Order Displacement Theory (HODT) is used for the

mechanical part. As far as the electric part is concerned,

the LW approach allows them to divide the thickness
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Figure 6. Distribution of �u1, ��11, and ��13 along the thickness (S¼ 10) � four-layered substrate composite [pz/0�/90�/90�/0�].



layers into 1/1/2. The variation of the electric potential is

considered as linear through each layer or sublayer. The

comparison of the computational cost is given in Table

5.

THREE-LAYERED ACTIVE CANTILEVER

In order to verify the actuation capability of the pre-

sented model, a 12.5-kV current is applied across the

thickness of the piezoelectric layer, which causes the

beam to bend. This structure is divided into five beam

elements of equal lengths, as shown in Figure 9. The

piezoelectric material, the substrate, and the adhesive

are modeled as one layer each. The numerical results

for the present method are compared with results avail-

able from the literature in Figure 10. We can see that the

present model, not only satisfies continuity condition of

interlaminar displacement and transverse shear stress,

but also has a high correlation with the mixed model

of Chee et al. (1999).

THREE-LAYERED SENSOR CANTILEVER

In order to verify the sensory capability of our element,

a load of 1000N upward is applied to the tip of the can-

tilever beam. The charges generated on the piezoelectric

layer cause a potential difference across the thickness

which is the outcome of the electromechanical coupling

of piezoelectric materials. Figure 11 shows the mid-plane

deflections along the beam. The total voltage across the

thickness of the piezoelectric is plotted in Figure 12. As

shown in Figures 11 and 12, the deflection and voltage
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Figure 7. Distribution of the normalized sensory potential ( ��) along the sensor layer � four-layered substrate composite [pz/0�/90�/90�/0�].

Table 3. Results for the actuated beam under sinusoidal
electric potential.

Actuated beam [pz=0�=90�=90�=0�]

Exact Present/exact S

~u3ð0:5L, 0Þ 0.85 1.7370 4

0.96 1.2837 10

0.99 1.1866 100
~u1ð0, 0:5hÞ 0.81 �3.638 4

0.96 �3.017 10

0.99 �2.890 100

~�11ð0:5L, 0:5hÞ 0.93 �2.032 4

0.95 �2.144 10

0.99 �2.167 100

~�11ð0:5L, 0:4
�hÞ 0.84 1.617 4

0.96 1.429 10

0.99 1.389 100

~�13ð0, 0:4hÞ 1.03 �6.583 4

0.99 �6.868 10

0.99 �6.927 100



distribution along the beam predicted by the present for-

mulation have a good correlation with previous results.

PVDF Bimorph Beam

Another case study is a cantilever piezoelectric bimorph

beam with two PVDF layers bonded together and polar-

ized in opposite directions. This particular example has

been analyzed among others by the following researchers:

Chee et al. (1999), Hwang and Park (1993), Tzou and Ye

(1996), Tzou and Tseng (1990), Suleman and

Venkayya (1995), Correia et al. (2000), and Fukunaga

et al. (2001). The geometry of the bimorph beam

is shown in Figure 13. The mechanical and piezoelec-

tric properties of the PVDF are taken as: E11 ¼

E22 ¼ E33 ¼ 2GPa, G12 ¼ G13 ¼ G23 ¼ 1GPa, �12 ¼

�23 ¼ �13 ¼ 0:29, e31 ¼ e32 ¼ 0:0460C=m2, and �11 ¼

�33 ¼ 0:1062�10�9 F=m. The e33 coefficient in all

models is assumed to be zero. To assess the computational

cost, a comparison of these models is given in Table 6.
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Figure 8. Distribution of ~u1, ~�11, and ~�13 along the thickness (S¼ 4) � four-layered substrate composite [pz/0�/90�/90�/0�].



ACTUATOR MODEL

In order to compare the results obtained from the

present model with alternative results, the mesh is com-

posed of five elements of same lengths. The mid-plane

deflection along the beam, produced by exerting an elec-

tric potential of 1V into the piezoelectric layers is given

in Table 7. Results are also given in this table using: the

results from the reduced higher order plate theory via

penalty functions (Fukunaga et al., 2001), the mixed FE

model (Chee et al., 1999) using the Hermitian beam ele-

ments with electric potential incorporated via the LW

formulation, the two nine-node plate elements (Correia

et al., 2000) using a higher order theory (with 11 and 9

DOFs at each node, respectively), and the shell and plate

elements based on FSDT (Suleman and Venkayya, 1995;

Tzou and Ye, 1996). This table shows that the present
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Figure 10. Deflection by piezoelectric actuation along the normalized length of the cantilever beam � actuator configuration.

Table 4. Properties for three-layered cantilever.

PZT-4 Adhesive T300/934 Aluminum

E11 Pa 8.1300�1010 6.9000� 109 1.3238�1011 6.8900�1010

E33 Pa 6.4500�1010 6.9000� 109 1.0760�1010 6.8900�1010

v13 � 0.43 0.4 0.24 0.25

G13 Pa 2.5600�1010 2.4600� 109 5.6500�1010 2.7600�1010

D31 mV�1 �1.22�10�10
�

—
�

�11 FV�1 1.305965� 10�8
� 3.0989�10�11

�

�33 FV�1 1.15102�10�8
� 2.6562�10�11

�

L m 0.1524 0.1524 0.1524 0.1524

h m 0.001524 0.000254 0.01524 0.01524

b m 0.0254 0.0254 0.0254 0.0254

Source: Chee et al. (1999).

Table 5. Comparison of computational cost of different models for three-layered cantilever beam.

Number of DOFs

Total Electrical Mechanical

Number of

nodes

Number of

elements Models

1734 234 1500 26 25 Saravanos and Heyliger (1995)

38 18 20 6 5 Chee et al. (1999)

58 18 40 11 5 Present

Figure 9. Three-layered actuator/sensor cantilever beam.



results are in very good agreement with previous

researchers’ results.

SENSOR MODEL

In this section, the sensory capability is investigated.

A mechanical force is applied at the free tip of the beam

inducing a tip displacement equal to 10mm. The varia-

tion of the total voltage across the thickness of the beam

is plotted in Figure 14. The results are compared with

the ones obtained from Chee et al. (1999), Hwang and

Park (1993), and Tzou and Tseng (1990). In the model of

Hwang and Park, the sensor voltages have been mea-

sured using 5 (or 10) pieces of separate electrodes, lead-

ing to a constant voltage along each electrode and a step

voltage distribution, as shown in Figure 14. However, it

is possible to locate point electrodes at interested posi-

tions. Tzou and Tseng (1990) and Chee et al. (1999)

measured sensor voltages distribution along the PVDF

beam using these point electrodes. In the present

model as well, these point electrodes has been made

use. Figure 14 shows a good correlation between the

results of the present model and the results of the afore-

mentioned researchers.

CONCLUSIONS

A three-nodded beam element has been extended to

the analysis of layered piezoelectric composite beams. A

refined sinus model is utilized for components of the

mechanical media. All displacement and stress continu-

ities are ensured at layer interfaces as well as the free

boundary conditions at the top and bottom of the beam.
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Table 7. Comparison of deflections induced by actuators � PVDF bimorph beam.

Deflections (10�7m)

100 80 60 40 20 Location x (mm)

3.45 2.208 1.242 0.552 0.138 Present

3.45 2.208 1.242 0.552 0.138 Mixed model (Chee et al., 1999)

3.45 2.21 1.24 0.553 0.139 Plate FE (nine-node element)

(Fukunaga et al., 2001)

3.45 2.21 1.24 0.553 0.139 Plate FE (four-node element) (Fukunaga

et al., 2001)

3.45 2.21 1.24 0.552 0.138 Theory (Tzou and Tseng, 1990)

3.45 2.21 1.24 0.552 0.138 Plate FE (11 DOFs) (Correia et al., 2000)

3.45 2.21 1.24 0.552 0.138 Plate FE (nine DOFs) (Correia et al.,

2000)

3.30 2.11 1.19 0.528 0.132 Shell FE (FDST) (Tzou and Ye, 1996)

3.45 2.21 1.24 0.55 0.14 Plate FE (FDST) (Suleman and Venkaya,

1995)

3.16 2.02 1.14 0.51 0.13 Analytical (Correia et al., 2000)

3.15 � � � � Experimental (Tzou and Tseng, 1990)
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Figure 14. Voltage difference across the thickness of PVDF at various points along the length of the beam � PVDF bimorph beam � sensor
configuration.

Table 6. Comparison of computational cost of different models for PVDF bimorph beam.

Number of DOFs

Total Electrical Mechanical

Number of

nodes

Number of

elements Models

160 10 150 33 5 Fukunaga et al. (2001), nine-node

element

80 10 70 12 5 Fukunaga et al. (2001), four-node

element

114 24 90 36 10 Tzou and Tseng (1990)

340 10 330 33 5 Correia et al. (2000), 11 DOFs

280 10 270 33 5 Correia et al. (2000), 9 DOFs

336 66 270 33 10 Tzou and Ye (1996)

70 10 60 12 5 Suleman and Venkaya (1995)

70 10 60 22 10 Hwang and Park (1993)

38 18 20 6 5 Chee et al. (1999)

76 36 40 11 5 Present



This conforming FE does not need shear correction

factor, and the number of its mechanical unknowns is

independent of the number of layers. Concerning the

electrical part, a high-order approximation for the elec-

trical potential ensures the boundary condition for the

applied voltage.

In order to evaluate sensor and actuator capabilities

of this element, a four-layered substrate composite beam

with piezoelectric bonded to its top face, a three-layered

cantilever beam equipped with piezoelectric and non-

piezoelectric materials, and a PVDF bimorph beam

have been considered. The numerical results obtained

from this formulation have been compared with results

available in the open literature. Good correlation has

been found. The present FE is very useful in modeling

thin and thick piezoelectric composite beams under

mechanical and electrical loads.

This element seems to be a good compromise between

the computational cost and the accuracy of results for a

wide field of applications.
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APPENDIX

The coefficients Ak, Bk, Ck, Dk, Ek, Fk, Hk and Ik are

given below:

Ak ¼
f 0 zkð Þ Gk � Gk�1ð Þ

2Gkak

Ek ¼ Ak

Bk ¼
ð�Gk�1ak�1 � 3GkakÞ

2Gkak

Fk ¼
ð�Gk�1ak�1 � GkakÞ

2Gkak

Ck ¼
ð�3Gk�1ak�1 � 3GkakÞ

2Gkak

Hk ¼
ð�3Gk�1ak�1 � GkakÞ

2Gkak

Dk ¼
ð6Gk�1ak�1 þ 6GkakÞ

2Gkak

Ik ¼ Dk




