{: SCISPACE

formerly Typeset

@ Open access - Journal Article = DOI:10.1007/S10455-008-9122-Z
A regularity result for polyharmonic maps with higher integrability — Source link (£

Gilles Angelsberg, David Pumberger

Institutions: Stanford University, ETH Zurich

Published on: 01 Mar 2009 - Annals of Global Analysis and Geometry (Springer Netherlands)

Related papers:

« Regularity of polyharmonic maps in the critical dimension

+ A regularity theory of biharmonic maps

« Conservation Laws for Fourth Order Systems in Four Dimensions
« On polyharmonic maps into spheres in the critical dimension

« Biharmonic maps from R*4 into a Riemannian manifold

Share thispaper: @ ¥ M ™

View more about this paper here: https:/typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-
477fofimod


https://typeset.io/
https://www.doi.org/10.1007/S10455-008-9122-Z
https://typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-477fqfimod
https://typeset.io/authors/gilles-angelsberg-4x16s0w0dx
https://typeset.io/authors/david-pumberger-528sjv2ohh
https://typeset.io/institutions/stanford-university-24e5cwqm
https://typeset.io/institutions/eth-zurich-2cbshymp
https://typeset.io/journals/annals-of-global-analysis-and-geometry-h3409hj4
https://typeset.io/papers/regularity-of-polyharmonic-maps-in-the-critical-dimension-itxqlt9f57
https://typeset.io/papers/a-regularity-theory-of-biharmonic-maps-3siemwnku3
https://typeset.io/papers/conservation-laws-for-fourth-order-systems-in-four-2yh7437w7y
https://typeset.io/papers/on-polyharmonic-maps-into-spheres-in-the-critical-dimension-2b55y6rxhk
https://typeset.io/papers/biharmonic-maps-from-r-4-into-a-riemannian-manifold-4hh4i0v3au
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-477fqfimod
https://twitter.com/intent/tweet?text=A%20regularity%20result%20for%20polyharmonic%20maps%20with%20higher%20integrability&url=https://typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-477fqfimod
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-477fqfimod
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-477fqfimod
https://typeset.io/papers/a-regularity-result-for-polyharmonic-maps-with-higher-477fqfimod

E’"ZUfiCh ETH Library

A regularity result for polyharmonic
maps with higher integrabillity

Journal Article

Author(s):
Angelsberg, Gilles; Pumberger, David

Publication date:
2009

Permanent link:
https://doi.org/10.3929/ethz-b-000003959

Rights / license:
In Copyright - Non-Commercial Use Permitted

Originally published in:
Annals of global analysis and geometry 35(1), https://doi.org/10.1007/s10455-008-9122-z

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/10.3929/ethz-b-000003959
http://rightsstatements.org/page/InC-NC/1.0/
https://doi.org/10.1007/s10455-008-9122-z
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

Ann Glob Anal Geom (2009) 35:63-81
DOI 10.1007/510455-008-9122-z

ORIGINAL PAPER

A regularity result for polyharmonic maps with higher
integrability

Gilles Angelsberg - David Pumberger

Received: 12 June 2007 / Accepted: 14 July 2008 / Published online: 30 August 2008
© Springer Science+Business Media B.V. 2008

Abstract We prove a regularity result for critical points of the polyharmonic energy
Eu) = [oIVfu|?dx in Wr2P(Q, N) with k € N and p > 1. Our proof is based on a
Gagliardo—Nirenberg-type estimate and avoids the moving frame technique. In view of the
monotonicity formulae for stationary harmonic and biharmonic maps, we infer partial regu-
larity in theses cases.

Keywords Polyharmonic maps - Harmonic maps - Biharmonic maps -
Gagliardo—Nirenberg inequality

1 Introduction

Let 2 C R™ be a smooth open bounded domain and N a smooth closed Riemannian man-
ifold isometrically embedded in RY Fork e Nand 1 < p < oo, we define the Sobolev
spaces

WEP(Q,N) == {u e WEP(Q,RY) - u(x) € N forae. x € Q}
equipped with the topology inherited from the topology of the linear Sobolev space

wkp(Q,RN).
For u € W1-2(Q2, N), we consider the Dirichlet energy

D(u) := / |Vul?dx.
Q
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Critical points of D(-) in W2(2, A) with respect to compactly supported variations in the
target manifold are called weakly harmonic. If u € W!?(Q2, N) is weakly harmonic, and
in addition, is a critical point with respect to compactly supported variations in the domain
manifold, then u is called stationary harmonic.

Regularity properties of weakly harmonic maps have been intensely studied during the
last decades. For m = 2, Morrey [16] showed in 1948 that every minimizing map u €
W12(Q2, V) belongs to C*°(£2, N). The regularity problem for general critical points of the
harmonic energy functional had remained open for a long time. In 1981, again for the case
m = 2, Griiter [11] proved smoothness of conformal weakly harmonic maps. Schoen [24]
introduced the notion of stationary harmonic maps and extended Griiter’s result to this class.
Finally, Hélein [12] showed that every weakly harmonic map in the case m = 2 is smooth.
For m > 3, more complex phenomena show up. Schoen and Uhlenbeck [25] showed that if
u € WH2(M, N) is energy minimizing, then u is smooth except on a closed subset S with
Hausdorff dimension dim(S) < m —3. In particular, form = 3, they show that S is reduced
to at most isolated points. This result is optimal since the radial projection from B” into §"~!
is a minimizing map for m > 3, as shown by Brezis et al. [4] for m = 3 and Lin [14] for
m > 3. On the other hand, Riviere [21] proved the existence of everywhere discontinuous
weakly harmonic maps. For the intermediate class of stationary harmonic maps, Evans [6]
showed partial regularity for maps into the sphere and Bethuel [3] generalized this result
for arbitrary target manifolds. Their proofs rely on a monotonicity formula for stationary
harmonic maps adapted from Price [19].

Similar questions were studied for weakly (extrinsic) biharmonic and stationary bihar-
monic maps, which are the critical points of the Hessian energy functional

B(u) = / |Aul*dx
Q

in W22(Q, N). Chang etal. [5] showed smoothness for weakly biharmonic maps into the
sphere and m < 4 (see also Strzelecki [28]), and asserted partial regularity for stationary
biharmonic maps into the sphere and m > 5. Wang generalized these results for arbitrary
target manifolds in [31] and [32]. Once again, a monotonicity formula derived from the sta-
tionarity assumption is crucial in the proof of partial regularity for m > 5. This monotonicity
formula appeared in [5] for sufficiently regular maps. However, a rigorous proof in the case
of stationary biharmonic maps of class W22 (2, ), concluding the partial regularity, results
in the above mentioned papers, first appeared in Angelsberg [2].

In the case of target manifolds without symmetry, another important tool for proving
(partial) regularity for harmonic and biharmonic maps is the technique of moving frames.
This was introduced for harmonic maps in two dimensions by Hélein [12], applied to station-
ary harmonic maps by Bethuel [3] and later to (stationary) biharmonic maps by Wang in [31]
and [32]. Only very recently, Riviere [22] succeeded in rephrasing the harmonic map system
as a conservation law when m = 2, allowing him (amongst other results) to give a direct
proof of regularity of weakly harmonic maps in two dimensions avoiding the use of moving
frames. After that, Riviere and Struwe [23] developed a related gauge-theoretic approach
to prove partial regularity in higher dimensions. Moreover, this new approach allowed the
authors to reduce Hélein’s C7-assumption on the target manifold to C2, which seems to be
the natural assumption to ensure that the second fundamental form is well defined. Finally,
Lamm and Riviere [13] showed smoothness for weakly biharmonic maps in four dimensions
avoiding moving frames and Struwe [27] proved partial regularity for stationary biharmonic
maps in higher dimensions via gauge theory.
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Strengthening the natural hypotheses for the regularity of a stationary biharmonic map
u slightly by assuming some higher integrability of the leading order derivative, we here
show similar partial regularity results for biharmonic maps without using moving frames.
Our method is not restricted to this fourth order problem and also provides regularity results
for polyharmonic maps, which are defined below.

Fork e Nand u € Wk'z(Q, N), we consider the k-harmonic energy functional

E(u) = / |VEu|?dx.
Q
Define the BMO space and the Morrey spaces MP*for 1 < p<00,0<A<mas

BMO(Q2) := Ju € LI(Q) ulpmo == sup yr7 " / lu —up naldx < oo
BrCRm
BN

and

MPHQ) = fue LP(Q) : [u] sup {4 / lulPdx § <oot,

P .
pa(Q) T
MPAD T g

B.NQ

where up = ][ udx denotes the average of u on B,.
B,

Definition 1 A map u € W52(Q, V) is called weakly k-harmonic if u is a critical point of
the k-harmonic energy functional with respect to compactly supported variations on . That
is, if for all § € C{°(R2, RY), we have

dt

where 7 denotes the nearest point projection onto N.

E(m(u+1£)) =0,
t=0

Definition 2 A weakly k-harmonic map in W*2(Q, \V) is called stationary k-harmonic if,
in addition, u is a critical point of the k-harmonic energy E(-) with respect to compactly
supported variations on the domain manifold, i.e., if

dt

E@uo(id+1€) =0 forall& e CF(Q,R"), 1)
=0

where id denotes the identity map.

Remark 1.1 (Stationary) 1-harmonic maps are the (stationary) harmonic maps. Observing
that |V2u|? and |Au|? only differ by a divergence term, we conclude that the (stationary)
2-harmonic maps are precisely the (stationary) biharmonic maps.

Our main result then reads

Theorem 1.1 For p > 1 and 2kp < m, let u € W*2P(Q2, N') be weakly k-harmonic. There
exists € > 0, such that for each point xo € 2 for which there exists some roy > 0 with

k
m]
MZ:‘; v u]M%‘”(Bro(xo)) =€

@ Springer
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we have

uec® (B%o(xo),/\/) :

Remark 1.2 For 2kp > m, Sobolev embedding implies that every map u in W527(Q, ) is
Holder-continuous. Smoothness then follows at once from elliptic bootstrapping arguments.

In view of the monotonicity formulae for stationary harmonic and biharmonic maps, the con-
dition on the Morrey semi-norms is natural, and in these cases, satisfied almost everywhere.
More precisely, we deduce the following

Corollary 1.2 Fork € {1,2} and p > 1, let u € W52P(Q, N) be stationary k-harmonic.
Then, u is smooth outside a closed set S with H"~2kP (§) = 0.

Conceivably, a monotonicity formula allowing to guarantee the condition on the Morrey
semi-norms in Theorem 1.1 will also hold for k > 3.

The proof of Theorem 1.1 is based on a Morrey decay estimate for the rescaled poly-
harmonic energy. We employ an interpolation inequality by Adams-Frazier [1] (see also
Meyer-Riviere [15], Strzelecki [29] and Pumberger [20]) to bound the Wk2P _norm by the
BMO-semi-norm and the W2*-7-norm.

The idea of proving e-regularity results with interpolation inequalities first appeared in
Meyer-Riviere [15] in the context of Yang-Mills fields. Recently, it has also been used by
Strzelecki and Zatorska-Goldstein [30] for proving the smoothness of bounded weak solu-
tions of a fourth order nonlinear elliptic system with critical growth under suitable smallness
assumptions.

Regarding the integrability assumption, we would like to point out that the critical case
p = 1 would be the most natural exponent for the present problem. Moreover, Corollary 1.2
directly follows from Bethuel [3] and Wang [32], respectively, applying Poincaré’s inequal-
ity. Nevertheless, our proof still is of interest since it is more direct and avoids the moving
frame technique.

We would like to remark that polyharmonic maps have already been studied by Gastel in
[71, where he considered the polyharmonic map heat flow in the critical dimension.

2 Euler-Lagrange equation for polyharmonic maps

In this section we derive the geometric form of the Euler-Lagrange equation for weakly
polyharmonic maps and analyze its structure. We consider the tubular neighborhood Vs of N
inRY, for 8 > 0 sufficiently small, and the smooth nearest point projection ITys : Vs —> N.
For p € N, P(p) := VII(p) is the orthonormal projection onto the tangent space 7, /. The
orthonormal projection onto the normal space will be denoted by P~. Recalling P+ P = id,
we have

Lemma 2.1 (Euler-Lagrange) If u € W52(Q2, N) is weakly k-harmonic, it satisfies
P)(A*u) =0 2)
in the sense of distributions.

Proof For & € C§°(2, RY), we compute

% /le(l'[No(u+zz§))|2dx =2/Vkqu(P(u)(§))dx. O
=0
Q
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Remark 2.1 For a weakly polyharmonic map u in C®°(Q, N) N W52(Q, N) and £ €
Coo (R, RY), with £(x) parallel to T,,(x)N forall x € €2, we have P (u)(§) = &. The proof of
Lemma?2.1 then shows that Aku L T,V in the sense of distributions.

In order to formulate the following lemma, we introduce the /-divergence V", by defining
vD .y =V.uand VP .y :=Vv. (V(l_l) -u) forl > 2.

Lemma 2.2 Ifu € W52(Q2, N) is weakly k-harmonic, there exist f and gji with

MNu=f+ D vO.Algy, 3)

where
k
lfl<C Z H |VEu| Ve with ZMVA,V, = 2k for every A € A,

reA p=1 n
k
lgjil < € D> [ IV ulr with > jys 0 = 2k — (2j +1) for every € Ay,
AEA I p=1 n

with A and A j consisting of finitely many indices and y;. ;, > O forevery ) € A (orh € Aj;)
and 0 < u < k.

Proof We observe that

ko by — g . ANV
Aa-b) = Z ki A'VIa - AIVIb
0<i,j.qg=k
i+j+qg=k
where cf.‘. are positive integers. In particular, we have Cilioo = cﬁko = 1. Combining this with

Eq.2 shows that u satisfies

0= Pu)(AFu) = AN (Pw)(Aw)) — z f]q‘A VI(Pw) AT VY
0<i,j.g<k-1
z+j+q:k 1
G, j.q) #0,k—1,0)

in the sense of distributions. Let A(-)(-, -) denote the second fundamental form of A/ in RY
and use the property P(u)(Au) = Au + A(u)(Vu, Vu) to derive
Afy = z fqu‘A VI(Pu)A VY — AN AW (Vu, Vi),  (4)
i j 4,
a, / q)#(Ok—l 0)

First, we consider the case when k is even and analyze the Euler-Lagrange Eq.4 term by
term. It suffices to show that every term in (4) can be written in the desired form.

Fori, g suchthati + % = k , we have Lk 1A’V‘f(P(u))A/"'quu of the form f, where
we used the fact that

B
VAP < C D [T IVFul*  with D" pys = p forevery < kand x € A. (5)
reA p=1 "

Indeed, the chain rule gives V(P (1)) = VP(u)Vu and V2(P(u)) = V2Pu)VuVu +
V P (u)V2u. We infer estimate (5) from iterating this computation, using the smoothness of
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ITxr and observing that the L°°-norm of u is bounded.

For i, g such that i + % > %, we compute

AVIPu)AITIVIY = v . (ATIVIH (P AT VY
— ATV (P AT TV,

and/or

AVIPu)AITIVIY =V . (ATVIH P @) ATTIVIY) — ATVIT (P ) AT T2V

Iterating these computations from (5), we get that cfj;l A'VI(P ) A/ V2y is of the

O AT g
2L vO-alg
j.1=0
1<2j+1<k

k

u.

form

whenever i + % > % The terms for i, g such that i + % < 5 are estimated similarly. Finally,

we have
k
AN AW (Vu, Vu)) =V - AVgy1, withy = 5 b
completing the case when k is even.

For k odd, we distinguish between the three cases i + § = . i + 4 > &1

i+ % < kzil and proceed similarly to the case when k is even. Moreover, we get

f fork =1

k=1

k—1 _
A" (Am)(Vu, Vu)) = [ A7gy0, withy = %1 fork > 3 odd.

This, completes the proof.

Remark 2.2 Observe that harmonic maps (k = 1) satisfy
Au=—Aw)(Vu,Vu) inD.
Thus the harmonic map equation is of the form Au = f with
1= |A@)(Vu, V)| < C|Vul*.
Weakly biharmonic maps (k = 2) satisfy
Au = —APW)Au+V - 2VPW)Au — V(Aw)(Vu, Vu))) inD,
i.e., the biharmonic map equation is of the form A%y = f + V - go; with
|fl = |AP@)Au| < C(IV2ul* + [V2ul|Vul)
and
|g01] = 12V P(u) Au — V(A@)(Vu, Vu))| < C(IV?ul[Vu| + [V3ul).
However, we could also write the biharmonic map equation as

A’u=—APu)Au+V - 2VPu)Au) + A(—A@w)(Vu, Vu)) inD,

@ Springer
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i.e., it is also of the form A%y = f + V - go; + Agio with
|l = AP Aul < C(V2ul* + [V2ul|Vul?), |goil = 2VP@)Au| < C|Vul|Vu|
and
Ig10l = [A@W)(Vu, Vu)| < C|Vul*.

This shows that the representations of Lemma 2.2 are not unique.

3 Proof of Theorem1.1

We will deduce Theorem 1.1 from the following

Proposition 3.1 For p > 1, letu € WE2P(Q, N) be weakly k-harmonic. There exist € > 0
and t € (0, 1) such that for each point yo € Q2 for which there exists a radius ro > 0 with

k
VPul % <e€

Z_:[ ]MW"(B,O@()))

n=1

we have

2kp—m . i Z%p 3 2kp—m : n Zp
(tr) > / Vil dx < or > / [VAu| " dx, (6)
H=1B. (x0) H=1B, (x0)

forall xo € By (yo), 0 < 4r < dist(xo, 3By, (y0)).

Proof We let v be the k-harmonic extension of u defined as the unique solution to the fol-
lowing Dirichlet problem:

Ay =0 in B (xq)

alv alu
w = w on 9 B, (xp),

for 0 < [/ < k — 1, where v denotes the unit normal vector to dB;(xg). According to
LemmaC.1 we have

k
2kp pP\™ 3 2k
/|V“v|ﬂdx§C(;) > / V0| 7 dx %)

B, (x0) =B, (x0)

for0 < p < % and 1 < u < k. It follows that
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k 2%p k 2%p k 2%p
> / Vi ulwdx < C Y / VA5 dx +C Y / VA (u — v)| * dx
#=1B,(x0) #=1B,(x0) #=1B,(x0)
c(®)"S Vi dereS & Wd
< - vl dx+ u—v)| *dx
=c(f)'X J > [ v
n= Bz (x0) w= B (xo)
c(*Y's VB ax S VEu—v)| * d
= - H + —v)| * dx.
—(,)Z/|“|XZ/|<M)|x
#=1B,x0) #=1B, (x0)
(®)

In view of Lemma2.2, we introduce the auxiliary maps u s and ug o for all j,/ > 0 with
1 <2j +1 < k as the solutions to the Dirichlet problems

Auy = f with u s —u ekvzv(’;'zp(g,(xo)),
Ak"tz?./'l =vo. Algjr with ug; € Wy’ P (B, (x0)).

where f and gj; satisfy (3). Observe that the uniqueness of the Dirichlet problems implies

u=ur-+ Z Ugj/- ()]
Jj. =0
1<2j+1<k
Moreover, us — v € W[];’ZP(B,(xo)) satisfies
Afuy—v) =1

Lemma?2.2, Holder’s inequality, and Nirenberg’s interpolation inequality (33) give

k
L lrscon < €O T V" u] ™%,
reA p=1 L 7 (Br(x0))
k BV
Vk.u(l_%) T‘
S C Z H ||u||LOC(By()CO)) ||u||Wk‘2p(B,«(X0))
rEA n=1
2
S C”“”Wk'zl’(Br(xo)) < 00,
and similarly, we obtain
T njt
llgjill, By (x0)) = C””“wk,Zp(Br(XO)) < 00, (10)
where
2k 2k — (25 +1
r,lzip_ and lfnjl::#EZ
’ 2k — 27+ 1D k

Thus, LemmaB.1 and LemmaB.3 imply that
up —v e WHP(B(x0)), ug, € WHH7(B, (x)),
and

Hv”(uf—v)‘

<C i
LrB oy = | fllLr (B, (xo)

H v2k-Qj+D),,

= C||gjl||L’./'l(Br(x0))o (1D

SN Lt (B, (o)) —
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We remark that the only place where we need p > 1 is to ensure the first estimate for u y —v.
From (9), we get

~ 2kp ~ 2kp
/|V”(u—v)|ﬂdx§C / IVEuy —v)| * dx

B%(xo) BfT(Xo)
. 2%p
+Cc > / Vg, | 7 dx (12)

1>0
1<2J+1<k3’(x0)

for 1 < i < k. We apply the Gagliardo—Nirenberg interpolation inequality (34), Lemma

B.2, estimates (11), and Lemma 2.2 to obtain

- 1— £ 2
Vit )| x < Cluy —v]}, " lug —vll %
H ! Lpr%(xo)) [u ]BMO(BAL‘(XO)) f W2r (Br (x0))

-4 2%k &
< Cluy - U]BM0<B£<xo)> IV=Cp = N Le 8, (o))

-4 ®
=C [”f - U]BMO(Bi(xo)) 1AL B, xo))

= Clus - ]BMO(Br(Xo)) ZH'VMW“ :
rehp=l LP (B, (x0))

with > u WV = 2k for every A € A, where a resacling argument shows that the constant
C is independent of r. Next, we use Holder’s and Young’s inequalities to derive

k
ZHW“MP’W < ZH HV”u]y” <CZHVM“H ,
reA p=1 LP(By(x0)) rEA pn=I1 By (xo L ’L (B (x0))

where we remark that Zﬁzl K ;2’" = 1. Combining the above estimates, we obtain

Z/ip %p
[ 19— < el =i, 3 [ e
B1 (x0) #=1p, (x)

For the second term in (12), as before, the Gagliardo—Nirenberg interpolation inequality (34)
gives

]—’ 01 0/1

Viu,. <Clu o aiihr , 14
H o L2I;‘p(B: (x0) [g”]BMO(B’("O” sl - CIDI By (x0)) 14
where

L g, = k =n;' <1

2= T Ty it =

for all j,I > O with 1 < 2j 4+ < k. Furthermore, we again apply LemmaB.2 with
w =2k —(2j+1), estimates (11), Lemma?2.2, Holder’s inequality, and Young’s inequality
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to get
_ 2k—(2j+1)
g ”w”*z-’*””f’wr(m)) = HV ©7ug, L' (B, (x0))
(x0))
Y,
= CZ H v ul s,
AEM ] L7 (By(x0))
kn knjy
< C D |VFiu] Y, , (15)
Z L a (B (x0))
where
2k —Q2j+D _1
nji = — = 911 .
Combining (14) and (15) gives
- 2"4 011 2kp 2%p
/ |Vﬂué’jl| Fdx = C[ 81/ BMO(Br(xo)) z / |V“u| #dx. (16)
By (x0) #=1p, (xp)

From Lemma 3.3 below, we infer

,)2"4’ 9,1) ‘L

[y v]BMO(Br @y T Z gy ] BMO(Br o) = ce’ 17)

forsome 8 > 0,all 1 < g <kandall j,/ >0with1 <2j +1 < k. Thus, from (12)-(13)
and (16)—(17) we conclude

k
~ 2k, 2k
/ |v“(u—v)|7pdx5ceﬁz |Vhul W dx. (18)

B1 (x0) #=1g, (xo)

Finally, we combine inequalities (8) and (18) into

k
2kp
pzkp*m Z / [VHu| " dx

#=1p,(x0)
k
2kp 2kp—m 2kp
<C ((8) +éef (8) )erP_m Z / [V*u| Mpdx.
r r
#=1B,(xp)

]
We conclude the proof of this proposition by setting T := 2 Zequalto (2Cy)” % and choosing
€ > 0 sufficiently small so that C 1ePrZkp—m < le' ]

It remains to show (17) for which, as a first step, we prove the subsequent lemma.
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Lemma 3.2 There exists a constant C > 1 such that

Z[V”ugﬂ] < CZ[V“M]

* (B, (x0)) *(Bar (x0))

2k
CrZ’H"Z / |VF g, | " dx. (19)
H=1B, (x0)

Proof For Bg(x) C Byr(xp), we consider the k-harmonic extension vj; of u g¢ji on Bs(x),

where Ug is set to zero outside B, (xo). Then, w;; := Ugy — Vjl € W(/)"Z(BS (x)) satisfies
Awy =vD . Agy,

where g;; := xB, (x)&,i- Analogous to (10), we conclude that w;; € W2k=Qi+D.rji (B (x)),
and similar to (15), we get

k kr)jl

||w11||W2k @D (B (ry) S <C Z [ V& ul %

= L

Here and henceforth in the proof of Lemma3.2, we set p = 1 and observe that the second
estimate in (11) is still valid in this case.
Applying the Gagliardo—Nirenberg inequality (34) and the preceding estimate gives
. % Zk(%—m) 2k—(2j+1) .
Vw1 % dx < C[wji] paros. oo > / |VFwj it dx
By () ! #=0 By

(oL ) K
sc[w,-l];(/o(;’;‘g;;”)z / \wuy%kdx (20)
r=1g ()

for1 < A < k. Asvj; is the k-harmonic extension of u, ;,, we obtain with Holder’s inequality,
Poincaré’s inequality, and Lemma C.2

2k

sup ][|wj1—wj18|dx
BCBy (x)

2%k
[wﬂ]BMO(B%(x))

IA

2%
c [ijl]MM(B%(x))

2k
=C [V“gﬂ]MZvZ(B%(x» +C [V”JZ]MZ 2(By ()
"
2k k “ 2k
= C[V“gﬂ]MM(B%(x))JFC 2. / [Viug,|* dx | . (@21
H=1B ()

Arguing with the help of Poincaré’s inequality and (10), we show that

et w2 s, o < CIV gy llL2(8, r0 <C N8 1128, (x00)
< C”“”ka?(B,(xo)) <Ce <1,
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provided € > 0 is sufficiently small. Thus, we can omit the exponent x in (21) and estimate

k 2k
2k
[wjl]BMO(B%(X)) = Z [V¥ug, ] M) “

Combining estimates (20) and (22) with Young’s inequality yields

1 1
(K ~%—=2j+D ) k

k 2%
2k 2k
/ IV wj|*dx < C Z Viug,] “7%3 > / |VHu| ™ dx
Bs (x) n=1 (Be) #=1B )
4
k 2k 2%C ()
[VF u +C) Y |[V*u , (23)
Z:: o] k- By () Z | ”L%f (B(x))

n=I1

with y > 0 and C(A)>1forl <2 Jj +1, & < k. With arescaling argument, this gives

k 2k
A 2% —2k
IVwj|*dx < Cs" 2y D [Viug, ]

2
u=1 M w2 (Bx(x))

B%(X)

k
2k
+C) Y / |V ul ™ dx, (24)
1=l

where the constants are now independent of s and A. Here, we also used that
VAUl 2 < 1lforl < u < k, provided ¢ > 0 is sufficiently small. Combin-

L “ (Bar (x0)) )
ing estimate (24) with LemmaC.1, we estimate for 0 < p < 5 as in (8)

k
Z/ |V Ugj “dX<C Z / |V ug,"dx—i-CZ / |V“wj[2’7kdx
#=1g, ) m= 1Bs(x) n= lBs(x)
p\”M k 2k 2k
<C (;) z / ’V“ugﬂ Iz dx—}—C(y)Z / |V,U-u’ "o dx
“:13-()6) #=lg ()
m—2k v ) ) 25
Cs yZ[ ”é/’]wzugx(x» (25)

The proof of the lemma is completed by the following iteration argument. To simplify

% .
notation, we define T'(p) = p*—m Zﬁ:l pr(x) |V“ugj,| “ dx so that the above estimate

becomes

k
= (3 e (2% [ it

1=1pg ()

py\2k—m & %
+or (5) 72 1: [Vl . (26)
n=

*(By(x))
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From now on, we choose 7 := f sufficiently small such that C 2 < % For any B, (x) C

By, (xp), there exists i € N (simply seti = |log & /logt|) with 7'"'2r < ¢ < 772r, and

therefore, (t12r)2k—m < g2k=m < (¢(+D2p)2k=m) Egtimate (26) then gives
, 1 ,
T(t'2r) < ET(t“er) + 8,

with
k 2k k 2k

§i= CoNT™ 3 [vFu] Cye S [Vru, 1"
(6212 ;[ M]M%,zk(34r(xo))+ yT MZ:‘;[ g ]

Iterating this inequality gives

1
24

i
T(t'2r) <TQr)+ D) =S <TQr)+S,
A=l

from which we have
T(o) < CT(<'2r)

k k
<C() Z [VFu]” o +orm Z / V¥ ug,
=l #=1p, (xo)

2%
" odx

k 2%

+C Viu, 1" .
’ ; [ ug”l]M%'kar(xo))

M By (x0)

The desired result now follows from taking the supremum over all such balls B, (x), and

choosing y > 0 sufficiently small to absorb the last term on the right-hand side.

Now we are able to complete the proof of Proposition 3.1 with the following

Lemma 3.3 Assume that

k
D Vil <e
M 7 (By(x0))
pu=1
Then, we have

_ B
[ur U]BMO(Bﬁ(xo)) + Z [ugﬂ]BMO(B%(xo)) =Ce
il
for some B > 0andall j,l > 0suchthat1 <2j+1 <k.
Proof Similar to (20) and (23), we estimate

K 2%
N 2% 2k n
IViug, |+ dx < Cy [ung]BMO(Br(XO)) +C(y) Z ”Vﬂu "
By (x0) p=l

LI (By(x0))

for 1 <A <k and every y > 0. Moreover, Poincaré’s inequality implies

2k

2% 2%
[”gﬂ]BMO(B,(xo)) =C [”gjl]BMO(Rm) =

C [Vitgy Lyanar i, oy -

[}

€2))
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Combining this with Lemma 3.2 and estimate (27) gives

k 2%
[V”g,z]Mzk Zk(B (x0)) — C)/ [V’/‘g,z]Mzk Zk(B (x0)) + C(V) Z Vp"’t]
u=1 (B4r(XO))
which for y > 0 sufficiently small implies
k 21<
2k Ky
[vugﬂ]MZk o (XO)) a g v (B4r(x0))

Applying Holder’s inequality and Poincaré’s inequality together with the above estimate, we
infer

k 2k
2k 2k w1 B
[“gﬂ]BMO(B% ton = C[Vitsi Tyt g,y = € 20 [V"0] g o =@
p=1 "

for some B8 > 0. From (9), we deduce

[ur — ]BMO(Br(xo)) =C Z g ] BMO(By (x0) +Clu— U]BMO(BQ(X()))' 29)
Jj.1=0

Holder’s inequality and Poincaré’s inequality imply

2k
[u — U]BMO(BE(XO)) <C[V(u— U)]Mz Z(Br (x0))

2k 2k
= C ([vu]MZJ(B%(xo)) + [VU]MZ,Z(B%(XO))) . (30)

As v is the k-harmonic extension of #, LemmaC.2 and Holder’s inequality imply

W’”M“(B oy T [W]M“w (o) = CZ [V¥u] M2 21(B, (x0))
n=

k
<C V u
MZ:I M" (Br(Xo))

< CéP (31)
for some 8 > 0. Estimate (17) now follows from (28)—(31), which completes the proof.
O

To finish the proof of Theorem 1.1, note that Proposition 3.1 implies

k
2kp
pzkpfm Z / |V”u|71dx < Cp?
#=1B,(x0)
for y > Oandall B,(xo) C B 0 (y0). Hence, by Morrey’s Dirichlet growth theorem in [17,

Y
Theorem 3.5.2], we conclude that u € c®7ina neighborhood of yg. The smoothness of u
near yo then follows from elliptic bootstrapping arguments, which completes the proof of
Theorem 1.1.
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4 The harmonic and biharmonic cases

Here we give a derivation of Corollary 1.2. For stationary harmonic maps, i.e., k = 1, Cor-
ollary 1.2 follows from Theorem 1.1 and

Proposition 4.1 (Monotonicity formula [19]) For u € W1’2(Bz, N) stationary harmonic
and 0 < p <r <1, we have

p>m / |Vul?dx < r>™" / |Vul?dx. (32)
B, B,
Indeed, consider u € W12P (Q,RN) stationary harmonic and define the set

S:={xo€Q: limsupr2?" / |Vul*Pdx > yP
r—0
By (x0)

with y > 0 small. We have by Ziemer [33, Corollary 3.2.3.] that H” 2P (S) = 0. Applying
Holder’s inequality, we get that for any yp € 2\ S, there exists R > 0 s.t.

1

P
R / [Vu|?dx < C | R?P7™ / \Vu|?Pdx | < y.
Br(y0) Br(y0)

Hence, the monotonicity formula (32) for xo € B R (yo) implies

p> / |Vul>’dx < CR*™ / |Vul>dx

B (x0) B R (x0)

<C / |Vul>dx

Br(y0)
< Cry.

Fixing y := C%, where € is given by Theorem 1.1, the claim follows.
For stationary biharmonic maps, i.e., k = 2, we replace Proposition4.1 by

Proposition 4.2 (Monotonicity formula [5,2]) Foru € W2Z(By, N ( extrinsically) station-
ary biharmonic and a.e. 0 < p <r < 1, we have

r4*'"/|Au|2dx - p4*'”/|Au|2dx =P +R,

B, B,
where
wj+x'ui)?  (m—2)(x'u;)?
"= /( P T A
BB,
Xuiug; xiup)? Vul?
R B T\
05,05 [x] x| |x]
r\0bp
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We observe that Nirenberg’s interpolation inequality (33) implies that Vu € L*P(€2) and
define

S:=1x0eQ: lirrbsupr‘”’*'” / (|V2u|2p —+ |Vu|4”) dx > n?
r—
By (x0)

with > 0 small. We have by Ziemer [33, Corollary 3.2.3.] that H"*~*?(S) = 0. For any
yo € 2\ § there exists R > 0 s.t.

R*m/‘ (Vul* + |V?u|)?dx < C R””’/"UWM”+W%PQM: <.
Br(y0)

Bgr(y0)
As in the paper of Chang, et al. [5], the monotonicity formula implies [5, Corollary4.4].
Combining this with [32, Lemma5.4] (replacing [5, Corollary 4.7]), we can pursue the iter-

ation argument in [5, Lemma4.8] to conclude the existence of pp > 0 and €y > 0 such that
ﬁR*m&Mvamﬁﬂv%megzgzmwem%

e / (Vul* + |V2uP)dx < Cse
B, (x0)

for all B,(xg) C By, (y0). See also Struwe [27]. Fix € := min(c%, €p) >0andn:=€ >0,
where € > 0 is given by Theorem 1.1. This completes the proof.
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Appendixes
Appendix A: Gagliardo—Nirenberg inequalities

The following interpolation inequality was proven by Nirenberg in [18].

Theorem A.1 (Gagliardo—Nirenberg type inequality 1) For k € Nand 1 < ¢q,r < 0o, let
u € WEI(@®R™) N LY(R™). Then, for 0 < j < k, there exists C > 0 independent of u such
that

IV ullLr@ny < CIVF Ul gy it g Gy » (33)
where
1 J k
——==al--=)+d-a-,
P m
forall
j
—<a<l1
K==
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Remark A.1 For a bounded domain 2 with smooth boundary, the result remains true if we
add the term C|u|| Li(Q) for any ¢ > O to the right side of (33). The constants then also
depend on .

In particular, we infer from Theorem A.1 that for a = % and g = oo
2 k
IV ullpp@my < CIV ullLr e llull oo @y,
where

p m 2 2m

However, for our purposes in Sect. 3, this is not sharp enough, whence we need to employ
an improved version, where the L°°-norm is substituted by the BM O-seminorm. Such an
inequality first appeared in Adams-Frazier [1] and also in Meyer-Riviere [15], Strzelecki
[29], and Pumberger [20], where the following version of the Gagliardo—Nirenberg type
inequality is stated.

Theorem A.2 (Gagliardo-Nirenberg type inequality 2) Assume that u € WE(Q) for some
r>1land1 < j <k with j,k € N. Ifue BMO(RQ), then V/'u € LP(RQQ) for p := %r and

IV7ullLrie) < C Wl llfyir g B9
where 0 ;= %,for some constant C = C(k, j, r, Q).

Remark A.2 When Q = By(xp) for some radius s > 0, Eq. 34 becomes

S|

k

1
. . P _ —
(s [ o) < Cltog, e (X0 [ v
s (X0

u=0 Bs (x0)

where the constant C is independent of s.

Appendix B: Linear estimates

For m > 2k + 1, the fundamental solution of A¥ on R™ is

Tr(x — y) = clx — y[m,

AT (x —y) =8(x —y) forx,yeR™.

The kernel K := V2T verifies the hypotheses of Stein [26, Theorem I1.3.2]:

LemmaB.1 Let f € LP(Q), 1 < p < 00, K := VXTI, and u := K * f, which is the
convolution of f by K. Then, u € WP (Q)

Ay = f a.e.
and there exists C > 0 depending only on n and p such that

2
IV ullzr) < CllfliLr)-
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Furthermore, we have

LemmaB.2 For1l < p < oo, u € NN (k, 2k], and u € WH-P(Q) N Wg’p(Q) there exists
a constant C (independent of u) such that

lullwrr@ < CIA Lo for m even,
and
lullwir @ < CIVA'T ulloy for p odd.
Proof The proof is completely analogous to Gilbarg—Trudinger [10, Lemma9.17]. O

LemmaB.3 Foraball B CR", g e L"(B)ywithl <r <00, k> 1,and j, 1 > 0 with
1 <14 2j <k, there exists a unique weak solution u € Wg’z(B, ]RN) of

Ay =vD . Alg

satisfying

2%-(2j
IV*=CH Dy e 5y < Cligler a)-

Proof The proof is similar to Gilbarg—Trudinger [10] and Giaquinta [8,9]. In the case r = 2,
existence of a unique solution follows from the Lax-Milgram Theorem, and using the method
of difference quotients, we also infer the existence of higher derivatives. Following the argu-
ments of Giaquinta [8], we conclude LemmaB.3 in this case. Stampacchia’s interpolation
theorem (see [9, Theorem4.6]) then states that the claim remains true for 2 < r < oo and a
duality argument completes the proof. O

Appendix C: Decay Lemma

Lemma C.1 Letu € W52(Q) be a weakly k-harmonic function with ||u|lyk.pqy < 1. For
x0 € R2,0<p<r <dist(xg, ), and?2 < p < 00, we have C > 0 independent of u and
p such that

k k
k; k,
p*mZ/ |vlu|T”deCr*mZ/ IViu| T dx.
=1 B (x0) 1=1 By (x0)
Proof The proof is similar to Giaquinta [8]. O

Lemma C.2 Forr > 0, we consider u € W*2(B,.) and v solving the Dirichlet problem
Ay =0
‘ u—veWyi(B).
Then, there exists C > 0 independent of u and r with

k

k
S [Vl <€ [ 190,
3 u1” Br

p=l

Proof The proof is again similar to Giaquinta [8]. O
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