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We discuss the relation between the output of Newtonian N-body simulations on scales that ap-
proach or exceed the particle horizon to the description of General Relativity. At leading order, the
Zeldovich approximation is correct on large scales, coinciding with the General Relativistic result.
At second order in the initial metric potential, the trajectories of particles deviate from the second
order Newtonian result and hence the validity of 2LPT initial conditions should be reassessed when
used in very large simulations. We also advocate using the expression for the synchronous gauge
density as a well behaved measure of density fluctuations on such scales.

I. INTRODUCTION

The process of large scale structure formation has been studied using either analytical perturbation theory (New-
tonian or Relativistic) [1, 2] or numerical N-body simulations. Traditionally, these two techniques were applicable
on largely non-overlapping domains. Perturbation theory is valid when density contrasts and other perturbations
are small, corresponding to early times and/or large cosmological scales. Its analytical nature is of course a great
advantage but it quickly breaks down when non-linearities start to form. It also allows for an in-principle well under-
stood transition from relativistic to non-relativistic theory, although work is still ongoing for better understanding this
relation beyond the leading order [3–7]. On the other hand, N-body simulations treat the full non-linear evolution by
solving the newtonian equations for a collection of gravitationally interacting dark matter particles. Computational
resources in general restrict the size of the simulated volumes but this is not necessarily a restriction of N-body simu-
lations: all non-linear effects in our universe take place on relatively small scales compared to the hubble radius and
it is these effects that N-body codes have traditionally targeted. Therefore analytic pertubative approaches and nu-
merical N-body simulations have for the most part been studying two largely non-overlapping regimes of cosmological
structure formation.

Recent trends and advances in cosmology have brought the quasi linear regime of structure formation into the focus
of investigations, with the Baryon Acoustic Oscillation pattern (BAO) as a prominent feature [8]. Determining the
power spectrum at the BAO regime (k ∼ 0.02 − 0.2 h Mpc−1) at (sub-)percent accuracy is crucial for determining
the equation of state of dark energy from future cosmological surveys such as EUCLID [9]. However, the BAOs lie at
the borders of validity of standard analytic pertubative techniques and so in recent years significant effort has been
devoted to extending analytic understanding into the quasi-linear regime - see [10] and references therein. On the
other hand, numerical simulations can provide a suitably accurate prediction of the BAO pattern but only if very
large simulation volumes are employed, required to improve the statistics and bring uncertainties down to cosmic
variance levels. The largest simulation to date, DEUS-FUR, has produced cosmic variance limited power spectra and
required a simulation volume equal to the current particle horizon [11].

Cosmological N-body simulations use Newtonian equations of motion to compute the trajectories of a set of particles
interacting through Newtonian gravitational forces, with the Newtonian potential updated instantaneously via the
Poisson equation throughout the simulation volume. However, for very large simulations, as the one mentioned above,
the large scale peculiar motions of particles are determined by perturbations with wavelengths larger than than the
particle horizon i.e. take place outside of causal contact. For ΛCDM the comoving particle horizon is given by
(ignoring radiation)

dcp(z) =
1

H0

∞∫
z

du√
ΩΛ + ΩM(1 + u)3

=
2

H0

√
ΩM

2F1

(
1
6 ,

1
2 ,

7
6 ,−

ΩΛ

ΩM (1+z)3

)
√

1 + z
, (1)

where 2F1 is the hypergeometric function. In fact, for large enough simulations there will be length scales lying outside
of causal contact at early times, when initial conditions are set up, even if the simulation boxes are within the horizon
at z = 0, see eg fig 1. For example, the Millenium XXL simulation with box size of 3h−1 GPc lies outside the particle
horizon before z ' 50. Even for moderately large simulations, initial conditions and the initial stages of evolution
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FIG. 1: The comoving particle horizon of ΛCDM (solid line) compared with the comoving box size of recent large N-body
simulations. The vertical axis denotes comoving distance in units of 1/H0 and the horizontal axis is redshift.

involve regions that are not in causal contact. Is it then correct to use Newtonian dynamics in large simulations or
at the redshifts when initial conditions are set up? One possible justification is that particles move very little on
super-horizon scales compared to the displacements during the non-linear evolution, which the N-body simulations
tackle correctly. This is a reasonable argument but a more complete justification for the use of Newtonian dynamics
and Newtonian gravity on such scales would be desirable, especially given the accuracy that large simulations aim for.

In this short paper we address the question of the compatibility of Newtonian N-Body simulations with General
Relativity when the particle horizon lies within the simulation box. The contents are largely based on [12–16] to which
we refer for more details. The strategy we adopt is the following: Since we are interested in the evolution on long
wavelengths we first present the solution to the Einstein equations in a gradient expansion [12, 17, 18]. We do this in
the synchronous comoving gauge which is akin to a lagrangian point of view where fluid elements are labeled by their
initial spatial positions q. The Eulerian coordinates (spatial and temporal) of the N-body simulation are identified
with the Poisson gauge and the Lagrangian-to-Eulerian transformation in the relativistic setting is in fact determined
by the gauge transformation between the synchronous-comoving and the Poisson gauge. We find that at leading
order in the initial metric perturbation the Zeldovich approximation is recovered but differences emerge at second
order. As we discuss, the second order relativistic effects in the trajectory of particles can easily be incorporated in
standard Newtonian simulations. It is worth noting that since many N-body simulations use second order Lagrangian
Perturbation Theory (2LPT) to set up initial conditions, our results imply that the accuracy usually claimed by using
2LPT formulae should be reexamined for large simulations. Although the effects are small, the investigation of this
issue is worth pursuing given the accuracy required by upcoming dark energy studies and which current large N-body
simulations target. We stress that we are concerned with large scales here. Simulations that can track relativistic
effects on subhorizon scales are described in [19] of this special issue.

II. THE SYNCHRONOUS METRIC FOR PERTURBED ΛCDM

The first step is to derive the metric in the comoving-synchronous gauge with line element

ds2 = −dt2 + γij(t,q) dqidqj , (2)

a gauge convenient for studying CDM on large scales. As we are interested in large scales, we use a gradient expansion
to solve the Einstein Equations for γij . Further restricting the gradient expansion to second order in the potential,
the spatial metric takes the form

γij(t, q) = a2(t)

{
δij

(
1 +

10

3
Φ

)
+ 3D(t)

[
Φ,ij

(
1− 10

3
Φ

)
− 5Φ,iΦ,j +

5

6
δijΦ,lΦ,l

]

+
9

4
E(t)

[
4Φ,llΦ,ij − δij (Φ,llΦ,mm − Φ,lmΦ,lm)

]

+
9

4

[
D2(t)− 4E(t)

]
Φ,liΦ,lj +O(Φ3)

}
, (3)
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where we have denoted differentiation w.r.t. the comoving coordinates qi with a comma and a summation over
repeated indices is implied. Defining the auxiliary functions

J(a) =
a−1

2H0

∫ a du√
ΩΛ + ΩMu−3

, (4)

K(a) =
a

H0

∫ a J2(u)

u2
√

ΩΛ + ΩMu−3
du , (5)

the time dependent coefficients in the metric are given by

D(a) =
1

H0

20

9

∫ a J(u)

u3
√

ΩΛ + ΩMu−3
du , (6)

E(a) =
1

H0

200

81

∫ a 1

u3
√

ΩΛ + ΩMu−3

[
K(u)

u2
− 9

10
D(u)J(u)

]
du , (7)

The relation of Φ to the usual curvature perturbation ζ is

1 +
10

3
Φ(q) = exp(2ζ(q)) ⇒ Φ(q) =

3

5
ζ(q) +

3

5
ζ2(q) + . . . (8)

The above expressions contain enough arbitrary constants, reflected in the indefinite integrals, to set D(a) and
E(a) to zero at any chosen initial time. From now on and for simplicity we will take a → 0 as the initial time and
assume all functions to be in their growing mode. It is worth noting that the gradient expansion, when restricted to
second order in Φ coincides with a second order perturbative calculation that is performed without reference to long
scales, see eg [20, 21]. Thus, for the case of CDM there are no short scale phenomena that are missed by a gradient
expansion, at least until shell crossing which invalidates the comoving synchronous coordinate system. This is an
interesting property of inhomogenous CDM, probably related to CDM lacking a sound horizon.

The integral defining the auxiliary function J can be computed analytically

J(a) =
a3/2

5H0

√
ΩM

2F1

(
1

2
,

5

6
,

11

6
,− ΩΛ

ΩM
a3

)
(9)

where 2F1 is the hypergeometric function. It is then possible to integrate (6) to obtain for D(a)

D(a) =
1

H2
0 ΩM

a

(
1 +

ΩΛ

ΩM
a3

)1/2

2F1

(
3

2
,

5

6
,

11

6
,− ΩΛ

ΩM
a3

)
. (10)

This is simply the ΛCDM growth factor so D(a) = D+(a). The CDM density is given by

ρ(t,q) =
3H2

0 ΩM

8πG

C(q)√
Detγij(t,q)

, (11)

where C(q) a time independent constant function of q. Setting

C(q) =

(
1 +

10

3
Φ(q)

)3/2

, (12)

and expanding to second order we find

ρ(t,q) =
3H2

0 ΩM

8πG

1

a3

(
1− 3

2
DΦ,ll + 10DΦΦ,ll +

15

4
DΦ,lΦ,l +

9

8

(
D2 − E

)
Φ,llΦ,mm +

9

8

(
D2 + E

)
Φ,lmΦ,lm

)
, (13)

which at linear order gives the growing mode of density perturbations in the comoving gauge.

III. TRANSFORMATION TO THE POISSON GAUGE

The spatial coordinate system used above is comoving with the CDM fluid, i.e., each particle is characterized by
a fixed q throughout the evolution. All information about inter-particle distances and clustering is encoded in the



4

metric. This however is not the most convenient way to compare with the output of an N-body simulation where a
coordinate grid is fixed and particles move through the grid. Let us therefore define a coordinate transformation from
the comoving coordinates (t,q) to another coordinate system (τ,x), the Poisson gauge, where we require the metric
to take the form

g00(τ,x) = − [1 + 2A(τ,x)] , (14)

g0i(τ,x) = a(τ)wi , (15)

gij(τ,x) = δij [1− 2B(τ,x)] a2(τ) , (16)

where A� 1 and B � 1 and wi is a divergence-less vector (∂wi

∂xi = 0). The coordinate transformation is written as

xi(t,q) = qi + F i(t,q) , (17)

τ(t,q) = t+ L(t,q) , (18)

and the metrics are then related through

γij(t,q) = − ∂τ
∂qi

∂τ

∂qj
(1 + 2A(τ,x)) + 2

∂τ

∂qi
∂xl

∂qj
a(τ)wl(τ,x) +

∂xl

∂qi
∂xm

∂qj
δlm (1− 2B(τ,x)) a(τ)2 , (19)

0 = −∂τ
∂t

∂τ

∂qi
(1 + 2A(τ,x)) +

(
∂τ

∂t

∂xl

∂qi
+
∂xl

∂t

∂τ

∂qi

)
a(τ)wl(τ,x) +

∂xl

∂t

∂xm

∂qi
δlm (1− 2B(τ,x)) a(τ)2 , (20)

−1 = −
(
∂τ

∂t

)2

(1 + 2A(τ,x)) + 2
∂τ

∂t

∂xl

∂t
a(τ)wl(τ,x) +

∂xl

∂t

∂xm

∂t
δlm (1− 2B(τ,x)) a(τ)2 . (21)

which can be solved perturbatively for the L and F i. We find

τ = t+ vΦ +
9

4
a2Ė

1

∇2
q

µ2 +
9

4

vD

3
Φ,lΦ,l + v

(
vH +

3

4
a2D̈ − 5

3

)
Φ2 + v

(
2vH + 3a2D̈ +

10

3

)
V, (22)

xi = qi +

(
3

2
DΦ +

9

4
E

1

∇2
q

µ2 − 5DΦ2 +

(
5D +

v2

a2

)
V

)
,i

+

(
5D +

v2

a2

)
Wi , (23)

where a comma denotes a partial derivative wrt the qi coordinates and we have defined

v ≡ 3

2
a2Ḋ , µ2(q) ≡ 1

2
(Φ,llΦ,mm − Φ,lmΦ,lm) , (24)

V (q) ≡ 3

2

1

∇2
q∇

2
q

µ2 +
1

2

1

∇2
q

(Φ,mΦ,m) , (25)

Wi(q) ≡ 1

∇2
q

[
Φ,iΦ,mm − Φ,liΦ,l − 2

∂i

∇2
q

µ2

]
, (26)

where Wi is divergence-less vector. For the metric functions of the Poisson Gauge we have

A(τ,x) = AN +
25

9

(
3

2
− 18

5
HJ +

2

5
J2Λ

)
Φ2 − 200

9

(
1

2
− 3HJ + 7H2J2 − J2Λ

)
V , (27)

B(τ,x) = BN +
25

9

(
2

5
HJ − 8H2J2 +

2

5
J2Λ

)
Φ2 − 200

9
HJ (2HJ − 1)V , (28)

w =− a(τ)
∂

∂τ

(
5D +

v2

a2

)
Wi , (29)

where we have defined

AN (τ,x) = BN (τ,x) ≡ 5

3
(2HJ − 1) Φ +

5

4
D

[
Φ|lΦ|l − 2

(
2HJ − 1− 20

9

K̇

D

)
1

∇2
x

µ2

]
. (30)
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This is the Newtonian potential to second order in (Eulerian) perturbation theory. In order to stress the functional
dependence we have labeled derivatives w.r.t. x by a vertical bar. Similar results for ΛCDM have been recently
obtained in [22] with the difference that the transformation studied there is purely spatial, ie the time of the new
non-comoving frame is again identified with the proper time of the particles. The authors of [22] also treat tensor
perturbations which are ignored here.

IV. N-BODY MOTIONS ON LARGE SCALES

In the previous two sections we presented a set of results describing matter perturbations in ΛCDM in two commonly
used gauges: comoving-synchronous and Poisson gauge. As we will now see, the transformation (22) and (23) between
the two descriptions is very useful in interpreting the the results of N-body simulations on large scales from a General
Relativistic perspective.

The metric (3) refers to a comoving coordinate system akin to a Lagrangian description of the dynamics of the
particle flow. However, N-body simulations work with a fixed coordinate grid with respect to which the individually
labeled particles move. It is therefore natural to ask how the synchronous comoving description can be translated
in terms directly comparable to the outcome of an N-body simulation i.e. a set of particle trajectories under the
influence of gravity in an Eulerian coordinate system. To connect with General Relativity it is important to first
define what is meant by the coordinates used in an N-body simulation in relativistic terms. This is achieved by
choosing a correspondence between the coordinates employed - the points of a Euclidean grid x and a universally
ticking clock τ - to events in spacetime. In fact, this constitutes a choice of gauge, a choice different from the comoving
synchronous gauge. The most natural choice for mapping a simulator’s coordinates to spacetime is the Poisson gauge.

In the comoving gauge, the value of q labels each worldline and remains constant during particle’s motion. It
follows that if we express x in (23) in terms of the Poisson gauge time τ , instead of the particle’s proper time t, we
will directly obtain the trajectory of a particle in the Newtonian N-body frame. The coordinates q which label the
particles in the synchronous frame can then be interpreted as the initial positions in the Newtonian (Poisson) frame:
q = xini. Using (23) and replacing t by τ from (22) we thus have for the trajectories of particles to second order

x(τ,q)trajectory = q +∇q

(
3

2
DΦ +

9

4
E

1

∇2
q

µ2

)
+

(
5D +

v2

a2

)(
∇q

(
V − Φ2

)
+ W

)
, (31)

The terms in the first bracket are the Zeldovich approximation and the second order Newtonian result as derived in
Newtonian Lagrangian perturbation theory (2LPT) respectively. Counting gradients, they are the dominant terms
on subhorizon scales and, as expected, recover the newtonian dynamics. The second bracket is a General Relativistic
correction, containing both a scalar and a vector component that are absent in Newtonian theory. Both these terms
are second order in the initial potential. Solving the Newtonian equations will reproduce the first bracket, at least for
the small initial displacements at early times. The effects of General Relativity on particle motion can then simply
be taken into account by adding the second bracket as a correction to the obtained particles trajectories.

It is worth comparing the trajectory (31) with the displacement field of [22]. The results differ by an extra v2 term
in the coefficient of the second bracket which is missing in [22]. This can be traced to the fact that the authors of
that work do not transform to the poisson gauge but keep the proper time t as their preferred time. The newtonian
term (first bracket) is recovered in both approaches but the relativistic second order corrections (dominant on long
wavelengths) differ. This seems reasonable and it might be worth investigating which transformation, if any, is better
suited to match the coordinates of an N-body simulation.

We now proceed to ask what density field does the above displacement generate? We have already derived the
formula for the density perturbation in the synchronous gauge, formula (13). If we simply replace the transformation
(22) and (23) in (13) we then obtain the density in the Poisson gauge. The two expressions correspond to different
gauge invariant quantities with different physical meanings [23]. Both would be admissible as a measure for the density
contrast but one can note that the poisson gauge density contrast contains a term proportional to the potential Φ
that diverges rapidly in the IR for an inflationary primordial spectrum. This is not a problem on subhorizon scales
but is undesirable on superhorizon scales which is our range of interest. We therefore advocate using the synchronous
comoving density which is better behaved in the IR

∆(τ,x) =− 3

2
DΦ|ll +

9

8

(
D2 − E

)
Φ|llΦ|mm +

9

8

(
D2 + E

)
Φ|lmΦ,lm +

9

4
D2Φ|lΦ|lmm

+ 10DΦΦ|ll +
15

4
DΦ|lΦ|l . (32)
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FIG. 2: The normalized difference in density power spectrum P(k) (left: at z = 49, right: at z = 0) measures the difference in
total variance on a certain scale k from different terms in the displacement field 31. The solid (green) line shows the deviation
of the Zeldovich Approximation (ZA, labeled {1}) from the full displacement field (labeled {1234}), the long dashed line (red)
shows the deviation of 2nd-order Lagrangian Perturbation Theory (2LPT, labeled {12}) from the full result, while the short
dashed line (blue) shows the deviation of ZA from 2LPT. We see that on small scales the correction to ZA is entirely due to
2LPT contributions, while on scales larger than the particle horizon (indicated by a vertical dashed line) it is entirely due to
the relativistic terms in (31), showing the 2LPT terms to be subdominant on such scales. For more details on the simulations
behind these plots and the computation of the error bars see [15]

Note that we have relabeled t in expression (11) with the simulation time τ without using (22). This makes (32)
a gauge invariant quantity in the poisson gauge which reduces to the density in the synchronous gauge. We have
however used (31) to leading order to pass to an Eulerian description. The first four terms in (32) coincide precisely
with the result from (Newtonian Eulerian) 2LPT. Eq. (32) gives precisely the density contrast in the Eulerian gauge
[22].

In order to access the importance of the non-Newtonian terms we can compute the power spectrum associated with
the density perturbation that is generated by displacing particles according to the displacement field (31), ignoring
the vector part [15]. We compare three cases: Zeldovich approximation alone (ZA), labeled 1 in figure 2, Newtonian
2LPT, labeled 12 in the figure, and the full relativistic result, labeled 1234. We see in the figure that the difference
between the full displacement and the ZA is identical to the difference between 2LPT and and the ZA on scales below
the horizon, indicating that the relativistic terms are completely negligible. On scales larger than the horizon there
is a crossover and the difference between the full result and the Zeldovich approximation is identical to that between
the full result and 2LPT, indicating that the 2LPT terms are completely subdominant. The relativistic terms provide
a correction to the ZA power spectrum of the order of 1% on scales about 10 times bigger than the horizon at z = 49.
Because the GR correction is at any redshift only apparent on scales larger than the horizon, it is clear that the GR
corrections decay once they are within the horizon. For more details see [15].

V. CONCLUSIONS

In this paper we reviewed a set of results describing CDM perturbations in LCDM cosmology in two commonly
used gauges: comoving-synchronous and Poisson gauge. These results, scattered in the literature in one form or
another, were presented here in a concise and hopefully clear manner. They were derived from a gradient expansion
of the Einstein equations which is fully non-linear on large scales but equivalent to second order perturbation theory
for CDM when truncated to second order in Φ. Known newtonian results have been recovered and relativistic
corrections identified. We then argued that the gauge transformation between the two gauges can directly provide
the long wavelength trajectories of particles in the gauge associated with N-body simulations, the Poisson gauge.
The trajectories (31) are composed of the Zeldovich approximation, the Newtonian 2LPT result and a relativistic
correction which is second order in the metric potential Φ.

It is clear from (31) that at linear order the Zeldovich approximation, a Newtonian result, also holds true in the full
GR description on all scales. Thus, simulations set up with Zeldovich initial conditions and evolved with the Newtonian
dynamical equations produce the correct relativistic particle trajectories to first order in the potential. At second
order however here are relativistic corrections which overtake the Newtonian second order result on scales comparable
to or exceeding the Horizon. For example, the relativistic corrections to the power spectrum for a simulation box
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comparable to our current horizon is at the level of . 0.01 for the largest scales contained in the box, independent of
redshift as long as the modes are outside the horizon. The impact of this extra power compared to that generated by
the ZA initial conditions on precision measurements of the later dynamics is currently unknown. It is worth noting
that for simulations started at a relatively a small redshift, z ∼ 50, 2LPT initial condition are usually employed.
As we have seen, they are in fact subdominant on large scales compared to the relativistic contributions. Although
these observations do not necessarily imply that the later subhorizon dynamics are affected in any significant manner,
these issues are worth investigating given that large N-body simulations are now used for precision sub-percent
measurements of the power spectrum on scales in the BAO regime. We leave this investigation for future work [24].
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