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FOREWORD

This "notebook" is(gie résult of an attempt to organize the basic
ideas end formulas of special relativity into a form convenient for
Monte Carlo treatment of relativistic systems éf point particleiij

Some mathematical sidelights have been included which msy inter-
est the beginner, as well aé rouse the ire of physicists, who certainly

should not take them seriously.
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CHAPTER I
DYNAMICS OF A POINT PARTICLE

l. The parameters of a particle. In an inertial frame 2. of events

(R,t), a definite type of particle (i) is assigﬁed a constant charac-

teristic mass m, 2 0. For a "material" particle (electron, meson,

nucleon, °*++) m, is positive, being the "rest mass," or mass of the
i 4 pataded

particle at rest in X, whereas an "immaterial particle (photon, neu-
trino, -1-) is assigned a ch. mass m = 0. |
A particle moving on a frajectory (Ri(t),t) has velocity v, = éi’
and speed v, = |Vi| z 0. Ifm =0, v, has the constant value
c= 3 X lOlo cm/sec, but is confined to the range O = vi < cif mi > 0.
It is customafy to write B = vi/c, and, for m, > 0, also Yy = l/(l-Bie) .
At time t, every particle has a positive mass M1A=.Mi(t). Fpr a.

material par*t;icle,-Mi is speed-dependent, being by definition
Mi = myy E.mi > OT‘ (1)

However; the mass Mi of an immaterial particle is an independent parame-

ter, which may have any positive value.

) . S - S
The energy of a particle is defined to be k, = Mic. > 0, its

characteristic energy ("rest energy" if m, > 0) being e, = mice.

The excess ki = Ei - ei'of Ei over e, is called the kinetic energy



of the particle.

The momentum of g particle is defined as the vector Pi = Mivi’ of
magnitude p, = |Pi| = Mv,.

A particle with vy > 0 at time t has a well-defined direction,
namely, the unit vector ¥, .= Vi-lvi =‘pi-lPi, of magnitude |Yi| =1,

If the spatial trajectory R, = Ri(t) is so parameterized by arc-length

i
sy that dsl/dt > 0, then the relation

ANERA (dRi/dsi)-(dai/dt)

shows that v, = dsi/dt, and Yi = dRi/ds the latter being the geometric

i
direction of the trajectory tangent.

i)

Finally, every particle is assigned a frequency v, = Ei/h’ and (if

i
v,>0) s vave-length A = h/Pi’ vhere h is Planck's constant. Note

here that
2 .
MV = Ei/pi = Me [Miv1 = c/B1 z ¢

with equality (kiui = ¢) lu vase m, = 0.
We are able to treat particles of both kinds (mi'é 0) in a uniform
way by virtue of the following basic

ggggygm l. A number Mland vector P are possible values for the

mass and momentum of a particle of ch. mass m, if and only if they sat-

isfy the "validity condition™

M>0 &  P°= ca(MQ-mia). (2)



Proof. Case 1. (mi > 0) By (1), the mass M =my, >0 of such
2 2

2, 2 2 2, 2 _
a particle satisfies the equation Mi Bi = Mi - mi ;s hence Pi = Mi vi

= ce(Mig-mia) as in (2). Conversely, (2) implies that a velocity V,
defined by P = MV, has magnitude v = |V| < ¢, and that M = mi/(l-vec-Q)é
as required by (1). ‘

Case 2. (mi = 0) Here, condition (2) is equivalent toM>0&
|P| = Me, which obviously obtains for the mass M, and momentum P, = M, V,
;of an immaterial particle. Conversely, defining V by P = MV for such a
pair M, P, we have M> O and |V] = ¢, which is all that is required of
an immaterial particle.

The net force acting on a particle is by definition F, = P,, a free
particle being one with Fi = 0, heﬁCe with Pi’ Mi’ and Vi constant on its

straight line trajectory R,(t) = Ri° AN

The para.metem(Pi, Mi’ mi) , although dependent, as required by the
validity condition (2), do completely characterize a free point particle
at an event (R,t). They are adopted because of their intuitive relation
to classical mechanics, and the simplicity of their transformation to
other inertial frames.

The closely related "energy-paramgters" (cPi, Ei, ei), expressed in
any convenient energy unit, are pfeferable in computations, and may be
used interchangeably, by an obvious scaling.A

For example, one may verify the basic relations:



(3)

=1
il
(1
+
a2

i i i
2, 2 ' 2 2
E;By = (ep) =B~ - ey
v, = E,/e, (e, > 0)
Y, = cPi/cpi‘ (epy £ 0)
Notcs 1.
1. The work done by a force Fi on a particle betweén points 1 aud
2 of its trajectory is
2 2
v = J F, ¥ ds = f F, R, dt (dsi/dt > 0) .
1 1

Differentiating (2), one has f’i-‘P = Milal c2. Since P, = F, and P, = M.R

i i i i i il

with Mi > 0, this implies

F'ﬁ ='¢2 ' (4)

Consequently
2
o .2 2y _
W= J M, c%at = A(Mib ) = A(ki).
1

Classically, for a force F = - grad $(R), we have also

2 2 4
W= j F, *R,dt = - J Q(Ri(t))dt = - A},
l 1l -

10
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In such s case, it follows that E + § and k + & are constant on the

trajectory.

2. A positive e’lectron e+ of charge q esu ('I‘ABiE I) in an electro-
static field due to a potential ¢(R) esu volts is subject to a force
F = - grad qq(R) dyne, If the différence in potential between points
1, 2 of its resulting trajectory is 108/c esu volts (= 1 practical volt),

the corresponding k.e. increase is

Ak = - A(qo) = q(108/c) = 1.602095 x 10712 erg

a unit of energy called the electron-volt (ev)

1 Kev = 103 ev 1l Mev = 106 ev 1l Bev=1Gev = 109 ev.

i

('/Eig-ei‘g Bev) x (n, in fermi) = 1.239806.

For example, a 1.24k Bev electron has wave-length xi=a 1 fermi (= 10'13 cm).

3. From cpih = ch and Eq. (3), one obtains the numerical relation

k., The Compton wave-length hc of a material particle of rest-mass
m, > 0 is an intrinsic parameter, defined as the wave-length of a photon

having energy equal to the rest-energy of the particle: h(c/xc) = e

= m.c2 ieee, N = hc/e. = = h/m c. One may show that
i c i i
< ' <

A, S A as B, 5 W2

vwhere A, is the vave-length of the moving particle.

\

11



The value of xc may be obtained from the relation (ei in Bev)

X (kc in fermi) = 1.239806. The Compton wave-length xe of the electron »
is given in TABIE I, as well as its mass me in grams and its ch. energy ' '
e =m 02 in Mev.

€ €

5. For the k.e. of g material particle, one has the convergent

series '
ki = micz(Yi-l) = mice{% 312 + % Bi + ...} = % mivig {l + ]3.: B12+ ..a‘}

from which one may see that 1:.i > % mivie unless vy = 0.

Mathematical side-light: The inequality mica(yi-l) > % m, v, % may

be written in the form

2

(1.8, (+38,% (38,5 <1

and $0 deduced frum thie clussical inequality (with n - 3):

l/n

For a, 2 O, (nlnaj) < (Z? aJ)/n unless all a, are edual.

J J

6. If a particle of rest energy e = 500 Mev has k.e. k, = 800 Mev,

1
its other scalar parameters may be obtained as follows:

Ei = e + ki = 1300 Mev Yy = Ei/ei = l3/j

2 2t
cp; = (E;"-e;%) = 1200 Mev B; = cB,/E; = 12/13
Ay = 1.03 £, (Note 3) Ao = 2.48 £. (Note 4)

/.

If required, v, = Bic = 2,77 x lO10 cm/sec, and the conversion 1 Mev =

1.602095 x J£f6 erg, with the appropriate constants of TABLE I, yield v

12



v, = E; /b = 3.1% x 1023 sec T

' P, = cpi/c = 6.41 x 10'11‘ gm cm/sec
| o .
Note that A,v, = 3.25 x 10" cm/sec > ¢ and k, = 800 Mev > % m,v,

2
=3 ‘eiaia = 213 Mev.

7. (This, and its "application" in Notes 8, 9, are mathematical
"recreations." Any resemblance to physics is purely coincidental.)

A particle of ch. mass m starts from R = O at t = O with initiel
momentum Po = po‘i’o, 'po’= Movo, and is subject therefore to a "friction"

F = - HP vhere H > O is a constant, Then, for t = O,

-Ht -H
P = Poe -:poe t‘i’.o

end, since P = MV = M(dR/ds) (ds/dt), (ds/dt > 0) we have R = s  and
P=M= poe'Ht where v = ds/dt.

. . . ) -&
(a) If m> 0, the relation M = m(l-vzc 2) then implies

v/e = 1/tl+(mc/Po)262Ht}§ = 1/£(t) = O whence M~ m

and k = 0. Integration ylelds

s = (c/aH) In(£(0)+1)(£(t)-1)/(£(0)-1)(£(t)+1)

with limit (c/2H) Ln(£(0)+1)/(£(0)-1) as t — =,

(b) Ifm=0, then v=c¢c, s = ct, and Me = Moce'Ht, vhence

-Hg/c -

E =hv = h\)oe 0.

13



8. (Hubble's 1aw.) In astrophysics, the absolute magnitude M of

a point light source G of luminosity £ erg/sec is defined by (S/hnlo'lo)/(bo

2 . .
-5 M A 2 ,.
= 10 , vhere ¢  is a standard flux (2.4 x 10 erg/Mpc” sec). If ¢

is its observed flux, then G is said to have apparent magnitude m, where

2
- m
¢/¢o = 10° , and luminosity distance D(Mpc), where ¢ = £/1+TTD2. These

parameters are therefore related by the identity
m=M+ 25+ % lug D. . (m)
A friction F = - HP (Note 7) octing on the N, photonms, of averagc

energy h\)o, emitted per second by a source G at (constant) distance 8,

. ’ @ "_)
would imply a flux ¢ = N hv e HS/e/lms = £/1+ns2es/R (R= ¢/H Mpe)
and hence a luminosity distance D = ses/ 2R. Moreover, the light received
would exhibit a "red shift"
A
z = (NNJ)/Ng = eﬁ/R - 1=s/R+ % (s/R)" + «e-. (6)

In terms of z, we see that D = R(1+z.)é in(l+z), co that (5) gives

m=M+25+5 log R + -52- log (1+z) + 5 log log (1+z) + 1.811 (7
for the apparent magnitude m of a motionless source of absolute magnitude

M showing a red shift z > O.

in reality, an approximale relation (Hubble's law)

Zy = (WA )/A, = s/R. " (8)

(R = c/H = 3000 Mpc, H = 100 (Km/sec)/Mpc is found to exist between the

Observed red shift ZH of light, of normal wave length )"o’ received from

14
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Py

an "average" galaxy (M = - 20.3), now ét estimated distance s. Measure-
ment of z is relatively clear cut, whereas the estimation of s is very
ambiguous. For distant galaxies, m and z are the observables, the func-
tion (M. L. Humason, et al., Astron. J., 61, 1956, p. 149) m = 5 log cz
-~l°18z - 5.81 having been "fitted" to the observations for
3<w=1logecz<5, (¢c=3x 105). The function m = m(z(w)) in (7) has
the same general features (dm/dw = 5; dm/dw - 588 z = 0), and numerical
agreement is surprisingly good for the orthodox vglues R = 3000,

M = 2003, i.e. for
m = 23.9 + 5{% log(1l+z) + log log (1+z)}. S (9)

For the quasar 309, with reported m = 18.2, z = 2.012! (J. B. Oke,
Astrophys. J., 145, 1966, p. 669), we find from (6) and (7) a distance

s = R fn(1+z) = 3300 Mpc, and an absolute magnitude M = - 25.6.

9. (Olvers' paradox.) Suppose infinite Euclidean space has a uni-
3

form density of ng motionless point galaxies per cm”, each of luminosity

£ = Nuhvo erg/sec, as in Note 8. Such a galaxy, at distance s from earth,

produces & flux ¢ = £/&ns2 erg/cm2 sec (in the simplest model), of which

the earth, of radius rp receives an2 times this. Multiplying by the
number.no(kns2ds) of galaxies in the "s-shell" about earth, integration

on r < s < o, and division by the surface area inr 2‘of earth gives the

B
infinite result

E

15



-
Q = j. 3 n £ds . erg/em® sec.

T

Assuming the friction of Note 7(b), we should use instead the ga-

lactic flux ¢ = (S/lmse)e-Hs/ € of (8), with the final result

- 4 i
With n, = 10 & galaxies/cmj, £ =khx lO|3 erg/sec (M = - 20.3), and

8

H = 3.2h x 1071° sec™® (C. W. Allen, Astrophysical Quantities, Univ.

of London, ‘Athlone Press, 2nd Ed'n. 1963), one finds ¢ == 10’“ erg/cm2

sec, which is far too great (Jjust visible flux ~ 10'7, m=6).

10. The relativistic parameters of a particle are exploited
(rather neively) in Appendix I to obtain physically correct properties

of a "gas" of such particles.

2. _The Lorentz transformétion. Let Z and L' be inertial frémes,

'the position space of Z' having constant velocity Uo of magnitude

uo = |U0|A< c, relative to 2. For such frames, the Lorentz transforma-

tion defines a one-to-one correspondence
(R,t) ~ (R",t')

between all events of 2 and Z’, corresponding "four vectors" being re-

garded as the 'same event," as it appears in the two frames.

16



Parallel spatial axes $,3’ may always be chosen so that the spatial
origin 0’ of ¥’ moves on'the X-axis of 2 in the positive direction, its
velocity U, having components (uo,0,0)s; and the time so measured that

0’ coincides with O at t = O = t’. For this standard configuration, in-

dicated in Fig. 2.1, the Lorentz transformation assumes the form

. - ’ A I I
(L) X = Yo(x +ut ) y=y zZ =z
t =y (uc ox'+t’)
o'’o
0 %
where Bo = uo/c <1, and Yo = l/(l-Bo ) =1,
Y Y’
X X!
! I
0 0 X .
. S
/U:(uo,0,0)

S 7

FIG. 2.1

The inverse of (L) and other transformations derived from it re-
sults from the formal substitution - u, = uo,,and interchange of primed

and unprimed variables.

17



From this simple form, all physically meaningful inferences may be

drawvn.. The most important one is the invariance relation

RS - B2 o p'2 . o2y

existing between corresponding events, from which we conclude

R® = c?t° if and only if R‘Z = ¢%t'° (2)
and R2 < 02t2 P owon R'2 < c2t'2. . (3)
Moreover, if for an event (R’,t’) we have R'® = ¢®t'% ana t’ > 0,.

the same relations govern the event (R,t). For, in the formula

t = Yo(uoc—ax'+t'), we see that |x'| = |R’| = ct’ while u < c. Hence

|uoc'?x’| < t’, and t > O. 1In this way we establish the further result

2

R 2

c®t2 & t > 0 if end only if R'% = c2t'Z & ¢/ > 0. (k)

1A

These are formal properties of the traﬁsformation itself, which will
assume added significance in §&.

Of immediate relevance here is the "time dilatation" effect, with
its implications for the life time‘of a moving particle. Consider two
times t! < .

1 2 1
The situation is schematized in Fig. 2. From (L) we find, for the

4
at the same point Ré in 2, observed in 2 as times t. and

t29

corresponding events
~ (R!,t’/ ' ~ (R? 11
(Rl,tl) (Ro,tl) and (Re,te) (Ro,Le)

’ ' .
that = x5, - x; _\(Ouo(t2 tl) Yp =¥, =0 Zy, - 2) =0

ct
'

ct
|

. ? 1
o = by = Y (t5mtg).

18
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From this we conclude that a free material particle, moving with

5 | speed u_ in 2, and having an intrinsic life time Ti in its own rest-

¢ frame Z', appears in L with a life time

)
3

7
Ti YoTi

and to travel a distance

o
I
=
.*
il

'
i oi " BoYocri'

Note the identification of the particle parameters #i, Bi, Yyg with the
transformation parameters U, Bo, Yo? and the significant proportion

Ti/Ti =Yy = Ei/ei' " (Energy 1is the secret of longevity?)

19



" Notes 2,

1. From (2) it appears that |R'| = c|t’| implies |R| = c|t|,

picturesquely, "the transformation (L) takes the light cone into the

" light cone." This may be regarded as the basic feature of the Lorentz

transformation., Indeed, it is well known that an arbitrary non-singular

lineér transformstion of two 4-spaces with this formal property assumes

the simple form (L) when spatial axes are properlylaligned by rotations

and units suitably standardized.

For a generalization, see Appendix II.

2. In practice, given spatial axes are usually not in the stendard

configuration of Fig.2.1l, and auxiliary rotations are required in order

to apply the simple transformation (L). These are discussed in Appendix

11T, vhich will be referred to when necessary.

An glternative device is

afforded by the "vector form" of the transformation, which may be derived

in the following way.

Y Y’
| (R,t") -
- Uo_uc;Yo
P \\ /
(R,t)/" ;) 0 e )
\ e ZI
\\ 7 y X’
I/
0 Z ' : X
FIG. 2.3 ~

20



If R’ is a vector in Euclidean space, and ‘i’o is an erbitrary unit

- vector, the projection of R’ on ‘i’o is

|R’| cos ef = |R’| (R'.-‘i’o)/lR'I-|‘i’o| = R’-‘i’o .
The component Rj of R/, parallel to.¥ , is therefore

Rj = (R'-¥ )Y (*)

o
and the vector R, = R’ - Ry is then orthogonal to Y since R ¥ = 0.

Now, if (R,t) ~ (R’,t’) are corresponding events in the two frames
7,7 of this section, and Uy = ufy (8 > 0), ¥_ being the direction of
relative motion, we may resolve R and R’ relative to ‘i’o as indicated

above. From (L) we then see

: _ ’, ot
that RY = Yo{ (R"+¥ ) + ut }
whence Ry = (RY )Y = YRy + Youot"i'o
ot )
while R.L = RL.
Hence R =R, + R =R} + YR+ yut'y,

R{ + Ry + (Yo-ll)R{l + Youot"l’o

or ‘ R=R'+ {(yo-l)(Rf-‘i'o) +_Youot’}‘i’o o (L)

while t Yo{uoc-2(R"Yo) +t'}.

21



In applications of this vector form of (L), components of R,R’ are
specified on arbitrary parallel axes GG’ in 2,0 . Its inverse, and
that of other transformations derived from it (Notes, §§3,4)- results
upon the‘substitution - Yo'ﬂ Yo and interchange of primed énd unprimed

variables.

3. A particle of rest energy ei and energy Ei’ which travels a

distance Bi in 2 between birth and deca&, has an intrinsic life time
T, = (8, /) /{(8;/e )2-1}%5 o
i~ Vi i’ 71

2
N.B. By = (v.°-1) and Y0=Ei/ei'

o' 0 o]

For example, a EC particle (TABIE III) of rest energy 1314 Mev and

k.e. 545 Mev travelling 3 cm in its L life time has an intrinsic life

time T; =~ 10710 sec.

4, 'In order to cover a distance 5, > 0 in 2 during an intrinsic

life time 'r; , a particle must have speed
u_ = c/f{1+(er!/5.)3)
o i’ i
\ 12 é
and energy E, = ei{l+(61/c'ri) 1.

i

Thus an earth dweller with 40 Y to live,who wishes Lo visit a=

Centauri, I LY away, must travel at.the modest speed c/J/I0I, with a k.e.

%
K, = ei{(1+1o'2) -1} = e, /200.

22



If his rest-mass is m = lO5 grams (neglecting the ship!) then k.i =

500 e erg (1 kilo-ton high explosive ylelds ~ b4 x 1077 erg).

5. If a source of photons at 0’ in L (Fig. 2.1) emits two photons,
in direction ¥/ = (- 1, 0, O0), at times té'> ti > O resp., their times
T, > T

1 >0 of‘arrival at 0 in L will have the difference .

T, -T = (te-tl) + c-l(xa-xl) ='Yo(l+Bo)(té'ti)’

" Hence if the source emits N’ such photoﬁs/sec,'the number N per sec re=.

" ‘ceived at O is

- N’ = N’ -
N = N'/yo(148,) = Ny (1-8,).
This is precisely the formula governing the energy degradation of each

rhoton, but is quite an independent effect. (CE. §5.)

6. A statement dual to that connoting time dilatation reads:
- Consider two points Ri, Ré at the same time té in Z', observed as the

points R,, R, in 2. For the corresponding events

! '] : '4 ¢
(Rl’tl) (Rl’to) (Rz,te) (RQ,tO)
we obtain from (L). in this case

’ ’ [

' [ . ) _ - - = -
1= YolXpmxp) Yo N T Yo = 91 Zp " 2y T 257 2y

»
'
ol
]

_ =20 0_,ty
t. - t, =yuce (x2 xl).

u
oo
When interpreted as referring to simultaneous obéervatibns in Z(

of the ends of a rod in its own rest frame L, we find that
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-1
¥ ' - : - -
Xy = X) = Yy (Xmxg) = (%50

i.e., the dimension in the directibn of relative motion appears less

by factor Y;l in Y. (Fitzgerald contraction.)

3. The velocity transformation. If (R,(t),t) ~ (Ri(t'),t') are
'
trajectories in Z,Z » with component events correlated as in 82, - then,

via (2L), the system

1y ’ gt Y )
Xy Yg{xl(t ) + ut } ;= yi(t ) z, = zi(t )

t

-2 1,1 y
Yo{uoc xi(t Y+ ¢}

defines a t’-parameterization of the trajectory (Ri(t);t). Since

dRi/dt = (dRi/dt')/(dt/dt'), we obtain the (non-linear!) transformation

(V) Yix ~ (Vii*uo)/d{

’ ’ ( =2 1
vy Yodi d; = (uoc vy

v i

iy

+1) > 0
X

' '
Viz = Viz/Yodi

for the instantaneous velocities Vi = dRi/dt, Vi = dRi/dt';(referred to
standard axes) at corresponding events on the two trajectories. Note

¢ ’ 4
that u < ¢, and |vi | = |V{| = c (assumed in ') insures a; > o.

'We now obtain from (V) the transformation for speed v. From (V1)

we find (suppressing i for the moment)
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2 2 2 _ ‘ 2 - -1, 2 12_ 2
a (vx -c%) ) = (vx+uo) (uoc vx+c) v )/Y
or v2.c?o (v '2 2)/Y a’®

Combining this with (V2,3) results in

2 2 2 2 _ 12 12, 12 2 2,12
Ve *Vy 4V, - = (vy v v See )/Yo a’c.
' - ¢ _
Hence, the speeds v, = |Vi| end v/ = ‘V | satisfy
2 2 2 2
(v) v, S - e = (vi%-eT) /Y d .

i Vi
We conclude that v/ = ¢ in X implies vy £ ¢ in Z, and moreover,

c at corresponding events of arbitrary tra-

o)

v, = ¢ if and only if v;

jectories. In case v. < ¢, v

1 f < ¢, we obtain from (v) the law

> 2% o At 222
(v*) l/(l-vic ) = yodi/(l.-vi c ) .
_ LY -
In view of the relations Vi = vi‘i’i and Vi vi‘l’i holding for tra
jectory directions where vivé ;4 0, the transformation for their compo-
nents relative to the standard axes $,8’ (Fig. 2.1) follows at once from

(V). Writing

¥y = (ay 00y )y and Y] = (ag,,05,,8, )0
we obtain
() ey = L]

a‘iy = an{.y/YoDil.

842 7 8‘:’Lz/YoD:{
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where we have set p{ = uo/v{

and D; = dgvi/vg, : a! = uc v + 1.

For vi we must of course use its evaluation

3
= (P (v]B-P) v BBy

Vi
in terms of 2' parameters, as provided by (v).
This involved transformation is by-passed in most probleits by u
device given in §4. It is required for transformation of dillerential

cross sections however, and for that reason we include the explicit

evaluation

D = {(a] #0])% + v_°(1-a] ®)) (1)

in terms of the essential parameters aix and pi = uo/v;.

To verify (1), we note (suppressihg i)
D’e = d'2v2/v'2 - (dlc/vl)2 + Y;E(l-cevl-e)

5 :
-] ] 'a-l -2 -2 2 =2
(uoc 8 +cv ) + Yo " Yo OV

]

12 . 2. 1=2 -é
a, +2p'a)’c+_cv' + Yy

5 2 -2)C2Vl-2

B 2 - (lTuo c

(o]

2) 2

-2, 42 ) =2
(1-v a; + ep'né *YS 4

which yields (1).

For the application referred to, we require the relation

(Y1) cos §; = (cos ¢i+p{)/D£
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which gives the important relation between a, = cos §, and aix = cos ¢{
for the angles y,,{ 1 mede by a trajectory with the X,X’ axes of Fig. 2.1,
i.e., with the direction of relative motion of the frames.

Using the value of Di in (1), we find, for p; fixed, the derivative
' '3
daix/daix = Y (l.+pi i) /D (2)

When v, =¢= vi (as is the case for the trajectories of an im-

material particle), these results become greatly simplified, since then

A

v Al ’ " _
Di =d;, = Boaix + 1 and Py = B .

Specifically, in this case,

(Ye) a, = /(B a! +1)

ix o ix

8y = iy/Yo Boalx+l

™
|

s 2
1z = 81,/ Yo(BoBiy+l)

and da /daix =Y 2/(B 8! +l) : ‘(Qc)

o ix

Finally, we derive the (expected) inverse of (v), namelj

-1 . )
(V) Vie = (Vig “9)/d1
. : ‘ -2
S = (- .
Viy = Viy/Yod'i di ( Yo® VixF;) >0
S
Vig = viz/Yodi'
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From (V1),

- uoc'e(vixdg) = - uoc'ev;x - u %2
= - (uoc-evix+l) + (l-uozc-e)
= - d; + Yo-2'
. Therefore, '(-uoc’evix+l)di = Y;e'

It follows that d.d; =‘y;Z, d, >0 and-

(a) (vgd;) (vgd)) = 1

where 4, is defined as in (V)™'. With this established, the last two

equations of (V)_l follow trivially from those of (V) while the first

results simply from solving (V1) for vix, using the formulsa for d{ in
(V).
Notes 3.

1. The "vector form" of the velocity transformation (V) follows

from Note 2.2. For,

’ '_‘ 7 _ ’ '
dRi/dt = Vi + {(yo )(vieY ) + Youo}wo

’ -2 '. = !/
at/at’ =y {ue (Vi¥g) + 1} = v 4y
80O

(V) V= (v @)UV 4+ (-1 (v ) + v udY ]
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r~

We have as before (yodi)(yodg) = 1. (a)

- -2
vhere d, {- uc (Vi-Yo) + 1}.

7

i

2. From (V) and the relations v, = viYi’ '

Iyt
= viYi one obtains

the. vector form of
- 1~1 ’ o ’ . 7
(¥) ¥y o= (v Py) T+ Ty m1) (¥ ¥ ) + v p 3y ]
where p{‘E uo/v{, D£ = d{vi/vi, and d{ is defined in (V) above.
Explicitly,
Iyl 112 -2rq . ‘, 2
Dy = {I¥{ ¥+ )%+ v 7(1 - (¥ )]}

7

which reduces, for v, = ¢ = Vi p; = 50, to

i

Y Y A ’,
Di = di = ﬁo(Yi Yo) + 1.

3. One easily obtains the relation

-1 .
tan §, = vy~ sin w;/(cos ¢£+pi)

between §, and y/ by division of

2 2 ﬁ._- 12, .42 ¢ _ =1 P
(aiy+aiz> B (éiy+aizja/Y6Di'" Yo Sin wi/Di

(cos yi+p7)/D].

sin ¢1

by .COS‘Wi
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L, The momentum-mass transformation. The preceding results, in-
volving no reference to mass, may belregarded as purely kinematic as-
pects of‘the Lorentz transformetion. Suppose now that a particle‘of
ch. mass mass mi'é 0, mass Mi = M{(t')> 0 moves on the trajectory
(R{(t'),t') in %', appearing in 2 as a particle of ch. mass m,
mass M, = Mi(t), on the corresponding trajectory (Ri(t);t), the frames

being related as in Fig. 2.1. We shall assume (Cf. Note 5) that

(m) m, = mi and
Y ’ ' A - -2
(M) M, = My dis di=uec v +1

are the laws of transformation for the ch. mass, and mass, of an arbi=-
trary particle. Note that (3d4) provides the inverse pf-(M).

The relatibn (M), combined with the (non-linear) velocity trans-
formation (3V), ylelds a tranaformation for the momentum-mass L-vector
Pi’Mi of a particle which is not only linear, but has the éame matrlx ;s

"(2L) itself. Thus,

(B0 By = My = YA (VE0)/8] = (i)
piy = Miviy = YodiM;'viy/Yodi ='P;y
= YD = Yl = v (e B ).

The formal properties of (2L) derived in §2 imply here that, at

corresponding events on the trajectories of a particle, one has
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->

S T A | (1)

P,2 = ¢®M 2 if and only if p'e = ' - (2)
i i i i
2 <'.02M 2 4w w 1" " P12 < CZM’E (3)
i i i. {
2 2 " ;l .u " 12 12 4 ‘
PiécaMi &M >0 1>i§c2M1 & M; > 0, (4)

It follows from (1) and (4) that the validity condition of Th. 1.1

is preserved by the momentum--mass transformation. For example, if Pi
and M, aée "valid" parameters for the ch. mass m, (2 0) in Z;-thén P{
and Mi’ as computed from (PM)-l, are valid for the same m, in . The
import of (2) and (3) for the speed of a particle is manifest.

The transformation makes 1t clear that a particle is "free" in L
(Pi constant) if and only if it is free in Y’ .

An obvious scaling of (PM) yields the analogous transformstion

= ’ ’ ! = ’ = ’
(CPE) cPix Yo(cPix+BoEi) cPiy cPiy cPiz cPiz

7 4
By = YO(BOCPig+Ei)
for the energy parameters of a pgrticlé. The inverse results from the
usual interchange of variables and the substitution - Bo - Bo.

The latter equations afford a simple means of computing

cpi = (Ei -

and the direction relations (3¢) for Yi = CPi/cPi’ Y£A= cPi/cp;

in the form a, = cPix/CPi 8y = cpiy/cpi a;, = cpiz/cpi. (¥)
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In particular, cos §, = vy (cp! cos y/+8 E’/)/cp,. . (Y1)
i o] i i "o i

Explicit evaluation leads of course to the previous result (§3) where

']

pi'

note BoEi/cpi = uo[vi

’

By eliminating cpi cos Wi = cpix-between the above form of (Y1) and

the formula for E, in (cPE), one easily obtains
| _ -1, 2 2%
cos §, = (Ei-yolEi)/Bo(Ei -e; ) (5)

showing the direct depeﬁdencé of cos wi oIl Ei’ for o given N fNergy Ei,

For an immaterial particle, e, = 0, and (5) has the simpler form

i
cos ¥, = {1 - (E{/v_E,)}/B
— ! -l - -
or E; = EJY, /(1 B cos wi). (5¢)
(Cf. 86 for a geometric interpretation.)
Notes L.

1. The "vector form" of (M) folluws from Notc 3.1, and the "coor-

dinate free" version of the mass transformation:

' ) ) - -2 1;
(M) M = MiYodi d; = ugc (Vi Yo) + 1.
Thus, .
. — - '4 '4
(M) Py o= MV = M (v a5V,

'4 / 4
P; + {(yo-l)(Pi Yo) + Yoqui}Yo

=
]

-2/, ‘
L Yo{uoc (Pi Yo) + Mi}.

32



Ne

Scaling yields the energy parameter form

(cPE) cP

[ I 7
L = Py + {(Yo-l)(cPi-Yo)_+ YOBOEi}YO

(e]
1

5 = Yo{Bg(eP ¥ ) + Ef}.

This will be useful in computation. For the inverse, set - Yo - Yo
and interchange (CPi’Ei) and (cP{,E{). The spatial relations involved

were introduced originally in Note 2.2.

2. The "vector form" of the force transformation is obtained from

(FPM) of Note 1. By definition, F; = dpP{/at’, and

)
F, = dPi/dt = (dPi/dt')/(dt/dt')-
Just as in Note 3.1, we find

N ' i = =207,
atfat’ = Yody wpere dj = ugc (Vi Yo) +1

and, from Note 1.1, the relation (1.}), interpreted in L', yields

y) ’ =21 g1
aM/at’ = c FyeVye

Computing dPi/dt' from (PM) and using these results, we have
(F) F,o= (v @) THF & ((y -1 (FLY ) + y B e M (FL VY ]
i o1l i o} i’o oo i i/’ 70"
For components on the standard axes of Fig. 2.1, we needAonly set

¥, = (1,0,0) to obtain

- ’ -1 ARt ’ -1_"11

Fip = (Fiy + Boe  (F-vi}/ay dy =B Vi *+ 1
_ ot ‘ = 7' .,

Fiy a Fiy/Yodi Fis Fiz/Yodi
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3. (Biot-Savart cum_Lorentz law) In a long but straightforward
way, without reference to electromagﬁetic fields, we derive a relativ-
istic version of the vector product force law for two moving charges,
assuming as primitive only the electrostatic force. This derivation
would-éeem to indicate an analogous force law for gravity.

For-i = 0,1, let i be a particle of charge 9 (esu) in L. We sup-
posé q, moves with constant velocity Uo = qub on its trajectory
(Ru(t),t), (essentially) unperturbed by q,, vhich travels with velocity

Vl(t) on (Rl(t),t), Tn the rest frame 2. of q appears on a cor-

o’ 41
responding trajectory (Ri(t'),t'), which we suppose determined solely

by the Coulomb forece exerted on 9, by q, fixed at Ré, namely

apj/at’ = F] = ¢'aR’ (6)
7 I '] 3
where AR’ = Rl(t') - Ré and ¢’ = qlqo/IAR'| o A(T)
: .
M Vi Uy = ug ¥
z| = / /
/7 .
aRun 7
oiRo'
X ‘
FIG- ,Ill
\
Uo
b / /
q, Rt 7
d, ////
Re (1),
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From Note 2, the force of q_ on g, at Rl(t),t in 2 is

- PURED S ’ 'I‘I. -
Fp = (Yodl) [fl + {SoFl'Yo + Yosoc lF1 Vl}wo] ’ 8o = Yo T 1 (8)

4

vhere F]’_,Vl are evaluated at the corresponding event Ri(t'),t' in %',

 Applying (L)'l of Note 2.2 to the X-events (Rl(t),t) and (Ro(t),t),

wve see that
' - ", Y .
AR —‘Rl(t) R, = AR + 8_(AR<Y )Y (9)
" where AR = Rl(t) - Ro(t). Substituting (6) in (8), recalling that
’ 'l_ )
(Yodl) = Yodl and using (9), we find

_ At iy, =1, 00t
F, = C'yg [d.lAR + {dlao(AR+AR _) Yo+ B (AR Vlyodl)} Y ] . (10)
We will write ﬁo =U o/c and Vl = V1/°‘ Then, by definition,
a =-uc'2(v oy )+1'=1-V-ﬁ
1 (o} l°0 1l o
so that, in (10),
d,AR = AR - V, ‘U AR. _ _ (11)
Turning to the bracket in (10), we have for the first term, using
(9) .
dlBO{EAR + BO(AR"PO)YO},"YO

| . . .— 2 . - '
d,5 {28R+¥  + B AR-¥ } = 4, (v “-1)aR-Y - (12)

2, 2 pw o 2,5 .7
= dlBo Yo AR Yo = dlpoYo AR Uo.
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From (9), and (v)'l of Note 3.1, the final bracket term in (10) is

B AR + & (aR%Y )Y 1[V, + {5V ¥ - vp ¥ ]

Combining this with (12) and (11) we have finally, from (10)

4 7 .IT 7 7.
F =C YO[AR - (vl UO)AR + (Vl-AR)Uo]

] g4y - -
A 100 py 7, x (T, % 4R)]
| AR’

-— - I — - L]
vhere AR = Rl(t) Ro(t) and AR’ = AR + (yo 1)(aR YO)YO.

By the ‘same argument, we should ob{:ain, on the basis of 'a primitive

gravitational force in X', namely
’ Y R
dPl/dt = F] = N'AR

where N’ =-GM:’Lmo/l'AR'|3, the apparent force in L

MY - o e e
F, = ———= (1-v,+0_ ) [aR + V; x (U  x 8R)].
- |ar’|3 ° °
For, at the final step, we should have-GMimo in place of q;q , where
-1
I - R
Ml = MlYodl and m, = MoYo .

As before, the second part of the force ;Lie's in the plane of U0 and
Rl - R o’ and (however weak) would tend to produce rotation of Ml sbout a
much greater mass Mo‘
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L, 1f (cPi,Ei) ~ (cPi,Ei); i=1,...,I under the (cPE) transforma-
tion, then formally, (ZcPi,ZEi) ~ (ZcP;,ZEi) also, by virtue of its.

linearity. Moreover, we know (cP)2 - E° = (cP')2 - £'2 for every such

' co?responding pair. It follows that not only are all the (CP1)2 - Ei2
invariant, but'(ZcPi)a - ():Ei)2 as well. In particular, when I = 2, we
have the identity (cPl+cP2)2 - (El+E2)2 = _(cPl)e - El2 + (cpg)a - E22
+ 2(cPl~cP2-ElE2) and conclude that the funetion cPl-cP2 - E1E2 is an

invariant too.

Such invariants often allow elegant derivations of parameter values.
For example, to obtain the energy Ei of a particle 1, in the rest-frame
Z' of a second, material particle 2, these having kncwn parameters
in Z,,

cP,,E; in Y, one need only note that, since cPé = 0 and Eé = e,

one must have

. - - - 4
cPl cP2 E1E2 0 Ele2

, b—4 - L
so that E] = (E1E2 cPy ch)/eg.
The whole story may of course be obtained from (cPE)-l of Note 1,
where i = 1, and ByrYyY, 8re the Y-parameters of particle 2, namely
By = cp2/E2, Yo =,E2/e2, ¥, = cPa/cpg. (The case cp, = 0 is trivial.)

2 2

Note. The relativistic invariants R® - c2t and (cP)2 - E in-‘

volve -the same parameters as the Heisenberg uncertainty principles
IAR|‘|AP| = h/2m = AtAE.

For the significance of this gnd the invariahce statds of the principles

in relativistic quantum mechanics, I have no reference.
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5. The laﬁs of transformation (m) and (M) are not derivable from
(2L) alone. It is clear from the ﬁroperties of particles assumed in §1,
and thé'kinematic results bf §3 concerning speeds, that at least the
"materiality" oan particle must be an invariant, so certainly m = m;
(= 0) for an immaterial one. If one regards the rest mass of a material
particle as an intrins%c property, with m, = mi axiomatic, then the mass
law (M) follows at once from the definition (§1) of the masses Mi,M{ and
the speed relation (3v*). However, we cannot deduce (M) for the:comé
pletely ihdependent mass of aﬁ immaterial particle, énd consider it an
additional assumption, warranted by all experimental evidence.

It is interesting (mathematically) to note the following consé-
quences of the "axiom" (M).

(a) Combined with (3v) it implies directly the formal invariance
ol Pi2 - chiz. This, bogether with (m) insures the invariance of
C"validity."

(b) For a particle with m{ > 0 in Z', (M) and (3v*) iuply that

m, = m{, and (m) is entirely redundant.

i

(¢c) As shown, (M) implies the transformétion (PM) for all particles.
This enters in a fundamental way in transmutations involving particles of
both kinds, and leads to no contradiction with experiment.

(d) The law (M) implies the energy transformation
) ’
(E) By = BiYody

and hence also (assuming h = h’!) the transformation
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' 1 oAt
(v) Vi ==‘V:I.Yoa‘i

for the fz_'equency parameter vy E Ei/h of an arbitrary particle. The

significance of this for photons is next considered.

5. The Doppler effect. A free inmate‘ria.l particle, with direction

‘i’j'_ and energy Ei » in a frame ¥ related to L in the standard vay (Fig.

2.1), appears as such a particle in the latter frame with direction (§3)

ot ’ ot ’ ot ‘
(¥,) 8y, = (ag,4B,)/d 8y T aiy/ Yody 8z = 81 Vo8

and energy (§4)

oty gt ‘ _
(E) By = B5Yody 9 = Boayy

Thus a photon of energy‘hvi , moving in &’ in the transverse direc-
! - - I'4 > I —_
tion ‘i’i = (0’1’0)8' has energy h\)i = hviyo z hvi and direction Yi =
=1
(Bo’Yq ,0)g in L.
On the other hand, if its direction in ' is opposite to the motion
of &' in T, then ‘i’i = (-1,0,0) = ¥y, and

4
.

- ’ -
hv, = hviyo(l ao) S by

Moreover, N’ such photons/sec emitted at 0’ in X' arrive st 0 in 2 at a

. ' '
rate N=N Yo(l-Bo)-é N

setisfying the same formal transformation (Note 2.5).
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Notes 5.

1. In certain experiments, a "plane monochromatic light wave," of
wave frequency £/ (in L) acts like a beam of particles (photons) each
of energy hf’. Such a wave is described at (R’,t’) in terms of a func-

tion
A’ sin 2nc-lf'(R'in-ct')

where R'-Yi is the projection of R’ on the direction Y{ of wave motion.
- It follows easily from the "kinematic" relullons (?."L)-l,(3(1),(‘1/c)-l alone

that the angle here involved appears as
-1
2ne f(R-Yi-ct)
at the corresponding event (R,t) in 2, where

! 14
(£) f=f Yodi

(relativistic Doppler equation). Granting that the wave in 2. behaves as
a beam of photons of energy hf, one concludes that photon energy Ei musl

transform as in (E). The situation for neutrinos is perhaps less convinc-

ing.

2. It appears from the final remarks of this section that the energy
flux in a beam of photons'such as described there should transform accord-

ing to the relation

erg/cm2 sec.



In the wave picture, £ may be related to the average magnitude of the
Poynting vector (wave intensity), which is proportional t0 the square

of the "amplitude" A of the wave. It may be shown (Einstein, Ann. Phys.,
Lpz., 17, 1905, p. 891) that

2 ,2 2

A o (B, )2

is the transformation law for A2, although this is not so "elementary" as

the frequency result.

3. ("Flux now-disﬁance now" relation.) TIn the standard configura-
tion of §2, an isotropic point sourée at O/ in its own rest frame Z'con~
stantly emits N’ photons/sec of energy hv{, and is receding radially from
0 in X with speed uo > 0. Photons émitted at tl >0, x, = ut, are re-

1 o1l

ceived at O at a later time T, >.tl, when 0’ has reached X; =uT, in z.
From (2L)-l, we see that the ), events of emission (xl,tl) and arrival

¢ -l ‘
(O’Tl) appear in 2. as (0,v, tl), and (-Yoxl,yoTl). The numerical flux

in 2/ at time y.T

T, 1s uniform over the sphere of radius y X, sbout o/,

namely

N'/lm(yoxl)2 photons/cm2 sec,

Due to the rate diminution of Note 2.5 and the'energy degradation of (E)

in the direction Yi = (-;,0,0)g,, the energy flux observed at O in L is

¢ {N’Yo(l-Bo)/’*ﬂwo%tle}hvivo(l-so)

(s/4xx B)(1-8)%  erg/en” sec (1)
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where £ = N'hv£ is the intrinsic luminosity of the source, and X, is its
distance from O in 2, at the time its flux is observed at O.

The energy degradation results in a Doppler red shift

7z (AN =y (1B ) -1 =B + 387+ oo (2)

in the wave length of the light received.

N.B. There has been some controversy about the flux formula (1).

The result is usually given in the form ¢ = (£/4np2)702(1480)2, vhere
o should be the L' radius YKy (Cf. H. P. Robertson, Zeitschrift fur

Astrophysik, 15, 1938, p. 77.)

L, If the observed red shift of Hubble's law (Note 1.8) is due to
radial recession of galaxies, with speeds Uy constant in time, one in-
fere that uo/c = BQEE ;D = ZH > Hs/c whence u, = ul(s):z S/T is the

speed of a galaxXy now at distance s(t = l/Hf* Jﬂlo

Y), This implies
a "big bung" around lOlO Y ago; and of course the decrease of Hubhle's
"constant" Qith time.

Within the framework of special relativity, the assumption of a
Doppler shlift 2 = Yo(l+Bo)‘- 1, together wlth the flux formula (1), wilh
average £ assumed: ¢ = S/hnse(l-so)-a, s = X, implies a luminosity
distance (Note 1.8) D = s(l-Bo)”l = s(1+C)/2, where C = (l+z)2, and
hence a relationm= M+ 25 = 5 1og'2 + 5 {log s +'log (1+C)}, determin-

ing 5 as & function of Z (or uo) via the observables m and z. If

z = Hs/c, the argument of Note 1.9 leads to an Olbers' flux
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® = 125 (n-2)nd£(c/H), n, = density now.

L

6. The momentum ellipsoid. In passing from ' to Z, we saw in 8§k
that the momenta of a particle i, referred to the standard axes, are in

the relation

C ’ ‘ Y A o
Pig = Yoqui t YoPix Piy = piy - Pyp T Pype (1)

If p; = |P;| is fixed, then all possible momenta Pi terminate on a sphere

of radius b = p{ about the origin 0’ of Z' momentum space. The following

geometric construction for the momentum Pi’ corresponding to a given such
1 — (N ’ ’ Y | ’ s

P| = (pix’ Py Piz)g,’ with p; = p{ cos |y, helps in visualizing the

nature of the transformation.

A second concentric sphere of radius a = yopi > pi’is imagined, and

the given vector Pi represented in the plane of the paper as in Fig. l.

An associated point Q{ is next located, by the construction shown, with

7 4

- ’ VY = ! E-l
5, = (YoPyleos ¥y = vRi 93y = P 9, =P, (2)

as its coordinates. From (2), one sees that Qi ranges'over an ellipsoid

of revolution in L' momentum space, namely

g 2 q! 2 q,'z :
() : ix S+ ig + iz = 1,
4 ' 7
(v,p) 7 124
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FIG. 6.1

If we now set up, with parallel axes, a momentum space for 2, with

origin O; at (-y_ uM{,0,0), it is ¢lear that the point Qf, referred to

these axes, has the components required of Pi in (1), and hence the vec-

’

tor from Oi

[
to Q1 represents Pi'

The formulas (Y¥) of §§3,4 govern the directions of Pi and P, in the
figure. In particular, the dependence of cos *1 on cos wi is given by

(Y1), where the pi involved may bc written in any of the Trorms

' - ‘o . _ ’ . _ ) t _ nPat
Py = ug/vi = Mju /e = Y UM /¥ P] = YPE{ /Y ep) = 0j0"/a (3)
The ratio YoBoEi/YOCPi is indlcated for use with energy parameters, in a

figure similar to Fig. 1, its momenta

4 14 ' !
Yoqui pi Yopi Pi Pi

L



being replaced by the corresponding energies (cf. Fig. 2)

’ ’ ’ ¢
Y ﬁoEi Py Yo°P; cPi cPi ..

(o)

TeheE, I T

FIG. 6.2

Tt is clear from the figure that, as \l;i varies (in any L' plane) from P

‘to 180°, the behavior of ¢, in 2 will depend upon the position of o{

with respect to the ellipsoid €. _Sincé p;_ = uo/v;. = O{O) /a, the fol-
lowing cases arise:

Case I. (u < vi, 01 inside &) ¥y also runges from & to 180°.

Case IT. (u, = Vj'_’ 01 oné) ¥; ranges from ¢° to a limiting 90°
at the tangent plane. ‘

4

i
value Wl (opening of tangent: cone) and thence back to d’ « In this case,

Case ITI. (u > vj, Oi outside &) 'y, ranges from 0° to a maximal

each angle g < Ty’i arises from two distinct d;; and therefore appears with

two different values of p; -

k5



These three cases are also distinguished by the inequalities

enr2 < e _ 12_ 2
Bo By 5 (cpy)” = Ef” - e (4)
< @f < ;
or Vo SE  (oEv) if e >0 (5)

Note throughout that u,, Bo’ yo'pertain to the relative veloclty
' Uo = udwo of the frames, while all parameters'with subscript i are those

of the particle i.
Notes 6.

1. What is wrong with Fig. 27 (Deduce the velue of ei.)

2. An ellipse with semi-axes g > b > O may be described as the
locus of a point which maintains a fixed ratio e (eccentricity, 0 < € < 1)
between its distances from a fixed point F (focus) and s flxed line D
(directrix). If & > O is the distance from F to D, a polér coordinate

equation of the curve is thereflure p/(8ip @08 8) = ¢, oOF

p ='6€/(1-€ cos 9).
The relation between 8,¢ and a,b is given by

2.t
2,-2)

¢ = (1-b“a & = b°/ac

and f = ac is the distance from F to the center.
For the elliptic section of Fig. 1, b = p{, a = Yopi’ and hence

_ A _ r rpo 2 1 AlAl
e=By &=D/YyP, and £ =y B P =y uM(vi/e) S yuM =00
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The origin 01 of momenta P1 is therefore never closer to the center

"0’ than the (left) focus F, and coincides with it if and only 1if vl =¢c

i
(m1 = 0). In such a case, the dependence of pi on wi is that of p on 8

in the sbove polar form, nemely, p, = PiY;l/(l'Bo cos wi) and therefore

also E, = Ejy_ /(1B cos ¥,). (CE: (5¢) of §k.)

3. It is a simple exercise (not requiring calculus) to shdw that

the maximal angle Ei in Case III is given by
A $
— 2. Voo o
tan ¥ = 1/Yo(pi 1), py = uo/vi > 1.

4, If Fig. 1, scaled for energy parameters, has cp{ = 3, yocp{ =5
YPEL = 20/3, one may infer from this alone that v = 5/3, B, = L/s,
' =5, e = k. Note the necessity, in all such figures, of the rela-
! ' '
tion E =z cpi, as reflected by the condition Of ‘0'fv = choEi/cpi z Y P,

= (yo fl)k, equivalently, 010'/f z 1, as in Note 2,

5. Note from the figure the obvious relation sin w'/sin wi = pi/p£

' and compare with the value given in Note 3.3, Y Di =y dlv /vi

oii

4 7
=Y diMivi/M v, = M v /Mivi

6. Since the matrices in the (R,t) lLorentz transformation and the

momentunm-mass transformation are identical, a figure similar to Fig. 1

relates the corresponding displacementSA(ARi,Ati) ~ (AR{,At{) of a free

particle with the momenta shown, the basic parameters -

4 ! 4 /
YoUM  Pp YoPy By By

b7



being replaced by the distances

Yoqut’ IAR;‘!. Y°|AR1| AR;_ AR, «

All proportions in the two figures are identical, in particular

p:'l/pi = sin ¢1/51n W{ = |AR£|/|AR1

L8



CHAPTER II

CIASSES OF SYSTEMS

7. Systems of particles. A system S = S(mi, ...,mI) in a frame L
is defined as a set of I = 1 triads (Pi, M, mi), i=1,4e.,I, of con-
stant valid parameters, together with a specific set of trajectories
Ri(t) = R,
sent a set of I free physical particles in the time interval At of its

° + Vit’ ~o < t<o» (Vi = M;]‘Pi), and is considered to repre-

duration. The "mathematical object" S may thus be regarded as '"real"
during At, and "virtual" otherwise.

The total momentum, mass, and ch. mass of S are denoted by

APOEZPi M =DM mg =X m.

2, and e = msc‘2 designate the corresponding

energy-parameter totals of S. Its total kinetic energy is therefore

ksEEo'eSo

The center of mass (CM) of the system is the point

Similarly, cPo, Eo = Moc

= u~1
Rg = M)” Z MR, .
Since the Mi are constant, its velocity is

. -1 -
Ry = M 2 MV, = MOJ‘PO.

k9



A system S with all velocities V., identical we call coherent, im-

i
material if the common speed is ¢ (hence all m, = 0), or material if

it is less (hence having all m, > 0). Obviously the common velocity

VC of a coherent system is that of its CM:
VC = RS = MolPo.
Concerning systems, we prove the following fundamental
Theorem 1. The totals P, M,, m, of a system S(mi) satisfy the
conditions | ‘
' 2_ 2,,2 2
. = -
Mb >0 & Po = c (Mo mg ).

Moreover,’ Po2 = ce(Moe-mse) if and only if S is coherent.

Proof. Clearly M_ = L M, > 0. The classical "polygon" and "Cauchy"

inequalities insure that

Pl = Z |R| = oZ(Mi-mi’b(

t
A Mytm, )F S

(L (M-m) T (Mi+mi)}? = c(m2m?).

The known prouperties of the inequalities cited imply that equality hulds
between the above extremes if and unly if both

(a) all P, (equivalently, all M.;lPi = Vi) are unidirectional, and
(b) M, -m, = C(Mi+mi), i=1,...,I, for some constant C = O.

Clearly, (b) is true if and only if all ratios mi/Mi are equal.

But, for each i, M12V12 = P12 = cz(MiQ-mia), so (b) is also equivalent

50
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to the identity of all magnitudes |V,|. It follows that
% E
|P| = c(?m.)" if and only if all velocities V, are identical, i.e.,

S is coherent.

Corollary 1. For the CM velocity of a system S, one has always

|Rg| = c, vith equality if and only if S is coherent-immaterial.

Proof. This is apparent from Th. 1, and the relations |ﬁS| = M;LPO,

2 2,.2 2 2
Po Sc(Mo-mS)écaMo.
Noteio

1. The basic inequality underlying Th. 1 may be stated in various

vays, none very "elegant" in form. For example:

If wl, ces ,WI are vectors of an inner-product space, with all

S 1, and 0, ...,0p aTe positive members of sum Lo, = 1, then

. . : . 2
(Z oW, )® + {2 o (1-w12)%} s 1.

Equality holds if and only if all wi are ldentical.
Vi/c in Euclidean 3-space, and

W, |

For the Theorem, one takes Wi

di = Mi/Mo.

A second version reads: . For numbers ey Z 0 and vectors Qi’
. % 2.
2 2 2.2 .
.(Zei) f(ZQi) E{Z(ei-!-Qi )},

vhere the condition for equality is that all Q,/ (eie+Q12 ) be identical.

(The terms in the above bracket are assumed positive.)
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8. The class of a system. Since all transmutations A -+ S conserve

the total momentum and mass of the systems involved, it 1s convenient to
define the class {PO,MO} E'{cPo,Eo} of all systems A,S,... having the
same total momentum Po-and mass Mh, regardless of the number and nature
of their individual ch. masses. A (céncurrent) system A being given,
its totals Po’Mo define its class, and the possible systems S which may
result from its transmutation are all those in the class having the same
point of concurrence. The present chapter, which studies the totality
of systems belonging to a given c¢lass 1s therefore of immediate relevance
for Ch. III, which deals with transmutations as such, stressing the role
of the initial system A.

For the class parameters Po’Mo there is first of all the simple
"validity condition" of

Theorem 1. A ngmber M5 and vectér Po are possible values for the
total mass and momentum of a system S, and so define a nbn-eﬁpty class

2 2 -
{Po’Mo}’ if and only if M, >0, and P = c2Mo , 1.e., |MblP°| §.c.

Proof. If S is a system with totals Po’Mo’ and total ch. mass m,
2) = c2M°2.

Conversely, a pair Mb’Po with the stated properties may serve as

S’
; 2. 2.,,2
then by Th. 7.1, we know M_ > 0 and P " = ¢ (Mb -1

system "totals" for any system So(mo)of I = 1 particle, with ch. mass
m, =0 defined by the validity condition for particlec paruietera (Th.
1.1)

P 2 = c2(M°2-m

2
o )

(o)
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It is therefore clear that a non-empty class {Po’Mb} contains a
representative (system of one) particle, with particle parameters
(Po,Mb,mo), velocity U = M;lPo, speed u_ = |Uo|, and trajectory (say)

R= Uot. As for any particle, we have the basic relationsof §1 for its

parameters:
E, = Mbce e, = moc2 E = e, + ko B, = uo/c (1)
M02u02 _ p°2 - CQ(MBQ_mOE)

or E02B02 = (cpo)2 = Eo2 - eo2
7o 1/(1-;302) = Mo/m0 = Eo/eo (m0 >0, u < c)

;
4
|
'dl
'-J_'

(uo > 0).

While all these quantities galin concreteness as the parameters of
a particle, they are a priori functions of the class {Po’Mb}’ being de-
termined solely from the values of Po’ME’ vhich are in turn the total
moﬁentum and mass of each system of the class. We may therefore properly

refer to Uo as the class velocity. Also, for reasons which will soon be

apparent, m, is called the critical mass of the class, and e, = m002 its

critical energy.

Corollary l. The class veloclity Uo'is the CM velocity of every
system of the class, and therefore the common velocity‘vc of every co-

herent system of the class. Hence, for a coherent system, the total mo-
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mentum P° is distributed among its particles according to the relation

P, = MU_= Mi(M;lPo) = (Mi/Mo)Po.

Proof. From §7, we recall ﬁs = M;lPo = Uo for every system, and
Vg = ﬁs for every coherent system, of class {PB,NE}.

Since we have defined m, by the relation PO? = CE(MbE_m°2) the

principal resull of Th. 7.1 may be rcotqted an

Theorem 2. If mS is the total ch. mass of a system S of class

{Po’Mo}’ then necessarily

m Z m. ‘ (T)

Equality holds if and only if S is coherent.

Corollary 2. The coherent systems of class {fo,Mb}, in particular
- those like So(mo) consicting'of I = 1 particle, possess the greatest
total ch. energy, and hence the least kinetic energy, of all systems in
their class. .

Proof. Trivially e, B eqs hence kS

]
(53]
]
(1]
v
=
]
(1]
]
>

L

Notes 8.,
‘1. The parameters E and cP_ are the indicated totals for all sys-
- _ 2
tems S of class {PO,MB} = {cPo,Eo}. Note however that e = m_c%, and.
k = E - e (the ch. & kinetic energy of the representutive particle)

are not system totals e_ and ks unless S is cohereht.

]

2. To be precise, all systems S of & given class {(P,M} are de-

Sk



termined (except for trajectory origins Rio) by the solutions, for the

number I, and the parameters (Pi,Mi,mi), of the conditions

_ ; 2 2.2 2
(c) 1. 2?1_30 3. P,°=c (M, "m")
i-":l,oo., I;Iél
2 ZMi = Mo h’. Mi > O, mi z 0.

3. Choice of the particular trajectory R = Uot for the representa-
tive particle is convenient (§10) but quite arbitrary. We do not of
course imply, or require in the applications, the physical existehce of
a rest-mass m e |

', One may associate with EESE system S(mi) of a class an "equiva-
lent" system (i.e., one in the same class) consisting of a single par-
ticle with the trajectory of its own CM, and pa;ticle parameters (Po,

Mo,mo). Note: Here, m , not m,, unless S is ccherent.

9. The two kinds of classes. We here characterize completely 'the

‘coherent systems, and in doing so, emphasize the fundamental distinction
between a class of critical mass mo = 0, for which the representative n
particle is 1mmaterial, and one with mo > 0, having a material representa--
tive particle, which can be brought to rest by a Lorentz fransformation.

Theorem 1. (a) A system S(mi) belongs to a class {PO,MB} of criti-
calmass m_= O (u°=c) if and only if it is ocherent-immaterial.

o]
(b) Every such system has paramcters satisfying the re-

lations

=1
1]
O
-
=
1]
Hy
=
A .
d
1]
H
+d
-
H
I
-



where the fi are positive, with sum Zi‘i = 1.

(e) 1If {PO,MO} is a given class with m_ = 0, it con-

tains a system S of an arbitrary number I = 1 of ch. masses mi = 0.
Proof. (a) follows from Th. 8.2, and (b) from Cor. 8.1, vhen f,
is defined as Mi/MO.' For (c), ‘one need only choose any set of fi >0
with Zfi =1, e.ge, T,
These obviously satisfy conditions (C) of Note 8.2,

= l/I, and define Mi EifiMo’ Pi = fiPo’ m, = 0.

Theorem 2. (a) A system S(mi)l i8 coherent-material if and only if
it belongs to a class {PO,MO} with m > 0 (uo < ¢), and has total ch.
mass mg = m .

(b) The parameters of such a system satisfy the con-

ditions '
my >0, Zmi =My M o= mimolMo = M7
Pi = mimoLPo mi‘yoUo, I=z1.

(e} If {Po’Md} is a given class with m > 0, and m, > 0
are any I 2 1 given rest-masses with sum m» then {PO,MO} contains a sys-
tem S(ml, . ..,mI) .

Proof. (a) again follows fromt Th. 8.2. In (b), each particle has
the speed u_ of the representative particle, hence Mi/mi =7, = M(')/uxo
yields the stated M;, and Cor. 8.1 the stated P, For (¢), we define

the M;,P; in terms of the given m; as in (b), and easily verify (C) of

1
’ 2 2 -2P 2
Note 8.2, For (C3), we have from the definitions P," =m-m P

M, -m

2( 12 2)

. 2 =2 2 2 2
_.mimoc(Mo-mo)-c
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Summerizing, we have identified the coherent immaterial systems as
the entire contents of the classes with m, = 0, and the material ones as
those particular systems of the classes with m, > 0 which have the maxi-
mal total ch., mass m,. -Every remaining system S is therefore a non-
coherent member of a class 'with mo > 0, and consists of at least 2 parti-
cles of total ch. mass m < m We show in the following sections that
evéry such class does indeed contain systems of any I = 2 arbitrariiy

given ch. masses m

z ]
, 20, of'sumZ‘mi<mo

10. The X -frame of a class. Let {P_,M} be a particular class of

systems S(mi) in 2, with critical mass m > 0, and class velocity U  of

magnitude u < c. The frame %' moving with this velocity relative to L .

will be called the "L'-frame of the class." In it, the representative
system So(mo) appears at rest, and at the origin 0’ of the axes agreed
upon in §2. (Cf. Fig. 2.1 for the standard configuration, and Fig. 2.3
for the general situation.) The transformations of §§2-6, based upon
the class parameters u_,B ,Y  defined in §8, relate all évents'in the
frames ¥ and L. |

Thus, each system's(mi) of {PO,MO} appears in L. as a system S'(mi)
in ¥/, with the same ch. masses mi z 0, and valid parameters (P{,Mi,mi)
related to those of S(mi) by. the transformations of §h. Namely, for the

standard axes 8,8/,

! - o= I ! =
Piy = YolPym8M;) Piy = Piy Piy = Py,
-2 '
! = - .
Mi - Yo( U p1x+Mi )
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Due to linearity, summing on i = 1,...,I ylelds the same relation

between the system totals Pé,Mé and PO,MO, namely

' _ _ ) ¢
Pox = Yo(pox quo) Poy = Poy Poz = Poz
M =y (-u c-2p +M ).
) o' o ox o
Since P_ = M U_ has components (Miouo,O,O)8 it follows that the sys-

tem totals for S'(mi) in ' are

7 ’ —
P, =0 M = M:o/y° = m .

From this result, and a similar one based on the inverse transformations,
we may derive

Theorem 1. For a 2~class {P,M]} with m > O the Lorentz trans-
formations based on the élass velocity Uo induce a one-to-one correspond-
ence S ~ S’ between all systems § of fPo,Mb} and all systems S’ of the
claes {O,m} in the %' -freme of the class, m_ being the critical mass of
both clesces.

Every system S therefore appears in L' with total mass m, total
energy €., and zero total momentum; its CM being at rest.

In particular, the coherent. (material) systems of {PB,MB} correspond
to those of {O,mo} the latter being motionless. The represcutative cys-
tem So(mo) arpears as that of {O,mo}, consisting of a particle of rest-

mass m at rest at o.
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Notes 10.

1. The transformation (cPE) of {4 relates the energy-perameters of

S and §’. 1In the present application we have B = cPo/Eo and v = Eo/eo’

- 80 (CPE) may be written with cp, = (Eocpj'_x+cp°E:;.)/eo

. ’ 4
E, = (°po°P1x+EoEi)/eo‘

- We reg:a.ll here again the simple device

2 2
cpy = (Ei -e, ), cos ¥y = cPix/cPi'

2. Theorem 1 may be generalized and the prqof simplified in the
fqllowing way.

Let {PO,MO} be an arbitrary Z.-lcla'ss, of critical mass m Z O, and
¥' a second frame with any constant velocity (of magnitude < é) rela-
tive to 2. If S(m,) is a system in {PO,MO}, the linearity of the trans-
formations insures that (Z‘.Pi)2 - cQ(Z'Mi)2 is invariant as well as the ,
individual Pia - gzmiz. It follows that the L-class appears in L' as a
single class; with the same critical mass m, which is therefore an in-
variant also. Since my = m, is the criterion for a coherent system and

both quantities are invariant, coherent systems are preserved. The lat-

' ter is of course obvious from (3V) itself.

11, Systems of zero total momentum. In an arbitrary frame X, 1et

{0,m_} be a class of systems S'(m;) with total momentum P/ = O and total
mass M = m_ > 0, which is, ipso facto, the critical mass of the class.

(Notation is chosen for the sake of the principal application). All
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systems S’/(m,) of the class are then determined (Note 8.2) from the so-
i .

lutions of
’ ’ 2 2,.022 2
(c’) 1. 231_0 3. ?i—c(Mi-mi)
F s - Y i > >
2. )ZMi_mo b, M >0, m Z0, Iz 1.
We know (Th. 9.2) that those with ms = Zmi = m_ are the coherent-material
ones, here motionless, with M{ =m, Pi = 0, while all others must have

m, < m o and I = 2. The simplest 6f these wre complctely characterized
in
Theorem 1. (a) A system S'(ml,m2) of {O,mo} with T = 2 particles

of total ch. mass m, + m, < ms has the unique masses

’ 2 2 2
M = (mo +m, “-m,, )/2m0 > m

f_ g 22 2 |
M2 - (mo oy oy )/mo > oy
and oppositely directed momenta of equal magnitude, dctermined by (n’3).

(b) For every m, , o, Z 0 with m, + m, < m, there vxists a ocyctem

S'(ml,m2) of {O,mo}' with these ch. masses, and an arbitrary direction

for Pi.
Proof. (a) From (C’1), Pie = 15;2.. Hence, by (c’3),
2 2 2
M1 - M2 = my m2 +

’ ! ‘.
From(C2)M1+M2_m°>0.
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Division of these equations and solution of the resulting linear system
yields the stated values of the M;_.

2 2 2
> 4 -
From m,>m + m2 alone follows: m, 2moml +m, > m, ", and

“hence (m02+m12-m22)/2m° > m,, with s similar result for the second particle.

(b) By the last remark, we know that theAMi as defined under (a)

are positive, indeed M; >m z 0, so (C’4) holds. Also, by definition,

i

the Mi have sum

Mi + Mé m, (whence ¢’2)

1}

end difference M! - M (mle-mee)/mo.

Multiplication of these equations leads to the result
2 2.%
m,, )

c(M1

Hence any two oppositely directed momenta P£ with this common magnitude

2.% ,2
-m, )° = c(Mé - > 0.

satisfy (C’1,3), which completes the proof..

Corollary 1. The system S’(ml,mg) of Th. 1(a) has energies

1

[

Ey

2, 2 2
= (eo +e,"-e, )/2eo > e

1

vt 2 2 2
o= - >
%2 (eo +§ e, )/2e° e

2 2

and kinetic energies

e, + (ki/2)

K =—=—2 _ .k'>0
1 eo kS
e. + (k%/2)
ké = = e s ) ké > 0Oy :
o )
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- - s . ’
where ki = e - ey is its total k.e. (strictly, kS‘)°

Proof. The above E Mic are obvious results of scaling. From

the value of Ei we find, for,example,

A e Y2_. 2
ki = E] - ¢ {(e -e;) e, }/2eo

(e -e. +e )(e el-ee)/eeo

1

(e -egt2e, (e -eg )/2e

(gg+2e, Jhg/2e,

which is the stated result.

4

. 4
Note that my > m2 implies El

half the total energy e , but less than half the total k.e. ké.

’ ’ ’ .
> E2 but kl < k2’ so m, has more than

For the existence theorem of thevnext section we require the follow-

ing generalization of Th. 1{b).
Theorem 2. If {O,mo} is a given class, and m, = 0 are any I 2 2

ch. magses with sum Zhi < m, then {O,mO} contains a oystem S'(ml,...,mI).

Proof. Group the m, in any way (there is at least one!) into non-

empty disjoint subsets
e} )

each individually with all m, > 0 or all m, = 0. Define

mye = Zmy .

vhere we know mK + mI‘< mo.
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Let S'(mK,mL) be a two-particle system of the class {O,mo}. Its particle
parameters sa%isfy the conditions

’ 2 2 2 2 2
1. PL+ P =0 3. B =c(M1'(-m12(), P% = c®(%om %)

2. M{(+M£ m, L, M!’<>mKEO,IM£>mLEO.
By (1,2) it suffices to produce two systems:
s’(mk) in {PI'C,M{(} and S'(mz) in {Pi,MT'_'} .

By (3,4) these classes are non-empty, with critical masses

mK(=ka> and mL(=Z‘“z ).

The desired systems must therefore be coherent, and their existence is
insured by parts (c) of Theorems 9.1, 9.2. For, the m;, of each subset

are elther all O (and we use Th. 9.1) or all positive (and we use Th.
9.2).
Note 11.
1. The formula for Mi in Th. 1(a) may also be inferred from the
obvious relations
= 02{(mo-M1)2-m22}.

2,02 2y _ 12 _
o"(My"-m") = P]T = ¥y

We rely on this connection in §13.
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12. The maln existence theorem. The systems S(mi) which belong to

a L-class {PO,MO} of critical mass m = O have beeh determined as the
coherent-immaterial ones of Th. 9.1.

| In a given class [PO,MO} with m_ > 0, all systems S(mi) must have
ms = Zmi = mo (Th. 8.2). Those. with tnS = mo have been characterized as
the coherent-material systems of Th. 92 Moreover, the correspondence
of §10 provides a one-one mapping of the systems of this Y-class on those
of L'-class {o,mo}, and we have seen (Th. 11.2) that, in addition to its
cohe;ent systems, the latter class contains (non-coherent) systems S'(mi)
of any given nﬁmber I =z 2 of arbitrarily specified m, = 0 of sum Zmi < m -
These remarks establish thelprincipal

Theorem 1. Given a 2~class {PO,MO} of critical mass m >0, ad

I = 1 specified ch. masses m, £ 0 of sum mS Zmi, then {PO,MO} contains

no system S(ml, .--,mI) unless
m, z B - (1)

(a) If m, = Mg, the class contains suc¢h a system if aend only if all

mi > 0.
() If m > m, such a system belongs to the class if and only if
I é 2'
The systems S(m,,m,) with m+m, < m_, of class {P_,M} in 2, all de-
rive, via the transformations (4 PM), from the systemo S'(ml,m,.,) of class
o

{O,mo} in the X' -frame of {PO,MO} . The latter have the unique masses Mj'_

and absolutc moments, pi = pé given in Th. 11.1(a). The values of P, and
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M, in 2 vary therefore only with the direction Yi of Pi in Z'. (For com-

putation, see Note 10.1.) The geometric nature of this dependence is il-

lustrated in Fig. 1, which is an obvious elaboration of Fig. 6.1, allowing

&Y

FIG. 12.1

the simultaneous construction of Pl and PQ’ together with their angle of

separation o = §, + y,, 0= g = 180°.
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Because of the importance of the 2-body case, the following remarks

may be warranted.

1. The system S'(ml,me) is determined by Yi and e  alone, being

independent of Bo. Since Ei E cpi is. its only internal requirement (for
1 <

some ei) and E; s 6;lcpi determines the cases I, II, III of §6, where

L S N P
60 cpy > Py s it is clear that all 9 combinations of these cgses may

occur for a two particle system in Z.

[ [4 7
2. Given the values of,cpi, YoCPs and YOBOEi in the energy ver-
sion of such a figure as Fig. 1, one may infer the values of A Bo’

’ ! ’ _ T Y ! : —
Ei’ e, e, = El + Ez, Eo = eoYo’ cp, = hobo" For the values 50 coum
puted, the relations of Th. 11.1(a) and the identity (cpo)2 = Eoz- eo2
are automatic. Note in Fig. 1 the relation

’ ‘ It ool t _ _
Pix * Py "40102 - Yoqul + Yoqu'e = Yoiots T Mbuo = Pye

3. Either from the vector relation Po =P + P, or the law of

1
‘ ~
cosines in Fig. 1, we have for the angle g, poL = p12 + p22 + 2p1p2 cos g,

(pl+p2)2 - poé fé/?(plpe)% (1)

which allows cOmputation of g, once the p; are known.

and therefore

sin c/° =

For systems with m_= M, & has some easily verified properties to

which we refer later. For such systems, we know

N ‘" _ | PN PN
OlO = Yoqul = oqu2 =0 02 = A
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and it is geometrically obvious that the usual three cases
py = u/vi = Y u M /v p| = 8/a s 1
i o o i i~ >

result in the followlng behavior:

(o]

Case I. p! < 1; ¢ has a minimum at wi = 90°, and maxima (= 180°)

Py
at ] = 0°, 180°.

Case II. p; = 1; ¢ has a minimum at §/ = 900, and maxima (= 900)
: i . 1

at §] = 0°, 180°.

Case III. pi

at ) = 0%, 180°.

‘> 1; ¢ has a maximum at ¢1 = 900, and minima (= Oo)

In all three cases, we have from (1), for the extremal angle g oc-
2

curring at ] = 90° (p, = pe, Py 2. 4%
%
sin o/2 = (P12 2 ) /vy = v/p, = 1/{1+(8/0)%)
o o B
or A sin g/2.= 1/{1+(y pi) } (ml = me). : (2)

For, A/b = (A/a)(a/b) = P1Y°°

Of geometric interest under Case I is the system of two photons

(p; = 50 < 1). Since both origins are then at the focl, we have

and it follows from the "string property" of the ellipse that there pre-

vails a constant sum p, + P, = 2a. Hence in (1),
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1 2

(pl+p2)2 - po2 = b(a®-p%) = hae(l-ﬁog) = b(ay ")

1\ 2 -2 2
2El) =c e .

2
) o]

0-2(

[
.= (2p;
Therefore we obtain from (1) and (2),.in energy form,

1 - 3
sin ¢/2 = eo/E(ElEg)% z sin o/2 =.1/{1+(yoao)2} = 1/yo = eo/Eo. (3)

The underlying ipequality (ElEz)%‘é (EleE)/Q is the simplest example of
that in Note.l.s.

Another instance arises in the elastic scattering of a projeétile
on a target of equal rest-mass, at rest in %. For the L. frame of the

class, the appropriate figure falls under Case II, with both O{ on the

i

ellipsoid. In such a case, since vi = u, g =1,
- 2 % '

(2) reads  sing/2 = 1/(1+y 1) (4)
- 2 2

or coe o = (v “-1)/(y,"+1) | (5)

giving the minimal angle of separation for the scettered projectile and

recoil target directions in Z.

Notes 12.

1. One may now deduce the following generalizatloun of the velidity
condition (Th. 1.1) for particles:

A number M'and vector P are possiﬁlé values for the totai mass aﬁd
momentum of Eggg'system S of-spécified total ¢h. mass m, if and only if

S
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M> 0 & - P°s c2(M2-m82)'.

2. It should be noted that the L parameters of a two body system
may be obtained, as functions of the angle wl, directly from the basic
relations
P, + P, =P and E, +E,=Ej (6)
without introducing the frame Y. However, thelr dependence on the L

variable wi is essential for understénding thelr behavior under Cases I =

III. For example, we have directly from (6) ‘ o

(epp)? = (ep)% + (ep)® - 2(cp,)(cp))cos ¥,
E22 = Eo2 + Elé - 2E9El.
Subtracting gives
- e22 = - e02 - el.2 + 2(E°El-cpocplc<?s V)
or 2eoE1 = 2B _(E,-B_cp,cos )

where we have written Ei (e02~+ele-e22)/29o cimply as an abbreviation.
e I '
This yields Yo lEl = El - Bocplcps Wl

1, %
or | cos §; = (El-YOJEi)/BO(EI?-ele)

[

Ey

being of course in reality the energy of m, inZ'.  (cf. (4.5).)
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13. Many particle systems. All systems S'(mi) with I =z 2 specified
ch. masses m, = O of sum m < mb, which belong to a given class [O,mo} of

an arbitrary frame ZI, must be determined from the conditions

? ’ 2 2 /2_2
(c") 1. ZPi =0 : 3. Pi =c (Mi mi)
r _ 'y
2. 'ZMi = m hf M; > O.

The existénne of such a systemw, consip'bing- of two rohierent subcystems,
was established in Th. 2 of §il, in just this context. Interpreting
that result, with % regarded as the %' -frame of a class, we obtained
a corresponding existence theorem for an arbitrary class {PO,MO} in §12,
Theorem 1(b). We now exploit the latter result to clarify the nature of
those systems S'(mi) of {O,mo} with I £ 3 particles. These lack the
uniqueness properties of the 2-particle systems described in §$11, and
we shall determine completely the energy ranges permitted for their par-
ticleo, This; in its turn, has immediate but complicated implications
for an arbitrary class of the same critical mass, which will be mentioned
only briefly in a later application (§23).

Suppoac specified the class {G,mo}, and T = 3 ch., mosses m 'z 0 of

i
sum m = Lmi <m. We single out ony one ch. mass m,, and define

I
me = m m,L=2,“.mi | vhere m + m = m.

) 2 2 2 ) o2, 2 2 L
Let M = (mo+ml mL)/Qmo >m and M = (m°+an--ml)/2mo > m; be the unique

masses of any system S'(mK.,mL) of {O,mo} . Note that Mll( < m,, since
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’ ’ _ ’ !
MK + M.L =m, and ML > 0. The possible range of values of Ml in systems

S'(mi) of {0,m} is given in the following two theorems.

Theorem 1. If S'(mi) is a system of [O,mo}, with the I = 3 speci-

is any one of the m, ,

i 1

then its mass Mi must satisfy
' ]
M) 2 M.

Equality obtains if and only if the residual sub-system si = S'(me, ...,mI)

fied ch. masses m, 2 O of sum m = Zmi< mo,'a.nd m

is coherent.

Proof. Since the residual system has toté.ls

I or _ _ o , T 7 Y I _
Z, Py =P Z,Mj=m - M Zz?""’»’i

it follows from Th. 7.1 that

12

2(M1 -mi) = (-Pi)e = ¢° {(mo-M:'L)EA - mi}

c

or, equivalently Mi s {mﬁ + mi - mi} /a’mo

’

with equality if and only if SL

is coherent.

Theorem 2. Let [O,mo} be & class in %', and m = 0anyIz3
stipulated ch. masses of sum m = .Z‘mi < m_ e Then, for every number Mi
-and vector Pi which are valid mass and momentum for m,, there exists a
system S'(ml, ...,mI) of {O,mo} in which 1 has the stated parameters

[ ’ . ! < I. M =M T i ¢
(Pl’Ml’ml)’ provided only that MJ, MK If the given M; MK’ this is

also true, provided all My o e, aTE of the -same kind (> O or = 0).
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Proof. Clearly it suffices to produce a residual system
' ! . . p! - M as tc : . .
§; = S (m2, ...,mI) with Pl and m, M‘l as total momentum and mass
. . ' ’ ’ . ’
Since we are given in any case Ml = MK < m,» certainly m Ml > 0.

Moreover, the inequality M]'_ = MI'( is equivalent to

2f 2 2\ _ 2 N 2
c (Ml -ml) = c (mo Ml) - mL§
. 2

which, in view of the given validity condition P;° = c2<M]'_2-m§), is in

turn equivalent to

1\ 2 < 2 Yy 2 _ 2
(-Pl) = c ;(mo Ml) m z .
This insures that the class {- PJ’_,mo-M]'_} in which we seek S/ is at

least non-empty, and moreover has a critical mass m* = mL (

Clearly, this last inequality is equivalent to the given one, M]'_ = Ml’{

But mL 1 lhe total gh. mass 72 mi' of the desired system S

Tho 8.1)'0

/
L,
its existence follows from Th. 12.1 and Th. 9.1. In detail: I1f M < M.

and

is given, then mt¢ > m , the above class has critical mass m* > O, and
contains a non-coherent S£ by Th. 12.1(b), since the My eee,My are

I -1z 2 ch. masses; if Mi = MI'< is given, then m* = m , and S£ exists

as a coherent system, by Th. J.1(e) if m = 0, or by Th. 12.1(a) if

mL'> 0, since we have stipulated, in this limiting case, that the

mi(1§2) are of a single kind.
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Notes 13.

1. Under the conditions of Th. 1, the k.e. of m, must lie on the

1
range
’
05k 5 & = e + (x'/2) o
=EERE T
o
X = o1 . 9l . ,
vhere ey = 22 e and k' = €, 21 e . The latter 1s of course the total

. 1 ']
k.e. of the two particle system S (ml,mL), and kK its.k.e. for m, . (cor.
11.1,) Note that k' is also the total k.e. of all systems s’(ml', voerm)

of {O,mo} .

2. Under the conditions of Th. 2, all values of ki on the range

ki = kﬁ are gttainable, under the same provisos. The lower bound ki =0

is attainable if m, > 0, the residual system then being of class

1
{ 0, mo"ml} .
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CHAPTER IIT

TRANSMUTATIONS OF SYSTEMS

1k, Transmutations. A transmutation in an event-space L is a

localized, "black-box," physical process, of short duration, in which
a set of free physical particles is converted into a second such set,
with .conservation of total momentum Po and mass Mo'

We idealize such a process as an event (R,t), denoted by
A-35 (+)

at which two systems A and S of the same class {Po’Mo]’ and concurrent
at (R,t), interchange "reality," A becoming "virtual" as S becomes "real."
Thus the reverse process S — A does not here connote "time-reversal,"

but simply a reversed interpretation of "reality'" f'or the same two "mathes

matical objects" A and S, as indicated in Fig. 1.

wn

A / | \ / ‘ S \‘\
A—-S S—A
(fusion) (decay)

FIG. 14.1
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While other conservation laws (for charge, spin, ...) may impose
further restrictions on the physical process, we shall regard two arbi-
trary s tems,'as defined in §7, to be interconvertible if and only if
(1) they are concurrent at an event, and (2) belong to the same class.

In particular, if Si* is a system of class {Po’Mb} consisting of a
single particle, hence with parameters (Po’Mb’mo)’ and A and S are arbi-
trary systems of this class, concurrent with S* at some e&ent (R,t) of
its trajectory, then the fusion A - S*,'and the decay S* — S are equally
possible. Indeed, every‘transmutation'A - S may be regarded, mathemati-
cally ;£ least, as a composite process A = S* - S, where S* is of negli-
gible duration. |

The present chapter is, in the main, only an elgboration of Ch. II,
which dealt with the systems belonging to a given class {PO,MB}, that is
to say, having a given total momentum P° and mass Mb. Now, we emphasize
the dependence of Po and Mo on the particle parameters of the initial
system A(mh), and (although irrelevant for the dynamics) the necessary
concurrence of A and S, a property not required before. We shall also
considef in detall the problem of orientation on given spatial axes,.
and, to facilitate computation, a gradual transition to energy-parameters
will bé made. | |

We state below without proof the principal implications of Ch. II
for transmutations.

Theorem 1. In any transmatation A - S, S is coherent;immaterial if

and only if A is. For such a system A, all possible resulting systems

(P,



are "coalesced," with the single trajectory of A, and parameters deter-
mined to the extent indicated by Theorem 9.l.

Thus a free photoq of energy hv can only transmute into a system of
immaterial particles of total energy hv, ;ll superimposed on its own line
of flight. It cannot produce, for exaﬁple, aﬁ electron-positron'pair,
nor a divergent set of photons.

‘Theoren 2, If A = 5 is a transmutation between systems of class
{PO,MO} , both A and S have the same CM velocity, namely the class ve-
locity U = M;]‘Po, and indeed, identicel CM trajectories. If |Uo| <c
(mO > 0), then A — S appears, in the L -frame of their class, as a trans-
mutation A’ » S’ between the corresponding systems of class {O,mo}, oc
curring at their stationary CM. The latter systems, of zero tolal mo-

mentum, both have total mass m, and total energy ey Conservation of

energy in L is expressed by thc equation

?A 4 kﬁ = Eo es + kS

and in Z’,by

4
A A o es + kS.

1]
+
o
I
o
Il

As a consequence of Th. 12.1, we have, in terms of energy parameters,
the principal

Theorem 3. Let A be a system, of class {cPo,Eo} with e > 0, und
let e, Z Obe any T = 1 specified ch. energies. Then, a transmutation

of form
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A = S(e,) | ()

1s impossible unless

e, % eg = Zei. | (T)

(a) 1If €y = gy (t) 1s possible if and only if all e, > O.
(b) 1If e, > eq» (t) is possible if and only if I = 2.

In case (a), S is a completely unique, coherent-material system,
coalesced, with the single trajectory of the CM of A, and the parameters
given in Th. 9.2. Fusion, with I = 1, is the only case of physical in-
terest.

In case (b), detalls on the nature of S will be found in §311-13.

Notes 14,

1. (Notation) In a transmutation A(éﬁ) - S(ei), subscripts h and
1 designate the H particles of A, énd the I particles of S, fespectively.
.Wheh Hz 2and I 2 2, we adopt for simplicity the numbering convention
h=1,e0e,H; 1 = B+l,e0e,B+I} .

2. To avoid constant repetition, we summarize here for reference
purposes, and in broud outline, the main procedures involved in most of
the problems occurring in the present chapter.

(a) For the initial system A(eh), given with respect to definite

spatial axes G = [X,Y,2] in 2, we find the totals

R Lm,  E=Dy, g =ly,  on-ln.
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(v) For its class {cPo,Eo}, we obtain the class parameters (§8)

Y = cPo/cpo.

- _ (g 2 2% _
By = B/Egy ey = {BT=(eR) 5, vy = Efe,, Y,

(c) The necessary condition e Z Zbi = ey for formation of a
proposed system S(ei) is tested. (Assuming the transformation to S(ei)
possible, ih accordance with Th. 3, its actual formation, rather than
that of competing systems of other particles, rests on relative values
ot eross sectienc.)

(d) If indeed a non-coherent system S(ei) results, with e, > eq
and T =z 2 (the only non-trivial case), we require the L-parameters of
its particles. From these, the Liajectories are nhvious and S is de-
termined.

In general, it is necessary to consider for this purpose‘the cor-
responding transmutation A’ — S’ in a second inertial frame L , usually
but not always the Y -frame of the class, and related to 2 via Lorentz
transformations based upon their relative velocity.

Even in fAe simplest cases (I = é), s’ 1s not cogglete}z determined,
and at this point we shall suppose physically stipulated, for the i-th
particle of S', 1its energy E{ (hence also cpi), and its dlrection ¥; re-

ferred to the 2. axes employed in the problem. In cases of "npon-

polarized emission" of i about a given basic direction Y’/ in L', we

will show how the direction Yi may be chosen for Monte Carlo purposes.
The following Note 3, applied in the frame Z', should make this proce~

dure clear.
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(e) From the values of Ei and cPi = cpri obtained in (d), we will
indicate how to compute the 2, energy Ei,Aand ﬁhe components of cPi re-
ferred to the original axes G. For this, we shall require the appro-
priate (cPE) transformation, either in the simple form of {4, with
auxiliary rotations from Appendix III if necessary, or in the vector
form of Note 4.1 |

3. ("Standard device") Suppose a basic direction ¥ = (ax,ay,az)(1
is given relative to axes G in an arbitrary frame 2, and a'Second direc-

tion Yi, in a "non-polarized distribution" about Y, is to be chosen by
sampling. This means, in effect, that the "latitude" angle 9(0o =g s 180°)
which Yi makes with Y may be drawn from a given distribution, and that

a second "longitudinal angle" ¢, uniformlz distributed on 0° = e < 3600,

and measured from any plane through ¥, may be used to locate Yi on the

"cone" of angular opening 6 with axis ¥. Since the auxiliary direction

(Fig. 2)

Q) = (cos B, sin 6 cos @, sin § sin m)a

is distributed about X as ¥, should be about ¥, it is clear that ¥, may
be chosen as the point ¥, = 80, where & is any rotation which takes X
into Y. The explicit rotation & of Appendix III, Cor. 1, based on the
given G-coordinates of ¥, and having the matrix given there as D, is

designed for this purpose, and the (i-coordinatcs of Yi are obtained from

N\

(y = D(Q)G

i)a
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in accordance with Th. I(b) of A III. If the basic direction Y_is, or

may be chosen to be, X itself, one simply sets ‘i’i = .

The choice ¥ = X is always possible in case of an "isotropic" direc-
tion distribution, cos § being equi-distributed on [-l,'ll.
\ 4, The following problem 111us£rates many of these points. The
energy unit is arbitrary, as usual.

PROBLEM. A photon (h = 1) of energy 4 strikes a particle (h = 2)

. of rest energy 3 and k.e. 2 at right angles, their directions being

¥, = (VB UB 0y . ¥, = (UE - 15 o)

on given I axes G.

| . . '
The collision results in two particles (i = 3,4) of rest energies
‘ "é,.l;‘i'eép. The angles 8’ = 45° a.nd'cp' = 135° are chosen for location of

¥} about the stipulated photon direction Y] in the %' -frame of the class

(Fig. 3). Following Note 2, we have

(a) for the initial system A(el, e2)

e]: = 0, kl = ltl», El = )-I», cpl = )-l», Yl = (l/ﬁ, l/ﬁ, O)G, CPl = cpl‘i'l
€y = 3, k2 = &, E2 = 3, cpa =k, YQ = (1/'\/59 - 1/'\/5; O)G.’ °P2 = °P2Y2'

with totals cP_ = (%72, o, O)gs Ey.= 9, e =3, cp, = L7 .

(b) For the class of A,

Bo = l"s/é/9: € = T Yo & /7, _Yo = (1, 0, O)G.°
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Since Yo = X, the given axes G are standard ones, and we define parallel
axes G’ in &' in the standard configuration of Fig. 2.1.

(¢) For the proposed S(e3,eu), we have e, = 2, e = L, eg = 6 <

3

e, = 7, I =2, and the process is possible with a non-coherent result.
() Since I = 2, the scalar parameters of S'(e3,eh) are unique,

as in §11. In one of many ways, we find its parameters from kS e -

s
= 1 to be
¢ _ ) 7 - . . r o 4 ]
k! = {ey+(ky/2) /e = 9/1k By = k(= k- 5/1h
Eé = €3+ ké = 37/14 B, = e, + k = 61/14

cp; = {k (E! Sre )}'k 3/65 Al; 1 = 3,k

!
Fig. 3 makes plain why the latitude 8’ of Yé about Y' does not

alone determine the angle Wa upon which E_ depends. Although we return

3
to this type of problem in §2h we 1nd1cate here the remaining steps.
To find the basic direction Yi we compute from the inverse of (ePE);

Note 10.1,

cpy, = (Ej opy, - cp E)/e = 2/2/7

|

I —
E; = (- cp, cp + E El)/eo = 20/7

’ 2

$
cp] = (B1° - ei) = 20/7

0

cpy fep] = 4/2/10.

cos wi



Therefore wi = (V2/10, 7/2/10, 0)g/+ Arplying the device of Note 3,
with the given 6',p’, we have Q' = (1//2, - 1/2, 1/2%1, for the auxiliary

direction, -and

(Yé)ﬁ.’ = D(Q')GI = (.1 + ,-7/»/5, T - °l/~/-2': + .'5)GI

J3/10 - zJ§7io 0
w2/10 J2/10 o

0 0 1| ’

where D

is the matrix of A III, Cor. 1, based on Yi. (A1l vectors are understood

to be column vectors, despite appearances.)

'

(e) Since cpé and E3 are known from (d), we have only to apply

. 4 - ’ 4 ’ o
(cPE) of Note 10.1 to (cP3%3, = cp3(w3)a, and E3 to obtain (cP3)(1 and Eg

N.B. The scalar parameters of A'(el,ea) may be obtained, if desired,

just as were those of S'(e3,eh) in (d). Thus k! = e, - € = L

A A
ki = {e, + (ky/2)}k /e = 20/7 K = ki - k! = 8/7
’ 7
E; = 20/7 E} = 29/7

cpg = 20/7; h = 1,2.

For the direction of Yi, we must uée the transformation (cPE) itself at
least for p) , as in (). (It isa good exernise to sketeh Flg. 12.1
for both A and S.) If the PROBLEM is carried through completely, the

equations
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El + E2

3

1}

cP, + cP2 cP, + cPu

1 3

should provide a final check. Alternatively, they may of course be

used to obtain cPy,E, by default.

15. The Q-value. The Q-value of a (proposed) transmutation

Ale,) = sle;) (t)
is defined as the intrinsic difference

Q = e, - 8, (1)
in the total ch. energies of the two systems. The required eguation
etk = E = eg + kg (2)
for energy conservation in 2. is thus expressible in the torm °

Q = kS - KA , (3)
emphasizing that, in the conversion of A into S, the "loss" in ch. energy
must balance the "gain" in kinetic energy. This also makes obvious the
invariance of the kinetic énergy difference for two systems of the same
class, under arbitrary Lorentz transformations.

If A and 5 are in a class with 8, > 0, then, for the corresponding
transmutation A’ - S’ in the %'-frame of the class, the required energy

conservation is expressed in L by
ey + Xy = e, = g + kg (1)
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It may be noted that this version makes obvious tﬁe necessity of the

condition : ' e Z e | (™

and at the same time 'shows its equivalence with the condition

5 - € =-Q (1)

! =
kA =
in the X' ~-frame, signifying that the k.e. of A’ must suffice to make up
the ch. energy excess of S over A.
The transmutation (t) is said to be elastic in case the total kinetic

energy is conserved, as well as E ° and Po' Such a change is therefore one

for which we have the additional stipulstion that

kA = ks | (5)
or, equivalently, Q = 0. (6)

Clearly a transmutation A - S appearing elastic in 2 must so appear in

all inertial frames.

. Note lzo

1. The (invariantly expressed) condition (T) is equivalent to the

inequality kA z (-Q) + (\(()--l)eS

in an arbitrary frame 2., and reduces to k. z -Q vhen U_ = 0 (Z=12",

as it must. It is tempting, but misleading (cf. §16) to assert that (T)_
requires A to have k.e. kA sufficient to supply -Q Q_J;ug the k.e. of a
particle of ch. energy &q riding at its CM.
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16. Decay. By a decay we understand here any transmutation of

form

Ale ) = S(ej,e0eser) - (D)

in which a single material particle is converted into a system S of an
arbitrary number I = 2 of particles. If the decaying particle has mo-
mentum Po and mass Mb’ then its rest mass is of course the critical mass

m, > O of its class {PO,MO}, and indeed all class parameters cP, E_,

Bo, e Yoo and Yo are simply the purameters of the particle itself.

o

Moreover, the 2'-frame of the class is the rest frame of the par-
ticle, in which it appears statiohary, wlih energy ey ond intrinsic life
time Té. From §2, we recall that its apparent 1life time in X is

— I ‘ 1 — —-—
To = YoTo? during which it travels a d;stance 80 =uro = By er’ .

The Q-value of (D) is

s0 that the necessary condition e, z e is here simply

Q2 0. (-I:D)
From Th. 14.3, we conclude that the decay is prohibited if Q < O (eo < es),
regardless of'the k.e, of the particle. If Q = O, the decay is possible if
and only if all e, > O,Awith a trivial coherent result. If Q > O (lhe only
case of interest), then (D) is always possible (since we have stipulated
Iz 2). Such a process appears in ¥ as an "explosioﬁh of a particle at

rest, with a conversion of characteristic to kinetie¢ energy indicated by



- 4
the equation Q = e, - ey = ks.

NOtes 16 O 1

l. Ve ;ist some examples of physical decays forbidden by the laws

of energy and momentum conservation.

(a) For a stable nucleus (2)( ) of charge Zq "containing" A nucleons

(Z protons p+, N= A - Z neutrons n°) the decay

(‘Z‘x) — z(p') + N(°) | 4 (Dl)

is impossible, since

e = e (AX) < Ze(p+) + Ne(n®) =

o \Z eS

and 80 Q = e - ey < 0. Here Q > O is.called the ;'binding energy" of

the stable nucleus.

Note: If gx] denotes the neutral atom, with Z electrons (e~ ) in

ground-state about the bare nucleus, the process

Tgx] — (AX) + 2(e”)

Z

hes negative Q-value, “Q being the "binding energy of the electrons.”

In nuclear ﬁrocesses this is neglected. Thus in (Dl) one takes

Q= e[;)(] -Ze[]]:H] QNe(n°$.

Table III gives the values of e [ QX] for a few neutral atoms in "atomic
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mass units." For example, the binding energy (2.225 Mev) of the deuteron
(iﬁ) may be found in this way.
+ o. + +
(b) The decay p —=n + € + Ves vhere ¢ 1is a positron and Ve

a neutrino, has Q = - 1.8 Mef (Table II). While therefore forbidden to
the free proton, this is nevertheless the underlying process in positron
emission from unstable nuclei.

(¢) The electron deéay'e-———e- + Y has Q = O but is forbidden by
m(y) = O. Hence an electron can nelther "emit" nor "absorb" a photon.

Remark. A transmutation e  + y—ee  is obviously impossible, as
the reverse of (c). It is all the mure curious that the impossibility
appears to lie deeper where A(e—,Y) is regarded as the initial system.

(d). The process ;ﬁ-——e+ has Q > O but is impossible since I = 1
(Ths 14.3). Consider the reverse herél

2. We indicate two methods of dealing with a "Monte Carlo" type decay
problem in which the given exes G = [X,Y,z] of L arc (here for the first
time) not in standard configuration. The first is based on an awdliary
rotation of axes, provided for in A III, Cor. 1; the second on the ‘vector
form" of the (cPE) transformation in Note 4.l, The generalitles of Notes

14.2,3 should be consulted as required. All energies are in (say) Mev.

"PRODLEM. A particle of rest-energy-e0 = 3, k.e. ko = 2, and direction

Y = (a

o ox,aw,aoz)(I = (2/3,2/3,1/3); on given I-axes G = [X,Y,2], de-"

cays in flight into two particles of equal rest-energy e = e, = l. If,

as we shall assume, the decay product 1 is emitted isotropically in the

88



rest-frame . of the decaying particle, the "basic direction of emission"
¥’ is ours to choose, and we shall do so in different ways in the two
methods. We shall suppose chosen the coordinates (2/7,6/7,3/7) for the

"guxiliary direction" Q' in either case, i.e., cos 8’ = 2/7, etc.

(a) The tgtals for the initial system A(eo) are e = 3, E =5, .
2) = ]'I'.

2
cp, = (E0 ~e,

(v) The class parameters are those of the decaying particle:

(o]

B, = CP/E, = 4/5, e, =3, v, = B fe = 5/3, ¥ = (2/3,2/3,1/3);.
(¢) The proposed system S(el,ee) has e, = e, = 1, eg=2<e = 3,
and T = 2, so non-coherent decay into S i1s possible.

(d) Since e. = e, S’ in Y’ obviously has E/ = e /2 = 3/2,
2 . O :

1 i

$ ,
cp:'t = (Eie-eig) =.5/2; 1 = 1,2. Now:

Method I. Suppose spatial axes G = [X,Y,Z] = [5X,5Y,62] determined

Y the direction of

in Y. by the rotation & of A III, Cor. 1, with &X o’

the class veélocity (Fig. 1). The associated matrix D, based on Y, is

fc_>und to be
2/3 - 2/3 - 1/3
D = 2/3 ou/is . - 2/15
1/3 -2/15 14/154

Defining L' axes i’= [X',¥',Z') in standard configuration (§2) with @,
we select ¥_ = X’ as the basic direction for emission of 1, and hence

define ¥ i immediately as the auxiliary direction itself:
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FIG. 16.1
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Y1 = (2/7,6/7,3/7)gs .

_Thus Ei = 3/2, and cPi = (ﬁ/e)‘i’i on standard Z'.a.xes, are determined.
(e) To these the simple (cPE) of Note 10.1 applies, yielding
E) = W/5/21 + 5/2, P) = (5/5/21 + 2, 3/5/7, 3/5/14) on the standerd

axes G of L. (Note the check: El2 - (c:P_.L)2 =l=e 2.‘)

1l
The components of cPl relative to the original axes G are then ob-

tained from (cP)) = D(cP))_, as in Th. 1(a) of A III.

Method II. We may equally well choose axes G’ = [X’,Y’,z’] in 2’
parallel to the given L axes G = [X,Y,z], and now select X’ as the basic

direction ¥’'. We now take the Y. direction of 1 as

Yi = (2/7:6/73 3/7)al
(1t 18 of course not the same absolute r’direction aé in Method I) and so
have Ei = 3/2, and cPi = (ﬁ/2)‘1’1 on the axes G’.

(e) These may be substituted directly into the vector form (cPE)

of Note k4.1, based on the claco paremeters in (b). The inner product re-

1
while the vector equation

quired is cP! -‘fo = 19/5_/1&2, The energy is found to be El = 38/65/63 + 5/2,

(cPl)G = (cPi)G’+ {19/65/63 + 2} (\1'0)(I

indicates how the components of cP, on 2 axes G are to be computed.
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17. Decay into two particles. 1In a decay

.A(eo) —’S(el,eg)
vhere . Q=e (ei+e2) = ks >0
the products emerge in opposite directions in the 2'-frame, with the

unique energies E! and k! of Cor. 1l.1. If e, is at rest in Z; the

i i

frames L and %’ coincide, and all parameters of S are of course those
of ', ' ' -

I. In the simplest cases, e, = e_., so that Q = ¢ - 2¢

1 2 (o} 1

2.2, .
(eo 'l‘l‘el ) /-) . 1 = 1,29

and kjl_ = Q/2, ’ Ej’. = 30/2, cpi

Thus, in the kaon decay (TABLE IT)
- o - +
Ki — 1T + T
Q = 218.8 Mev, and each pion has k.e. 109.4 Mev in 2.

In particular, when e, = e,

sion of the rest-energy e, into kinetic energy

= U, the decay involves a tntal conver-

—- 4
Q=-e = ks
with ki = Ef = cp] = e_/2. ‘his is the casc for which we have the simple

result of §12,
sinn g/2 = eo/2~(ElE2)é z eo/Eo

for the angle ¢ between the two lines of flight in L.

92



For example, the decay

ﬂo-—bY-i-Y

of a 135 Mev (k.e.) neutral pion yields photons with a minimum angle of

separation of 60° in L. 1In this case, each has energy hvi = 135 Mev in
Z.

A second instance is provided by the decay of "parapositroneum":

{e+1,e-t}-—— vt + vi. Neglecting its binding energy, each photon in )N
has energy hvi =e_= +511006 Mev and wavelength hi (by definition, Note
1.4) the Compton wavelength of the electron.

Note. Although & free positron e+ is stable, it comes to rest lo-
| cally when liberated (as in pair production and positron emission) in
the presence of matter, and may then combine with an electron €~ to form
a very unstable "double star" complex {e+,e-} called positroneum. When
the component‘spins are opposite (the usual case) the result is para-
positroneum, with the decay mode above, the photon spins also ﬁeing op-
posite. Spin conservation is indicated by the equation $2-42=0=1-1,
The alternative result is "orthopositroneum", with the decay [e+1,e't}

—= vyt + Yt + y!, and the spin conservation 3 + 3 =1=1+ 1 - 1.

IT. In another important case, one has e > O and e, = 0, with
@ =e, - e =ki>O0. Here, the formula (§11) for the I’ k.e. of e
becomes '

7 =
k1 = Qp where p = Q/2eo

and the relations
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' _ w1 - r _ ' = -
cp; = EJ = ke_Q(l P)y EL =k +e = e =E,
indicate an easy computational scheme for the remaining parameters of S’.

Since Q = e, - e < ey it is clear that p < 4, and consequently

k] < 1%’/2.< k.

On the other hand, a glance at the energy formulas (Cor. 11.1)

B] = (e,/2)(1+(e)/e )?)

B = (e /2){1-(e)/¢,)?)

shows that

R !

14
e eo/e > E.

(These inequalities are true whenever e, > e_, as noted in §11.)

1 2

The last equation correlates the rest-energies e, e of the two

1

material particles wiih the k.c. ké - Eé = hv! of the immaterial one.
[

For example, the implied relation

) 2, 2 e
e, =k + (k2 +ey )
may be used to-determine the rest energy of the decaying particle from

l

2
The decay modes (TABLE II) of some of the "tundamental” partieles

e. and ké = hv

1 in cases of y-emission.

fall under Case II, e.g.
Zo_-’ Ao + Y-
In this decay, Q = 77 Mev, p = 0323, ki = 2,49 Mev, and k’ = hv’ =

2 2
74 .51 Mev.
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In nuclear decay of this type, Q = e, - e may be thought of as a

1

difference in energy levels of the "same" nucleus, having rest-energles

€ > e in the two corresponding states. In such a photon emission, it

is interesting to copipare the photon wavelength xé c/vé with the
"normal" wavelength A = c/vo, where by definition

§v°§ Q

is the difference in energy levels. Dividing this equatiori by
N _
b} = K, = Q(1-p)

ylelds '/x / = 1/(1-p)

and therefore

4 [ — - : - ! 4 - - -
2’ = (AN = p/(1-p) = K1 /K], = @/ (Q+2e;) = (e -e;)/ (e te,)
is the "red shift due to recoil" (in L').
. For example, in the y-emission

(%) = () v

with Q = 2.225 Mev, one finds 2! =6 x 10'1‘.

III. When e, > e, > 0, thc general formulas of §11 are required.

The decay modes & —e Ao +1 and L — n® + n~ of TABLE IT, and the

classical nuclear emission of & particles (:He), are of this kind.



18. Decay into three particles. In a decay -

A‘(eé) — S(el:eeye3)

. 4
where Q=e - (eI+eé+e3) = ks >0

the Z' energies of S’ are not unique, and as shown in §13, any one of

its particles (i = 1) may have for its k.e. values on the range

e, + (k'/2)
O<k <k =B~ " .y
k1 kK e
)
= ‘= -
vhere e, = e, + €3 and k e, (el+e2+e3), vwhich is here (as in all

decays) Q itself. We recall that ké is the unique k.e. of ey in g 2
particle system S'(el,eL) of class {O,eo}. (The technicalities in-
volved in attainment of the bounds are given in §13, but are of no physi-
cal interest.)

For example, the Y. energy range of any one uf the three photons
produced in orthopositruneum dceay (§17) is 0 < hvi S 511 Mev.

Perhaps the most famuus inastance is the decay
n°—-e +p + 3; (Q = .783 Mev)

of the free neutron, which is unstable, with mean lifetime 1013 sec.

The electron should have a k.e. range
VI k’ls 1&'( = (938.648/939.550)(.783) = .782 Mev,

which indeed is observed experimentally.



Note. A decay of form n® — ¢~ + p' has the same positive Q-value,
and is also mechanically allowed, but would result in a unique k.e.
k] = kl,( for € , in conflict with experiment, and would violate conserva-

tion of spin, since: + 4 #+ #+ % for any choice of signs.

Neutron decay is the basic process involved in electron-emission

from unstable nuclei:

(QX) —c + (‘;A_lY) + ;e

e.g+., in the decay of the "triton"

(%H.)—-e- + (grle) + Ge (Q = .0182 Mev). |

The analogous nuclear positron emission

(%) =<+ (5.23) ’??e

z-1

ié observed, although the process for the free proton is forbidden.

(Note 16.1.) An example is
11 + 1 '
()=t + () +v, (@ = .96 Mev).
Note here that, for such decays, "adding" 7 electrons to each side re-

sults in the neutral atom "reaction"

' +, - A
[iX]——e + € + [Z-lY] +v{€

ZX]'- 2e€ - € [A Y] where ee =' osll Mev. (Cf. Note 16010)

so that Qge[A 7=1
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19. Collisions with target at rest. Every transmutation

A(eh) —*-S(ei) in which A consists of a single particle (H=1) may be re-
garded as a "decay." All others, with H Z 2, are called '"collisions,"

and we shall conéider only those of the form
A(el,ee)-—~ S(ei) ’ ' (c)
vhere particle 1 will be called the "projectile" and 2 the "target."
Ve study first (§§19-23) the important special case in which the
taréet is a (necessorily) material particle at rest in its own rest
frame 2., with the projectile moving toward it on collision course. As

a common basis for thc cections referred to, we consider given an ini-

tial system A(el,ee), with particle parameters

>0 E,.>e 20 cp, = (B 2-e 2 % >0 cP., = cp.¥
kl 1 1~ 1 1 1 1 1"1
k2=0 E2=ee>0 cp2=0 CPE::O.
Following Note 14.2, we sec first that
(a) the totals of the system are
N (=2 2)%
cPO = cPl witl cpo f (El ol H E0 = El + Y eA = e + e2.

(b) Hence its class {cPo,Eo} has parameters

W
|

2 2\t 2 . 2 2 2 J
0 = (Ll -, ) /(E1+e2), e, ® (el +e, +2e2El) = (eA +2e2k1) s

= (E.+e )/e ; and the direction of the class velocity is ¥ =¥
1 -2 o y 0

<
(o]
|

l'
o\t 2  2\%
It is convenient to know (Yo -1) = YoBo = cPo/eo = (El -el ) /eo.
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4> Of sum e, = Zei, being stipulated for

the proposed system S(ei), it appears from (b) that the (invariantly

(¢) The ch. energies e

expressed) necessary condition

1

e, Z e 4 : (T)

assumes, in the rest frame of the target, the significant form

eA+eS - ]
b =k= e, (Q) =k, (Teg)
where . Q= gA - es

is the Q-value of the reaction (C). The energy kn, 50 defined is called
the "kinetic energy threshold" for the process, and one speaks accord-
ingly of k1 as below, on, or abovg threshold in the cases k1 é kT. Note
the analogy between the form of condition (T) as it appears in the tar-

get rest frame, and its form yi z (7Q) in the zero-momentum frame Y. (§15).

Since the inequality e, = eS is here strictly equivalent to k, 2 kT"
we may interpret the results of Th. 14.3 in the following convenient form.
¢ I. WhenQ < 0 (gA<eS), then kT is positive, and the necessary condi-

. 1 . " P4
tion ki = kT 'has teeth," to wit:
(1) if k) < ki (eo < es), .(c) is forbidden,

(i1) 1if k) =k, (eo = es), (C) is possible iff all e, > 0. (Fusion,

i
with I = 1, is the case of interest, and must occur exactly "on threshold.")

(111) if k) > k, (C) may oceur 1ff I = 2.

It should be noted that, when § < O (eA < eS), one has
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eytes ' _ - - . -
kp = 2%, »( Q) > (2e,/2e,) (‘Q) z ("Q), so necessarily k, > ('Q).

II. WhenQ = O (gA E‘es), then kT_§ O and its value is irrelevant.
For, collision then occurs above threshold, with k) > 02 K, (eo > es),

and (C) is possible iff I =z 2, just as in (iii) above.

Only in the case Q = O-(eA = es) under (II) is the collision elastic,

with kl = ks. In general, the energy equation reads
eA-l- kl=E0=eS+kS
or v kl + Q = kS

so that kS 0.

VIIA
Vi A

k1 as Q
(d) If the collision is to be studied in the L'-frame of the class,

the folliowing Ilnformation may he required, in addition to the class pa=

rameters in (b), governing the Lorentz transformations between L and 2. .
In Z', the collision A’(el,ee) —*>S'(ei) involves two systems of

y _ 2 ‘b -
class {O,eo}, the colliding system A’, with e, < e = (eA +2e2kl) , nec-

essarily (§11) having the unique energies Eﬁ = (eh?+e2El)/eo, h=1,2

or, more simply,
' - Iz__
E2 = eeEo/eo = Yooy El = e Y ¢
and oppositely directed vectors c?é of equal magnitude:

% A
" _ 1_2 - - . -
ey = (E2 e, ) =Y B (e2/eo)cpl, h =1,2.

The above form Eé = e2Yo reflects the physically obvious fact that
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. ' .
2 in 2’ has the speed vé = u_ of the CM of A in Y. This accounts for

the position of O} on the ellipsoid € in Fig. 1, showing the relation

between the initial systems A and A’. (Cf. §§6,12.)

YoBoE;

'}

FIG. 19.1 (e, > e2)

In the figure, the sphere radii are cpi = Yosoeﬁ’ YocPi = Yozaoez’
and the origins O{"are at distances 010' = YoBoEi’ O'Oé = YopoEé = Y028082
- from 0’.
These details are of importance in the elastic case S = S(el,ee),
gincc the resulting system s’(el, e,) will then differ from A'(el, e2)
only in direetion. (Such & result is 1gdica£ed by dashed lines in the

figure.) With this in mind, we will further note here that 01 fallo
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(1) inside, (II) on, or (III) outside & according as

i.e., in the cases of a projectile of ch. mass "lighter" than, equal to,

or "heavier" than that of the target.‘ To see this, we need only note

that, in the present instance,

A = + < 1y _ Alal =
0,0, = YoBoEl S Yo(°pl) = 070, =

> 2 YosoEé
as \ Ei E Eé
and the remark follows from the equation
Eie - e12 = cpi2 = cpé2 = Eéz - e22.

Notes 19.

1. There are good reasuns [ur considering first, in some detail,

collisions in the rest frame of the target, aside from their greater

simplicity.

(a) In many physical collisions, the target may be assumed essen-~

tially at rest in the laboratory frame 2.

(b) If the target is a material particle moving with velocity
V2 # 0 iﬁ 2, a preliminary Lorentz transformetion based on V2 will carry
the colliding system into a frame in which the target 1s at rest, and Lo
which the simpler theory applies.

(c) The "general" methods presented later (§24) really require the

target to be moving (with a well-defined direction), specializing to the

102



rest case only in a limiting sense, and it would be witless to treat the
simpler case in such a way.

2. In Note 16.2 we gave two methods of dealing with a general de-
cay problem. Strictly analogous methods may be used for collisions with

target at rest in L, as indicated in the following

PROBLEM. A projectile of rest energy e, = 5, k.e. k) = 8, and direction
(2/3,2/3,1/3) on given l-axes G = [X,Y,2] strikes a particle of rest-

energy e2 = T which is at rest in Lo The result 18 an elastic scattering

A(el,ee) — S(el,ez), which is to be treated in the L -frame of the class,

with the direction Yi of the projectile as the basic direction ¥’ for non-

rolarized scattering of E,. The coordinates (2/7,6/T,3/7) will be used

for the auxiliary direction Q’.

For A(el,ez) in 2, we are given

e, =5, k = 8, E, =13, cp; = (Elz-ela)t 12 = (2/3,2/3,1/3)6, cP, = 12,
e2=7, k2=0, E2=7, cp2=0, cP2=O.
(a) The tof;a.ls of A are cP = cP, with' cp, = 12, E_ = 20, ¢, = 12.
(v) Its class therefore has pa.rameters |
B, = b /E, = 3/5, e, ={E S -(cp )2} =16, v, = E e, =5/, ¥ =1¥,.

(¢) Elastic collision of this type is trivially possible; obviously
we may have A = S. Note that, in general, we need only verity e = eq
Computation of kT is a "luxury."
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(@) For A'(ej,e)), Ik =e - e, = b, k= {e2+(k£/2)}k£/eo = 9/k,

ké = kA - ki = 7/4. Hence

E! 1 * ki = 29/’4, Eé = e, + ké = 35/1}, cp]:'] = (Egz'eee) _ 21/]4-.

1

= e
For S'(el,e2) therefore
o ! . ‘., _
E3 = El’ Eu = E2, cpi = CR; i,h = 1,2.
We have now the two methods: (Fig. 2,3):
Method I. As in Note 16.2, standard axes &;&v are chosen, using -

the same & and matrix D. Since X = &X = Yi is the basic direction for

scattering of ey, e take

¥i=0'= (2/7,6/7,3/ )= «

Then from (d), Eé = 29/h, cPé = (21/&)?3.

(e) Applying (cPE) of Note 10.1 to Eg and (cPé)_’ ylelds E3 and
a

(eP,) . Finally (cP,) = D(cP,) , on the original axes G.

Method II. The vector method of Note 16.2 alsu upplice, and could
be used just as before if we were free to choose X’ as the basic direc-
tion ¥’ (&s for example in isotropic scatiering in L'). Hnwever, since
the stipulated ¥/ = Yo # X!, we uce the device of Note 14.3. From the
auxiliary direction Q’ = (2/7,6/7,3/7%1, and the same matrix D as in
Method I (the rotation & being the same, although uced here for a dif-

ferent purpose) one finds

(Yé)a' = D@’ )55 (ch)G, - (21/h)(\"§)a,, Eg = 29/k,
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Hence, in step (e), we substitute the latter vector and energy directly

into (cPE) of Note 4.l to obtain (cP3) and E. in 2. The required values
G

3

of '8»0,\(0,(‘?0)(:L are those in (b) above.

Note that we have purpose;y used only the basic principles. The
dismaying plethora of special "formulas" in the current sections are
helpful in understanding the naturé of the collision process, but may
usually be bypassed in computation if desired.

3. The following collisions (with the second particle at resl in
the laboratory frame 2) are historical landmarks in artificial transmu-
tation. The Mev values of Q and kT may be verified from TABIES II and

ITT.

s

A ;He + ll,.;N - 1{730 + ]l'ﬂ - 1.19 | 1.53 |Rutherford, 1914

B lgHe + Be- léc + n° 5.7 | ==== |Chadwick, 1932

¢l n”+ l$N - lgc + iﬂ 63 | ==== | Feather, 1932

p | + Toi - 2% keroft, Walt
1 + 3L1 - 2 2He 17.3 ———— Coc'cro » Walton, 1932
4 27, 30 o .

E | He + 13“ 15P +n - 2.65 | 3.05 |Joliots, 1934

Flvy + iﬁ - ]lH +n° |- 2.225(|(-2)" |chadwick, Goldhaber, 1935

¢| pt+ p =30 +p |- 1877. 5630 Segré, Chamberlain, 1954
- + o +

Hi v+ P~ n+e - 1.805| 1.807 |Reines, Cowan, 1956
- + o +

I v,* P~ n + - 107 113. | (Brookhaven) 1962
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20, Fusion. For an arbitrarily given colliding system A(eh), of
‘class {cPo,EO} with critical mass e = (an-(cpo)a) > 0, a fusion is
always possible, provided only that the single particle resulting has
~a rest energy precisely equﬁl to e,e While mathematically the reverse
of a decay process, there is here the physical implication that the
fused particle incorporates into its own rest energy the given critical
energy e, vhich can hardly be regarded as an intrinsic property of
- unique species of particle.

In a collision with target at rest, therefore, we may consider the

fusion ] A(el’eE) —*-S(eo) | (F)

where by definition

\ _ 2 b
eo = (?A +2e2k1) > ?A

is the rest energy of the resulting particle.

Technically, the Q-value of (F) is then the negative number

Q=eA

- e <0
and the "threshold" energy kT is kl tautologically, the fusion (F) nec-
essarily occurring precisely "on threshold.”" (§19)

The fused particle rides at the CM of A, with the class.velocity

U and energy Eo; indeed with all its parameters those of the class

0,
{cPo,Eo} of A.

The energy conservation equation

nres k<K
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indicates a conversion of kinetic energy to rest energy. (We recall that
a coherent system has the least k.e. and greatest ch. energy of all sys-
tems in its class.) ‘

In the L' -frame of the ciass, the two particles of A’ fuse into a

motionless one, with a total cohversion of kinetic energy into rest-energy:
A | r _ -
k=X + k= (7Q).
A fusion sometimes results in a particle which possesses a (more or

less) stable "ground state" of minimal rest energy eg. In such u casec,

one has necessarily

2 .

and the fused particle is said to be formed with an "energy of excitation"

If the fusion occurs at vanishingly small inc¢idenl energies k

l, AS it

dnes'for example in the neutren-copture
*
n® + (3Fy) — (?%y)
_ /.2 5 .
then, since e = (gA +2§2k1) —= ¢, as k) — 0, necessarily

eA = e8

and the (intrinsic) energy

* = -e =
e8 ?A eg., 0

is the "minimum energy of excitation" with which the particle can be

formed. In the case cited, one finds from TABLE TII
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e = e(®) + e(n) - (®) = 6.4 wev.

This is more than’ (236U) can stand, and results in fission.
In "radiative cépture" (= neutron capture followed by y emission, a

less drastic result), the excited nucleus formed in the fusion

*
(o] A+
n +<QX)—0 ( Z]X) (F)
has a ground state to which it may drop by emitting a photon:
A-;-JX" A+l
(M%) = (%) +v. | (0)
The Q-value of the‘iatter "decay" is then precisely the energy of exci-

tation with which (A;]x) was formed in the fusion (F).

Nuclear y absorption

v+ () ()"

affords a further example. Here, the ground state rest energy.eg is e2

itself, and the energy of excitation has the simple form
= 2 %
et = e, - eg = (e2 +2e2k1) - e,

= 0.

= e, {-1+J1+ (Qlﬁ/ee)} Ee;

Notes 20.
1. If the collision of Note 19.2 results in fusion,'the particle

formed has E_ = 20, e_ = 16, k) = 4 and cP_ = (8,8,&%1.
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2l. Elastic collision. We consider in this section in general,

and in the next, with e, = O, the important case of elastic collision

1
on target at rest, of the simple form

A(el,ee)——fS(e3,eh)

]

where el e3 z 0 e, = eu >0

2

and hence Q = 0, k1 = k3 + kh'

In the corresponding collision A/ —> S’ in the L' -frame of Lhe

class,'even the individual kinetic energies are unchanged:

k] = ké k) = Xy
and indeed, as we know, A’ and S’, as systems of class {O,eo} with
e + e, < e,» can differ only in direction. From §19 we may therefore
write immediately | |

?

[ _ - r _ont
(a) E) = B3 =€, - Y8, E, = E) =y,

and cpi = cpé = YBoo = cpé = cpﬁ:

Once the direction ¥j is specified in %', the systems S’ and S are fully
determined, and a complete computational procedure has already been out-
lined in the PROBLEM of Note 19.2. To understand the physical nature of
such collisions, it is important to study them further as they appear on
the standard axes involved in Fig. 19.1, and here denoted by 3,8'. 1In
particular, we will consider the dependence of the final system on the

physically meaningful angle y3(0 = ¢} = 180°) st which the projectile
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scatters from its L' line of flight. (The initial direction Yi of the
latter, under the present "target af rest" assumption, is of course
Yo =Y¥,;.) The mathematical limiting case ¥5 =0 and 4} = 180° will be
referred to for obvious reasons as a "miss", and e "direct hit", re-

spectively.

Since cpﬁx = - cPéx = - cpé cos ¢§ = - Y B e, COB wg, and Eﬁ = eY,

we find first (as easier) the L target parameters

cpy ='Yo(cpﬁx+BoE£), ¥, Boeo(1-cos wé) =.2y0280e281n2(¢§/2) (1)

Eh Yo(BocPix+Eﬁ). Y02e2(l-B°2cos Wé)

]

e, {1 + (Yoe-l) (1-cos wé)} . | ' (2)
The "recoil k.e." of the target is therefore
k = E, - e, = ee(Yoa-l) (1-cos wé); ‘ (3)

From these, the energies
kg = k) - K (4+)
Ej=e) +k =L -E (5)
of the occattered projectile 1n-2 may be inferred, as they depend on ¢§.

From E

3 and E) we may also obtain formulas for the magnitudes

% % |
of the corresponding vectors cP3,cPh.

For the scattered projectile in 2, we find directly from conserva-

tion of momentum
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— - — - 2 - ’ .
CPy, = CP, = CP, = EB, = Yo Boee(l cos ¢3). (7)
If desired, the results of (1), (6), and (7) may be used to obtain

cos |5 = cp3x/cp3 and  cos §) = cphx/cpu | (8)
for the 2 angle of deflection of the projectile, and the recoil angle of
the target, as they depend on wg. In amplification of (8), one should
note the following remarks. ‘

1. The position of Oé on lhe ellipsoid £ of Fig. 19.1 indipates
that Case II (§6) always uvbtaino for the target, which therefore scat-
ters forward in 2, its angle y), ranging from (a limiting) 90° to 0° as
the projectile angle §} ranges from 0° (miss) to 180° (airect hit) in I’
In (8), the exceptional case cp, = 0 (Eh =e, K = 0) occurs only in the
event of a miss, with the trivial result S = A.

2. As we know from 8§86, 19, the dependence of the projectile angle

$3 on wé is more complex, the range of.¢3 depending on the cases

? oy e
I. e;<e, (0] ineide £) with 0= 3= 180
_ ' o

II. e = e, (Ol on &) with 0 s ¢3 < 90 (see Note 2)

O

III. e, > e, (0! outside &) withO§¢3§W3<9o

as explained in §6. (The value of W3 is given in Note 3.) In (8) the

exceptional case cpy = 0-(E3 = ¢y k3= 0) occurs only in the event of a
direct hit on a target of equal rest mass (wé = 180°, e = e2).
case, we see from (4) that k, = k,, showing that the projectile is stopped

In this

"dead in its tracks," while the target recoils with its entire k.e. (See
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Note 1.)

3. While the values of cos *1 are perhaps most easily computed from

(8), we may recall that (3¥1) gives the explicit formulas
_ YN =
cos §, = (cos ¢i+pi)/Di | 1= 3,4 o (9)

I

$
where D; {(cos y! 04 )2 4 Y (l -cos ¢')}

and here pi & uo/Vi = BoEi/cPi = E;/Y032°
Now»pﬂ = 1, and cos ¢£ = = COSs wg, so that, for 1 = h; (9) reads

cos ) = (l-cosxyéb/{ (1-cos ¢3)2 + Y, 2(l-coe Y )}é A (10)

1 ot
On the other hand, p3 = El/yoe (eo Yoeeb/Yo o» Which may be used in
(9) to obtain cos ¢3. We know from §3 that, in the case e = 0 (imma-

terial projectile, p é = so) the latter result reduces to the simpler form

cos w3 = (cos $§+Bo)/(socos ¢§+1). , L o - (100)
L. Finally, we recall from {4 the formula (4.5)

cos §; = (Ei-Y; i%/bocPi 1= 3,k

whilch gives cos wi directly in terms of E, and the fixed E! 1’ by eliminat-

i
ing the Z parameter vi Substituting the present values

I

E3 =

, -
Y e E,-I- _'Y_°e2

" and remembering that

Y = Eo/eo,' B, = cpl/Eo, E =B +e, €°=e°4+ + 2e E , ve

o] o 1 2 (o) 1 ® 271

obtain from (4.5)
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cos V., = (E E.- (11)

3 £ e,%-e, E,)/cp cpy
cos ¢u = Eokh/°p1°ph'
These may also be used to obtain the cos wi, once the Ei are known.

Again in the special case e, = 0, to ﬁhich we turn in the next section,

1
(11) reduces to

cos 5= 1+ (e2/E1) - (eQ/E3) (11c)
cos | = {l+(eg/E1)]kh/°Ph‘
The first of these is the polar equation of the ellipse (Note 6.2), with

Oi at the left focue.

1. In the exceptional case cpy = 0 in (8), we have from (3,4)

kl = kh = e (Y 1)(1'003 W,) 2 QPE(Y -1) = eeE(Elz-eje)/egz =

2_ 2, 2 <

2e,k, ( 1)/e and so also, e © = e," + e,” + 2e.F, = 2eF, + 2e€,
2. A - r _ .

or (el 2) £ U. Henve ¢, = o, and cos w3 = = 1. The result is of

course geometfically obvious.

?. In Case II, e, = e, > 0, the minimum angle G of separation oc-

1 2

’ o - 2_ = - ;
curs when ¢3 = 90, with cos T = (yo 1)/(y0 +1) = kl/(kl+hel). Ur.
(12.5).
3. In Case III, the value of the maximum angle ﬁé of deflection is

given (Note 6.3) by tan ¥5 = 1y, (p -1) , where p3 = (e ~v e,)/v e,

as shown under (10). Hencc
; %
-— 2
tan Ty = 1f{(e /e )% - 2l e > e,
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22. Compton scattering. It was first noted by Compton and Debye

that the laws of elastic collision govern the scattering of x-rays by
free electrons, provided the "rays" are regarded as particles of mass
M= h‘v/c2 and absolute momentum Mc = hv/c.

For the present section, we define "Compton scattering" as any
elastic collision of form A(O,eg) —->S(O,e2) in vhich an immaterial
-'particle scatters from a material target, ahd consider, under the target

at rest assumption, an initial system A(O,ea) with parameters

hv, = k. = El > e

1 1 cP kY

=0, cp =k, 1= 5ty

1

o, CP2 =0

£

the basic scalars being k1 and ey

0, E2 = e, >0, P,

Specializing §19 to the case e, = O, we have

(a) A totals: cP = cP), o 10 Bg =k +e, e =e

(b) Class paremeters: B = kl/(k +e,), e, = (ee

2s2e X ) ,
#
Y, = (kI+e2)/e°, (Y°2-l) =By

(c) e, > eg, Or k] > kT = Q = O indicates the possibility of elas-

tic collision for I = 2.
() Y'-parameters of A’,8’ (§21)
4

) ’ A r ’ _ - . ’ - .
kl =,El = E3 = k3 = cPh i 2 Yo?oez (kl/eo)ez’ E2 E4 Yoe2

In the ellipsoid construction, one has

. 'l__ 2 - 2 \
010" = Y B E] = (YB,) e -.(kl/eo) ey, with O] at the }eft focus.
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O'Oé = yocpi = y02/80e2 = (kl/eo)Yoe2’ cpi = (kl/eo)eZ' Since the
figure falls under Case I, we know that, as the deflection angle wg of
the projectile in_Z' ranges from 0o to 1800, so does its deflection angle
¢3 in 2, while the recoil angle of the target ranges from (a iimiting)
90° to 0°.

(e} The formulas (3,4,10,10¢,1lc) of §21 yield the following

parameters of the resulting system S(O,ez), as they depend, in effect,

ot \113-
The recoil k.e. of the target is
ky, = (kl/eo)zee(l-cos wé) (1)
with a range
0% Kk = 2(kl/eo)2e2 = kl/{ l+(e2/2kl)}- (2)

The energy of the scattered projectile is therefore
ky= By k) - Ky (3)
with a corresponding range
k) E kg2 kl/[l+(2kl/e2)} . (4)

The deflection angles y, as they depend explicitly on \V; may be ob=

tained from
cos ¢‘3 = (cos ¢§+so)/(1+30 cos 4;3) . (5)
cos ¥ = (1-cos wé)/{(l-cos ¢§)2 + Y;Q(l-cosg wé)} (6)

while their dependcnce on k. and k, 1s indicated by

3
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cos 5 =1+ (ealkl) - (e2/k3) : (7).
cos ) =-ku{1+(e2/ki)b/CEh2-e22)é

= {1+(32/k1)}/{1+(2e2/kh)}b (8)
Note here that 1 +_e2/kl = B;l,'and therefore (7) may be written as
CP3 = k3 = 9280/{1-80003 ¥ } =

B 1 /{1—8 cos } This is of course the
polar equation of the ellipaoid, as shown in Note 6.2.

also be expressed in the form

3

Equation (7) may

= & /{1+(k;/e,) (1-cos ¥3)

(7a)
The angles W3’¢u are correlated by the equation

e
tan §) = (é;§§;> cot w3/g . 0«< by < 180°. (9)

This may be obtained by division of the self-evident “momentum" equa-
tions (cp3 = k 30 CP, kl)

CP), sin ¢h = k.3 sin ¢3

cp), cos Wu = k1 - k3 cos ¢3

and ‘substitution of k.l/k3 from (7a) into the result.

Notes 22,

Since u_ is the target speed in 5/, end (y.8
as B8

VilA

< Y o opl
E}) s (cp]) = E;

1//2 , it follows thet, in the ellipsoid figure, the focus oi
falls inside, on, or outside the smaller sphere as the Compton wavelength
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of the target compares with the common wavelength of both particles in

VI A

= r _ ’
hc/e2 _.Xec xi = h/Pi'
(cf. Note 1.4.)

2. Setting k) = h(c/xl) and k. = h(c/x3) in (7), one obtains

3
-sin2 w3/2, where ch is the Compton

\

AN E x3 =N = ch(l-cos-\b3) = 2x2°

wavelength of the target. - For ¢3 ='90Q, BN = Xec'

3. We have indicated general methods in Note 19.2 for dealing witﬁ
target at rest problems when treated in the Z'-frame of the class. We
now show how such collisions are handled if we need not leave the target
rest frame. The method is then quite simple, since the Lorentz trans-
formation is not invokgd, and will be sufficiently obvious from the fol-
lowing "Compton collision" example, whiéh neglects polarization effects.

| N.B. Since the "Klein-Nishina" differential cross sectiou (Note L&)

for photon scattering on free electrons is given in the electron rest
frame, it 1s natural to deal with such elastic collisions in this way.
Moreover, since the energy distribution has the simpler form algebraically,
one customarily samples the energy k3 on ite range (4), obtaining cos w3
a fortiarifrom (7). Finally, use of the energy unit €, = .511006 Mev al-
lows the formulas of this sec¢tion tu‘be read with e, = 1.

PROBLEM. A photon 6f energy kl =4 (i.e., 2.044024 Mev) and direc-
tion ¥, = (2/3,2/3, 1/3)G on given L axes G, collides elastically with a

free motibnless electron. The_energy k3 = h/s is chosen on the range
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k= k3 z 4/9 by sampling the K - N energy distribution for k.L = 4, By
(7), the corresponding deflection angle is 3= 90°. The direction ¥ 1
being basic for scattering of the photon, ¥ 3 is itself the latitude angle

8 for location of ‘1’3 and ¥;. If the longitude @, here assumed uniformly

distributed, is chosen as 3000, then4
is the auxiliary direction about X, and

(\r3)(I = n(n)(I

locates ¥ 3 about Y,, vhere D 1s the matrix of Note 16.2.

The final photon momentum 1s therefore given by .
A .
(CP3)G. = 5 (Y3)G
on the L axis G.
If desiréd, one may obtain kh = kl - k3 = 16/5, Eh- = 1+ kil- = 21/5
% .
cp, = (Eke’l? = 1,/26/5, and (cPh)a = (cpl)a - (cP3)G, where
(cPl)(1 = llr'(‘i’l)a-
All energies may be converted to Mev on multiplication by
e, = .511006 Mev.

k. Neglecting polarization effects, one obtains from the "Klein-
Nishina" formula (A IV) the differential cross section
2 2 2 2
o(kl;a._)da = TIr (k/kl) {kl/k + k/kl - (.l--taT )}da cm

for the Compton scattering of a photon of energy kl = hvl/ee from a
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motionless free electron, where k = k3, a = cos ¢3.'.(For TrE r.» see
TABLE I.) A more convenient cross section, defined by

a(gl;k)dk = o(kl;a)da

is obtained by using the relation (7), a = 1+ 1/kl - 1/k, with

da/dk = l/k2, namely
1 Y 2/, 2y =2 pan=l -1 -2 ..-1 -1
o(kl,k) = (nr€ /kl Nk -(2k1 +2 kl)k +_(kl +2k, ) + k) k} .

Integration on the range (4), kl/(l+2k1) £ k£ k;, ylelds the (total)
cross section

_ 20 .. =2 -2 -3 .-
o(kl) = anr_ {ekl + (l+kl)(1+gkl) - (kl +k

2 -1 -1 .
-2 .kl )Ln(1+2kl)}.

Norming gives the probability density function p(k,;k)e c(kl;k)/o(kl),

and the equation
k

1
r = f p(kl; k)dk
_

indicates the dependence of k on the random number‘r in Monte Carlo prac-
tice. ’
The inverse function k = F(kl;r) has been fitted by B. Carlson

(k1 < 4) and E. D. Cashwell (kl < 24) as follows

= .
k, = N k = Fl
= —
L < k = 8.5 k = F, + F,
8.5 < k, =15 k=F, + F, + F3
< = =
15< k = 24 k Fl + F2 + F3 + F),
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<
i

1 kl/{l + rFS + (2k1-S)r2]}, s's kl/(1+.5625 kl)

&)
1]

'L(kl—h)ra(l-r)2

-6(k,-8)r (3-r) (1-r)"*

)
]

r- fk = l&ra(l-r)(.l‘#-r)(.85-r),b rs .8

Fh={
fh + 6(1-r)(.85-r), r> .65.

L .
For higher energies (> 12 Mev), scattering is extremely forward,

and a rejection technique employed on two subranges of p(kl,k)‘seems
indicated. The cross secfions for energies S'5OO'MEV are grayhed in
N.B.S. Circular 5h2.

In/Appendix IV, we consider thg Compton collision of plane folarized
' photons. In this more general case, the cross section E(kl;k) of Note 4
is used as Just indicated to obtain the scattered photon energy and de-

fection angle § in 2.
: kl
5. For tables of the integral Jl; p(kl; k)dk, k € 25, see H. Mayer
et al, IAMS 1199.

23. Pair production. As a final example of a collision with target

at rest, we consider the case of "pair production,"” in which a suffi.
clently energetic photon interacts with a charged particle, the trans-

mutation, of form A(O,e2)——» S(ee,ee?ee),

resulting in the recoil unexcited target, of rest.energy e3 = e, together
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with an electron-positron pair, with rest energies e, = e5 =e. = .511006

Mev.

The reaction is seen to have a Q-value
Q = - 2ee = = 1.022 Mev

and consequently an energy threshold condition

e2+ee
hvy = By = k) 2 k= == (2e ) = (2e€){;+(e€/e2)}

2
which is here sufficient as well as necessary (§19(c)). Note that
kp = 2e_ for a nuclear target (the usual case), whereas k= hee for a

target electron. We shall assume that kl > kT, with S non-coherent.

The initial system being identical with that of §22, all particle
parameters of A, and of A’ in the L -frame of its class, as well as the
parameters of the class itself, are already given there.

The system S’(ee,ee,ee), of class {O,eo} in L', has a total k.e.

= e - (e+2e )>0 vhere e = (e 2-4-2e k )é
kS T o 2 e ’ o~ \2 271/ °

The sharing of this among the three particles is of course not unique.

The target, for example, may recoil in 2. with any k.e. on the range

‘ ’ ce, + (ké/?) ’
0s ks k= eeo kS -

Technically, both end points are attainable. The limiting case k3 = kﬁ
would demand the coalesced emission of the charged pair in the direction
opposite to that of the target rccoll, which is Physicslly absurd. How-

ever, their nearly parallel emission in 2 is indeed observed. If the

122



target were left motionless in Z', with ké = 0, the pair would then form

a two particle system of class {O,eo-ea}, having the unique energies
[
Ei = (eooee)/a, k;. = ké/a, i= ,-|>,5
and oppositely directed momenta of equal magnitude, with
2 2)t

4
cp1 = (Ei ~ee

24. Collision with target in motion. Finally, we turn to collisions

'A(el,ee)-+*-s(e1) in which both particles of a non-coherent system A are

in motion in 2, hence with parameters

) ) é
K >0, B >e 20, cy = (B%e¢% >0, cB =cy¥; h=12 (1)
(a) The totals of A are then

cP = cP, + cP,, with cp = |cP |, E = E

1 + E2, e = e

1 A 1

+ e, (2)
wnile computéble in the usual way, it is sometimes convenient to ex-

press épo and quaptities depending upon it, in terms of the physically

meaningful angle o (0 = o = 180°) between cP, and cP,, vhich may either be

given, or easily obtalned from

co8 g = Y1°Y2; ‘ (3)
Thus, (°po)2 = |cP-l-+cP2|2 = (cpl)2 fl(CPz)é + 2cP) *cP,
= El2 - e12 + E22 - e22 + 2cplcp2 cos @
= (Elee)e - el2 - 822 - 2(E1E2-cplép2 cos g)
. 80 - epg = (Eoe-ele-e2 -QEGE)é ' : _ (h)
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where by definition

2 :
D = - = Ny
Eo‘ ElE2 cplcp2 cos o > ele2 z 0 (Note 1) (5)

(b) We write therefore for the parameters of the class {cPo,Eo}

of A,

2 2 2 u _ 2 2 _
-i-e2 +2Eo‘ ) = ;eA +2<Ea -eleg)zb> e Yo = Eo/eo' (6)

The direction of the class velocity is ‘i’o = cPo/cpo, as always.

Po = cPo/Eo’ € = (el

(¢) The necessary condition e, 2 €q for the praposed tra.nsmutati.on

here takes the t'orm

e_+e
2 S A ,.
Eo =z ele2+ 5 (-Q)

(T.)

C
where Q = e - éS is the Q-value of the reaction. We shall suppose
e, > €q» and T 2 2, s0 that a non-coherent result S(ei) is possible
(Th. 14.3).

(a) If the collision A'(el,ee) ——>S'(ei) is to be studied in the

L' -frame of the class, we may reyuire the (unique)parameters

2 2 Yy 2 2 J
5w (045, ) oo o5 = (3o %e;7) fo m = 1,2 )
of A’, given by §11, and the angles | 1Y :’L vhich cP, and cP:'L meke with

the direction ¥ § of the class velocity.

The first of these is obtained from

a

cos ¥y (c:Pce«':Pl)/c:por.zx,s1 = {(CPl"'CPe)'(cPl)} /CPocPl

{(cpl)2 + Cp,CP, cos a} /cpocpl. ' | (8)

Ignoring §3, we will obtain \bi directly from the Lorentz transforma-

~
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tion for cp;_x on standard exes (Note 10.1).
CPJ'_x = (Eocplx-cpoEl)/eo = (EocPl cos | 1-cPoEl)/eo°.
Hence, using (8), we find

cp (e cp! ) =E {(cp )2+cpcp cos o} - (cp )2E .
o' o "lx o 1 il k> o” "1

)2 = E12 - ela, cp,cp, ¢08 ¢ = E;E, - E 2,

Substituting E = E; + E,, (cp 12" %

and (cp°)2 = an - el2 - e22 - 2Ece, we obtain upon simplifice.tidp
t - 2 _
cP e CP|, = ez?‘El elaE2 +E, (El Ee)'

But cp:'Lx = cpi cos q;i, 80 we find from this and (7) the result

cos q;i = e22E:L - e12E2 + Eaa(El-E2)$/cp°(Eau-eleege)t. (9)
Note that formulas (4~9) involve only the given scalars E,,e and cos g,

With the general objective and plan of Notes 14.2, 14.3, and reliance
‘ on basic principles as far as pdssible, some procedures é.re given below
for various kinds of collision problems with target in motion in z.

Method I. Asagmptions: cPh given on 2 axes G; collision treated in
Y/ -frame of class; ‘1’1 speéified as basic direction for non-polarized emis-

ston in.2'; 0,0’ chosen for location of ‘i’é about ‘1’1. (Fig. 1.)

1. (cpo)G = (cPl)G + (<:P2)G and cp_ = |cP | yleld (\1'0)GL = (cPo)G/cpq
for direction of class velocity.

on standard 2.-axes

2. ‘(cPl) = DT(cPl) gives components of cP
G G o

— - —

é = [X,Y,z] = [&%,5Y,52], vhere D is the matrix of rotation &, based on

(YO)G, as in AIII, Cor. 1.
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FIG. 24.1

3. For standard X' axes G’ = [X/,Y/,Z’] parallel to0 G,

’ = - :
(cPl%ii ((Ecp,g - opE))/ey, Py cp5)

then gives the ﬁ"-components of cPi in z/ . (Note 10.1.)

o i g 2 .
Here one computes Eo = h’l + EQ’ €, = (EO -(cpo) ) » where cpo is

known from step (1). The necessary condition e, Z e, may be tested at

S
this point.
b, (‘Yi)__ = (cPi)_ /cpJ'_ is obtained for the basic (projectile) di-
g’ G’
rection in X', where cp! = | (cP!)_ |.
1 1 &—I

I -

5. If collision is elastic, we set cpé = cpi, Ej = EJIL’ where

4

g = (-c;pocpls.c + EoEl)/eo. Tn any case, we must suppose Eg» cpé, 8', o'

determined at this point.
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The matrix D’ of the rotation &‘ (AIIT, Cor. 1) taking X' into

(‘1’1)_’, and based on the latter unit vector, is applied to the auxiliary
a

direction Q’ = (cos 8‘, sin 9’ cos @', sin 8’ sin o’ )(T" to obtain the
direction of emission

, = DI(Q')G"I

and the vector (cPé)a' = cpg(‘ll') ,» on % axes G’.

6. The transformation of Note 10.1 (with i = 3 and barred x,y,z) -

applied to E. and (cP!) yields E_, and (cP.) on standard Y, axes.
3 3 T’ 3 3 G

7. Finally, (cP3)a = D(CP3)§ glves the components of cP3 on the
original 2 axes G, where D is the matrix of step. (2). |

Except for the complication of non-standard axes, this is the scheme
used in Note 1hk.h, |

Method II. This is a modification of (I) which simplifies the work
in ' at the expense of a more complicated rotation in 2.

l. From cP_ and cP, we obtain both directions (Y ) , (¥.) .
T o. 1 —_— °'q lG.

2. The rotation 5,» with matrix D, based on these unit vectors,
(AIII, Th. 3)-defines axes' G in 2 such that X EGiX = Y as before, and
with ¥, lying in the upper half of the X,Y-plane, which now conteins
'the parallelogram of Fig. 1. The matrix Dl is not used until the final

Step .
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3. We now compute cos wi from (9), ahd, if required for elastic

/

1l
principles from which these formulas were derived, namely

collision, also E; and cpi from (7). Here one may prefer to use the

cos wl =Y o

o1
cplx = cpl cos wl
cPix = (EocPlx'CPOEl)/eo
Ei = (-CPOCP1X+EOE1)/QO
cp] = (52,
co8 wi = cpix/cpi.
4, The basic direction Yi = (cos wi, sin wi, O%f" on L' axes G’

- ' *
parallel to G, 1s now kmown. Note that sin ! = + (1-cos® b)) .
5. The matrix D’ of the rotation &’ taking X' into ¥ ] is here simply

’ '

cos *1 - sin ml 0
4 - . 4 4

D" = j{sin wl cos wl 0

0 0 1

and just as before (Y;)_I = D’(Q’kfl yields the X -dlrection of 3.
a
The final steps (6,7) are those of (1), exccpt that the matrix D, is

used in place of D 1u (7).

Method III. In one type of problem, the parameters (CPl) » Epy e
a
of the projectile are given, but the nature of the target is subject to

chance. Suppose cpe, E2, e, sultably chosen, and that the direction Y2
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is in a non-polarized distribution about ‘i’l. Finally, suppose the (lati-
tude) angle of separation g, and a longitude ¢ chosen for location of Y2
sbout the "basic direction" Yl.
We may of course proceed by (I) or (II) if we first specify (‘i’2) ’
. = G
vhich may be done by using the device of Note 14.3, with Q =

(cos g, sin g cos ¢, 8in o sin )., and D the matrix of AIII,' Cor. 1,

based on ‘i’l .

However, the problem admits a simpler strategy outlined in IAMS 2360
(Metropolis, Turkevich, et al.) and slightly modified here.

1. We first define 2, axes
G, = [alx,sly,alz] = [x,n;,z]nl

vhere 8.X = ¥,, and D, 1s the matrix based on (¥,) , as in ATIT Cor. l.
Y

(See Fig. 2.)

(3,7)
(8,5,7)
"I/' = 3, X = 82 8| X
!
i Vo
$\Y ‘ -
\I/o= 33828,)( = X
\'/
-y |
) \I/z
[+p) .
()
) X
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2. We now specify (Y2> = (cos g, sin o cos @, sin g sincp)(3 on
Gl : 1
the L axes G, where 0°= ¢ = 18° 05 o < 360°.
3. The rotation 62, about Yl through o + 180° is defined, relative

fo the Gl axes, by

G, = aatalx,sly,alz] = [alx,sly,slzlnz

1 0 0
vhere D,=| 0 cos(p+18°) - sin(p+180°)

0 sin(p+180°) cos(p+180%) | .

X,

The directions Yl and Y2 appeur in #he 8261X,8261Y—p}ane, with Yl = 8281

and Ye in its lower half.
4, The angle wl between cP, and'cPl is next computed from (8), and

used to obtain the matrix

°°5(’W1) - 51n(-¢1) 0

D, = | sin(-{; cos(,-d;l) 0

0 0 1

of the rbtation 53, about 8261Z through -wl, vhich determines final 2.
axés:

[X,¥,2]=C = 53(8261X,6281Y,8261Z) = (aeslx,aesly,sgalz)%.

The situation is now precisely that of Method II, with X = Yo, and cPl

in the upper half of the X,Y-plane, although no computing has been done

aside from evaluation of the three matrices Di'
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We now follow steps (4,5,6) of (II), relying on the formulas (4-9)

for required parameters, and so obtaining E. and (cP3)_.
G

3
T. It only remains to compute the components
(cP,) =D, (cP,)
3% L3 g
on the original L axes G » using the matrix Dl& defined by

8,[%,Y,2] = [x,Y,2ID)

where Sh is the composite rotation 8382‘61. Retracing our steps, we see

8L, =0P;
5fi,D3 =G DDy
8,60 p; = GD.DD,

so that we must use D = D1D2D3 in the final step.

that 611»0‘ = 83(82810.)

[

Method IV. With the data given in Method I, the vector form of cPE
in Note 4.l may be used, with the parameters BO,YO,‘YO of the class com=~
puted from first principles.

" 1. Its inverse, applied to (cPl) gives (cP:'L) in L' on.uxes G’
' . a : G’

parallel to G, with direction (¥!) = (cP!) /Jep!.

2. The rotation b, with matrix D based on the latter unit vectoxi"

(AIII, Cor. 1), takes the auxiliary direction 0’ into an emission direc-

tion ¥ é with Y/ coordinates

(Y') =D(Ql) )
36, o
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3. From the stipulated E/, and cPé = cpé(Yé)", the direct (cPE) of
G

Note 4.1 yields E. and (cP,) . This method requires a minimum of "for-

3 3 G
mulas" and may well surpass the others in speed.

Method V. Assumptions: th given on X~axes G, collision treated in

rest frame Z' of target (with e2 > 0); Yi specified as basic direction for
non-polarized emission in L. ; 0’,n’ chosen for location of Yg about Yi.

The method is indicated when differential cross sections are given for
the fargel at rcot, as in Compton scattering.

The appropriate Lorentz transformations between ), and Z' are those
of ¢4 or Note 4.1, the parameters BO,YO,YO being, in the present case,

the target parameters

’

By = °P2/E2’ Yo = Byfey ¥, = cBy/cp,.
It was shown in Note L.h Lhat

4
E] = (ElE?-cPl'ch)/ee

is the projectile energy in the targel irest frome L. The geometric
procedure is that of Method I or Method IV, with the target rest frame
playing the rdle the X' -frame of the class. The emission paramcters
Zé,cpé,e',m' must of course be stipulated in ¥'. The proqedure tfor

Compton collision has been indicated in Notes 22.3, 22.4.

Notes 2k,

1. The "colliding" system A is understood to be non-coherent. It

is easy to verify for the quantities defined,
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(a) Eda vith equality if and only if e £ = e E, and

Y 17 %1%
G = Oo, which 18 a necessary and sufficient condition for coherence of
‘A(el,ee); . |

(v) Ea2 = 0 if and only if A is coherent-immaterial.

2. We have a.ssumed‘cPo # 0, with avwell-defined direction Yo. This
indeed fails in the single case g = 180°, cp, = cp,. The frame % is then
identical with the Z'-frame of the class, and Methods I, IV by-pass the
Lorentz transformation.

3. We have assumed cP2 # b, with a well-defined direction Yé. It
¢ is fixed, and cpa-—a-O, the general formulas reduce in the limit to the
"target at rest" relations (§l9).

4, Figure 1 is only schematic. The true relations between the sys-
tems A,A’ may be seen as usual from a suitable ellipsoid figure, based on
sphere radii cpi,yo(cpi) and distances |0£0’| = yopoEﬂ;. The initial pro-
Jectile angle ¢i with Yo is given by (9), from which the rest of the fig-
ure may be drawn. Here of course we are given the cPi gnd wi, a priori.

In such a figure, one can show that

<
YoBoEi $ Yo(epy)
<
as CP,CP,CO8 0 (Ez-el)kl.
(The relation may be derived from the equivalent condition ey, é Ei of

§6, using y = Eo/eo’ Ei from (7); and E&a from (5).)

As usual, this governs the pooition of O] relative to the ellipsoid,
and hence the behavior of ¢3'under Cases I, IT, IIT (§6) in case of

elustic eollision A(el,ee) —-s(el,e2).
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5. (The colliding beam problem.) For a collision
A(el,el) —’S(ei) (c)

between two particles of equal rest energy e = e2, and fixed energies
El’Ez’ in the lablframe 2, the total energy of the system in the P

frame of the class is given by (6) as

- 2 %
e, = (2el +2E,E -2cp, cp, cos o)%.

This energy, which is critical for the production of new particles, us

witnessed by the necessary condition

e, 2 eS ' (T)

naturally reaches its maximum value
2
eo(El,Eg) = (2el +2Ell32+20plcp2)
in the case of head-on collision, With o = 180°,
Now suppose L, > e, is fixed, say at the greatest energy to which
such a particle can be accelerated in 2 by present methods. Then, if
the target energy varies from E, = e (1imit case, target at rest) to

E, = Ey (as in two optimal colliding beams), this 2. energy rises from

o

2
eo(El,el) = (Eel +2elEl)
Lo ito maximal value

2 2
(2el +2El +2cpl

2)‘3-’

2 2, . 2 2
oo 208, %o(e, 2, - .
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In the latter case, the oppositely directed momenta are of equal magni-
tude, the frames L and x coincide, and of course the total N energy 1is

eo = El+ El.

Thus a factor 2El/ (2el +2elEl>. > 1

in the critical energy e, is attained. To appreciate this factor, one
must ask what L projectile energy E;' would be required for collision on

target at rest to achleve the same energy 2El in Zl . The answer is ob-

viously provided by the equation

2 o~ i
(2e_.L +2elEl> = 2El

- _ 2 2) ‘
namely, El = <2El ey /el.
It is interesting to evaluate these quantities (in Bev) for energies
E. in the range of present design for proton beam-proton target systems

l .
(el = e, 2 1 Bev).

2
%

|BL . | eo(Epsey) 2By By

10 k7 20 199

25 7.2 ' 50 1249

100 .2 200 19,999

135



CHAPTER IV
CROSS SECTIONS

25. Mean free path in a gas. If, in traversing a distance 4% in

3

Z, through a medium of n, identical particles 2 per cm”, a projectile 1
of k.e. k; > O has probability n;0.d5 ot eollislon, we oall o, = gi(kl)

the cross section of the second particles for the first. More generally,

for a medium of total density n, composed of I Z 1 such submedia i, pre~
sumed independent, with densities n, = fin and cross sections 055 the
corresponding collision probability is the sum

PN nicidﬁ = nsdd

vhere s = kl) P, ;04 18 the "effcctive cross section.”

The assumption of an "laofinitccimal" colllsion probability nsdd is
equivalent to the law dT = - T(nsdd) for the probability T(d) of trans-
miséion (without collision) through a finite distance 5, i.e.,

usb’

T(5) = e . 1In this situatioun

P(8) =1 - ™0 = 1 - 17(5)

is the appropriate "probabllity disfribution function® for‘(first) colli-
sion distance = . Accordingly, in Monte Carlo practice, for a random
number r uniformly distributed on (0,1), the equation r = P(8) deter-

mines the distance & = - (1/ns)fn(l-r) of particle 1 to collision. The
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length L = 1/ns, naturally scaling the above formulas, is called the

mean free path, since for the "density function"

p(s) = P'(3)

P

for collision on (5,5+d5), the average collision distance is seen to be-

) Im 5p(8)dd = 1/ns = L.
(o]

For media at rest in I, the cross sections g (k) so defined are
those ordinarily listed, and used as indicated in problems warranting
the rest assumption. If the medium consists of a "gas" of particles.in
a known'k.e. distribution, the "cross section" required by Monte Carlo
procedure is an "effective" one determining a transmission probability
»T(B): An attempt is made below to deriversuch a cross section for a
pure material gas, in terms of its k.e..distribution and its restlcross
sections Ope
' As a preliminary step, consider a proJectile 1 of k.e. k1 > 0, dl-
_rection Yl, traversing distance 4 through a medium of ni identical par-
ticles 2 per cm3, all with energy E and direction Y In the common

rest frame of the targets, the projectile has energy and k.e. (Note 4.4)
I
E] e (E,E °P1°P2°°s a)/e // o) = E e . (1)

Here, E 2 ig the abbreviation (5) of §24, with cos ¢ = Yl 5+ The cor-

responding momentum magnitude in ¥ is the;efore given by
: / 5.4 ' '
2 25_< L 22) ,
cpl ( e, ) = \Eg =€y & ) /er : (»)
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The projectile undergoes a corresponding displacement (Note 6.6)
@’ = ab cpi/cpl | (3)
through a medium at rest in L', with density (Note 2.6)
ni = ni/Y2 whére Y, = E2/e2° (&)
We might therefore expect a probability of collision
nls (K)o’ | BCY

t

on d&' in Z', and Lence on @5 in V. Substitution of (2), (3), (&) in

ni {o ) (z,* ﬁ op, Jas (6)

where we shall regard

6, = uy (i 5ky,0) = {% (k1) ( //é CP¥} (7)

as the cross section of Lhe medium particles for the projectile, in R

(5) yields

Now consider the traversal of the same projectile 1 through distance

3

dd of an isotropic gas of n particles 2 per em”, in a k.e. "distribution"

f(kﬁ)dkg. There are then a fraction

£, = f(k2)dk2 d‘i’e/lm

on (ke,k2+dk2), (‘i’e,‘i’2+d‘i‘2), which we regard as a submedium contributing
the cross section o, of (7). The argument at the outset would then lead,

in the limit, to an "effective cross section"

s = s(k,) =ffoi(kl;ke,c)f(ke)dked‘i’z/lm
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for the gas, and hence a free path L = l/ns determining first collision
distance 8 = = L fn(l-r) for the projectile.’
‘Adopting spherical coordinates a,P for location of ‘1’2 about the

projectile direction ¥ ,» &and settihg a = cos g, we see that

8 = s(lgl) = (2cpl lf f g (kl) 2 2)tE f(k )d.k da. - (8)

The involved dependénce of the integrand on the variables of integration

is provided by the relations

> i

Y ot 2 _ 2‘_4 2
k1 = El ey El = Ea /e2, Ea = E1E2 CP,CP,8) cp, = (Ee e, ) y

E2 = k2+ e2’

2 2\t ,
where El = el + &.L and cpl = (El -e) ) are constants of the projectile.

' Notés é.

| 1. A non-relativistic analogue of (8), which is "well-known," reads |
o L s .1 :
- ’ 4

s(k1)= v.” |o (k1)| 2|F2(V2)dV2 = (2v,) fn f-,l o, (k])vif(v,)av da,

¢ 2 '
vhere v] = (vl +v, -2vlv2a) . In case ar(kl) is constant, one can shc?w

that s(ki) > g, for arbitrary distribution f(va). This answers the ques-
tion (C. Mark) whether it is easier to cross Times Square with traffic

in motion or at rest. For a Maxwell distributionm,

f(vz) = (hs;/ﬁ)vz exp (-522 22), vith B, - (mz/ekBT)é, one finds
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s(k)) = o { (L/wf) exp (=) + [1 + (1/2v9)] Erf(w)}

. ) w .
where w = B_v., Erf(w) = (eﬁﬁ?)vj. exp(-xz)dx. The "mean free path"
- > A - TS

of kinetic theorj, with particles of types 1 and 2 both in Maxwell dis=

t

tributions involves tbe §urpriéingly more tractable integral '
31 = f f|vl-v2|Fl(vl)1.i‘2(v2)<1vldv2 = (8k,T/mu )5, vhere

o= mlme/(m1+m2).
2. The cro;s section (8) for the case of é photon beam reduces to

o 1
s(kl) = (1/2) J; J:l Ur(ki) {1 - (cpe/Ee)a}f(kz)dkzda, where

’ v . I . ‘ .
kl = kl(Ee-cpea)/eQ. Here, in the physically uninteresting case 0. con-
stant, one sees thut s(kl) # g, regardless of f(ka). Hence, for a photon

crossing Times Square e«e.

3. Unfortunately no adequate reference tfor (8) has been found, and
some manifest subtleties may vitiate the result, which 1s offered tenta-
tively. It should be emphasized in any éase that the "eross section
here considered is 293 Loreptz invariant, an@ is only a mesns to a free
rath. In the following section we revert to standard practice, regard-
ing (non-differential) cross sections as intrinsic properfies of the

target particle, as measured in its rest frame.
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. 26. Transformation of differential cross sections. Lét Op =-dT(k1)

denote the (total) cross section for collision of a particle 1, having

k.e. kl, with particles of a single species 2, at rest in L. Various

types of transmutation may result from such a collision, the probability

pK of each defining the partial cross section o’K = PKOT for its occurrence.
We now focus attention on any one such.process

A(el,ea) —»S(ei) (K)'

hit

of cross section o O the resulting system S .consisting of I = 3 par-
ticles, of which u = p.J are of the same épecies J. Then the probability
of emission f(E,Y)dEdY of a J-particle, with E,Y on the indicated ranges
in Z., has the operational meaning that, in a large number N of K-processes,
one expects to find uNdeé.‘i’ such particles of species j. The corresponding

differential cross section is then given by

o(E,Y¥ )aEdY = ugfdEQY cm®
- with the integral
- f[o'(E,‘i’ )AEQY = po (o = aK)-

12 t*(B/,¥")dE’aY’ denotes the corresponding probability of emission
for the K-process A’ —» S’ as it appears in a second frame L’ moving with
constant velocity Uo = uo‘i’o relative to Z, then the equation -

£/(g’,v')aE’ay’ = £(E,Y)deay (1)

is dictated by the invariance of j-particle counts. Regarding o = o, 88

invariant, the same relation is seen to govern the correspondiug differen-
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tial cross sections ¢’ and g. For the standard axes of Fig. 2.1, and
polar coordinates (U,p), (U',p’) for location of ¥,¥’ about ¥ =X =X,

we may write (1) in the form
£ (E',4',0" )aE’ sin y’'ay ap’= £(E,Y¥,p )dE sin {djdp.

Setting a’ = cos ', a = cos |, and noting that ¢’ = ¢ for standard axes,
this bedomes h

£/(E',a’ ,0)dE'da’dp = £(E,a,p)dEdadp. ' - (2)
It follows that

£/ (E',a'p)aE’da’ = £(E,a,0)|3(E,a)/a(E’,a’)|dE'aa’ (3)
where the factor denotes the absolute value of the Jacobian

dE/3E’ da/3E’
J = det

dE/2a’ da/de’ (L)

of the transformation E = E(E’,a’), a = a(E’,a’) from ' to L. Thc lat-

ter is concealed implieitly in the (cFE) transformation, namely

cpea = y (cp”.a’+p E')

(5)
- N Y
E=v,(Bcp’-a’+E")
vwhere (cp)2 = E° - ee, (cp’)2 = E'C - e,
Since dcp/dE = E/cp we obtain formally
3(cp-a)/dE’ = (E/cp)(3E/BE’)a + cp(daf3E’)
(6)

a(cp-ajaa' = (E/cp)(3E/3a’)a + cp(3a/aa’).

Hence, multiplying the second column in (4) by cp, and adding to the re-
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sult the multiple (E/cp)a of the first, we see that
dEAE’ 3(cp.a)/dE’

cp J = det
d3E/d3a’ 3(cpea)fda’ | .

These partials are readily found from (5) to be, respectively,
Yo (B E'a’/ep'+1) Yo(E'a’/ep’+ )
4 w!
Yoo CP o YgeP

so that c¢pJ = cp’. Thus (3) reduces to the symmetric relation
£/ (g’,a’ ,cp)dE’da'/cp' = £(E,a,p)dEda/cp. (1)

Analogous formﬁlas obtain for other variables. Thus one may prove
in similar fashion

£/ (cp’,a’ ,0)E'a(cp’ )aa’/(cp’)? = £(cp,a,0)Ed(cp)as/(cp)>.

The condition I = 3 imposed above on the system S(éi)~was necessary
for the independence of the variables E’,a'. For a two particle system
S, E’ is uniquely determinéﬁ by the initial system A, and one speaks of
a probability of emission

£/ (a’ jp)as' & = £(a,p)dadp
related by

£'(a’,p)da = £(a,p)(da/da’)da’.
We have derived in §3 the required‘formulas

a = (al-l-p')/Dl da/da' = Y;2(1+p'a.' )/DI3
| 1, 1\2 -2 12 é i ) ’
where D =~{(a +#')+ Yo (1-a )} ;- p'=BE /ep (constant)

with the simpler vgrsion
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vl
It

-2/d12

(a’+p )/a’ dafda’ = yg

! !
d Boa + 1
for the case of an immaterial J~particle.

'Note 26 °

l. For a more complete discussion, including singularities, see

K. G. Dedrick, Rev. Mod. Phys. 34, 1962, L29-Lhk2,

14k



"APPENDIX I

A REIATIVISTIC GAS

3

Consider s homogeneous, isotropic gas of n particles per cm”, each
of ch. mass m, of which the fraction f£(k)dk have kinetic energy on

' (k,k+dk), O < k < @, The numerical
flux N(k,B ,cp)dkmiﬁdt:p/cm2 sec of par-
ticles, in the indicated ranges of k
and (direction spherical-coordinates)

B,p is seen from the figure to be

n(aA-vAt cosd )P (k)ak(sindasdp/b)/rhat
= (n/Ur)ve(k)dk sinfcosfdsdep, where

v = v(k) is the speed. Successive inte-

grations, on 0 s o< 2n, O =B = n/e,
"and 0 < k < » show the various result-
ing (une-way) numerical fluxes to be
1. N(k,H)dkds = (n/_2)vf(k)¢k sfl.nBcosedE)/cm2 sec
2. N(k)ak = (n/b)vE(k)ak Jen® sec
3. N = (n/b)¥ . /en® sec

while for the kinetic energy flux,

L, ﬁ: |’ KV (k)ak = (n/4)kv erg/cm® sec.
o
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Regarding pressure TP at a "wall" as the total change of normal

component of momentum per sec, per cm2, we find from (1)

5.TP=J.
(o)

vhere p = p(k) is the absolute momentum.

n/2 —_
J. (2p cosB )N(k,8)dkdd = (n/3)pv = (n/3)Mv2 erg/cm3
o .

The kinetic energy per unit volume, on the interval (k,k+dk) is

6. K(k)dk = kenf(k)dk erg/cm3

the total being
7. K= J. K(k)dk = nk v erg/cm3.

(o]

For a.gas of photons (m= 0, v=c, k = E = hv) at "temperature"
8 = K T ergs, the function K(k) in (6) is known as the Planck distribu-
tion, namely
-]
8. K(k)ak = 8r(he) 330 1) ax erg/ems.

From this as a starting point, we infer from (6) that

-1 :
9. nf(k)dk=&1(hc)'3k2(ek/9-1) ak /cm3

and upon integration, we find that (Note 1)

10. n = 16nC(3)(he) 33 - photons/cm>

is the (temperature dependent!) numerical density.

From (9), the probability of k on (k,k+dk) is therefore

-1 -1
11. £(k)ak = (2¢(3)83) kg(ek/e-sl) ak.
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Direct integration of (8) shows the total energy density to be
(Note . 1)
12. K= (8/15)1n5(hc)'39h = nk - erg/cm3

80 that, from (12) and 10), the average photon energy is

13. E = K/n = 1'8/30 ¢(3) | ‘ erg.
Evaluation of N,d and TP from (3), (%), and (5) is quite trivial.

Thus, the total numerical flux is

4, N = (c/l#)rx_ = lmC(3)c(hc)'393 photons/cm2 sec

carrying an energy

15. g = (¢/b)nk = (c/b)K = (2/15)115c(hc)-361+ = cTu erg/cm2 sec
vhere o is the "Stefan-Boltzmann constant." |

Finally, for the radiation pressure,

6. P = (n/3)M02 = (1/3)nk = K/3 erg/cm3.
Notes I.

l. The values of n and K for a photon gas may be verified from the

formula
. -
s-1, x .\ * « ‘

() P(s) = x (e"-1) dax =T(s)¢(s), real s > 1
Jo ’ '
o

where T(s) = x®"te™Xax (s > 0) is the 'T-function" with values
Yo

I'(s) = (s-1)! for integral s = 1,2,3,... (O} = 0), and

c(s) = 2;:1 n"? (s > 1) 1B the "Riemann (-tunction."
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One knows ((3) = 1.2021, C(4) = ﬂh/90.

The formula (#) can be obtained by termwise integration using the

geometric series

=l
-X -X o -mx
e (1-e7) = Z’m:l e (x> 0)
and the obvious relation
@
s~1 -mx -
j x°" e ™3y = m~ T (s) (s > 0, m> 0).
. Js . . . - . -

2. For a gas of material particles, the pressure formula
P = (n/3);4;§ is not expressible in terms of K, although in non-
relativistic approximetion TP == (2/3)nk = (2/3) K (compare (16)).
Strictly, MvZ = pv = h(v/\) so ve might write P = (n/3)RE for a "fre-
quency" f such that ANf = v. We recall for v = E/h that A\v = ce/v.

(cf. §1.)
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APPENDIX II

THE GENERAL LORENTZ TRANSFORMATION

Let ¢ > 0 be a specified constant; o= Rm'l(n z 2) an "event space'

?

)é: , where X’ is a "position" in Euclidean R", and

"of vectors §’ =

t' = x' . egt

] . A Lorentz transformation (L.T.) here means any non-

singular (n.s.) linear transformation (1.t), (n+l order matrix),

. |A '
T=| . (A being n x n)

c" 4

of ¥, with the property

[l

(L) For every g’ = ‘with |X'| = c|t’|, its image

tl

AX' + Bt/

—
=

also satisfies |X| = c|t|.

cX’+ at’
. Defining the symmetric matrices Q = and P= 79T, (L) may

be expressed in the form:

(L') g = 0 x® - % =0 ‘ ()

1

implies 'R = gheg = xJE-’ - %220

1
te., - 8B =D xip xj=0. - (2)
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Theorem 1. If T is a L.T., .then

P= TRT = qQ ' (3)
where A q=a°- c-2|B|2 # 0, : ()
' 2 22 n_,2 2,2
hence the identity Xfl' x5 - et = a(Z; xi"-ct ). (5)

~Conversely, if T is ‘a matrix such that TRT = Q@ with g # O, then T
is a L.T.

Proof. Let 81 be position vector with i-th component 1, all others

-1

zero. Since ¢’ = % 8» t/ =¢ 7, and ¢’ = 3, + hbj, %' = 5¢" all sat-

-2
T Phiane1® v Pipp1 <

i=1,.00,n, and B, = 0, i 43, i, = 1,e0.,n. Hence TRQT = P

isfy (1), it follows from (2) that Py = o,

c'eb = g@. Here q # O since T is n.s. Finally, (5) is ob-

=T Poelmed
vious, and implies the value of q in (4), upon setting X' =0, t' = 1
and the corresponding X = B, t = d.

The converse statement is trivial.

Corollarz'l. The set of all L.T.'s is a group.

Proof. This follows formally from the N. & S, condition:
7T = @@, 4 # 0.

Corollary 2. The matrix T is a L.T. iff

(6) ATA -,CECCT = qIn and  (7) ATE = cedC, where

(8) a=4a®-c8B|® is non-zero.

Proof. By block multiplication,
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AT-c%cT  AT-cfac
TRT = <

BTa-c2acT BTB-c%a° | .

The ;esult follows at once from Th. 1.

Corollary 3. If T is a L.T., then 4 # O, and for

we must have

T, 2 T ' 2
(9) A - eyt =T, and (10) Al"Bl = ¢C,, vhere

(11) q, = a/a® =1 - c"|B,|% # 0.
Proof. Suppose 4 = 0. Let' X’ be a non-zero vector (existence obf
vious) such that C'X’ = 0, and define t’ = c'l|X'| . Then |X'| = c|t’],

and we must also have

|ax’+Bt’| = |X| = c[t| = c|cX'+at’| = o.

But a n.s. T cannot take ¢’ # O into ¢ = O, The rest is clear from Cor.
2. |
Corollary k. If T = dTl is a L.T., a&s in Cor, 3, then By = O iff

C, = 0. Insucha case, g =1, 4= a® > 0, snd A, is a rotation of R".

Proof. These statements follow at once from (9), (10), (11).
Note: A '"rotation" means here any n X n matrix R such that RR = In'

A "space rotation" is a l.t. of L of form
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R 0. :
S = - » R a rotation.
0 1
The set S* of all such is a group, and for S € S¥%, st
Corollary 5. The set of all matrices of form dS,
group, consisting of precisely those L.T.'s with B=C

Proof. This is clear from Cor. 2 and Cor. 4.

Now suppose T is a L.T. as in Cor. 3, with |B,| = b >0, |c,|

and consider the equa{;ion

d

ST and det S = + 1.

#0,5€s*is a

O.

T T
] R, O||A; B||R 0 R,A;R
SlTlS' = . =
o' 1 cl"‘ 1 |loT 1 cl":n"r

where Sl,S' are space rotations.

Letting Rl,R' be rotations such that R B,

(Note 1), we obtain o L.T.

which, by Cor. 3, satisfies

T 2 =z T
(12) A, - c co%lal =q end (13) Ae'%l

2 1tn
() g, =1-c22=q/a 40
\is the same as for Tl’ since bo = |Bl| .

By (13), A, bas the form.
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boﬁl and R Cl = cos

o =1
cib° cob

1

]

c >0
fo) 2

where



From (12) and (14) we then conclude that in A
(15) cl‘bo2 24U - % ®agq =1 - "% % 40

(16) A3"U = 0%

T
(17 AJA;=qT ;-
- 2.b 2
Since q, £ 0, we see from (17) that gy =1l-c >0 (hence

q = qld2 > 0 in Th. l), and so bo < ¢+ Defining Yo 'é (1-c 2b 2)

> 0, we have from (17) that y A_ is a rotation R of Rn-l; from (16)
03" n=-1

that U = 0; and from (15) that c_ = c“abo.

Collecting these results, it appears that

. N ¥
- . A.2 b051 . 1 0
Tl = SlTlS = -Zt-, . where A2 = -1R -
¢ 5 1 ' _ 0 Yo n-1

Finally, defining -the' space rotations

T
32 0 : 1 0
52 = . » Vhere R2‘ .
o' 1 0 R,
and S = 5.5,, & straightforvard computation for s'rls' = §,(8;T s'T)

1)
l ylelds the final

ll

2 . ,
Theorem 2. Every Lorentz transformation T is expressible in the

form
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T = ay]'s"Ls’

where S and S’ are space rotations, and

T
Y0 0 YObo
L= R 0
Y'obo OT
2 Yo
Cc
2 -2,"% .
with . vy = (1-b"c™®) , 0=b =|Bf<ec, detlL=1.
4 2 -2
Moreover, in Th. 1, a=4d7vy_ > O.

(o]

‘Corollary 6. Given a lorentz transformation ¢ = T¢’ relative to the
coordinates £,t’, the transformation relative to the "standard" coordinates

T =S5t E =5't’ has the form

'E = d.Y-lL-é—ro

o}

Note II.,

1. The "Gram-Schmidt" process affords a construction of a "rotation"

R which takes 61 into a given unit (column) vector Yl. Since Yl £ 0, sup-

pose its i-th component 8y # O. Then the set of n vectors: VY and all

l’
Sj, j# i, is linearly independent. The orthonormalization algorithm pro-

duces from these an orthonormal set
R = [Yl,‘ya,'o oo,Yn]
of column vectors. Regarded as a matrix R, we have

Rsl = ‘flo
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APPENDIX III

COORDINATES AND ROTATIONS

Let R3 denote a Fuclidean 3-space of position vectors R. A “set of
axes" G = [X,Y,2] means any right-handed set of mutually perpendicular
unit vectors X,Y,Z. The relation

R=[X,Y,2) |x| = Xx+ Yy + 22 (1)
y

2

a

then determines x,y,z as the (-coordinates of R.

A rotatiion‘ 8 of R3 is (intuitively) a -"rigid motion" about the ori-
gin, and is completely defined by its action on any set of axes G, as
indicated by an equa.tiqn of the form '

& = s[x,Y,2] = [&X,8Y,52] = [X,Y,2)D = GD

vhere D = [dij] 1s & 3x3 matrix with D”L = D"; [dji] and det D = + 1,
The ‘vectors 5X,5Y,5Z then form a set of axes also, with G-coordinates
given by the column vectors of D.

Theorem 1. Let G = [X,Y,Z] llue_ a set of axes, and & a rotation, de-
fined by &G .= GD+ Then

(a) & point R with G-coordinates (x,y,z)G ‘has 8i-coordinates

T

x
= D Yy vhereas
zZ

Nl | K|

a.
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(b) the point 8R has G-coordinates

X X
ly'| =D |y
!

Zlg Zlg

Proof. From 80 = GD. and the definitions, we have

(a) R=G|x = 8D’ |x| = &G|X and
y y
%lg 2lg 218
(b) BR = &G [x =G°*D x| = G|x’
y y y’
la ?la 2l .

Every rotation may be achieved by a right-handed rbtation thfough an
angle 8 (0° =9 = 180°) about some fixed unit vector ¥, and defined ex-
plicitly as in

Theorem 2., If a unit vector ‘i’o has G-coordinates (bx’by’bz) , and
8 is given on [0°,180°], with C = cos 6, C' =1 - cos 8, S = sinf = 0,
then the right-handed rotation & about ‘i’o through 6 is defined by
8l = UD, where

2

} ) , ’
D= C + bx C sz + bybe byS 4 bszC
7 2., A
sz + bxbyC ‘C + by C -be + bzbyC
’ ‘ T ‘ 2.1
-byS + bxsz be + bysz C + bz C .

Proof. One has only to verify that the above column vectors are the

G-coordinates of 5X,5Y,5Z for the 5 defined. Let Xy = (XY M, =

156



2 2
= (b, ,bxpy,bxpz)a, X =X - Xy = (1-bx_,-bxpy

»=b b, )G , Where

.
|X,| = (1-b,7) . Then the desired 8X is

8X = 5(Xy+X,) = X + 86X, where |8X,| = [X.].

It is clear from Fig. III.l that 85X, must satisfy the (dependent) condi-
tions

(1) ¥ X, =0 (@) xoex/|x % =c

and (3) X, x 8%,/|%,|% = ¥_

2

vhen X, # 0, S #0, (If X, =0, b/

=1, by = bz = 0, and the first col-
umn correctly resds (1,0,0). The column'is also correct if S =0, C =% 1.

This we leave.for the resder,)

)/////f : FIG. IIT.1

M
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‘Letting the unknown 8X, = (px,py,pz) ,» these conditions yield
G

(h) bxpx + bypy + bZPZ. = o

2 2
(5) (1-bx )px - bxbypy -bbp = c(1-bx )

2,5, ‘
(6) bxbzpy - bD ypz = S(l-bx )be (first component).
From (4) and (5) we have at once’px = c(1-bx2), so that &X has X

coordinate bx? T C(lmbxa) = C + bxec’ a8 alaimed. If b # 0 and bx2 £1

as assumed above, (4) and (6) then yield

py = bZS - bxbyc and p, =~ byS - bxsz

and the remaining coordinates of X are seen to be those in D. Finally,

if b, = O, then p_=C, and condition (3) gives trivially P, = b8,

p, = - byS, as required in D. The verification for &Y, 8Z is immediate

by cyclic permutation.
Corollary l. Let (ax,a.y,a.z) be the G-coordinates of a given unit
G

vector Y. Then 8, defined by 81 = GD, vhere

(a) D= a, - 8, -a, .A‘——‘l+ax¥0
a, 1- (aya/A)' - ayaz/A
a, ~-agz/ 1 - (a,%/a)
or (b) D= |=-1 0 O when A = O
| 0O -1 O
0O O 1

is a rotation which takes X into 8X = Y.
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Proof. If a =1, then a, =8 =0, adD =1 in (a). If a,=-1,
the D in (b) defines a rotation of 180° about Z. Otherwise, ¥ # * X, so
that X and Y lie in a well-defined plane, and a right-handed rotation
through an angle § on [0%,180°) with C = cos § = X+¥ = ax,.about'its

normal ¥ = (X x Y)/s = (0,-az,ay) /S, S=8in 8 = (1-a 2)'b, will ob-
G

X
viously serve (Fig. ITII.2). The above matrix D results from that of
Th. 2 upon making these substitutions.

It is sometimés cdnvenient to make a rotation which not only takes
X into a specified ¥ .= 85X, but has the :éroperty that a second given vec-
tor ¥, lies in the new 5X,5Y plane. For this we have

Theorem 3. Let (a.x,a. a.z)a, (a,'lx’aly’a'lz)a be the G coordinates of

two unit vectors ‘i’,‘t’l. Define C = cos \Lrl = ‘i’-‘i’l, 0< ¢l s 1800, and set

S = sin’ q;l Z O, Then we obtain a rotation 5., defined by 810 = G.Dl, such

1

Y
4

/ FIG. III.2
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that (a) 58X =¥ and (v) Y, lies in the "upper half" of the 8,X,8,Y
plane, with 8. G-coordinates (cos y.,, sin §., O). ~, provided we take
1 1 "1 510.

Dl as the D of Cor. 1 in the trivial case Yl =+ ¥, and otherwise set

Dl = |ay bx Cy
5 Py %
aZ bZ cz
where c& = (ayalz-azaly)/s’ cy = (azalx-axalz)/s’ cz = (axaly-ayalx)/s
and bx = cym, - ca = (alx-axC)/S
by =ca -ca = (aly-ayC)/S
b, =ca - cpe. = (alz-azc)/s.

Proof. The matrix Dl is uniquely determined by the conditions

8. X =¥, 8.2 = ‘i’x‘i’l/s, B.Y = 5,2 X 8,X (Fige L1143) s

1
Y
4
Sy
¥
A
- \
AT
- \
\ Y = 38X
. .
Y B
| |
~ X
J/ FIG. III.3
z 52
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Corollary 2. Let (a 28,28, ) , (a 18y 28y, ) be the G-coordinates

-of two orthogona.l unit vectors ¥ ,‘1’ « Then 81, defined by & G. GD

where
D, =la, & 8.8, - 8,8 | = [Y,‘i’l,‘l'x‘i’l]a
8y By BpBix T BBy,

&, 8, B8y - B8y

is a rotation such that slx =Y and SlY = ‘i’l.

Proof. Set C =0, S =1 1n Th. 3.

This is the basic rotation used in polarized Compton scé.ttering

(A IV). »
Notes ITI.
* _ . - .
1. The matrix D¥ = a, ay a, , ,A-l+ax;40

a, (ayz/A)-l a.yaz/A

i 2
8, a.yaz/A (a.z /a) -1

obtained from D in Cor. 1 by changing signs of its last two colums is
symmetric, and defines a rotated set of axes 5% (with 5™ = ¥) upon
which X appears with the same coordinates ax,'a.y,az as has Y on the or;-
ginal axes G. - |

2. Another alternative for Cor. 1 is the rotation 3 with matrix
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~ 2
D= Ja -S o S = (1-ax2) >0
ay axay/S -az/S

a, éxaz/s ay/S

which achieves the result 3X = ¥ by successive rotations about Z and X.

The square root is a computational disadvantage.
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APPENDIX IV

COMPTON SCATTERING OF PIANE POLARTZED PHOTONS

l. Klein-Nishina cross section. A plane polarized photon may be

characterized in a frame 2 by its energy k = hvl/m€c2, direction ¥,
(1)

and an electric unit vector e, in the plane n, orthogonal to ¥,

1
(Fig; 1). Its Klein-Nishina differential cross section for scattering

(on a free unpolarized electron at rest in Z) into'a direction within

a¥, of ¥,, with an e-vector e, (in the plane %, orthogonal to ‘1’2) at

2)
angle @ with e, (Fig. 2), i.e., with

e, = cOs B

€€

2

is given by

&(Ye,ez)dyg ='(i2/h)(k2/kl)2{xé-2+h cos” elay, on® g (1)

where K, = ke/kl + kl/k2, k, = kl/{1+kl(1-cos wg)}, and cos §, = ¥ ¥, .

=<l

e =

L
H
xi

(l)For computation, we suppose (‘Yl') ’ (el) given on L axes G = [X,Y,z].
' ) G.
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For a given scatter direction Y, one defines two basic directions

in the plane x, (Fig. 3)

L. ' o et
et = YQXel/|ﬂ2Xel| and e, = et X ¥, | (2)

Note that [Ye,el",ell] form a right-handed set of axes, with e, orthogo-

1
nal to YE’ s and el", which are therefore coplanar. These vectors are
also shown in Fig. 4, where the "plane of scattering" Yl,Yp appears hori-

zontally.

Then, for an arbitrary e, in Ty, We may write e, = A + B, where

A = (eeoei")eiu and B = (ee,ell)ell are its components on e

(1)

l“’ell resp.

Thus, with n,n’ as in Fig. 4, we find cos® ®'= (eaoel)2 = ((A+B)°el)2

- 2 2 2
(A-el)d = (egoel") (el"-el) = (egoel") cos® n’ = (ee-el") 8in’ n

2 2
(e2-el") (1-cos” m), so that

cos® 0 = (e2-el") [1-(Y2°el)2] .

(1)

The n,n’ relation (el"-el)2
using the identity A«(BxC)

1- (‘i’e-el)2 may be verified vectorially,
c+(AxB) = B+(cxa).
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FIG. IV.h

In these terms, (1) becomes

o(¥,,e,)ar, = (r2/4) (i )k Y (K, -2+h(e, e “)2[1-(‘1' ve; )2} ay (3)
o1&/, = Kol ) 1Ky 2" 2'%) 2*

We assume that, for each Yz, e, must be exactly one of the two vec-

tors elll or ell. From (3), the cross sections for the two corresponding

events are

(£2/8) (1, /1) )P{ K p2-b (¥ o) )T, -

A 1
o(‘i’z, e )e.*y2

(&)
z o(‘i’z,el-’-)d‘k’z = (rg/h)(kz/kl)g{xz-z}dvz. '
Their sum is the cross section for ¥, scatter,
oY )ar, = (r°/2) (/i ) (Ky-2(¥ e, )Yy . (5)

Introducing spherical coordinates Vs, relative to the axes G, with

X = ¥, Y = e,, we have (Fig. 2)

¥, = (cos ¥y, sin ¥, cos @, sin y, sin,meni; e, = (O,l,O)if - (8)
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so that Y2~el = sin ¢2 SRR

For these coordinates, (5) reads

O(Y2)d‘y2 0"(11]2,(@2)('1(005 ‘!’2)6“)2

2 2 2 2
(r /2)(k2/kl) {Ké-e sin” §, cos mg}d(cos ¢2)dp2 (7)
where we note the non-uniformity on the "¢2-cone."

Integration on O = ®, < 2x then gives

o(we)d(cos We) nra(k2/k1)2{Ké-sin2¢2}d(cos ¢2)

as the cross section for scattering within d(cos ¢2) of the y,-cone about
Yl. (Fig. 2.) This is identical with the cross section of Note 22.&,

from which one may obtain the "energy" cross section 3(k2)dk2 and the

total cross section ¢, just as indicated there.(l)

2. Simpleminded Monte Carlo. One may follow a single (kl,Yl,el)-

Photon through a Compton collision as follows:

a. From k., one obtains and cos ¥, as in Note 22.k4,
' : 2

b. cos we is then obtained with good efficiency from (7) by the

standard rejeqtidn technique, applied to the rectangle enclosing the

curve

f@pa) = Ké - 2 sind we cos” mz, 0 < w2 < 21t

(See Notes 1-4 for details.)

(l)For simplicity, we here use subscript 2 in place of 3.
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C. (Yz)_ is next obtained from (6).
a

d. By (4) the relative probability of e, = el-L is

(Ké-2)/2{Ké-2 sin® wa.cosa o}, by vhich the alternatives e, = el-L or

= i
¢2 = el gre sampled.

e. The G coordinates (e2)_ of the e

5 selectéd are obtained from
& .

(6) end (2).

f. If (Yl) and (el) are the incident vectors on given 1 axes G,

G G
then the rotation &, of AIII, Cor. 2, with matrix
= () () ()% (o) ]

- takes the axes G into the axes G on which ¥, and e, are known from (c),

(e). Hence, (‘i’z)(1 =.bl(Y2%T, (eg)cL = Dl(e2¥5 give the direction and e-

vector of the scattered photon on the original axes G (AITI, Th. 1(a)).

3. Stokes parameters. If one is not concerned with the e-vectors

as such, but only. in the successive changes of direction ¥ of a photon

beam (ﬁpon vhich its energy depends) a much more ingenious method is

available.(l) |
Under our basic assumption, those photons of an initial "pure"

(kl,Yl,cl)—beam which scatter in a common direcllon ¥, will be of two

Ve method, described in part (5) below, is apparently due to L. V.
Spencer, C. Wolff (Physical Review, 90, 1953, 510-514); the version
here is due to G. I. Bell, who discovered it independently.
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kinds, having e=-vectors el" or ell, in the expected ratios defined by
(4). Always following that portion of the beam which scatters in a
common direction, we should expect in general (cf. Note 5) after n col-
lisions a composife residual beam with 2° e-vectors, all orthogonal to
the final direction. It seems.sufficient therefore to consider mono-
energetic (kl,Yl)-beams with a finite number of discrete e-vectors eli.

The "Stokes parameters" Ql,Ul appear here as two numberé, dependent
upon the e-vector composition of such a beam, which (a) suffice to deter-
mine its probability P(‘i’e)d.‘i/2 of scattering direction, and (b) serve to
determine, for that part of the beam which scatters at Y2, the accompany-
ing Stokes parameters QE’U2 required for its next collision. The follow=-
ing argument is intended to make plausible this point of view.

Consider then a composite beam of (kl,Yl)-Photons, Sli denoting the
fraction (ZSli = 1) having their.el vector eli(i = 1,...,N) at angle nli

from a specified direction e ° ("stokes vector") in the plane

1 1

nal to Yi (Fig. 5). We now fix attention on a particular direction Y

orthogo-

2

of scatter

=y,

Z FIG. TV.5
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with coordinates

Y, = (cos ¥,5 8in §, cos ®,, sin ¢, sin mz)_ (8)
G .
1
on the axes ﬁi with‘ii = Yl, and Yl = elo, the given Stokes vector. On

these axes we have also

et o (0, cos n i, sin n 1) (8a)
1 1’ 1l ‘=
G
1
whence ¥ _ee.t = sin ¥, cos ( ) ' : (9)
: 2°€1 2 Py /e |

For the fixed Ya, and each eli, there are then two possible result-
ing e-vectors

iL

€1

i il i1
1 | and e = el

o1
= ‘1’2Xel /|YQXe 1

x ¥, (10)

for the scattered photon (Fig. 6). Their associated probability density.

functions are seen from (4) to be
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il

2 }
{§K2+1-2(w2-e11) jay,/9,
‘ (11)

,p(‘i’e,elil)d‘lfg {$,-1) a¥ /9,

vhere J, = 0/(r2/2)(k2/kl)2 is a function of y,.

Hence, the probability of a beam photon having e = ell, scattering

. Ay il iy
to ¥,, and haviog e, = e;”", or ¢, = ¢,

y are given by
i il i iy
5, p¥yeg Ja¥, and S; p(‘i’e,ell Jay,,. (12)

The sum of the two is the probability of a beam photon having

e. = et and scattering to ¥, (cf. (9)), namely

1 1
i i 2 i 2 2 i
81 {Ké-E(Ya-el ) }dY2/02 = S, {K2-2 sin” ¢, cos (mz-nl )}dY2/02

L i . 2 . 2 ﬁ 1
w2 Sl {KE-SIH ‘l‘z"ﬁln ‘1’2 ~Ns ?("ﬂ.‘:."nl )}dwz/',e'

Summing on i yields the probabllity of a beam photon scattering to Y2

) .2
P(¥,)a¥, = {K,-2 Zsll(‘fe-eli) Yay, /9,

’

{Kﬁ-sin2 q;a-sin2 $22:Sli cos E(wz-nli)}dyg/dp. (13)

'Therefore we may write

P(Y,)aY, = p(‘i’p)d‘i’2/02 . (1)
2 2 _
where Q(Ya) = K2 - 8in ‘1’2 - sin w2Q(cp2) (15)
Q(cpe) = Q, cos 2p, + U, sin 2p, (16)
and Q, = z sljL cos 2qli, U = z sli sin 2nli (17)
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are the "Stokes parameters” serving alone to determine P(Ye)dY2 for the

composite beam. For later.use, we also define here

U(we) = - Q, sin 2g, + U, cos éqb. (18)

L, Stokes parameters of the scattered beam. We now regard the

(Ye,Y2+dY2) scattered beam as a new source., Of these photons, the frac-

i
1l

i,

1 aTe, By (11), (12),and (14)

and e, = e

tions having e, ='e 5 =

i 1 e 42
5,7 = (8 /o (¥ )){EKr1-2(¢ 50, 7) ]
| | (19)

5,2 = (8,0 (1) (3K,-1)

1.1
vhere X (S +S, ) = 1.

2
Now the argument establishing (14-17) was quite general, and we may

interpret it for the next scattering once we have refeerred the vectors

to a basic Stokes vector e.C in their plane. This we take to be the

e,
vector (Fig. 6)

2

(o]

€

(cos(¢2+9o°), sin(w2+90°)cos ®ss sin(W2+90°)sin mz)

(20)

n

(-sin‘wg, cos ' §, cos @y, cos ¥, sin m2%§
' 1

on the axes Gi!

4

~ Accordingly, we define n21 and nai = nai + 90°,as-the angles from

il and e it
€ 1 1

/in Fig. 7, vhich is the exact analogue of Fig. 5.

© to the vectors e resp. The new source then appears as
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FIG. IV.T

It is clear that we may write at once the probability for Y., scatter

3
of the new source in the forms of (14-17):
P(‘i’3)d‘1’3 = b’(‘i‘3)d‘k’3/03 (2;)
, - R
with p(Y3) = K3 = sin’y; - sin W3Q(m3) (22)
Q(w3) = Q, cos 2qé + U, sin 2w3 : ' - (23)

Y ! « ! 7 .
where now 8, = Z5.% cos 2n i +-2b‘,1 cos 2, = Z(S,i esri)cos m. 2t (2h)
2 5 2 2 =M n Py Mz

/’ 4
. ~ i i, . i
and similarly U, = Z(Sz -5, )sin an,” .
These are the Stokes parameters tor the new beam, determining the

probability §(Y3) for the next scattering. From (19) we see that

szi' -8t = - (2Sli/p (‘i’2)> [1—(?2-eli)2]a 2s 'r o /oY)

2 ‘
i - . 2 2 i
where ve have set R, = (Y2 1 1) =1 - sin ¥, cos (m2—nl_). (25)

Thus from (24) we have, for the new Etokco paramcters,

Q, = - (2/r>(Y2))ZSliR2 cos 2n2 » Uy = - (2/0(y ))Zis sin 2n2 . (26)
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It remains to verify their relation to the previous ones Ql’ Ul’

nemely, §,={- s1n2¢2 + (l+'cosa¢2)Q(mé)}/o (¥,)

(27)

At
I

o = 2 c08 Y Uwy)/o(¥y) \
vhere the functions indicated are those in (15), (16), and (18), depend-

ing only on ¢2,cp2 and Ql’Ul'

. 7 '
To do this we must relate cos n 1 e.lee 1L to cos n 1 = e . i
. 2 2 1 é‘l 1 1
2 3

11 1 1, ! > i
Now e, = ¥ Xe /|‘i’EXe:L |, vhere |‘£’EXe:L | = <l--(‘i’2 e ) = (R2 ) as
(1) (, 1 ¢ 1 o 4y iy_ 1,0 N
in (25). Hence (R2 ) cos M, = e, .(Yaxe ) = e; (e2 x‘i’a), and it

is easily verified from (8) and (20) that e2° X ¥, = (0,8in ®,,-Co8 cp2)_ .
G

. . 1
From (8a) therefore we have eli-(eeox‘i’a) = sin(cpe-nli). The required

relation is then

. 3
cos " = sin(cpgmli)/(R Y (28)

I

I
whence cos 2n2 = 2 cos n2 -1l= (R i) {2 sin (cpe-nli) -1

+ sin 11:2008 (coa-nl B} = (R i) {l-(l+cos ¢2)cos (cp2-n1 )}

¥rom (26) then, p(¥, )Q = LS_L {-2+(l+cos wa)ll-i-cos 2(cp2-'nli)]}

- sin%lr2 + (l+cosa¢2)[(_251i'cos ,2r]li.)cos 20, + (Zsli sin Qnil)sin 2cp2]

- sinaq;e + (l+<:osgl11;_,)[@),l cos 2,+U,sin 2%] = - sin2\112 + (l+cos2\1:2)Q(f02)

as claimed in (7).

(l)A'(BxC) = C+(AxB)is vector identity.
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For 52 we shall require

7

= sin(n21+900) = cos lei =e°

i
sin My 2 %1 T %

o) it ' jL o) i . o i
Y, (e:2 xe, ) = e -(‘1’2><e2 )A = (‘i’zx}el )"(‘{’,&,xe2 )/(R2 )

1

(ellx‘i’e) -(e2°x‘1'2)/(R21) .

We have just seen that eeox‘i'2 = (0, sin ®ps =COS cpz)__ , while reference

a
. 1 .
to (8) and (8a) shows that ¥ xe = = (#,cos b 8in nl’L,acoc ¥ c0s nll).
Henée
. i’ i i
sin n,” = cos ¥, cos(t:pednl )/(R2 ) . (29)

From (28), (29) then

. -l
, i . i i
= a(R2 ) cos \Lv?cos(cpe-nl )slu(cpe-nl )

[4 ! !

sin 21‘]21 2 sin nel cos nQi

1

iy" . i
) cos ¥,sin 2(r,02-nl )

(132

Turning to (26), we have finally

/

- i i i . i i

p(‘i’g)U2 = - 2281 R, sin2n, = -2 cos y, ZSl sin 2(p,~n,")
=2 cos Y, {-(LS eos 2n 1)sin 2¢q, + (LS 1sin an 1yeos 2 }
= 2 1 1 % 1 1 %>
= 2 con 1112{ ~Q.,81n 29,+U, cos A»2rpd} E 2 cos qx,:,_n(cpe)

as in (27).
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5. Stokes method. One follows a beam of (kl,Yl)-photons through

a Compton collision as follows:
Initially, one must assume known its e-vector composition, and com-
pute Q ,U; by (17). For a beam initially "pure" (i=1) one may take

Q, =1, U, = 0. ‘At a given collisicn we sﬁppose known kl,(Y ) , the
1 1 , g

Stokes vector (elo) s and the current Stokes parameters Ql’Ul of the
. G '
bean.
(a) One obtains k,, cos §, as in (a) of part (2) above.
. (b) o, is then obtained from (15) by rejection technique, applied
2

to the rectangle enclosing the curve p(cp2) = K, - sineill2 - sin2¢2Q(cp2)
where Q(tpe) = Q,c08 2, + U;sin 2q, (Notes 1-4).

(c) (‘1’2)_ and (e2°)_ are obtained from (8) and (20), on axes Ci'l!

Gy Gy

(d) New Stokes parameters are computed from (27).

(e) The new direction and Stokes vector on the original axes G are

| (Yz)a = Dl(‘fz)& ’ (e2°) = Dl(eao)_ , where

1 G G,
D, = [(¥,) ,(e.®) ,(¥)) x(e,®) |.
1 [ A I s
Notes IV,

1. "Rejection technique." Let M be the maximum of a probability
density function for x on its domain (a,b), with d = b - a. Then a cor-

rectly distributed x is ohtained by successively "throwing" pairs of
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random numbers r,r’ on (0,1) and accepting the first x = a+rd for which
p(x) 2 Mr’. The "efficiency” of the method is e = fbp(x)dx/Md. If m
is the minimum of‘p(x), it ‘is trivial that e = fb(pa(.x)-m)dx/(M-m)d.
These remarké a.ppiy equally well to-any fu.nctionaf(x) = kp(x), k> 0,

2. For the function £(yp,) = -2 sin2\{; cosch on (0,2x), we have
2 . 2 2

2n

M= K;,, m = Ke-e sinzlliz,. d = 2r, and an efficiency e = f (l-cosacpz)dcpg/2ﬂ ‘

o

2n 5
= f sin cpzdcpz/&t o 1/2, with the ebove method.

) .

. 2 .. 2 s
3. For the function p(cp?_) = K,-sin"{-sin q;a(Qlcos 2p,+U, sin Etpa)
2

on (0,2x) we may write p(cp2) = A-B cos 2(cp2-cpo), vhere A = K,-sin"{, and

%
B = sin2w~2(Q12+U12) , the meaning of Py being obvious. We see from this

form that M = A+B, m = A-B, the rejection technique again having e = 1/2.

4. 1In applying the method of Note 1 to the functions f(cpp),p (v,) in
steps (b) of parts (2), (5) sbove, it may be noted that, instead of "throw-

ing" P, = enr and then computing the required functions cosecp2 or cos 2@2,

sin 2cp2 one mgy use von Neumann's device for "throwing" directly for the
cos ®,, sin @, of a v, uniformly distributed on (0,21), and then comput-

ing cosecpe or cos 2cp2(= cosecp,,-sin2cp2), sin 2cp2(= 2 sin p,cos ©,)« The

device referred to (itsclf a rejection method) goes as follows: Of a se-

quence of random number pairs (r,r') one accepts the first for which

s=1o+ (r')°s 1, and defines cos @, = (r2-(r')2)/s, and sin @, = + 2rr'/s,

each sign having probability 1/2. The "efficiency" here is exactiy a/l.
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If the device is used in conjunction with the methods of Notes 2,A3, the

overall efficiency is of course reduced by this factor.

5. The argument of parts (3,4) does not require that the e-vectors
be distinct, e.g., in one 90°_scatter1ng, all e-veétors present collapse

to two.
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LY

t:

[

2.997925 x 10

3.0856 x 10

TABLE I

Some physical constants

-1
cm sec
6.62554  x 10727 erg sec
4.80296 x 10730 egu

9.1090%k  x 10728 gn
«5110058 Mev
6.670 x 10'8 gm-l cm3 sec'2
<18

3.2 X 10 sect = 100 Ku sec'l/Mpc
1.38053 «x 1076 erg/x

2.892616 x 10™* esu = 96487.27 C
6.02257  x 10°3 A
8.3143  x 107  erg/k

1.05449 X 10727 erg sec

.5291659 x 10 cm
2.81776  x 10713 e
02426206 x 1072 cm
9.2731%  x 107°% erg/gauss
Units
10713 cm (fermi)
10-8 em  (RAngstrom)

149598 x 1033 em (Astron. unit)
9.460 x 10'7 em (11ght year)

1B aa 3.262 LY (parsec)
106 pe (Megaparsec) '

3.16 x 107 sec (yeur)
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speed limit .
Planck's Constant

charge quantum

electron rest mass

electron rest energy

gravitation constant

Hubble's cuusluul

Boltzmann constant

Faraday (2c)

Avogadro's number = F/q ()

Gas constant = N_k &)

Angular momentum unit = h/27

1st Bohr radius o ha/meq2
electron "radius" = 2/mec2
Cuiipben e-wave longth = h/meo

Bohr magneton = qh /2mec

C  ¢/10 esu (coulomd)
v 108/0 esu volt (Volt)
Mev q x 10™%/c & 1.602095 x 1076 erg

amu 931476 Mev (120 atoiic mass unit)



A few “elementary" particles

TABLE II

approx. Mean life
e ‘(Mev) m/me (sec) Main mode
Baryons | Hyperons | 1320.8 2585 | = 2t | 1.3x20™° | 3T« p%4n”
Tet - 1314.3 2572 = |z° 10710 224 7%+ n°
197,08 | 233 | T Tl 16x10° | T wnlen
1192.4 2333 2 < 1072 Par®ay
neg.k1 | 238 | ¥ Tl x| Fa®ent
11540 | 2183 2° | a° 26x10°0 | Aoapten
Nucleons 939.550 | 1839 2° | o° 1013 2° -3+ Ve
‘ 938.256 | 1836 | »* > o
Mesons %498.0 975 lq Ei 91 x 10710 xc_'i - et
JwuoO Lo3.8 966 x K 1.2 x 1078 K -ut+ v,
139.60 273 n nt 2.6 x 1078 e u”+y
135.00 | 264 ° 1.8x 108 | f®ayay
Leptons | Muon 105.659 , 207- . u" 2.2 X 10'6 M =€ +V_+V
. family , » - -
Jm=p 0 0 AR
'| Electron .511006 1 ¢ e ©
family 0 o Ve v R ®
Fhoton
0 0 ®
Jml

. Note. The numbers are of course cbsolete, but serve well enough for various examples.
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TABLE III

Some neutral atom rest masses

am half life

=]
o

1.008 6654 12,8 m (¢7)
1.007 82522,

[

r L
[
—_ i

2.014 1022

L

k 13.016 Oligh 12226 ¥ (¢7)
gﬂe 3.016 0299 '
:anj L .002 6036
;’u 7.016 005
:ZBe: 7.016 931 53.6 & (¢~ cap)
:ﬁBej 9.012 1686
[5e] 10.03535  25x 25y ()
[1355] 11.009 3051
(] m.omus 204 m (¢%)
[120] 2 | | *Jf.c scale: 1 ami = §31.h76 Mev
[120] 13.003 354 |
[ngc] 14,003 2419 . 5720 Y (&)
[1’7'11] 14.003 O7kk
:lgo] 15.95% S1k9
[lgo] 16.999 133
:lgs'] 18.000 950 10 m (¢*)
[(l] 269853
(329 9B 2.5 m (¢*)
(] esosss 1a3x’y
| ["’ggu] 236.045 73 2.4 x 207 ¥ (a)
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TQT

(a) (v,a)ya') =1

(L) R =
W) V=
(¥) Y =
(M) P=
(cPE) cP =
(F) F=
(M) M=

R’ + {BOR' -‘&'°+You°t"}‘i’°

TABLE IV
Vector forms of the transformations

5, Y, -1

t= Yo{uoc-aR' -‘i’o-l-t']

1y=Lp.., ’, ’ 2,0,
(v ) velo v ¥y u by ] a’ = {u ey 4]

=1y r, | " P ' 12 .-2 ’ 2
(yon Y Ly +{so~r ¥+ p ]YO] D’ = {(¥ ¥ +p )+\(o (1-(Y o\ro) )i

’ AR ‘ ’
P’ + {aop Y°+y°u°M}&fo

g 4 o . 4
cP’ + {SocP ¥+ B E }‘i’o

4

)

uy/v’
M = "Yo{ uoc-zP' °Y°+M'}

o o v, ’
E = Yo[BocP ¥ +E ]

1yv=lr_, ., =int gt < : ’
(v 2" ) F'+ (5 F' ¥ +y B c Ty } ] ‘

7 4
M yod

4 !
(E) E=E'ya

N2.2

N3.1l

N3.2

Nkl

Nk .1

Nk .2

§h

§3



