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r This "notebook" i s  t h e  r e su l t  of an attempt t o  organize the  basic 

ideas and formulas of special  r e l a t i v i t y  in to  a form convenient for  

Monte Carlo treatment of r e l a t i v i s t i c  systems of point p a r t i c l e s A  

Some mathematical s idel ights  have been included which may in ter -  

e s t  the  beginner, as well as rouse the  i r e  of physicists, who certainly 

should not take them seriously. 
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. DYNAMICS OF A POINT PARTICLF: 

1. The parameters of a particle. In an inertial frame C of events 
/ 

(~,t), a definite type of particle (i) is assigned a constant charac- 

teristic mass m Z 0. For a "material" particle (electron, meson, 
7 i 

nucleon, * * * )  m is positive, being the "rest mass," or mass of the 
i 

particle at rest in C, whereas an "immaterial" particle (photon, neu- 

trino, ) is assigned a ch. mass mi = 0. 

. 
A particle moving on a trajectory (Ri(t),t) has velocity Vi = Ri, 

and speed vi = (V ( 2 0. If mi = 0, vi has the constant value 
i 

c * 3 x 10l0 cm/sec, but is confined to the range 0 L vi < c if mi > 0. 

2 5  
It is customary to write f3 vi/c, and, for m > 0, also yi = 1/(1-pi ) . i 

At time t, every particle has a positive mass Mi = Mi(t). For a. - 
material particle,. Mi is speed-dependent, being by definition 

. , 

However, the mass Mi of an immaterial particle is an independent parame- 

ter, which may have any positive value. 

The energy of a particle is defined to be ii r M cP > O, its 
i i ' 

2 characteristic energy ("rest energy" if mi > 0) being ei m c . 
i 

The excess k Ei - ei of E over e is called the kinetic energy 
i i i 



of the part icle.  

The momentum of a part icle i s  defined as the vector Pi = MiVi, of 

magnitude pi = I pi( = M ~ V ~ .  

A par t ic le  with vi > 0 a t  time t has a well-defined direction, 

namely, the  unit  vector Y = vi-lVi = pi-$i, of magnitude 1 Y 1'  = 1. 

If the spa t ia l  trajectory Ri = ~ ~ ( t )  i s  so parameterized by arc-length 

s that  dsl/dt > 0, then the relation'  i 

shows that vi = dsi/dt, and Yi = dRi/dsi, the l a t t e r  being the geometric 

direction of the trajectory tangent. 

F'inally, every part icle is assigned a frequency vi = ~ ~ / h ,  and ( i f  

vi > 0) a wave-length hi = h/pi, where h i s  Planck's constant. Note 

here that  

v i a  equality (bpi = c )  I11 cs8r a. = 0. 
1 

We are  able t o  t r ea t  part icles of both kinds (mi P 0 )  i n  a uniform 

way by vir tue of the  f olluwing basic 

Theorem 1. A number M and vector P are possible vaues  for the 

mass and momentum of a part icle of ch. mass mi i f  and only i f  they sat- 

t e f y  the "validity condit%on" 



Proof. Case 1. (mi > 0) By (l), the mass Mi = miyi > 0 of such 

2 2 
a particle satisfies the equation Mi pi = Mi 2 - mi 2 ; hence pi2 M 2 v 2 

i i 

= c2(~i2-mi2) as in (2). Conversely, (2) implies that a velocity V, 

2 -2 
defined by P = MV, has magnitude v = I v I  C c, and that M = mi/(l-v c ) 

44 

as required by (1). 

Case 2. (mi = 0) Here, condition (2) is equivalent to M > 0 & 

I PI = Mc, which obviously obtains for the mass Mi and momentum Pi 
MiVi 

of an immaterial particle. Conversely, defining V by P.= MV for such a 

pair M, P, we have M >  0 and ( v I  = c, which is all that is required of 

an immaterial particle. 

The net force acting on a particle is by definition Fi Pi, a free - - 
particle being one with Fi 0, hence w i t h  Pi, Mi, and V constant on its 

i 

straight line trajectory ~ ~ ( t )  = 
0 

Ri + Vit. 

The wmetem(Pi, Mi, mi), although dependent, as required by the 

validity condition (2), do completely characterize a free point particle 

at an event; (~,t). They are adopted because of their intuitive relation 

to classical mechanics, and the simplicity of their transformation to 

other inertial frames. 

The closely related energy-parameter s " expressed 

any convenient energy unit, are pr-eferable ih computations, and may be 

used interchangeably, by an obvious scaling. 

For example, one -may verify the basic relations: 



1. The work done by a force Fi on a particle between mlnts 1 ard - 
2 of its trajectory is 

2 
Differentiating (2), one has *pi = ~ ~ l ; ( ~ c  . Since $i Fi and Pi t ~~6~ 

w i t h  Mi > 0, this implies 

Consequently 

Classically, for a force F = - grad @ (R) , we have also 



In such a case, it follows that E + Q and k + Q are constant on the 
1 0  

trajectory. 

2. A positive electron E+ of charge q esu (TABLE I) in an electro- 

static field due to a potential V ( R )  esu volts is subject to a force 
J 

F =  - grad qcp(~) dyne. If the difference in potential between points 

8 
1, 2 of its resulting trajectory is 10 /c esu volts (= 1 practical volt), 

the corresponding k.e. increase is 

8 - 12 
~k = - A (qcp) = q(10 /c) = 1.602095, x 10 erg 

a unit of energy called the electron-volt (ev) 

3 1 Kev = 10 ev 
6 

1 Mev -= 10 ev 9 1 Bev = 1 Gev 5 10 ev. 

3.  From cpihi = ch and Eq. (3), one obtains the numerical relation 

(dm Bev) X (hi in f e d )  = 1,.239806. 

For example, a 1.24 Bev electron has wave-length h. 3 1 fermi (= 10-l3 cm) . 
1 

4. The Compton wave-length hc of a material particle of rest-mass 

m. > 0 is ;ul intrinsic paziameter, defined as the wave-length of a photon 
1 

having energy equal to the rest-energy of the particle: h(c/hc) = ei 

2 One may show that 
= m.c i.e., hc = hc/ei = = h/mic. 

1 

where hi is the wave-length of the moving psrticle. 

. , 



The value of hc may be obtained from the relation (ei i n  ~ e v )  

x (Ac i n  fermi) = 1.239806. The Compton wave-length A of the electron 
E 

is  given i n  TABLE I, as  well as  i t s  mass m i n  grams and its ch. energy 
E 

2 
e = m c i n  Mev. 

€ E 

5 .  For the k.e. of a material particle, one has the convergent 

ser ies  

2 
ki = mic (yi-l) = m.c 4 + ' * * $ = ~ m v 2 { l + t p : +  2 i i  * * * )  

from which one may see that ki > m v * unless vi = 0. 
2 i i  

2 1 2 
Mathematical side-light: The inequality mic (yi-1) > 5 mivi may 

be written i n  the form 

and 86 deduced Frum Ult: clerssical inequality (with n - 3 ) :  

n l /n 
For a r 0, (n a )  < ( c a  ) / n u n l e s s a l l a  are  eiual. 

J 1 il J '.I 

6. I f  a part icle of r e s t  energy ei = 500 Mev has k.e. ki = 800 Mev, 

i t s  other scalar parameters may be obtained as fol lars:  

Ei = ei + ki = 1300 Mev Y, = Ei/ei = 13/2 

hi = 1.03 f .  (Note 3 )  hc = 2.48 f . (Note 4) 

If required, vi = pic = 2.77 x lolo cm/sec, and the conversion 1 Mev 

4 
1.6020g'j x 10 erg, w i t h  the  appropriate constants of TABLE I, yield 



. . . . 

pi = cpi/c = 6.41 x gm cm/sec 

10 
Note that Aivi = 3.25 x 10 cm/sec > c and ki = 800 ~ e v  > 

mivi 2 
.. . 

= eipi2 = 213Mev.* 

7. (This, and its "application" in Notes 8, 9, are mathematical 

"recreations. " Any resemblance to gbysics is purely coincidental. ) 

A particle ,of ch. mass m starts from R = 0 at t = 0 with initial 

momentum Po = poYo, po = M v , and is subject therefore to a "friction" 
0 0 

F = - HP .where H > 0 is a constant, Then, for t S 0, 

and, since P = MV = ~(d~/ds) (dsldt), (ds/dt > 0) we have 8 = sYo and 

p = M v =  poe-Ht where v = ds/dt. 

2 -2 -* 
(a) If m > 0, the relation M = m(1-v c ) then implies 

?! 
v/c = 1/(1+(1nc/p~)~e~t) = l/f(t) - 0 whence M 4 m 

and k -. 0. Integration yields . 

s = (c/~R) an (f(o)+i)(f(t)-i)/(f(o)-i)(f(t)+i) 

with limit (c/2H) ~n.(f(~)+l)/(f(~)-1) as t + m.  

(b) If m = 0, then v c, s = Ct, and Mc = Moce-Ht, 

-Hs/c + 0. E = hv = hvoe 



8. ( ~ u b h l e  I s  law. ) In  astrophysics, the  absolute magnitude M of 

a point l i g h t  source G of luminosity 5 erg/sec i s  defined by ( 5 / 4 n 1 0 - ~ ~ ) / @ ~  

2 -- M 44 2 
= 10 , where Q 0  i s  a standard f l u x  (2.4 x 10 erg/Mpc sec) .  If @ 

i s  i t s  observed flux, then G i s  said t o  have apparent magnitude.m, where 

2 -- m 
2 

@/go ' 10 , and luminosity distance ~ ( ~ p c ) ,  where Q . 5 / 4 n ~  . These 

parameters are therefore re la ted  by the  ident i ty  

m = M +  ; i > +  3 l u g 8 .  ( 5 )  

A f r i c t i 6 n  F = - HP ( ~ o t e  7) noting on t h e  No photons, of average 

energy hvo, emitted per second by a source G at (constant) distance s, 

would imply a f lux  Q = Nohvoe 
-HS/C 2 2 S/R 

/4ns = $/4ns e (R a C/H ~ p e )  

and hence a luminosity distance D = se  Moreover, t he  l igh t  received 

would exhibi t  a "red s h i f t "  

I n  terms of z, we see t h a t  U = R ( ~ + z ) *  hn(l+e), co t ha t  ( 5 )  gi.ves 

5 m = M + 25 + 5 log R + 2 log ( l+z)  + 5 log log (l+z) + 1.811 (7) 

fo r  t h e  apparent magnitude m of a motionless source of absolute magnitude 

M showing s red s h i f t  z > 0. 

I n  rea i i ty ,  & amrox lmle  *elation (nubblels law) 

(K = C/H '- 3000 Mpc, H zz ' 100 (~m/sec )/Mpc is  found t o  ex i s t  between the  

observed red s h i f t  of l ight ,  of normal wave length Ao, received from 



an "average" galaxy (M = - 20.3), now at estimated distance's. Measure- 

ment of z is relatively clear cut, whereas the estimation of s 1s very 

ambiguous. For distant galaxies, m and z are the observables, .the func- 

tion (M. L. Humason, et al., Astron. J., 61, 1956, p. 149) m = 5 log cz 

- 1.182 - 5.81 having been "fitted" .to the observations for 
5 

3 < w log cz < 5, (c = 3 x 10 ). The f'unction m = m(z(w)) in (7) has 

the same general features (dm/dw S 5; dm/dw -. 5 as z -r 0 ) , and numerical 

agreement is surprisingly good for the orthodox values R = 3000, 

M = 20.3, i.e. for' 

m = 23.9 + 5{* log(l+z) + log log (l+z)). (9) 

For .the quasar 3C9, with reported .m = 18.2, z = 2.012: (J. B. Oke, 

Astrophys. J., 145, 1966, p. 6691, we find from (6) and (7)  a distance 

s = R b(l+z) = 3300 Mpc, and an absolute magnitude M = - 25.6. 

9.  (Olberst mradox.) Suppose infinite Euclidean space has a uni- 

3 form density of no motionless point galaxies per cm , each of luminosity 

L = N,hv0 er&/sec, as in Note 8. Such a gal-, at distance s from earth, 

2 2 
produces a flux @J = ~/4ns erg/cm sec (in the simplest model), of which 

the earth, of radius rE, receives nr times this. Multiplying by the 
E 

2 
number no(4ns ds) of galaxies in the "s-shell" about earth, integration 

on r < s < w, and division by the surface area 4nr of earth gives the 
E E 

infinite result 

1 

,' 



q = 1 & nosds erg/cm2 sec. 

r 
E 

Assuming the  f r i c t i o n  of Note 7(b) ,  we should use instead the ga- 

l a c t i c  f lux  g = (L/4rrs2)e-~S/c of (8), w i t h  the f i n a l  r e su l t  

with no = 10-75 ga lar ies /cd ,  s = 4 x 1 2 3  erg/sec (M = - 20.91, and . 

-1 
H = j .24 x 10-l8 sec (C! . W . Allen, Astrophysi.ctr1 ~yantlties, Univ . 

-4 2 
of London, .Athlone Press, 2nd Ed In. 1963), one f inds cp = 10 erg/cm 

aec, which i. f a r  too grea t  ( j u s t  v is ib le  f lux - loo7, m = 6) .  

10. The ' r e l a t i v i s t i c  parameters of a pa r t i c l e  a re  exploited 

(rather naively) i n  Appendix I t o  obtain physically correct properties 

of a "gas" of such par t ic les .  

2. The Lcrentz transformation. Let C and z' be i n e r t i a l  frames, 

the  position space of C' having constant velocity Uo of magnitude 

uo r I u0I , < c, r e l a t ive  t o  C. For such frames, the  Lorentz t ransf  orma- 

t i o n  defines a one-to-one correspondence - 

between a11 events of and z', corresponding "four vectors" being re- 

garded as the "same event," as it appears i n  the  two frames. 



Parallel spatial axes 8,8' may always be chosen so that the spatial 

origin 0' of C' moves on 'the X-axis of in the positive direction, its 

velocity Uo having components (U~,O,O)~; snd the time so measured that 

0' coincides with 0 at t = 0 = t' . For this standard configuration, in- 
dicated in Fig. 2.1, the Lorentz transformation assumes the form 

2 *  
where Po - uo/c C 1, and yo l/(l-p0 ) e 1. 

FIG. 2.1 

The inverse of (L) and other transformations derived from it re- 

sults from .the formal substitution - u -. u , , and interchange of primed 
0 0 

and unprimed variables. 



From this simple form, all physically meaningful inferences may be 

drawn.. The most important one is the invariance relation 

existing between corresponding events,' from which we conclude 

and 

r 2 2 '2 
R2 = c2t2 if and only if R = c t (2) 

R2 < C2t2 11 II 18 11 R ' ~  < c 2 t '2 . ( 3 )  

12 
Moreover, if for an event (~ ' , t ' )  we have R 5 c2tj2 - and t' > 0,. 

the same relations govern the event (~,t). For, in the formula 

t = yo(uoc-2x'+t' ), we see that 1 x' 1 B I R'( ct' while uo < c .  Hence 

(uoc-%'I < t', and t > 0 .  In this way we establish the further result 

2 2 2  
R B c t & t > 0 if A d  only if R ' ~  S c2tl2 & t' > 0. (4) 

i 

These are formal properties of the transformation itself, which will 

assume added significance in $4. 

Of immediate relevance here is the "time dilatation" effect, with 

its implications for the life time of a moving particle. Consider two 

I 
times ti c t' at the same point R: in , observed in as times tl and 

2 

t2. 
The situation is schematized in Fig. 2. From (L) we find, for the 

corresponding events 

that . x2 - Xl = . y  u (t'-t') 
0 0  2 1 Y2 - YL = 0 

t2 - = yo(t'-t'). 2 1 



From this we conclude that a free material particle, moving with 

speed uo in x, and having an intrinsic life time T; in its own rest- 

frame c', appears in with a life time 

arid to travel a distance 

= U T  P Y CT'. 
6i o i  0 0  i 

Note the identification of the particle parameters vi, pi, yi with the 

transformation parameters uo, Po, yo, and the significant proportion 

T~/T; = yo = ~ ~ / e ~ .  ' (Energy is the secret of longevity?) 

FIG. 2.2 



Notes 2. 

1. From ( 2 )  it appears t h a t  I R ' I  = c l t ' (  implies I R I  = c l t ( ,  

picturesquely, "the transformation ( L )  takes the  l igh t  cone in to  the  

l i g h t  cone." This may be regarded as the  basic feature of the  Lorentz 

transformation. Indeed, it is well known t ha t  an arbi t ra ry  non-singular 

l inea r  transformation of two 4-spaces with t h i s  formal property assumes 

t h e  simple form (L)  when s p a t i a l  axes a re  properly aligned by rotat ions 

and u n i t s  sui tably standardized. For a generalization, see Appendix 11. 

2. I n  practice, given s p a t i a l  axes are  usually not; 111 ,t;he standard 

configw'atlon of Fig.2.1, and auxil iary rotat ions a re  required i n  order 

t o  apply 'the simple tr&sformation ( L ) .  These are  discussed i n  Appendix 

111, which w i l l  be referred t o  when necessary. An a l te rna t ive  device i s  

afforded by the  "vector form" of the transformation, which may be derived 

i n  t he  fo l la r ing  way. 



If R' i s  a vector i n  Euclidean space, and Y o  i s  an arbi t rary  uni t  

vector, the projection of R' on Y o  i s  

I R ' I  COB 9' = I R ' I  (R'-Y0)/lR'I * I Y , ~  = R ' a o  . 
The component Rfi of R', para l le l  t o .  Yo, is therefore 

R; = (R' 'Yo)Yo (*)  

and the vector R; R' - R i  i s  then orthogonal t o  Y o  s ince~1 .Y = 0. 
0 

Now, if ( R , t )  - ( R 1 , t ' )  are corresponding events i n  the two frames 

C,C' of t h i s  section, and Uo = uoY (uo 7 O ) ,  Y being the  direction of 
0 

re la t ive  motion, we may resolve R and R' re la t ive  t o  Yo a s  indicated 

above. From (L)  we then see 

t h a t  R d o  = yo{ (R1*Y0)  + uit ')  

whence R~~ = (R*Yo)Yo = Y,R; + Y ~ u ~ ~ ' Y ~  

while I 
R = RI. 
I 

Hence R = ,RI + Rll  = R: + yoRI + y u t'l 
0 0  CI 

= R: + R i  + (yo-' l)~i + yo~ot'Yo 

or R = R' + {(y0-1) (~ '*yo)  + . Y ~ u ~ ~ ' ) Y ~  

while t = yo{uoc-2(~'*Yo) + t ') . 



I n  applications' of t h i s  vector form of (L) ,  components of R,R' a re  
. . 

specified on a rb i t r a ry  p a r a l l e l  axes G&' i n  x,C'. Its inveyse; and 

t h a t  of other transformations derived from it (Notes, ' $$3,4).. r e su l t s  

upon the  subst i tut ion - Y o  -r Y o  and interchange of primed and unprimed 

variables.  

3. A par t i c l e  of r e s t  energy ei and energy Ei, which t ravels  a 

dis tance 6. i n  C between b i r t h  and decay, has an i n t r i n s i c  l i f e  time 
1 

2 Q 
N.B. BOYo ' (yo -1) and yo = ~ ~ / e ~ .  

For example, a 8' par t i c l e  (TABLE 111) of r e s t  energy 1314 Mev and 

k.e. 545 Mev t ravel l ing  3 cm i n  i t s  ,?, l i f e  time has an i n t r i n s i c  l i f e  
" 

time r ! 10 -lo sec. 
1 

4. I n  order t o  cover a distance Si > 0 i n  Z during an i n t r i ~ l s l e  

l i f e  time T;, a pa r t i c l e  must have speed 

8 
and energy 

Ei 
e { ~ + ( B , / ~ ; ) ~ I  . 
i 

Thus an earth dweller with 40 Y t o  llve,i4ho wishes t o  v i s i t  a- 

Centauri, 4 LY away, must t r ave l  at.  the modest speed c / . ,  w i t h  a k.e. 



5 I f  h i s  rest-mass is  mi = 10 grams (neglecting the  ship!) then ki = 

500 c2 erg (1 kilo-ton high e ~ l o s i v e  yields - 4 x lo1' erg) .  

5 .  If a source of photons a t  0' i n  E' ( ~ i g .  2.1) emits two photons, 

i n  direct ion Y ' = ( 1, 0, 0), at  times t; > ti > 0 resp., t h e i r  times 

T2 > T1 > 0 of a r r iva l  at  0 i n  w i l l  have the  difference 

- '  Hence if t he  source emits N' such photons/sec, ' t he  number N per sec re- 

ceived a t  0 i s  

This i s  precisely the  formula governing the  energy degradation of each - 
photon, but i s  quite  an independent effect . ( ~ f  . $5, ) 

6 .  A statement dual t o  that connoting time d i la ta t ion  reads: - 
Consider two points R;, R; a t  the same time t; i n  z t ,  observed as the  - 
points R1, R2 i n  C. For the corresponding events 

w e  obtain from (L) . . in  %his case 

When interpreted as  referring t o  simultaneou,~ observeions i n  C' - 
'4 

of the  ends of a rod i n  i t s  own r e s t  frame z, we f ind  t h a t  - 



. . 

i.e., the dimension in the direction of relative motion appears less 

. . 
by factor yo1 in . (Fitzgerald contraction. ) 

3 .  The velocity transformation. If (~~(t),t) - (~;(t'),t') are 

I 

trajectories in %Z , with component events correlated as in $2, then, 

via (2L), the system 
. . 

defines a tl-parameterization of the trajectory (~~(t), t ) . Since 
d.Ri/dt = (dIIi/dt1 )/(dt/dtl ), we obtain the (non-linear ! ) transformation 

for the instantaneous velocities V = dRi/dt, V; = dR;/dtl. (referred to 
i 

standard axes) at corresponding events on the two trajectorfes. Note 

that uo < c, and 1vixl S Iv;( S c (assumed in Z1) insures d; > 0. 

We now obtain from (V) the transformation for speed v. From (Vl) 

we find (suppressirq i for the moment) 



r2 2 2 2 a (vX -C ) ) = (v:+u~) - (UOC-1v:+C)2 = (Vr2-C2)/y0 x 
2 

2 2 r2 
or  v - c2 = (vk2-c )/Yo d . 

X 

Combining t h i s  with ( ~ 2 , 3 )  r e s u l t s  i n  

v 2 + v  2 12 r2. 
2 2 r2 

X 
+ vZ2 - c2 = (vx +V +vr2-c )/yo d ,. 

Y Y = 

Hence, t he  speeds vi t 1 Vil and v; ' (v;( satisf'y 

I 
We conclude tha t  v; B c i n  C implies vi 5 c i n  x, and moreover, 

v = c i f  and only i f  v i  = c a t  corresponding events of a rb i t ra ry  t r a -  
i 

jectories.  I n  case v; < c, vi C c, we obtain from (v)  the  law, 

I n  view of the  re la t ions  Vi = viYi and V; = vryr  i i holding fo r  tra- 

jectory direct ions where v vr f 0, the transformation fo r  t h e i r  compo- 
i i 

nents r e l a t ive  t o  the sta.n&d axes S,Sr (Fig. 2.1) folluws a t  once from 

( v ) .  Writing 

we obtain 

( Y )  "ix = ( a r  i x  +p! ) /~ ;  1 



where we have set p ' ' uo/v; 
i 

and 
/ D! d!v./vi, 

1 1 1  

For v. we must of course use its evaluation 
1 

in terms of Cr parameters, as provided by ( v )  . 
This involved transformation is by-passed in most probleitls by tt . 

device given in 64. It is required for transformation 6f dirferential - 
cross scct.lons however, and for that reason we include the explicit 

evaluation 

in terms of the essential parameters a' and p i  = u0/v;. 
i x 

To verify (I), we note (suppressin& I) 

r2 2 12 
Dr2 = d v /v = (d'~/v')~ + yi2(1-c 2vr -2) 

which yields (1) . 
For the applicatisn referred to, we require the relation 

(Y 1) COB $, = (cos $:+p:)/D: 



/ / 
which gives the  important re la t ion  between ail + cos (i and aix cos (i 

f o r  the  angles ti,(; made by a t ra jec tory  with the  X,X' axes of Fig. 2.1, 

i.e., with t h e  direct ion of r e l a t ive  motion of the  frames. 

Using the  value of D; i n  (l), we find, f o r  p; fixed, t he  der ivat ive 

I 
When vi = c = v (as i s  t he  case fo r  the  t r a j ec to r i e s  of an i m -  

i 

material  pa r t i c l e ) ,  these r e su l t s  become great ly  simplified, since then 

I ' + l and p ; = B o .  
D~ = d; = poaix 

Specifically,  i n  t h i s  case, 

(Yc) a i x = (a;x+Po)/(~oa;x+l) 

and 

Finally,. we derive the  (expected) inverse of ( V ) ,  namely 

'v' = v /y d 
i z  i z  o i '  



From ( ~ l ) ,  

Therefore, 
- 2 - 2 

( -uoc  v +l)d; = yo . 
i x  

- 2 
It follows t h a t  did; = y o  , di > 0 and 

where di i s  defined a s  i n  ( v ) - ~ .  With t h i s  established, the  l a s t  two 

equations of follow t r i v i a l l y  from those of (V) while the  f i r s t  

r e s u l t s  simply from solving ( V l )  f o r  vix, using the formula f o r  d; i n  

(v )  

Notes 3 .  

1. The "vector form" of the  veloci ty  transformation ( v )  follows 

from Note 2.2. For, 

d ~ i / d t ' =  V: + [(yo-1)(v;-l0) +' youo)~o  



We have a s  before (y0di) (y0d;) = 1 

-2 where di = [ -  uoc (vi*Yo) + 11. 

2. Prom (v )  and the  re la t ions  Vi = viYi, V; = V'Y' one obtains 
i i 

the ,  vector form of 

where p ;  uo/v;, D; - d'v /v' and d l  i s  defined i n  ( v )  above. 
i i i' 

Explicit ly,  

I / which reduces, for  vi = c = vi, pi = Po, t o  

D ;  = a; = p (Y'.Y ) + 1. 
o i o  

3 .  One eas i ly  obtains the re la t ion  

- 1 
t an  Jli = yo s i n  $;/(cos $;+pi) 

between $i and $; by division of 

. , 2 . / 2 '  - 1 
s i n  $I = (&a:.) = (ay+air vyo~;, = yo s i n  $;/Dl 

by cos ,li = (cos $;+p;)/D;. 



4. The momentum-mass transformation. The preceding resul t s ,  in- 

volving no reference t o  mass, may be regarded as  purely kinematic as- 

pects  of the  Lorentz transformation. Suppose now tha t  a pa r t i c l e  of 

ch. mass mass m! Z 0, mass M' = M;(tC)> 0 moves on the  t ra jec tory  
1 i 

(~;( t '  ), t' ) i n  r, appearing i n  z as a pa r t i c l e  of ch. mass m 
i ' 

mass M. = M (t), on the  corresponding t ra jec tory  ( R ~  (t),t), t he  frames 
1 i 

being re la ted  as  i n  Fig. 2.1. We sha l l  assume ( ~ f .  Note 5 )  t ha t  

a r e  the  laws of transformation f o r  the  ch. mass, and mass, of an arbi-  

t r m y  par t ic le .  Note t h a t  (3d) provides the  inverse of (M) . 
The re la t ion  (M) ,  combined with the  (non-linear ) velocity trans- 

formation ( 3 ~ ) ,  y4elds a :trai~afosme;t&on far the momentum-mass b v e c t o r  

PijMI of a pa r t i c l e  which i s  not only l inear,  but has the same matrix as 

( 2 ~ )  i t s e l f ,  Thus, 

Pix = Mivix = y o d i ~ ;  ( vlx+u0 )/d; = yo( P;~+u~M; 

- I 

Pie = M ~ . V i z  = Y o i i  ~ ' M ' * V ~ ~ / Y ~ ~ ~  - piz 

-2 r - 2 
, Mi = Y d'MC = y (u  c vix+l)I4; = yo(u0c pix+%). o i i  0 0 

The for~nal  properties of ( 2 ~ )  derived ' i n  $2 imply here that ,  a t  

corresponding events on the  t r a j ec to r i e s  of a part icle ,  one has 



pi2 = c2Mi2 if and only if Pi2 = c%i2 

It follows from (1). and (4) that the validity condition of Th. 1.1 

is preserved by the momentum--mass transformation. For example, if Pi 

and Mi are "valid" parameters for the ch. mass mi (Z 0) in z, then P; 
and M;, as computed from (PM)-l, are valid for the - same mi in z'. The 

import of (2) and (3) for the speed of a particle is manifest. 

The transformation makes it clear that a particle is "free" in z 
(pi constant) if and only if it is free in El. 

An obvious scaling of (PM) yields the analogous transformation 

E~ = Y ~ ( ~ ~ C P ; ~ ; )  . . 

for the energy parameters of a particle. The inverse results from the 

uswl. interchange of variables tud the substitution - po 4 p,. 

The latter equations' afford a simple means of computing 

and the dircction relatior18 (3Y ) for Y = cpi/cpi, Y ;  = cp;/cp; 

in the form aix = cpix/cpi a = cpi4cpi aiz = cpiz/cpI. ( Y )  
iy 



In particular, cos qi = yo(cp; cos q;+Bo~;)/cPie (11) 

Explicit evaluation leads of course to the previous result ( $ 3 )  where 

I 
note po~;/cp; uO/v; = pie 

By eliminating cp; cos 9 '  i - = CPix I .between the above form of .(Y1) and 

the formula for Ei in (cPE), one easily obtains 

I 
showing the direct dependence of cos (i WA Eij for a given energy E;. 

For an immaterial particle, e = 0,' and (5) has the siapler fusbrn 
i 

( ~ f .  $6 for a geometric interpretation..) 

NO~.PS 4. 

1. The "vector form" or  (HI) folPuws from NoBc 3 .l, 3nd the "r.60r- 

dinate free" version ot' the mass transformation: 

Thus, 

(MI P, = M ~ V ~  = ~ ' ( y  i o i  d ' ) ~  i 



Scaling yields the energy parameter form 

This will be u s e m  in computation. For the inverse, set - Yo -. Yo 
and interchange (cPi,Ei) and (cP;,E;). The spatial relations involved 

were introduced originally in Note 2.2. 

2. The "vector form" of the force transformation is obtained from 

(PM) of Note 1. By definition, F; = dp;/dtf, and 

Fi = dPi/dt = (dP./dt;)/(dt/dtf). 1 
. . 

Just as in Note 3.1, we find 

dt/dk1 = yod; where dl E u C - 2 (v;*Y~) + 1 
i 0 

and, Prom Note 1.1, the relation (1.4, interpreted in C, yields 

Computing dpi/dtf from (PM) and using these results, we have 

For components on the standard axes of Fig. 2.1, we need only set 

Yo = (1,0,0) to obtain 

-1 
F~~ = [F;~ + $,c (~f=v;)]/d; 

F =~;Jy~d; 
iy 

Fir = FiZ/yod;. ' 



3. (~iot-~avart cum Lorentz law) In a long but straightforward 

way, without reference to electromagnetic fields, we derive a relativ- 

istic version of the vector product force law for kwo moving. charges, 

assuming as primitive only the electrostatic force. This derivation 

would seem to indicate an analogous force law for gravity. 

For. i .= 0,1, let. i be a particle of charge pi (esu) in Z. We sup- 

pose q moves with coustant vclooity Uo = u VI' on its tra,jectory 
0 0 0 

[Ru(t),t), (essentially) unperturbed by q which travels with velocity 
1' 

vl(t) on ( ~ ~ ( t ) , t ) ,  Tn the rest frame C' of qo, q1 appears on a cor- 

responding trajectory (~(t),t'), which we suppose determined solely 

by bhc Coulomb force exerted on q.l by qo fixed at R;, namely 

where AR' = ~;(t') - R: and C' = q1qo/lA~'13 

FIG. )I. .1 



From Note 2, the force of q on ql a t  Rl( t ) , t  i n  i s  
0 

where F;,v; a r e  evaluated at  t he  corresponding event R;(t'),t' i n  C'. 

Applying (L)-' of Note 2.2 t o  t h e  &events (Rl ( t ) , t )  and (Ro( t ) , t ) ,  

w e  see t h a t  

where AR = Rl(t) - Ro(t). Substituting (6)  i n  (8), recal l ing t h a t  

and using (g), we, f ind 

We w i l l  wri te  to = u0/c and yl = vl/cO Then, by definit ion, 

so that,  i n  ( lo ) ,  

C I ~ A R  = AR - V l * G o ~ ~ .  (11) 

Turning t o  the  bracket i n  ( lo) , .  we have f o r  the  f i r s t  term, using 

( 9  , . 

d l b o { 2 ~ ~  + s ~ ( A R ~ Y ~ ) Y ~ ] ~ ~  

= d l o  S [ ~ A R * Y ~  + SOAR *Yo] = dl(y0 2 - 1 ) ~ ~ * ~  0. (12) 



From ( 9 ) ,  and ( v ) - ~  of Note 3.1, the .  f i n a l  bracket  term i n  (10) i s  

Combining t h i s  with (12) and (11) we have f inal ly,  from (10) 

where AR = R l ( t )  - R O ( t )  and AR' = AR + ( y o - l ) ( ~ ~ * ~ o ) Y o .  

By the  same argument, we should obtain, on the  basis  o r  a primitive 

8 
gravi ta t ional  force i n  C , namely 

dp;/dt8 = F; = N' AR' 

where N' = o ~ ~ / ~ A R '  1 31 the  apparent force i n  C 

For, a t  t he  f i n a l  step, w e  should have+l4Po i n  place of qlq where 
0' 

-1 
M; = M y d and mo = May, 

l o 1  

A s  before, the  second part of the  force l i e s  i n  the plane of Uo and 

R1 - Ro, and (however weak) would tend t o  produce r o t a t i o n  of Mi a 

much greater mass Mo. 



4. If (CP E ) .Y (CP' E' ) )  i=1, . . .,I under the (cPJ3) transforma- 
i' i i' i 

tion, then formally, (EcPi,bi) - (&pi,&;) also, by virtue of its 

2 
linearity. Moreover, we know (cP12 - E = (CP' l2 - E ' ~  for every such' - 

2 
corresponding pair. ' It follows that not only are all the (cPi) - Ei 

2 

2 
invariant, but (&pi) - (&i)2 as well. In particular, when I = 2, we 

2 2 2 2 2 have the identity (cpl+cp2) - ( E ~ + E ~ ) ~  ' (cpl) - El + (cP~) - E2 
-E E ) and conclude that the function cPl*cP2 - E1E2 is ao + 2(cP1.cP2 , 

invariant too.. 

Such invariants often allow elegant derivations of parameter values. 

For example, to obtain the energy E; of a particle 1, in the rest-frame 

C' of a second, material particle 2, these having known parameters 

cPi,Ei in Z, one need only note that, since CP; = 0 and E; = e2 in I', 

one must have 

cP *cP2 - E1E2 = 0 - E;e2 
1 

' = ( E ~ E ~ - c P ~ * ~ P ~ ) / ~ ~ *  so that El 

The whole story may of course be obtained from (cPE)-I of Note 1, 

where i = 1, and po,yo,Po are the Gparameters of particle 2, namely 

Po = cP2/E2, yo = ~ ~ / e ~ ,  Yo = cp2/cP2. ( m e  case cp = 0 is trivial. ) 
2 

2 2 2 2 
Note. The relativistic invariants R2 - c t and (CP) - E in- 

volve .the same parameters as the Heisenberg uncertainty principles 

I A R I  1 API = h/2n = AtAE. 

For the significance of this and the invariahce status of the principles 

in relativistic quantum mechanics, I have no reference. 



5 .  ' The laws of transformation ( m )  and (M) are  not derivable from 

( 2 ~ )  alone. It i s  clear  from the properties of par t ic les  assumed i n  $1, 

and the  'kinematic r e su l t s  of $ 3  concerning speeds, tha t  at  least. the  

"materiali ty" of a par t i c l e  must be an invariant, so cer tainly m = m' 
. i i 

(= 0) for  an immaterial one. I f  one regards the r e s t  mass of a material 

p a r t i c l e  a s  an i n t r i n s i c  property, with mi = m' axiomatic, then the mass 
i 

l a w  ( M )  follows a t  once from the  defini t ion ( 9 1 )  of the  masses M ~ , M ;  and 

t he  speed re la t ion  (jfl). However, we cannot deduce (M)  for  the  corn-. 

p l e t e ly  independent mass of an immaterial part ic le ,  and consider it rn 

addit ional  assumption, warranted by a l l  experimental evidence. 

It i s  in teres t ing  (math,ematically) t o  note the  following conse- 

quences of the "axiom" ( M ) .  

(a) Combined with (3v) it implies d i rec t ly  the  formal invariance 

ai pi2 - c 2 ~ i 2 .  T h i s ,  boge%hcr with ( m )  insures t he  i n v w i  nner. of 

"val idi ty.  " 

(b)  For a pa r t i c l e  with m i  > O i f i  C', (M) and (gu l l )  iolply tha t  

m = m' and ( m )  i s  en t i r e ly  redundant. 
i i ' 

( c )  A s  shown, (M) implies the  transformation (EM) for  a l l  par t ic les .  

This enters i n  a fundamental way i n  transmutations involving par t ic les  of 

both kinds, and leads t o  no contradiction with experiment. 

(d) The J a w  (M) implies the  energy transformation 

and hence a lso  (assuming h = h'!) the transformation 



= ,vty' df 
vi i o i  

for the f'requency parameter vi = ~ ~ / h  of an arbitrary particle. The 

significance of t h i s  for  photons i s  next considered. 

5. The Doppler effect. A f ree  immaterial particle, w i t h  direction 
9 

Y; and energy E;, i n  a frame x' related t o  C i n  the standard way ( ~ i g .  

2.1), appears as such a part icle i n  the l a t t e r  frame w i t h  direction ( $ 3 )  

and energy ($4) 

(E Ei = ~ ' y  i o i  d' , d l  E poaix + 1. 

Thus a photon of energyhv;, moving i n  C' i n  the transverse direc- 

t 
t ion Y; = (0,1,0)~,  has energy hvi = hviyo B hv; and direction Ti = 

On the other hand, i f  i t s  direction i n  Z' i s  opposite t o  the motion 

of C' i n  x, then Y; = (-1,0,0) = Yi, and' 

hvi 
= hv'y (1-eo) S hv;. 

i 0 

Moreover, N' such photons/sec emitted a t  0' i n  arrive at 0 i n  C at  a 

ra te  N = N'y0(l-eo) . S  N' 

satisfying the same formal transformation (Note 2.5). 



Notes 5. 

1. , I n  certain experiments, a "plane monochromatic l i g h t  wave, " of 

wave frequency f '  ( id  z',) ac t s  l i k e  a beam of par t ic les  (photons) each 

of energy hf ' . Such a wave i s  described a t  (R' , ti ) i n  terms of a func- 

t i o n  

A' s i n  2fico1f' (R,.*Y ;-ct ' ) 

where R' 4'; i s  the  projection of R' on the direct ion Y; or  wave motlon. 

~t follows eas i ly  from the wltinematicll relaLlous ( z L ) - ~ ,  ( jd) ,  (Y 1-l alone 

t h a t  the  aagle here involved appears a s  

2fic9lf (R -Y ,-ct ) 

at the  corresponding event ( R , t )  i n  z, 'where 

( f )  f = ftyOd; 

( r e l a t i v i a t i c  Doppler equation). Granting t h a t  the wave i n  z behaves as  

a beam of photons of energy hf, one concludes t h a t  photon energy Ei - musL 

transform a s  i n  ( E ) .  The si tuat ion fo r  neutrinos i s  perhaps l e s s  convinc- 

in&* 

2. It appears from the  f i n a l  remarks of t h i s  section t h a t  the  energy 

f l u  i n  a beam of photons such as  described there should transform accord- - 
ing t o  t h e  re la t ion  



I n  the  wave picture, & may be related t o  the  average magnitude of the  

Poynting vector (wave intensi ty) ,  which i s  proportional t o  the  square 

of- the  "amplitude" A of the  wave. It may be shown    in stein, Ann. Phys . , 
LP., 17, 1905, P. 891) t h a t  

2 
i s  the transformation l a w  for  A , although t h i s  i s  not so "elementary" a s  

the  fkequency resul t .  

3 .   lux now-distance - now" relat ion.  ) .In t h e  standard configura- 

# ' 
t ion  of $2, an isotropic point source a t  0' i n  i t s  own r e s t  frame C con- 

s tant ly  emits N' photons/sec of energy hv;, and i s  receding radia l ly  from 

0 i n  Z N t h  speed u, > 0. Photons emitted a t  tl > 0, xl = uotl are re- 

ceived a t  0 a t  a l a t e r  time T1 > tl, when 0' has reached X1 = uoTl i n  C. 

From ( 2 ~ ) - l ,  ve see tha t  the events of emission (xl,tl) and a r r iva l  

- 
( 0 , ~ ~ )  appear i n  C' as  ( ~ , ~ . ~ ~ t ~ ) ,  and ( - y o ~ l y ~ o ~ l ) .  The numerical flux 

i n  Z' a t  time yoTl i s  uniform over the  sphere of radius yoXl about 0', 

namely 

N'/4fi(yo~1)2 photons/cm2 sec. 

Due t o  the  r a t e  diminution of Note 2.5 and the energy degradation of ( E )  

i n  the direction Y; = - 1 0 , 0  , the energy flux observed a t  0 i n  Z i s  

O = ( N ' Y ~ ( ~ - ~ ~ ) / ~ M Y ~ ~ ~ I ~ V ~ ~ - B ~ )  



where S. 3 ~ I h v !  i s  t he  i n t r i n s i c  luminosity of thesource,  and X1 i s  i t s  
1 

distance from 0 i n  C a t  the  time i t s  f lux i s  observed a t  0. 

The energy degradation re su l t s  i n  a Doppler red s h i f t  

i n  the  wave length of the  l i g h t  received. 

N.B. There has been some controversy about the  f lux formula (1) .  

2 2 2 
The r e s u l t  i s  usually given i n  the  form q3 = ( E / ~ I T ~  )yo (1-fIo) , where 

p should be the  C' radius yoX1. ( ~ f  . H . P. Robertson, Zei.d$chrlft f%r 

Astrophysik, 1-5, 1938, P. 77.) 

4. If t he  observed red s h i f t  of Hubblels law ( ~ o t e  1.8) i s  due t o  

r a d i a l  recession of galaxies, with speeds uo constant i n  time, one in- 

~ P T R  that u,/c = p Q s  Z,, = % - Hs/c whence uo = u l ( s ) z  S/T i s  the 

speed of a galaxy now a t  distance s( r  1 / ~  a I do Y )  , This implies 

n "big bang" around 10'' Y ago, and of course the tlacreaac of Huhh le l~  

"constant" with time. 

Within the  framework of special re la t iv i ty ,  the  assumption of a 

Doppler shift Z a - I, together wl Lll tihc flux Pnrmula (I), wlL1, 

2 - 2 
average S assumed: 0 = E/4rrs ( l - ~ ~ )  , s t X implies a luminosity 

1' 

distance ( ~ o t e  1.8) D = s ( l - ~ , ) - ~  = s + 2 ,  where 5 . (l+z12, and 

hence a re la t ion  m = M + 25 - 5 log 2 + 5 {log s + l u g  (1+<)), . determ9.n- 

ing s as a function of Z (or  uo) v ia  the  observables m and z .  I f  

z = Hs/c, the  a8gument of Note 1.9 leads t o  an Olbersl f lux  



cp = .I25 (n-2)no$(c/~), no = density - now. 

6. The momentum el l igsoid.  I n  pasaing from C1 t o  C, we saw i n  $4 

t h a t  the  momenta of a' pa r t i c l e  i, referred t o  the  standard axes, a r e  i n  

the  re la t ion  

If p i  G 1 P! 1 i s  fixed, then dl poss ib le  momenta P' terminate on a sphere 
3, i 

of radius b - p i  about the  origin 0' of z1 momentum space. The following 

geometric construction f o r  the momentum Pi, corresponding t o  a given such 

I 
P; (pi,, piy, p iZ)  , with piX p i  cos (I;, helps i n  visualizing the  

8 

nat&e of the  transformadion. 

A second concentric sphere of radius a y p' > pi  i s  imagined, snd 
0 i 

t he  given vector P; represented i n  the  plane of the  paper as i n  Fig. 1. 

An associated point Q; i s  next located, by the  construction shown, with 

as its coordinates. From (2), one sees tha t  9; ranges' over an el l ipsoid 

of revolution i n  C' momentum space, namely 



FIG. 6.1 

If we now s e t  up, with para l le l  axes, a momentum space for C, with 

origin 0' a t  (-y0uo~;,,O,O), it i s  cle& tha t  the point Q;, referred t o  
i 

these axes, has t h e  components required of Pi i n  (l), and hence the vet- - 
t o r  from 0; t o  Q; represents Pi. 

The formulas ( Y )  of $$3,4 govern the directions oq P; and Pi in the 

figure. I n  particular,  the  dependence of cos (i on cos I; is given by 

(Yl), where the p i  involved m a y  bc written i n  any of the  forms. 

P; I u o /v' i = M!U 1 0  /pi = y u M ' / ~  p' = y @ E ' / ~  cpt = o;o'/~ o o i  o i  o o i  0 i ( 3 )  

The r a t i o  y @ E'/~ cp' I r  indicated ?or use wlth energy parameters, i n  a 
o o i  0 i 

f igure  similar t o  Fig. 1, i t s  momenta 



being replaced by the corresponding energies (cf.  Fig. 2)  

It i s  clear from the figure that, as (; varies ( i n  any Cf plane) from C? 

t o  18@ , the behavior of qi  i n  C will depend upon the position of 0; 

with respect t o  the ellipsoid e.  Since p i  = uo/v; = 0;0'/a, the fol- 

lowing cases arise: 

case I. (uo < v;, 0; in.af.de E )  . qi also rau(les horn Cf t o  180" . 

0' on e )  qi ranges from Cf' t o  a limiting 96 Case 11. (uo = vi, 

a t  the tangent plane. 

I 
Case 111. (uo > vi, 0; outsidc & )  l y i  rauges from @ t o  a max ima l  

value Ti (opening of tangent  cone) and thence Lack t o  8 . In t h i s  case, 

each angle (i < Ti arises from two dis t inct  1 i ' and therefore appears with 

two different values of pi. 



These three cases a re  a lso  distinguished by the inequali t ies  

Note throughout tha t  uo, Po, yo pertain t o  the re la t ive  velocity 

l10 
2 uOYo of the frames,,, while a l l  parameters with subscript i are  those 

of the  pa r t i c l e  i . 

Notes 6. 

1. What i s  wrong with Fig. 2?  educe the value of F? i - I  

2. An e l l ipse  with semi-axes a > b > 0 may be described as  the 

locus of a point which maintains a fixed r a t i o  E (eccentricity, 0 < E < 1) 

between i t s  distances from a fixed point P (focus) tUld a f l ~ i d  l ino  D 

(d i sec t r ix ) .  ' If  6 > 0 is  the  distance from F t o  D, a polar coordinate 

equation of the  curve i s  therelure p/(€-I p aoo 0 ) = F ,  or 

p =   BE/(^-E cos 0 ) . 
The re la t ion  between 6 , ~  and a,b i s  given by 

and f = a i  is  the  distance from F t o  the center,. . 
. 

For the  e l l i p t i c  section of Fig. 1, b = pi, a = yopi, and hence. 

E 5 Po, 6 = P;/Y$O, and f = y PI = y u ~ ' ( v ' / c )  B y UM' = 0;0' 
o o i  o o i  i o o i  

46 



The origin 0; of momenta Pi i s  therefore never closer t o  the center 

0' than the ( l e f t )  focus Fy and coincides with it i f  and  only if v; = c 

(mi = 0 ) .  I n  such a case, the  dependence of pi on $ i s  tha t  of p on 0 
i 

-1 
i n  the  above polar fo'm, namely, pi = p;yo /(1-po cos t i )  and therefore 

a lso  E~ = ~ ; y ~ ~ / ( l - p ~  c o s  4,). ( ~ f .  (5c) of $4.) 

3. It i s  a simple exercise (not requiring calculus) t o  shar tha t  

the  maximal angle Ti i n  Case I11 i s  given by 

h 
tan J; = l/yo(p;2-1) , 

4. I f  Fig. 1, scaled for  energy parameters, has cp; = 3, ~ ~ c p ;  = 5, 

yopoE; = 2013, one may infer  from t h i s  alone tha t  yo = 513, Po = 4/5, 

- 4. Note the  necessity, i n  all  such figures, of the rela- E; = 5, ei - , 

t ion  E; + cp;, a s  reflected by the  condition 0;0'/b = yd30~;/cp; Z y g o  

2 i! (yo -1) , equivalently, 0;0'/f Z 1, a s  i n  Note 2. 

5. Note from the figure the obvious relat ion s i n  $;/sin $i = Pi/P; 

and compare with the  value given i n  Note 3.3,  yo^; = Yod;~i/v; 

= y ~ ' M ' v  /M'v' = M~v~/M;v;. 
o i i i  i i  

6 .  Since the matrices i n  the ( ~ , t )  Lorentz transformation and the  

momentum-mass transformation are identical,  a figure s i m i l a r  t o  Mg. 1 

re la tes  the corresponding displacements (A.Ri,bt i ) - (AR;,bt;) of a f r e e  

pa r t i c l e  with the  momenta shown, the  basic parameters 

you#; p; yo='; P; . Pi 



being replaced by the distances 

youobt; I A R ; I  Y ~ I ~ R ; ~  AR; mi* 

All proportions in the two figures are identical, in particular 

p;/pi = sin ~l~/sin 4; = I A R ; ~ / ( A R ~ ~ .  



CIASSES OF SYSTEbS 

7. Systems of part icles .  A system S = s(mi, . . .,9) i n  a frame 

i s  defined as  a s e t  of I 1 1 t r i a d s  (pi, Mi, mi),  i = 1, ..., I, of con- 

s tant  valid parameters, together with.  a specific s e t  of t ra jec tor ies  

0 
~ ~ ( t )  = Ri + Vit ,  - = < t < = (vi M;$~), and i s  considered t o  repre- 

sent a s e t  of I f ree  physical par t ic les  i n  the time interval  A t  of i t s  

duration. The "mathematical object" S may thus be regarded a s  "real" 

during A t ,  and ''virtual" otherwise. 

The t o t a l  momentum, mass, and ch . mass of S are  denoted by - 

Similarly, cPo, Eo 
' 2 2 
= Moc , and eS = mSc designate the  corresponding 

energy-parameter t o t a l s  of S. Its t o t a l  kinetic energy is therefore 

The center of mass (CM) of the system is  the point 

Since the Mi are  constantl i t s  velocity is  



A system S with a l l  veloci t ies  Vi ident ical  we c a l l  coherent, - i m -  

material i f  the connnon p speed i s  c (hence a l l  mi = o) ,  or material if 

it is l e s s  (hence having a l l  mi > 0 ) .  Obviously the  commonvelocity 

V of a coherent system i s  that of i t s  CM: 
C 

Concerning systems, we prove the .  following f'undamental 

Tlleorem 1. The t o t a l s  Po, Mop mS of a system s ( m i )  s a t i s m  the 

conditions 

Mo > 0 & . Po 
2 S c 2 2  (M0 -ms2). 

Moreover, 
Po 

= c2(~02-mS2) i f  and only i f  S i s  coherent. 

Proof. Clearly Mo C Mi > 0. The c lass ica l  "polygon" and "Cauchy" 

i n ~ q u a l i  ti es insure t h a t  

The hm properties of the  inequa1it j .e~ cited imply t h a t  equali ty holds 

between the  above extremes i f  an8 u ~ l l y  if both - 
( a )  a l l  Pi (equivalently, a l l  M;$~ vi) are  unidirectional, - and 

( b )  Mi-mi = c(Mi+mi), i = l,...,I, fo r  aome constant C Z 0. 

Clearly, (b )  i s  t rue  if and only if a l l  r a t i o s  mi/Mi are equal. 

But, f o r  each i, Mi2'Vi2S pi2 = C ~ ( M ~ *  '1, so (b )  i s  also equivalent 
-mi 



t o  the identi ty of a l l  magnitudes I vil . It follows that  

2 2 A  
( pol = c(Mo -% ) i f  and only i f  a l l  velocities Vi are identical, i .e ., 
S i s  coherent. 

Corollary 1. For ,the CM velocity of a system S, one has a l w a y s  

1 is\ L c, w i t h  equality if and only i f  S i s  coherent-immaterial. 

Proof. This i s  apparent f r o m  Th . 1, and the relations 1 is 1 = M~B, 

Note 7. 

1. basic inequality underlying Th, ,1 may be stated i n  various 

ways, none very "elegant" i n  f om. For example: 

If W1, . . .,W are vectors of an inner-product. space, with a l l  I 

1 Wil L 1, and al, . . .,p are p s i t i v e  members of sum E ai = 1, then 

Equality holds i f  a d  only i f  all Wi are identical. 

For the Theorem, one takes Wi vi/c i n  Euclidean 3-space; and 

A .second version reads:. For numbers ei 1 0 and vectors Q 
i ' 

( ,2 i2 )f be identtctil. where the condition for  equality i s  that  dl Q ~ /  e tQ 

(!The terms i n  the above bracket are assumed positive.) 



8. The c lass  of a system. Since a l l  transmutations A 4 S conserve 

the.  t o t a l  momentum'and mass of the  systems involved, it is  convenient t o  

define the  - class  { P ~ , M ~ ]  " '  ( c P ~ , E ~ ]  of - a l l  systems A,S, . . . having the  

same t o t a l  momentum Po and mass Mo, regardless of the  numberand nature - 
of t h e i r  ind iv idua l  ch. masses. A (concurrent) system A being given, 

i t s  t o t a l s  Po,Mo define i t s  class,  and t he  possible systems S which may 

r e s u l t  from i t s  transmutation are  - a l l  those i d  t he  c lass  having the  same 

point O f  concurrence. The present chapter, wlri~h etudieo th? t .ntdi t ;y  

of systems belonging t o  a given class  i s  therefore of imed la te  relevance 

f o r  Ch. 111, which deals with transmutations as  such, stressin$ the  r6 le  

of the  i n i t i a l  system A .  

For the  c lass  parameters Po,Mo there i s  first of a l l  the  simple 

"va l id i ty  condition" of , 

Theorem 1. A number M aid vector Po are  pnssihle values for  the  -.*- 0 

t&al mass and momentum of a system S, and so define a non-empty c lass  

( P ~ , M ~ ~ ,  i f  and only i f  M~ > 0, and P: s c% o y  i.e., l ~ ~ $ ~ l  s c. 

Proof. I f  S i s  a system with t o t a l s  P6,Mo, and t o t a l  ch. mass mS, 

then by Th. 7.1, we know Mo > 0 and po2 S C 

Conversely, a pair Mo,Po with t h e  stated properties m a y  serve as 

system "totals" for  any system s,(mJ of I - 1 part icle ,  with ch. mass 

mo L 0 defined by the  va l id i ty  condition for  particlc parsiueters (I%. 

1.1) 



It i s  therefore clear  t h a t  a non-empty c lass  (po,Mo] contains a 

representative (system of one) part ic le ,  with pa r t i c l e  parameters. 

(po,Mo,mo), velocity Uo = Mi\ ,  speed uo = 1 ~ ~ 1 ,  and t ra jec tory  (say) 

R = U o t .  A s  for  any .particle, we have the  basic relationsof $1 for  its 

parameters: 

While all these quanti t ies  gain concreteness as t he  parameters of 

a part ic le ,  they are a pr ior i  functions of the  - class  { P ~ , M ~ ) ,  being de- 

termined solely from the  values of Po,Mo, which a re  i n  turn the  t o t a l  

momentum and mass of each system of the  class.  We may therefore properly 

r e fe r  t o  Uo as t he  c lass  velocity. Also, fo r  reasons which w i l l  soon be 

apparent, mo i s  called the c r i t i c a l  mass of the  class, and eo = moc2 i t s  

c r i t i c a l  energy. 

Corollary 1. The class  velocity U o - i s  t he  CM velocity of every 

system of the  class, md  therefore the  common velocity V of every co- 
C 

herent system of the  class. Hence, for  a coherent system, the  t o t a l  mo- 

t 



L 

menturn Po i s  distr ibuted among, i t s  par t ic les  according t o  the  re la t ion  

 roof. From $7, we r e c a l l  $ = M:$~ = Uo fdr  every system, and 

VC = fi f o r  every coherent system, of c lass  [Po,M0] . 
S 

2 2 2  
Since ve have defined mo by the  re la t ion  P o  = c (Mo -mo2) the  

pr inc ipa l  retiull; of Th. 7.1 m y  be rcotated aff 

Theorem 2. If mS i s  t he  t o t a l  ch . mass of a system S of c lass  

( p0, Mo} , then necessarily 

Equality holds i f  and only i f  S is coherent. 

Corollary 2. The coherent systems of c lass  [Po,M0], i n  part icular  

those l i k e  s0 ( mo)  consicting of I r 1 part icle ,  possess the  greatest  

t o t a l  ch..energy, and hence the  l eas t  kinet ic  energy, of a l l  systevls i n  

t h e i r  c lass .  

Proof. Tr iv ia l ly  eo Z eS, hence $ = Eo - e 2 Eo - e r ko. 
S - 0 

Notes 8. 

1. The parameters, Eo and cPo a re  the  indicated t o t a l s  fo r  a l l  sys- 

2 tems S of c lass  [ P ~ , M ~  E [ c P ~ , E ~ } .  Note however tha t  eo moc , and 

k r Eo - e ( the  ch. & kinet ic  energy of We representative pa r t i c l e )  
0 0 

a r e  not system t o t a l s  e - and $ unless S i s  coherent. 

2. To be precise, a l l  systems S Of a glven class ( P ~ , M ~ }  are de- 



termined (except for trajectory origins R ~ O )  by the  solutions, for the 

number I, and the parameters (P~,M~,~~), of the conditions 

3.  Choice of the particular trajectory R = Uot for the representa- 

tive particle is convenient ($10) but quite arbitrary. We do not of 

course imply, or require in the applications, the physical existence of 

a rest-mass mom 

4. One may associate with each system s(mi) of a class an "equiva- - 
lent" system (i .e ., one in the same class) consisting of a single par- 
ticle with the trajectory of its oun CM, and particle parameters (%, 

Mo,mo). Note: Here, mo, xuS, unless S is coherent. 

9. The two kinds of classes. We here characterize'completely'the 

coherent systems, and in doing so, emphasize the fundamental distinction 

between a class of critical mass mo = 0, for which the representative 

particle Is Inmaterial, and one with mo > 0, having a material representa- 

tive particle, which can be brought to rest by a Lorentz transformation. 

Theorem 1. (a) A system s(mi) belongs to a class [P~,M~} of criti- 

cal mass m = 0 (uo=c) if and only if it i s  oohcrent-lamaterial. 
0 

(b) Every such sygtem has paremetera saliisfytng the re- 

lations 



where the  f i  are  positive, with sum Bi = 1. ' 

( c )  I f  [ P ~ , M ~ )  is a given class  with mo = 0, it con- 

t a i n s  a system S of an arbi t rary  number I I 1 of ch. masses mi = 0. 

Proof. (a) follows f'rom Th. 8.2, and (b )  from Cor . 8.1, when f i  

i s  defined a s  M ~ / M ~ .  For (c ) ,  one need only choose s e t  of f i  > 0 

- 
with Bi = 1, e.g., fi = 111, and define Mi I fiMo, Pi = fiPo, mi 0. 

These obviously sa t i s fy  conditions (c )  of Note 8.2. 

Theorem 2. ( a )  A system S(m- 1' i-s cuherent-matorial dfl' md i f  
~. i 

it belongs t o  a c lass  [ P ~ , M ~ ]  with mo 9 0 (uo < c),  . - and has t o t a l  ch. 

mass mS = m 
0 

( b )  The parameters of such a system sa t i s fy  ,the con- 

d i t ions  

= m m  -$ . m y u ,  1 5 1 .  
'i i o  o i o o  

( c )  If [P~,M~] ie a given class  with mo > 0, md mi> 0 

a re  any I 1 1 given rest-masses with sum mo, then { P ~ , M ~ ]  contains a sys- 

tem S(ml, . . .,y). 
Proof. ( a )  again follows from Th. 8.2. I n  (b),  each pa r t i c l e  has 

the  speed uo of the  representative part icle ,  hence Mi/mi = yo = M./U o o 

yields the stated Mi, and Cor. 8.1 the  s tated Pi. For (c) ,  we define 

the  %,Pi i n  terms of the  given mi a s  i n  (b) ,  and eas i ly  verify (c)  of 

2 
~ o t e  8.2. For (C3), we have from the definitions pi2 = m mw$ 

2 
i 0 . 0  



Summarizing, we have identif ied the  coherent immaterial systems as 

the  en t i r e  contents of the  classes'with mo = 0, and the  material ones a s  

those part icular  systems of the classes v i t h  mo > 0 which have the maxi- 

m a l  t o t a l  ch. mass moo .Every remainiw system S i s  therefore a 3- 

coherent member of a classlwith mo > 0, and consists of a t  l e a s t  2 part i -  

c l e s  of t o t a l  ch. mass rq; < mo,. We show i n  the folluwing sections tha t  

every such class  does indeed contain systems of any I L 2 a r b i t r a r i l y  

given ch . masses mi s 0, of sum hi < moo 

10. The C'-frame of a class.  Let [ P ~ , M ~ }  be a part icular  class  of 

systems s ( m i )  i n  z, with c r i t i c a l  mass mo > 0, and c lass  velocity Uo of 

magnitude uo < c. The frame C1 moving with t h i s  velocity re la t ive  t o  C - .  

w i l l  be called the  "C1-frame of the  class." I n  it, the representative 

system so(mo) appears a t  res t ,  and a t  the  origin 0' of the axes agreed 

upon i n  $2. (~f. Fig. 2.1 for  the  standard configuration, and Fig. 2.3 

for  the  general situation .) The transforma.tions of $$2-6, based upon 

the  - class  parameters uo,B ,y defined in.08, r e l a t e  all events  i n  the  
0 0 

ffames C and C1. 
I 

Thus, each system s(mi) of [ P ~ , M ~ }  appears i n  C as  a system S' (mi) 

i n  Z', w i t h  the  same ch. masses m i  + 0, and valid parameters (P; ,M;,~~) 

rela&d t o  those of s(mi) by  the  transformations of $4. Namely, fo r  the 

standaxd axes s,w', 

-u M ) 
pix = ~ o ( p I *  0 i piy = piy p;,. = Pi= 

-2 
= yo(-u0c pjaX+MI)* 



Due t o  l inear i ty ,  summing on i = l,...,I yields the same re la t ion  

between the  system t o t a l s  P',M' and P ,Mo, namely 
0 0 0 

Since Po = MoUo has components ( M ~ u ~ , o , o ) ~  it follows t h a t  the  sys- 

tom totels POF s t ( m i )  i n  C' are  

P:, = 0 MA = M /y r mo. 
0 0 

From t h i s  resul t ,  and a s i m i l a r  one based on the  inverse transformations, 

we may derive 

Theorem 1. For a C c l a s s  [ P ~ , M ~ ]  with mo > 0 the  Lorentz trans- 

formations based on the  c lass  velocity Uo induce a one-to-one correspond- 

ence S - S' between a l l  bjatemo 6 of  ( P ~ , M ~ }  and - all systems s' of the  

e l a ~ s  [o,mJ i n  the  x'-frame of the class, % being the c r i t i c a l  urasa of 

both clsases . 
Every system S therefore appears i n  Z' with t o t a l  mass mo, t o t a l  

energy eo, and zero t o t a l  momentum; i t s  CM being a t  r e s t .  

I n  particular,  the  coherent (material) syntema ~f (P~,M~] correspond 

t o  those of [O,mo] the l a t t e r  being motionless. The reprearutativc cys- 

f;m f i  ( m  ) appems as t h a t  of (0,m 1, consisting of a pa r t i c l e  of rest- 
0 0 0 

mass mo at r e s t  a t  0'. 



Notes 10. . 

1. The transformation (CPE) of $4 relates the energy-parameters of 

S and S' . In  the present application'we have = cpo/E0 and yo = Eo/e0, 

so (CPE) may be writ ten with cpix = ( ~ ~ c p ~ ~ + c p ~ ~ ~ ) / e ~  

Ei = ( ~ P ~ C P ; ~ + E ~ E ;  ) /eO 

- We reca l l  here again the simple device 

2 2 * 
cpi = ( E ~  -ei ), cos 9 i = C P ~ ~ / C P ~ .  

2. Theorem 1 may be generalized and the proof simplified i n  the 

following way. 

Let (po,M2 be an arbitrary Cc lass ,  of c r i t i c a l  mass mo Z 0, and 

C' a second frame with'= constant velocity (of magnitude < c )  rela- 

t i v e  t o  Z. If S(mi) i s  a system i n  ( P ~ , M ~ ,  the l inear i ty  of the trans- 

2 2 
formations insures that  - c (mi) i s  invariant as well as  the 

individual Pi2 - c%fi2. It follows that  the C c l a s s  appears i n  C' as a 

single c h s s j  with the same c r i t i c a l  mass mo, which i s  therefore an in- 

variant also. Since % = m0 i s  the criterion for  a coherent system and 

both qw1 ; i t i e s  are invariant, coherent systems are preserved. The la t -  

' t e r  is of course obvlous from ( 3 ~ )  i t s e l f .  

11. Systems of zero t o t a l  momentum. In  an arbitrary frame C', l e t  
-- 

[O,IUJ be a ~ 1 a o s  of systems S' (mi) with t o t a l  momentum P: = o and t o t a l  

maas M; n mo > O, which is, ips0 facto, the c r i t i c a l  mass of the class. 

( ~ o t a t i o n  i s  chosen for  the sake of the principal application). A l l  



systems st(mi) of t h e  c lass  a re  then determined ( ~ o t e  8.2) from the  so- 

lut ions of 

We know ( ~ h .  9.2) t h a t  those with mS = 4 = mo are  the  coherent-material 

ones, here motionless, with M; i m P' = 0, while a l l  others must have 
i i 

~qs < m and I % 2. The simplest of ehese arc comg1ctaL.y chsrrs,aterized 
Q 

i n  

Theorem 1. ( a )  A system s t (ml ,m2)  of (O,mo) v l t h  I = 2 par t ic les  

of t o t a l  ch. mass ml + m2 < mo, has the unique masses 

and opposite1.y directed momenta of equal magnl.l;ude, ac t  ermined by ( f! ' 3)  . 
(b)  For every m C 0 w i t h  m + m < mo, there r l l s t s  a oyctem . 

P m 2  1 2  

s'(ml,m2) of [O,mo) with these ch. masses, and an arbi t rary  direction 

/ 
for 5. 

'12 Proof. (,a) Rom ( c r l ) ,  pi2 = P2 . Hence, by (cr3) ,  

From ( ~ ' 2 )  $ + M; = mo 7 0. 



Division of these equations and solution of the  resul t ing l inear  'system 

ylelds the  s tated values of the  M; . 
From mo > ml + m2 alone follows: mO2 - m + m12 > m22, and - 0 1 

2 2 2 
hence (mo +ml -m )/ao > 5, w i t h  a similar r e s u l t  fo r  the  second par t ic le .  

2 

(b) By the  last remark, we know that t h e  Mi a s  defined under ( a )  

a re  positive, indeed M; > mi E 0, so ( ~ ' 4 )  holds. Also, by definition, 

the  M; have sum 

q + $ = m o  (whence ~ ' 2 )  

/ 2 2 
and difference $ - M2 = (ml -m )/mom 2 

Multiplication of these equations leads t o  the  r e su l t  

Hence any two oppositely directed momenta P; w i t h  t h i s  common magnitude 

s a t i s f y  (c81,3), which completes the  proof 4 

Corollary 1. The system S' (ml,m2) of Th. l ( a )  has energies 

and kinet ic  energies 



where $ - eo - eS i s  i t s  t o t a l  k.e. (s t r ic t ly ,  $/,). 

r 2 
Proof. The above E; . Mic are obvious results  of scaling. From 

the value of E' we find, for. example, 
1 

which i s  the stated resul t .  

Note that  ml > m2 implies E' > E; but C k;, so ml has more than 
;1. 

half the t o t a l  energy eo, but less  than half the t o t a l  k.e. l$. 

For the existence theorem of the next section we require the follow- 

ing generalization of Th. l ( b ) .  

Theorem 2. If [0,rno) i s  a given class, and mi B 0 are any 1 Z 2 

ch. masses with sum hi < mo, then [ O,m ) coiitaina a ayotem S' (9, . . .,lp) . 
0 

Proof. Group the mi i n  any way (there i s  a t  leas t  one!) in to  non- 

empty dis jo int  subsets 

each individually with all mi > 0 or a l l  mi = 0. Define 

where we know mK + m C m . 
L 0 



Let S' (9%) be a two-particle system of the  c lass  [O,mo] . I t s  p a r t i c l e  

parameters s a t i s f y  the  conditions 

By (1,2) it sufficee t o  produce. two systems: 

s t ( % )  i n  bi,q and sr(m,) i n  [ P ; , ~ I  

By (3 ,4)  these classes  a re  non-empty, with c r i t i c a l  masses 

q=%) and ) . 
The desired systems must therefore be coherent, and t h e i r  existence i s  

insured b y  parts ( c )  of Theorems 9 .l, 9.2. For, t he  mi of each subset 

a r e  e i ther  a l l  0 (and we use Th. 9.1) or  a l l  posi t ive (and we use Th. 

Note 11. 

1. The formula fo r  M; i n  Th. l ( a )  may a lso  be inferred from the  

obvious re la t ions  

We r e l y  on this connection i n  $13. 



. The main existence theorem., The systems s ( m i )  which belong t o  

a &class  [ P ~ , M ~ ]  of c r i t i c a l  mass mo = 0 have been determined as  the  

coherent-immaterial ones of Th. 9.1. 

I n  a given c lass  [P,,M~] with mo > 0, a l l  systems s ( m i )  must have 

% E hi mi mo ( ~ h .  8.2). Those with mS = mo have been characterized as 

t h e  coherent-material systems of Th. 9.2. Moreover, the  correspondence 

of $10 provides a one-one mapping of the  systems of t h i s  C-class on those. 

of z' -class  [0,m0], and we have seen (Tli. 11.2) that, i n  addition t o  i t s  

coherent systems, the  l a t t e r  c lass  contains (non-coherent) systems S'(mi) 

of any given number I 1 2 of a r b i t r a r i l y  specified mi S 0 of sum hi < mo. 
I_ 

These remarks establ ish the  principal 

Theorem 1. Given a s c l a s s  [ P ~ , M J  of c r i t i c a l  m&s mo > 0, and 

I % 1 specified ch. masses m P 0 of sum % = hi, then ( P ~ , M ~ ]  contains 
i 

no system s (ml ,  . . . - ,q) u ~ l e s s  

(a)  If mo = mS, t he  c lass  contains such a system i f  and only i f  a l l  

(b) If mo> %, such a syateu belong0 t o  the  alas6 i f  and only i f  

I 2  2. 

The systems s(ml,m2) with ml+m2 C mo, of c lass  [ P ~ , M ~ ]  i n  Z, a l l  de- 

r ive,  v i a  the  transformations ( 4  PM), itom t h a  ayatcma S' (ml,m2) of class  

[0,m0] i n  the  z'-frame of { P ~ , M ~ ]  . The l a t t e r  have the  unique masses M; 

and absolutc momenta p' = P; given i n  Th. l l . l ( a )  . The values of Pi and 
1 



Mi i n  C vaxy therefore only w i t h  the  direct ion Y; of P; i n  C' .  o or com- 

putation, see Note 10.1.) The geometric nature of t h i s  dependence is f l -  

lus t ra ted  i n  Fig. 1, which i s  an obvious elaboration of Fig. 6.1, allowing 

F I G .  12.1 

the  s i ~ t a n e o u s  construction of P1 and P together with t h e i r  angle of 
2' 

0 
separation a = + q2, 0 1 a S 180 . 



Because of the  importance of the 2-body case,. the  following remarks 

may be warranted. 

1. The system s'(m1,m2) i s  determined by Y ;  and eo aloqe, being 

I 
independent of Po. Since Ei 5 cp; is. i t s  only in terna l  requirement ( fo r  

- 
some ei) and E' 2 f3 'cp; determines the  cases I, 11, I11 of $6, where - i >  0 

f3o1cp; > cpl, it i s  clear  t h a t  a l l  9 combinations of these cases 3 
1 

occur f o r  a two p a r t i c l e  system i n  C. 

2. Given the  values of cy;, yo cpl, and yopol?,; i n  the energy ver- 

sion of such a f igure as Fig. 1, one may infer  the  values of y 
0' Po, 

I - Ei, ei, eo = E; + E;, Eo - eoyo, cp0 = Bopo., Fur t h c  values st] cou- 

2 2 
puted, the  re la t ions  of Th. , l l . l (a)  end the  iden t i ty  (cpo) = Eo - e 

2 
0 

a r e  automatic. Note i n  Fig. 1 the  re la t ion  

3.  Either from the  vector re la t ion  % = P l +  P or t h c  l a w  of 
2.' 

cosines i n  Fig. 1, we have for the  angle a, po 2 2 2 
= P1 + P2 + a lp2  cos a, 

and therefore 
1 

s i n  r / ~  - I (p1'P2)2 - p:tf/2(plP2)' 

which allows c6mputation of a, once the  pi a re  b-. 

For systems with ml = m2, 8 hag some eas i ly  verif ied properties t o  

which we refer l a t e r .  For such systems, we bow 



and it i s  geometrically obvious tha t  the  usual three cases 

< p i  = u /v/ = y U M / / ~  p' . d / a 5  1 
0 i o o i  o i  

r e su l t  i n  the  following behavior: 

Case I. p i  < 1; u has a minimum at  (; = 9O0, and maxima (= 180') 

a t  (; = oO, 180°. 

/ 0 0 
Case 11. pi  = 1; u has a minimum a t  (; = 90 , and maxima (= go ) 

0 
Case 111. p i  > 1; a has a maximum at  3' = pO, and minima (= 0 ) 

1. 

I n  a l l  three cases, we have from (l), for  the  extremal angle oc- 

2 2 4  b 
s in  7 2  = (pl -A /pl = b/pl = 111 l + ( ~ / b ) ~ ?  

s i n  Z/2 = I/[ l+(yop,i)2} 
8 

O f  geometric in t e res t  under Case I I s  the system of two photons 

/ 
( p i  = Po < 1). Since both origins a re  then a t  the  foci, we have 

and it follows from the  "str ing property" of the  e l l ipse  tha t  there pre- 

v a i l s  a constant sum p + p2 
2a. Hence i n  ' (l), 

1 



Therefore we obtain from (1 )  and (2) ,  . i n  energy form, 

1 * 
s i n  0/2 = eo/2 ' (~ l~2)T S s i n  ;/2 = . l / [ l + ( y o ~ o )  2] = l/y0 = eo/E0* ( 3 )  

* m e  underlying inequal i ty  (.ElE2) S ( E ~ + E ~ ) / ~  i s  the  simplest example of 

t h a t  i n  Note 1.5. 

Another instance a r i s e s  i n  the  e l a s t i c  scatterii ig o:C tt p ~ . a j e e t i l a  

nn n t a rge t  of equal rest-mass, a t  rest  i n  z. For the  z1 frame of the  

class ,  t he  appropriate f igure f a l l s  under Case 11, with both 0; on the 

I 
e l l ipso id .  I n  such a case, since v; = uo, p i  = 1, 

2 *  
( 2 )  reads s i n  ;/2 = l/(l+Yn .) (4 

- 
o r  coa 0 - (yo 2 -l.)/(yu2+1) 

giving the  minimal angle of separation for  the  scattered p ro jec t i l e  and 

r e c o i l  t a rge t  d i rec t ions  i n  C. 

1. One may now deduce the following genePal1z~t;lcrri of thc  vali;dity 

condition ( ~ h .  1.1) f o r  par t ic les:  

A number M and vector P a r e  possible values for  the  t o t a l  mass and 

momentum of some system S of specified t o t a l  ch. mass m i f  and only i f  - S 



2. It should be noted t h a t  t he  C parameters of a two body ' system 

may be obtained, a s  functions of t h e  angle d i r ec t ly  from the  basic 

re la t ions  

P + P2 = Po 
1 

and El + E2 = Eo (6) 

without introducing the frame C'. Hwevei, t h e i r  dependence on the  C' 

variable I); i s  esaent lal  fo r  understanding t h e i r  behavior under Cases I - 
111. For example, we have d i r ec t ly  from (6) . 

Subtracting gives 

or  2eoE; a 2Eo( $ 1) 

2 2 2  
where we have wri t ten E; (eu +el -e2 )/2e0 cimply as an abbYe,viation. 

This yields  yod%; = El - pocplc?s q1 

E' being of course i n  r e a l i t y  the  energy of xul i n  C'. . ( ~ f .  (4.5).) 
1 



13 . Many p a r t i c l e  systems. A l l  systems sf(mi) with I % 2 specified 

ch. masses m. B 0 of sum m < m i ,  which belong t o  a given c lass  [O,mo] of 
1 

an a r b i t r a r y  frame c', must be determined from the conditions 

Tho e x i s t ~ n n n  of such a systeu, conaiating sf twr\ r:i~llerei~t oubcystems, 

was e s t a b l ~ s h e d  i n  Th. 2 of 8 11, tin just  t h i s  context. Interpreting 

t h a t  r e su l t ,  with z' regarded a s  the  zr-frame of a class,  ve obtained 

a corresponding existence theorem fo r  an a rb i t r a ry  c lass  [ P ~ , M ~ ]  i n  $12, 

Theorem l ( b ) .  We now exploi t  the l a t t e r  r e s u l t  t o  c l a r i f y  the  nature of 

those systems sf(mi) of [O,mo] w i t h  I 2 3 par t ic les .  These lack the  

uniqueness properties of the  2-part ic le  systems described i n  $11, and 

we s h a l l  determine completely the energy ranges permitted for  t h e i r  par- 

t i e l c o .  This, I n  i t s  turn,  has immediate 'but complicsted implications 

fo r  an a rb i t r a ry  c l a s s  of t h e  same c r i t i c a l  mass, which will be mentioned 

only b r i e f l y  i n  a l a t e r  application ( 9  23) . 
3uppae rpecifieii the class { O , B ~ ] ,  and I 1 3 ch. mo~sos mi E 0 of 

sum m hi < in,. We single  out any one ch. mass ml, and define - 

"'K ml where % +  = m. 

2 2 2  2 2 2  
. . 

Let b$ = (mo+ml-t)/2mo > ml and (motmL-ml)/% > be the  unique 

masses of any  yete em S'  (mK,mL) of (0,mJ . Note t h a t  I$ < mo, since 



~ + ~ = m O a n d ~ > 0 .  The possible range of values of M; i n  systems 

s 8 ( m i )  of [O,mo] i s  given i n  the  following two theorems. 

Theorem 1. I f  S' (mi) i s  a system of [0,m0] , with the  I 1 3 speci- 

f i e d  ch. masses m Z 0 of sum m .  hi C m0,and m i s  any one of the  mi, 
i 1 

then i t s  mass must sa t i s fy  

q 5  M1;. 

Equality obtains i f  and only i f  t he  residual  sub-system S; . S' (m2, . . ., y ) 
' i s  coherent. 

Woof. Since the r e s i d u d  system has t o t a l s  

it follows from Th. 7.1 t ha t  

12 2 
c 2 ( ~ 1  eml) = s c2 ( ( m o - ~ ) 2  - {) 

z {$ + m: - <$/2m0 or, equivalently 

with equality i f  and only i f  S; i s  coherent. 

Theorem. 2 . Let {0,mo] be o class  i n  z', and mi Z 0 any I P 3 

st ipulated ch. masses of sum m . Li < mo . Then, for  every number M; 

and vector P' which are  val id mass. and momentum for m there exis t s  a 
1 1' 

system s ' (ml , .  . .,q) of [0,mo) i n  which 1 has the  s t a t e d  mameters 

(P;,M;,~~), provided only tha t  M' 1 < $. I f  the  given M; = %, t h i s  i s  

also  t r u e ,  provided a l l  4, . . .,y a re  of thesame kind (> 0 or = 0 ) .  



Proof. Clearly It suff ices  t o  produce a residual system 

I 
S; E S (m2,.  ..,?) with - P; and mo - as t o t a l  momentum and mass. 

Since we a r e  given i n  any case s % <  moy certainly mo - M; > 0 .  

Moreover, t he  inequal i ty  $ Z $ i s  equivalent t o  

which, i n  view of the  given va l id i ty  condi t im pi2 FY c2($2-m:), i s  i n  . 

t u r n  equivalent t o  

This insures t h a t  t he  c lass  [ -  ~ ; , m ~ - $ ]  I n  which we r o e k , ~ ~  i s  at  

l e a s t  non-empty, and moreover has a c r i t i c a l  mass I$+ 2_ m ( ~ h .  8.1).. 
L 

Clearly, t h i s  l a s t  inequal i ty  i s  equivalent t o  the  given one, 
C I$. 

I ' .  
Hi% rn l a  l,lic %ota l  oh. mans & m of the  desired system S> and 

L r i  

i t s  existence f o l l m s  from Th. 12.1 and Th. 9.1. I n  deta l l :  if < 

i s  giv,en, then m" > mL, the above c lass  hao c r i t i c a l  mss m" > 0, and 

contains a non-coherent 3; by Th . 12 . l (b) ,  since the m2, . . ., y a re  

1 - 1 L 2 ~ h .  masses; i f  M; = M;( i s  given, then d@ = 
m ~ y  and S' L exis t s  

as a coherent system, by Th. g.l(c) if mL = 0, or by '13. l 2 . l ( a )  if 

m > 0, since we have stipulated, i n  t h i s  l imiting case, tha* t h o  
L 

mi(iz2) a r e  of a s ingle  kind. 



Notes 17. 

1. Under the  conditions of Th. 1, t he  k.e. of ml must l i e  on the  

where e Z: ei and kt 5 e0 - 2 ei. L . The . la t te r  i s  of course the  t o t a l  

k.e. of the  two pa r t i c l e  system ~ ' ( m ~ , r n ~ ) ,  and i t s  k.e. for  ml.  or. 
11.1.) Note t h a t  k' i s  also the  t o t a l  k.e. of - d l  systems sl(ml, ...,y) 

2. Under the  conditions of Th. 2, a l l  values of k; on the range 

k; L I$ a re  attainable,  under the  same provisos. The lower bound ki = 0 

i s  at ta inable  if ml > 0, the res idual  system then being of c l a s s  

( O,mo-m1l 



TRANSMU!CAmONS OF SYSTEMS 

14. ~ran&mutations.  A transqutati6n i n  an event-space C i s  a 

localized, "black-box, " physical process, of short duration, i n  which 
' 

a s e t  of f r e e  physical pa r t i c l e s  i s  converted in to  a second such set ,  

with conservation of t o t a l  momentum Po and mass M . 
0 

We ideal ize  such a process a s  an event ( ~ , t ) ,  denoted by 

a t  which two systems A and S of the  same c lass  {P ,MJ,  and concurrent 
0 

at (R,  t ), interchange "real i ty ,  " A becoming "virtual" as  S becomes "real  ." 
Thus the  reverse process S 4 A does not here comote "time-reversal," 

but  simply a reversed interpretat ion of "real i ty"  for  the same two "matlle- 

matical objects" A and S, a s  indicated i n  Fig. 1. 

S 

A -- S 
(fusion) 

S -- A 
(decay) 



\ 

While other conservation laws (for charge, spin, ...) may impose 

mther restrictions on the physical process, we shall regard two arbi- 

trary systems, as defined in $7, to be interconvertible if and only if 

(1) they are concurrent at an event, and (2) belong to the same class. 

In particular) if SI is a system of class [P~,M~) consisting of a 

. single particle, hence with parameters. (P~,M~,~~), and A and S are arbi- 

trary systems of this class, concurrent with P at some event (~,t) of 

its trajectory, then the fusion A.4 S*, and the decay S" 4 S are equally 

possible. Indeed, every transmutati0n.A 4 S may be regarded, mathemati- 
/ 

tally at least, as a composite process A 7 S* A S, where SK ia oC negli- 

gible duration. 

The present chapter is, in the' main, only an elaboratf on of Ch. 11, 

which dealt with the systems belonging to a given class [P~,M~], that is 

to say, having a given total momentum Po and mass Moo Now, we emphasize 

the dependence of Po and Mo on the particle parameters of the initial 

system A(%), and (although irrelevant for the dynamics) the necessary 

concurrence of A and S, a property not required before. We shall also 

consider in detail the problem of orientation on given spatial axes,. 

and, to facilitate computation, a gradual transition to energy-parameters 

will be made. 

We state below without proof the principal implications of Ch. I1 

for tfansmutalions. 

Theotem 1. In any transmutation A -. S, S is coherent-immaterial if 

and only if A is. For such a system A, all possible resulting systems 



are "coalesced," with the single trajectory of A, and parameters deter- 

mined to the extent indicated by Theorem 9.1. 

Thus a free photon of 'energy hv can only transmute into a system of 

immaterial particles of total energy hv, all superimposed on its own line 

of flight. It cannot produce, for example, an electron-positron pair, 

nor a divergent set of photons. 

!i'h~n.r'wri 2. ;Sf A - 2 i f i  a transmutation between systems of class - .I 
{ P,,MJ, both A and S have the same CM velocity, namely the c law ve- 

locity Uo = M;$~, and indeed, iden%ical CM tmJectoriea . If I u,( < c 

(rn > 0), then A -. S appears, in the C'-frame of their class, as a trans- 
0 

mutation A' -. S' between the corresponding systems of class [0,mo], oc- 

curring at their stationary CM. The latter systems, of zero tu1;al mo- 

mentum, both have total mass mo and total energy eo. Conservation of 

energy in C is caressed by thc cquation 

and in C' ,by 

As a consequence of Th. 1.2.1, we have, in terms of energy parameters, 

the principal 

Theorem 3. Let A be a system, of class [ cpo, lie] wi,L11 eo 0, a ~ d  

let e 1 0 be any I Z L specified ch. energies. Then, a transmutation 
i 

of form 



A - Sbi) 
is impossible unless 

(a) If eo = es, (t ) is possible if and only if all ei > 0. 

(b) If eo > eS, (t) is possible if and only if I s 2. 

In case (a), S is a completely unique, coherent-material system, 

coalesced, with the single trajectory of the CM of A, and the parameters 

given in Th. 9.2. Fusion, with I = 1, is the only case of physical in- 

terest. 

In case (b), details on the nature of S will be found in $911-13. 

Notes 14. 

1. (~otation) In a transmutation A(%) - S( e ) subscripts h and 
i 

i designate the H particles of A, and the I particles of S, respectively. 

. When H 2 2 and I Z 2, we adopt for simplicity the numbering convention 

2 To avold constant repetition, we summarize here for reference 

gurpses, and in broad outline, the main procedures involved in most of 

the problems occurring in the present chapter. 

(a) For the initial system A'(%), given w i t h  respect to definite 

spatid. axes G = [x,Y,z] in x, we. find the totals 



(b) For its class [ CP~,E~] , we obtain the class parameters ($8) 

(c) The necessary condition eo Z Li - eS for formation of a 
proposed system s(ei) is tested. (Assuming the transformation to s(ei) 

possible, in accordance with Th. 3, its actual formation, rather than 

that of competing systems of other particles, rests. on relative values 

or cross sectisno.) 

( d )  ~f indeed. n non-coherent syatem s(ei) results, with eo > eS 

and I L 2 (the only non-trivial case), we require the C-parameters of 

its particles. From these, the Lfajeekories arc rlhvious and S is de- 

termined. 

In general, it is necessary to consider for thls purpose the cor- 

reapondim transmutation A'  + S' in a second inertial frame Cf, usually 

but not always the Ct-frame of the class, and related to C via Lorentz 

transformations based upon their relative velocity. 
\ 

Even in the simplest cases (I = 2), S' is not completely determined, 

and at this point we shall suppose physically stipulated, for the i-th 

particle of s' ,  its energy E; (hence 8.1~0 cp,'), and its direction Y f  re- 
i i 

ferred to the C' axes employed in the prablcm. In cases of "son- 

polarized emission" of f abcjut a givcn - basic direction Y' in C', we 

will shuw how the direction Y; may be chosen for Monte Carlo purposes, 

The folluwing Note 3, applied in the frame Cf, should make this proce- 

dure clear. 



(e) From the values of E; and CP; = cpi~; obtained in (d), we will 

indicate how to compute the energy Ei, and the components of cPi re- 

ferred to the original axes G .  For this, we shall require the appro- 

priate (CPE) transformation, either in the simple form of $4, with 

auxiliary rotations from Appendix 1.11 if necessary, or in the vector 

form of Note 4.1 

3 .  ( "Standard device") Suppose a basic direction Y = (ax, a,, a ) - z G 

is given relative to axes G in an arbitrary frame C, and a second direc- 

tion Y i, in a "non-polarized distribution" about Y , is to be chosen by 

sampling. This means, In effect, that the "latitude" angle 0 (0' 5 0 I 180') 

which Yi makes with Y may be drawn from a given distribution, and that 

a second "longitudinal angle" cp, uniformly distributed on 0' 1 cp < 360°, 

and measured from plane through I, may be used to locate Yi on the 

"cone" of angular opening 8 with axis Y.  Since the auxiliary direction 

(Fie;. 2) 

n = (COS 0, sin 0 cos rp, sin 0 sin cp)G 

Is distributed about X as Yi should be about Y, it is clear that Yi may 

bc chosen as the point Pi = €dl, where 6 is any rotation which takes X 

into Y . The explicit rotation 6 'of Appendix 111, Cor. 1, based on the 
given G-coordinates'of Y, and having the matrix given there as D, is 

designed for this purpose, and the CI-coordinates of Yi a r e  obtained from 

\ 



/ FIG. 14.2 

FIG. 14.3 



i n  accordance w i t h  Th. ~ ( b )  of A 111. If the basic direction Y is, or 

may be chosen t o  be, X i t se l f ,  one simply se t s  Yi = 0. 

The choice Y = X is  always possible i n  case of an 'lisotroplcl' direc- 

t ion distribution, cos 0 being equl-distributed on [ - 1 , l I .  

4. The following problem i l lus t ra tes  many of these points. llhe 

energy unit i s  arbitrary, a s  usual. 

PROBLEM. A photon (h = 1) of energy 4 str ikes a par t ic le  (h = 2) 

of r e s t  energy 3 and k.e. 2 a t  right angles, thei r  dire,ctions being 

on given C axes G . 
The collision results  i n  two particles (i = 3,4) of r e s t  energies 

/ . . .. ., .. ,.- ,-. .- . .-- . - - .. ...- .~. - -- * . . .~ . . . - """. ' . 
0 ' - . '  

2,4 resp. The angles' 8 ' = 45 and cp' = 135 are chosen for  location of 

1' about the stipulated photon direction Y; i n  the C1-frame of the class 
3 

( ~ i g .  3). Follaring Note 2, we have 

(a )  for the i n i t i a l  system ~ ( e ~ ,  e2) 

(b) . For the class of A, 

Bo = */9, eo = 7, Yo = 9/73 Y o  - (1, 0, 



Since Y o  = X, t he  given axes G a re  standard ones, and we define para l le l  

axes G' i n  Z' i n  the  standard configuration of Fig. 2 -1. 

( c )  For the proposed s(e3,e4), we have e = 2, e4 = 4, e = 6 c 
3 S 

e = 7, I = 2, and the  process i s  possible with a non-coherent resul t .  
0 

(d )  Since I = 2, the  scalar  parameters of S' ( e  ,e ) are  unique, 
.__L 3 4 

as i n  $11. I n  one of many ways, we find i t s  parameters from = e -e 
0 S 

= 1 t o  be 

Fig. 3 makes plain why t he  la t i tude  d' of Y ' about Y; does not 
3 

alone determine the angle Jr' upon which E depends. Although we return 
3 3 

t o  t h i s  type of problem in 924, we indicate here the remaining steps. 

To find the basic direct ion Y' we compute from the  inverse of (em) 
1 

Note 10.1, 



Therefore Y '  = ($110, 7 . / 1 0 ,  O ) G ~ .  Applying t he  device of Note 3, 
1 

w i t h  t!!e given 0 ' ,cqf , we have Cl ' = (1/., - 112, 1/2)G for  t h e  auxil iary 

direction, .and 

is  the  matrix of A 111, Cor. 1, based on Y;. ( ~ l l  vectors are understood 

t o  be col& vectors, despite appearances. ) 

( e )  Since cp' and E' a re  known from (d),  we have only t o  apply 
3 3 

where D =  

(CPE) of ~ o t e  10 .1 t o  (CP' ) = c p  ( Y  ) and E' t o  obtain (CP ) and E 
3 G '  3 3 o '  3 3 G 3 ' 

f i l l 0  - 7 . / 1 0  0. 

+$&I10 f i / l0  0 

0 0 1 

N .Be The scalar paramet&s of A' (el, e2) may be obtained, i f  desired, 

just  as were those of S' ( e  e ) i n  ( d ) .  Thus ki = e 
3' 4 0 - e A 3 4  

For the direction of I;, we must use the  transformation (CPE) i t s e l f  at 

l e a s t  for' p L ,  a s  i n  (d)  . (1t i s  a good exeretse to akekch Fly. 12.1 

fo r  both A and S.) If the  PROBLEM i s  carried thr01 .491 completely, the 

equations 



should provide a ' f i n a l  check. Alternatively, they may of course be 

used t o  obtain cP4,E4 by default. 

15. The Q-value. The Q-value of a (proposed) transmutation 

A ( % )  - ski)  (* 1 

i s  defined as the  i n t r i n s i c  difference 

Q ' e  - e  
A S (1) 

i n  t h e  t o t a l  ch. energies of the two systems. The required equation 

e + k A = E o = e  + 
A S $ (2) 

for  energy conservation i n  C i s  thus expressible i n  the sorm 

Q = %  - k~ ( 3 )  

emphasizing that ,  i n  the  conversion of A i n t o  S, the  "loss" i n  ch. energy 

must balance the "gain" i n  kinetic energy. This  a l so  makes obvious the 

invariance of the  kinet ic  energy difference for two systems of the same 

class,  under arb i t rary  Lorentz transformations. 

If A and S are i n  a clasa with uo > 0, then, for  the corresponding 

transmutation A' 4 S' i n  the  x' -frame of the class, the  required energy 

conservation i s  expressed i n  C' by 



It may be noted that  t h i s  version makes obvious the necessity of the 

condition eo 2- eS (T 1 

and a t  the same time shows i t s  equivalence with the condition 

i n  the C' -frame, signifying that the k.e. of A' must suf'flce t o  make up 

the ch. energy excess of S over A. 

The transmutation (t) is said t o  be e las t ic  i n  case the t o t a l  kinetic 

energy is  conserved, as well as Eo and Po. Such a change is  therefore one 

for which we have the additional stipulation that  

or, equLvalently, Q = 0. ( 6 )  

Clearly a transmutation A -, S appearing e las t ic  i n  C must so appear i n  

a l l  i ne r t i a l  f'rames. 

Note 15 . 
1. The (invariantly expressed) condition (T) is equivalent t o  the 

inequality kA (4) + ( Y ~ - ~ ) ~ ~  

i n  an arbitrary frame x, and reduces t o  kA Z -Q when Uo = 0 (x . C ), 
as  it must. It i s  tempting, but misleading (cf .  $16) t o  assert  that (T) 

requires A t o  have k.e. k sufficient t o .  supply -Q the k;*e. of a 
A 

part icle of ch. energy e riding a t  i t s  CM. 
S 



6 . Decay., By a decay we understand here any transmutation of 

form 

i n  which a single material part icle is converted in to  a system S of an 

arbi t rary  nlrmber I 2: 2 of particles. If the decaying part icle has mo- 

mentum Po and mass Mo, then i t s  r e s t  mass i s  of course the c r i t i c a l  mass 

mo > 0 of i t s  class { P ~ ~ M ~ ]  , and indeed a l l  class parameters cPo, EO, 

8 ,, eo, yo, and Y o  are simply the yuamdero of t h o  partiol e i t s e l f .  

Moreover, the Ct-frame of the class i s  the res t  frame of the par- 

t i c le ,  i n  which it appears stationary, w-IsLh energy co, and in t r ins le  l i f e  

time 7:. From $2, we rec'all that i ts appaxent l i f e  time i n  C i s  

- / 

T o  - YOTO' during which it t ravels  a distance E0 = uoro = ~ ~ y ~ c r ~ .  

The Q-valut: of (D) t o  

Q = e  - e  
0 S 

so tha t  the necessary condition eo Z eS is here slmply 

Q r  0. (%I 

From Th. 14.3, we conclude tha t  the decay is P~orohibitaJ. If Q c O (eo < eS), 

regardless of the  k.e. of the  particle. I f &  = 0, the decay i s  possible i f  

and only i f  all ei > 0, w i t h  a t r i v i a .  coherent result .  If Q 0 ( U e  on* 

case of interest) ,  then (D) i s  always possible (since we have stipulated 

I 2 2).  Such a process appears i n  z' as an "exploaio~'  of a part icle a t  

rest ,  with a conversion of characteristic t o  kinetic energy indicated by 



the equation 

Notes 16. I 

1. We l i s t  some examples of physical decays forbidden by the l a w s  

of energy and momentum conservation. 

(a) For a stable nucleus (3 ) of charge Zq  "containing" A nucleons 

+ 0 
( Z  protons p , N r A - Z neutrons n ) the decay 

i s  infpossible, since 

and so Q = e 
0 

- e s <  0. Here Q > 0 is. called the "binding energy" of 

the stable nucleus. 

Note: If 2 denotes the neutral atom, w i t h  Z electrons (e-) i n  [ 1 
ground-state about the bare nucleus, the process 

0 

has negative Q-value, Q being the "binding energy of the electrons." 

In  nuclear processes this is  neglected. Thus i n  ( D ~ )  one takes 

Table I11 gives the values of e [$] for a ~ R I  neYt.lLI atoms i n  ifatomic 



mass un i t s  ." For example, t h e  binding energy (2.225 ~ e v )  of the  deuteron 

(@) may be found i n  t h i s  yay. 

0 + + 
(b)  The decay P+ - n + E + vc, where E i s  a positron and v 

€ 

a neutrino, has Q = - 1.8 Mev  a able I1 ) . While therefore forbidden t o  

t h e  f r e e  proton, t h i s  i s  nevertheless the  underlying process i n  positron 

emission from unstable nuclei .  

- 
( c )  The electron decay E--E + y has Q = 0 but i s  forbidden by 

m( y ) = 0 .  Hence an electron can nel.l;her "unit" nor "absorb" a photon. 

0 

Remark. A transmutation E -  + y -E i s  obviously impossible, as 

t h e  reverse of ( c )  . It i s  all the  mure curious that the impossibil i ty 

appears t o  l i e  deeper where A(€-,y) i s  regarded a s  the  i n i t i a l  system. 

(d)  The process $-E+ has Q > 0 but is  impossible since I = 1 

( I 3 . Considex. t he  reverse here ! 

2. We indicate  two methods of dealing w i t h  a "Monte Carlo" tme decay 

problem i n  which the given mas G = E x , Y , z ~  of arc (here for  i'he f l r s t  

time) not i n  standard configuration. The f i r s t  i s  based on an auxi l ia ry  - 
ro t a t ion  of axes, provided for i n  A 111, Cor. 1; t he  second on the  "vector 

form" of t h e  (cPh') tr~illsformation i n  Note 4.1. The geriesrali-Lles of Not06 

14.2,3 should be consulted a s  required. A l l  energies a r e  i n  (say) Mev. 

PROD=. A p a r t i c l e  of rest-energy eo = 3, t e e .  ko = 2, and direct ion 

) 2 2 / 1 /  on given Caxes G = [x,Y,z], de- ' 

cays i n  f l i g h t  i n t o  two pazt ic les  of equal rest-energy e 1 = e 2 = 1 .  I f ,  

as we s h a l l  assume, t h e  decay product 1 i s  emitted i so t ropica l ly  i n  the  



r e s t - m e  C' of the decaying particle, the "basic direction of exdssi~n" 

Y'  is  ours t o  choose, and we shal l  do so i n  different ways i n  the two 

methods. We shall suppose chosen the coordinates ( 2/7,6/7,3/7) for ' the 

"auxiliary direction" '0' i n  either case, i .e ., cos 0 ' = 2/7, etc. 

( a )  The to ta l s  for the i n i t i a l  system ~ ( e ~ )  are eo = 3, Eo 51 
h 

Cpo = (E:-ez) = 4. 

(b) The class parameters are those of the decaying particle: 

8, = cpo/E0 4/51 eo = 3, Yo = Eo/eo = 5/39 yo = (2/3r 2/39 1/3 )G 

( c )  The proposed system ~ ( e  e ) has el = e2 = 1, eS = 2 < eo = 3, 
1' 2 

and I = 2, so non-coherent decay in to  S i s  possible. 

(d) Since el = 
e29  

S' i n  C' obviously has E; = e0/2 = 3/2, 

Defining C' aces c'= [z',y' ,?r' 1 i n  standard configuration ( 8  2) with c, 

Method I. Suppose spatial  axes = [z,?,z] = [ 6 ~ , 6 ~ , 6 ~  1 determined 

i n  by the rotation 6 of A 111, Cor. 1, w i t h  BX = Yo, the direction of 

the class velocity ( ~ i g .  1). The associated matrix D, based on Yo, i s  

found t o  be 

ve select Yo = F as the basic direction for emission of 1, and hence 

define Y; immediately as the auxiliary direction i t se l f :  

D = 

2/3 - 2/3 - 1/3 

11/15 ' . 2/3 - 2/15 

1/3 -' 2/15 14/15 





Thus E; = 3/2, and CP; = (,,/5/2)~; on standard z' axes, are  determined. 

( e )  To these the simple (CPE) of Note 10.1 applies, yfelding 

axes of C. ( ~ o t e  the .heck: El - (cp1l2 = 1 = el2.) 

The components of cP1 relat ive t o  the original axes G are  then ob- 
.., 

tained Rm (cpl) = D(cPlIC, , as i n  Th. l ( a )  .of A 111. 
G 

Method 11. We may equally well choose axes G'  = [x',Y',z'] i n  C' 

paral lel  t o  the given C axes G = [x,Y,z], and now select X' as  the basic ' 

direction Y'.  We now take the C' direction of 1 as 

( i t  i s  of course not the same absolute-direction as  i n  Method I )  and so 

have E; = 312, and CP; = (&/2)Y; on the axes G' . 
( e )  These may be subs.tituted direct ly in to  the vector form (cPE) 

of Note 4.1, based on %he chooo garmeters in (b) .  The inner product re- 

quired i s  CP;*Y = 1 ~ 1 4 2 .  The energy i s  found t o  be E - 38m5/63 + 512, 1 - 
while the vector equation 

Imdicates how the components of cP1 on axes G are t o  be computed. 



17. Decay i n t o  two part ic les .  ,In a decay 

. ~ ( e ~ )  - s(e1,e2) 

where .. Q = e  - ( e + e ) =  
0 1. 2 G > o  

t h e  products emerge i n  opposite directions i n  the  C'-frame, with the  

unique energies E' and k; of Cor. 11.1. If eo i s  at  r e s t  i n  z, the 
i 

frames C and C' coincide, and a l l  parameters of S a r e  of course those 

of S' . 
I. In the  simplest cases, el = e so that L1 = eo - 2 5  

2' 

and k; = ~ / 2 ,  , E; = eo/2, cp; = 
0 1 

Thus, i n  the  kaon decay (TABLE 11) 

Q = 210.8 Mev, and each pion has k.e . 109.4 Mev i n  x' . 
I n  part icular ,  when el = e = U, the decay involves a total conver- 

2 

sion of the  rest-energy e in to  kinetic energy 
0 

I I 
w i t h  k; = E~ = cpi - - eo/2. 'ibis is the cadc for  vliicb r e  have the simple 

r e s u l t  of $12, 

?!! ain  u/2 a e d ?  ( P ~ E ~ )  E eo/I3, 

fo r  the angle a between the  two l ines  of f l i g h t  i n  C. 



For example, the decay 

of a 135 Mev (k.e.) neutral  pion yields photons with a minimum angle of 

separation of 60' i n  Z. In  t h i s  case, each has energy hvi = 135 Mev i n  

A second instance i s  provided by the  decay of "parapositroneum": 

( ~ ' t ,  6-4) - y t + y 4 . Neglecting i t s  binding energy, each photon i n  z' 
has energy hv; = e 

E 
= ..511006 Mev and wavelength A; (by definition, Note 

1.4) the  Compton wavelength of the  electron. 

Note. Although a f ree  positron E+ i s  stable, it comes t o  r e s t  lo- - 
tally when l iberated (as  i n  pair production and positron emission) i n  

the presence of matter, and may then combine with an electron 6-  t o  form 

a very unstable "double star" complex { E',E-1 called positroneuni. When 

the  component spins a re  opposite ( the usual case) the  resul t  i s  para- 

positroneum, with the  decay mode above, the photon spins a lso  being op- 

posite.  Spin conservation i s  indicated by the equation & - = 0 = 1 - 1. 

+ 
The al ternat ive r e su l t  i s  "orthopositroneuml',"wlth t h e  deaay C E  t , ~ - t ]  

-yt + yt -1. yS, and the spin conservation i$ + $ = 1 = 1 + 1 - 1. 

11. I n  another important case, one has el >: 0 and e2 = 0, with 

Q = .e o - e , = I $ > O .  Here, the  formula ($11) for the  C' k.e. of el 

becomes 

q = 4p where p = e/2e0 

and t he  relat ions 



indicate an easy computational scheme for the remaining parameters of S' . 
Since Q = e - el < eo, it is clear that p < i), and consequently 

0 

On the other hand, a glance at the energy formulas  or. 11.1) 

shows that 

I 
> e0/2 > E:. L 

(!These inequalities are true whenever e > e2, as noted in 811.) 
1 

The last equation correlates the rest-energies eo,el of the two 

I / material particles w l t l l  Wle k.c.  k2 - E2 = hv! of the immaterial one. 
2 

For e~ample, the implied relation 

I2 2 4 
e 3 k' + (k2 +el ) 
0 2 

may be used to.detemine the rest energy of the decaying particle from 

e and k; = hv' in cases of y-emission. 
1 2 

The decay modes (TABLE: 11) of some of the "rundamental" par-bicles 

fall under Case If, e.g. 

zO-- AO + y. 

In this decay, Q = 77 Mev, p = .0323, = 2.49 Mev, and kb = hv; = 

74 .5l Mev. 



In  nuclear decay of t h i s  type, Q = eo - el may be thought of as a 

difference i n  energy levels of the "same" nucleus, having rest-energies 

eo > el i n  the two corresponding states. I n  such a photon emission, it 

i s  interesting t o  compare the photon wavelength h; c/v; with the ' 

"normal" wavelength ho = c/vo, where by definition 

hvo = Q 

i s  the difference i n  energy levels. Dividing this equation by 

yields 

and therefore 

i s  the "red sh i f t  due t o  recoil" ( i n  C' ) . 
For example, i n  the y-emission 

-4 
w i t h  Q = 2.225 Mev, one finds z' '. 6 x 10 . 

111. When el > eg > 0, the general forliiulas of $11 are required. 

- 
The decay modes 2- - 11' + n- and F - no + n of TABLE 11, and the 

classical  nuclear emission of a! particles ( b e ) ,  are of this find. 



8 Decay i n t o  three part icles .  I n  a decay 

~ ( e i )  - s(e1>e2,e3) 

where 

t h e  Z' energies of S' are  not unique, and as  shown i n  $13, any one of 

i t s  par t i c l e s  (i = 1) may have for  i t s  k.e. values on the range 

where e r e2 + e 
L 3, and k' . e - (el+e2+e3)) which i s  here (as  i n  a l l  

0 

decayo) Q i t se l  f . We r e c a l l  tha t  i s  the unique k.e. of el i n  a 2 

p a r t i c l e  system S' (el, eL) of class  (0, eo] .   he technical i t ies  in- 

volved i n  attainment of the bounds are  given i n  $13, but a re  of no physi- 

c a l  in te res t .  ) 

t 
For example, the C energy range of any one ul: the three photons 

produced i n  orthoposltrurieum dccqy (017) 16 0 < hv; S .511 Mev. 

Perhaps the  most famuus inatanoe ic the decay 

of the  f ree  neutron, which.-is unstable, with mean l i fet ime 1013 sec. 

The electron should have a k.e. range - 
0 2 7 $ ;,- (338.648/939.550)( .783) = .782 Mev, 

which indeed i s  observed experimentally. 



0 - + Note. A decay of form n - c + p has the  same positive Q-value, - 
and is  also  mechanically allowed, but would re su l t  i n  a unique k.e. 

k i  = k;( for  E-, i n  conflict  w i t h  experiment, and would v io la te  conserva- 

t i o n  of spin, since: f 4 4 * & * a for  any choice of signs. 

Neutron decay is  the, basic  proc'ess involved i n  electron-emission 

from unstable nuclei:' 

e .g ., i n  the  decay of the " tr i tont t  

The analogous nuclear positron emission 

i s  observed, although the  process for  the  f ree  proton i s  forbidden. 

( ~ o t e  16.1,) An example i s  

Note here that ,  for such decays, "adding" 2, clectrono t o  each side re- 

sults i n  the  neutral atom "reaction" 
I 

so that Q 2 e [3] - .eE - e [* Z-1  Y] where e = .511 Mev. ( ~ f .  Note 16.1 .) 
E 



19. Coll is ions with t a rge t  a t  r e s t .  Every transmutation 

A(%)  -s (e i )  i n  which A consists of n single pa r t i c l e  ( ~ = l )  may be re- 

garded as a "decay." A l l  others, with H Z 2, a re  called "collisions,  " 

and we s h a l l  consider only those of the form 

where pa r t i c l e  1 w i l l  be called the "projecti le" and 2 the  "target." 

Me st1~8.y f i r s t  (9919-23) the important special  case i n  which the  

t a r g ~ t -  i .s  a ( ~ i e c e s o a r i l ~ )  material par t i c l e  a t  rest i n  i t s  own r e s t  

frame C, with t h e  p ro jec t i l e  moving toward it on col l i s ion  course. A s  

a common basis Cor thc  cections referred to, we consider given an i n i -  

tial system A(el,e2), with pa r t i c l e  parameters 

Following Note 14.2, w e  scc f i r s t  that, 

( a )  the t o t a l s  of the  system a r e  

(b) Hence i t s  c lass  [ c P ~ , E ~ ]  has parameters 

* 2 . 2  9 2 

@ o  = ("1:;) / ( ~ ~ t - e ~ ) ,  eo (el +e2 + 2 e ; ~ ~ )  E (eA +2eZP)a, 

Yo 
= ( ~ ~ + e ~ ) / e ~ ;  and the  

1' 

It is convenient t o  knar 



(c)  The ch. energies ei, of sum e Li, being s t ipulated for  
S 

the  proposed system S(ei), it appears from (b) tha t  the  (invariantly 

expressed) necessary condition 

assumes, i n  the  r e s t  frame of the target,  the  s ignif icant  form 

where Q n e  - e  
A S 

i s  the  Q-value of We reaction (c) . The energy 5 so defined i s  called 

the "kinetic energy threshold" for  the  process, and one speaks accord- 

ingly of 5 as below, on, or  above threshold i n  the  cases 5 ;  $. Note 

the  analogy between the  form of condition (T)  as  it appears i n  the tar- 

/ 
get  r e s t  frame, and i t s  form k' 4 .  (-Q) i n  the  zero-momentum frame C ($15). A 

Since the  inequality eo E: eS i s  here s t r i c t l y  equivalent t o  klZ 5, 
we may ' interpret  the  resul t s  of Th. 14.3 i n  the  .following convenient fom.  

, 
1 Men Q < 0 ( eA<eS ) , then $ i s  positive, and the  necessary condi- 

tion kl i~ 'has teeth," t o  w i t :  

( i )  if kl < 1Fp (e  o < eS), ( c )  is  forbidden. 

( i i )  i f  kl = $ (eo = eS), (c) i s  possible iff a l l  e > 0.  u us ion, 
i. 

wj.-th I = 1, i s  the  case of Interest ,  and must occur exactly "on threshold.") 

( i i i )  if kl > s, (c) may occur i f f  I P 2. 

It should be noted that,  when Q C: 0 (e < %), One has A 



e +e - A (-Q) > (2eA/2e,) (-Q) r (-Q), so necessarily 5 > (-Q) ae,, 
11. When Q 2 0 ( e  P eS), then $ L 0 and i t s  value is  i r re levant .  

A 

For, co l l i s ion  then occurs above threshold, with 4 > 0 2 (eo > eS), 

and (c) i s  possible i f f  I 9 2, ' jus t  a s  i n  ( i i i )  above. 

Only i n  the  case Q = 0 (eA = eS) under (11) i s  the  co l l i s ion  e las t ic ,  

with kl = $. I n  general, t he  energy equation reads 

< < 
so t h a t  2 %  y Q j O .  

(d) I f  t he  co l l i s ion  i s  t o  be studied i n  the  x'-frame of the  class, 

t h e  follbWing information m y  he required, i n  addition t o  the  c lass  pa- 

rameters i n  (b), governing the  Lorentz transforniatlons between x and y.'. 

I n  ' , the co l l i s ion  A' (el, e2) '- S' ( e  involvea two systems of 
i 

2 * c l a s s  (0, eo] , t h e  col l iding system A', with eA < eo = (eA +2e2kl) , nec- 

e s s a r i l y  ($11) having the unique onergien F{ = (p12+ep~l)/eo, h = 1,2, 

or, more simply, 

and oppositely directed vectors CP; of equal magnitude: 

I h e  above form E; = 
=2yo 

r e f l e c t s  the  physically obvious f a c t  t h a t  



2 i n  C' has the speed v; = uo of the CM of A i n  z. This accounts for 

the  position of 0; on the el l ipsoid i3 i n  Fig. 1, shoving the  relat ion - 
between the  i n i t i a l  systems A and A' .  ( ~ f .  §§6,12.) 

In  the figure, the sphere rad i i  are  cp; = yo$oer, yocp; = y 28 e 
0 0 2' 

and the origins 0; a r e  at distances 0;0' = y @ E' 
2 

o o 1, 0'0; = yOBO~; = yo Doe2 

from 0'. 

These de ta i l s  are of importance i n  the e las t i c  case S = ~ ( e  e ), 1' 2 

since the resulting system S' (el, eg) w i l l  then d i f f e r  from A' (el, eg) 

only i n  direction. (such a resul t  i s  indicated by dashed l ines  i n  the 

figure.) With t h i s  i n  mind, we w i l l  further note here that. 0' f a l l o  
1 



( I )  inside, (11) on, or  (111) outside e according a s  

i .e ., i n  the  cases of a pro jec t i le  of ch. mass "l ighterv than, equal to,  

o r  "heavier" than t h a t  of the  target .  To see this, we need only note 

tha t ,  i n  the  present instance, 

and the  remark follows from the  equation 

1. There are good reasorltl  fir^ conoidcr3ng first., i n  some de ta i l ,  

collisicrns i n  t he  r e s t  frame of the  target ,  aside from t h e i r  greater 

simplicity.  

( a )  In  many physical collisions,  the  ta rge t  may be assumed essen- 

t . i~ . l I .y  at rest i n  the  laboratory frame C. 

(b) If t he  t a rge t  i s  a material pa r t i c l e  moving with velocity 

V $ 0 i n  z, a preliminary Lorentz transformation based on V w i l l  carry 
2 2 

the colliding system in to  a frame i n  which the  ta rge t  i s  a t  res t ,  and Lo - 
which t he  simpler theory applies. 

( c )  The "general" methods preserlted l a t e r  (9 24) r ea l ly  require the  

t a rge t  t o  be moving. ( w i t h  a well-defined direction),  specializing t o  the 



r e s t  case only i n  a limiting sense, and it would be witless t o  t r ea t  the  

simpler case i n  such a way. 

2. I n  Note 16.2 we gave two methods of .  dealing w i t h  a general de- 

cay problem. S t r ic t ly  analogous methods mey be used for collisions w i t h  

target a t  r es t  i n  C, as indicated i n  the following 

PROBLEM. A projectile of res t  energy el = 5, k.e. = 8, and direction 

Y1 = (2/3y2/3,1/3)G on given &axes G = [x,Y,z] str ikes a part icle of res t -  

energy e - 7 which i s  a t  res t  i n  C. The resul t  i s  an elas t ic  scattering 
2 - 

~ ( e ~ ,  e2) - s(el, e2), which i s  t o  be treated i n  the C'-f'rme of the class, 

with the direction 1; of the projectile as the basic direction Y' for non- 

polarized scattering of El. The coordinates (2/7,6/7,3/7) w i l l  be used 

for the auxiliary direction 62'. 

For ~ ( e ~ ,  e2) i n  & we are given 

( a )  The to ta l s  of A are cPo = cP1 with cpo = 12, Eo = 20, eA = 12. 

(b) I t o  class therefore has parameters 

2 
Po = C P ~ / E ~  = 315, eo = { E0 - ( ~ p , ) ~ f  = 16, yo = ~ ~ / e ~  = 514, Y o  = Y1. 

(c )  Elastic collision of t h i s  type i s  t r i v i a l l y  possible; obviously 

we may have A = S. Note that,  in general, we need only verify eo Z eg. 

Computation of + i s  a l l I ~ ~ y . ' l  



(d)  For A' (el, eg), k i  = e - e = 4, ki = [ e2+ (kl;/2)1 k./eo = 914, 
0 ' . A  

k; = k; - k; = 714. Hence 

For S' (el, e2) therefore 

We have now t he  two methods: ( ~ i g .  2,3): 

- d 
Method I. A s  i n  Note 16.2, standard axes ~,0' are  ohosen, usin@; . 

t h e  same 8 and matrix D. Since I = SX = Y; i s  the  basic direct ion f o r  

Then from (dl,  E' = 2914, CP' = (21/4)~;. 
3 3 

(e )  Applying (CPE) of Note 10.1 t o  E' and (cP') 
yields  E and 

3 3 E' 3 

(CP ) .  ina ally (cP3) = D (cp3)_, on the ori.ginal axes G . 
6 Ci (2 

Method 11. The vector method of Note 16.2 alsu ti,ppLicc, and onuld 

be used Just  as before i f  we were f r ee  t o  choose X' as the basic  direc- 

I 
t i o n  Y " (as for example i n  isotropic  Bcat.lcf.lllg in ) Hmever, since 

the  s t ipulated '4' = Y o  f x', we uce the device of Note 14.3. From the  

auxi l ia ry  direct ion n' = (2/7,6/7,3/~)~1 and t h e  same matrix D as i n  

Method I (the ro ta t ion  6 being the same, rtrl.t;hough used here for  8 d i f -  

fe rent  purpose) one f i n d s  





Hence, i n  s t ep  (e) ,  we s u b s t i t i ~ t e  the: l a t t e r  vector and energy d i rec t ly  

i n t o  (CPE) of Note 4.1 t o  obtain (CP ) and E i n  C. The required values 
3 ,  3 

U 

of So,Yor (yo) a re  those i n  (b) above. 
G 

Note t h a t  we have purposely used.only the  basic principles.  The 

dismaying plethora of special  "formulas" i n  the current sections are 

helpful  i n  understanding the  nature of the  col l is ion process, but may 

usually be bypassed i n  computation i f  desired. 

3 .  The following coLlisfons (with the second. pa r t i c l e  at resL  in 

t h e  laboratory frame C) are h i s to r i ca l  landmarks i n  a r t i f i c i a l  transmu- 

t a t ion .  The Mev values of Q pJld &,, may be verif ied from TABLES I1 and 

Rutherford, 1914 

Chadwick, 1932 

Feather, 1932 

Cockcroft, Walton, 1932 

Jol iots ,  1934 

Chadwick, Goldhaber, 1935 

seer&, Chamberlain, 1954 

Reines, Cowan, 1956 

 r rook haven) 1962 

% 

1 - 5 3  

---- 

---- 

---- 

3.05 

(4)' 

5630 

1.807 

113. 

Q 

- 1.19 

5.7 

.63 

17.3 

- 2.65 

- 2.225 

- 1877. 

- 1.805 
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20. Fusion. For an arbitrarily given colliding system A(%), of * 
class I C%,E~] with critical mass eo = ( E ~ ~ -  (cpo12) > 0, a fusion is 

always possible, provided only that the single particle resulting has 

a rest energy precisely equal to eo. While mathematically the reverse 

of a decay process, there is here the physical implication that the 

fused particle incorporates into its am rest energy the given critical 

energy eo, which can hardly be regarded as an intrinsic property of 

unique species of particle, 

In a collision with target at rest, therefore, we may consider the 

fusion . A(elYe2) - s(e0) 
where by definition 

is the rest energy of the resulting particle. 

Technically, the Q-value of (F) is then the negative number 

and the "threshold" energy $ is kl tautologically, the fusion (F) nec- 

essarily occurring precisely "on threshold ." ($19) 
The fused particle rides at the CM of A, with the class velocity 

Uo, and energy Eo; indeed with all its parameters those of the class 

(CP~,E~] of A. 

The energy conservation equation 



indicates a conversion of kinetic energy t o  res t  energy. (we recal l  that  

a coherent system has the l eas t  k.e. and greatest ch. energy of a l l  sys- 

tems i n  its class .) 

In  the C'-frame of the class, the two ~ i c l e s  of A' h s e  in to  a 

motionless one, with a t o t a l  conversion of kinetic energy in to  rest-energy: 

A fusion sometimes resul ts  i n  a part icle which possesses a (more or 

less)  stable "ground state" of minimal res t  energy e In  Such rt caec,' 
g ' 

one has necessarily 

and the fused part icle i s  said t o  be formed w i t h  an "energy of excitation" 

If the fusion occurs a t  vanishingly small iricider~L energies kl, as it 

does for example i n  the ~~eutron-oapturc 

2 * 
then, since eo = (eA +2e25)  - eA as  5 - 0, necessarily 

e ;re 
A g 

and the ( in t r ins ic)  energy 

e*S e - e S O  
g A i 3  

i s  the "minimum energy of excitation" w i t h  which the part icle can be 

formed. I n  the case cited, one finds from TABU3 I11 

108 



This is  more than(23%) can stand, and results  i n  fission. 

In  "radiative c&turel' (= neutron capture followed by y emission, a 

l e ss  drast ic  result),  the excited nucleus formed i n  the fusion 

has a ground.state t o  which it may drop by emitting a photon: 

The Q-value of the latter "decay" is then precisely the energy of exci- 

ta t ion w i t h  which was formed i n  the fusion (F) . 
Nuclear y absorption 

affords a Purther example. Here, the ground s ta te  res t  energye i s  e2 
@; 

i t s e l f ,  and the energy of excitation has t he  simple form 

Notes 20. 

1. If the collision of Note 19.2 results  i n  fusion, ' the partic1.e 

formed has Eo = 20, eo = 16, ko = 4 and cPo = (8,8,4)G. 



21. Elas t ic  co l l i s ion .  We consider i n  t h i s  section i n  general, 

and i n  the  next, with el = 0, the  important case of e l a s t i c  co l l i s ion  

on t a r g e t  at  res t ,  of the  simple form 

where 
el = e3 O 

e 2 s e 4 > 0  

and hence Q = 0, 5 = k + k4. 
3 

I n  t h e  corresg0ndir-g co l l i s ion  A'-+ S' i n  the C'-frame or Lhe 
' 

class ,  even the individual kinet ic  energies a re  unchanged: 

and indeed, as  w e  how, A' and S', as  systems of c lass  [0, eo] with 

e + e < eo, can d i f f e r  only i n  direction. From 919 we may therefore 
1 2  

wr i te  Smruedia%ely 

a d  
I I cp; = cp3 = y B e = cp2 = cpi .  

0 0 2  

Once the  direct ion Y 1  i s  specified i n  C1, the systems S' and S are  fully 
3 

determined, and a complete compu%ational procedure has already been out- 

l ined  i n  the  PROBLEM of Note 19.2. To understand the  physical nature of 

such col l is ions,  it i s  important t o  study them further  as they appear on 

the  standard axes involved i n  Fig. 19.1, and here denoted by 3,8'. I n  

part icular ,  we w i l l  consider the dependence of the f i n a l  system on the  

physically meaningful angle ( ' (0  S J' 5 180') at which the  pro jec t i le  
3 3 



s c a t t e r s  from i t s  C' l i n e  of f l igh t .  (The i n i t i a l  direct ion Y of the  

l a t t e r ,  under the  present "target a t  res t"  assumption, is of course 

Y o  = Y1. ) The mathematical l imiting case (I' = 0 and (I ' = 1.80~ w i l l  be 
3 3 

referred t o  for  obvious reasons as a "miss", and a "direct hit",  re- 

spectively. 

Since c& = - I 
'Pp= - CP' 3 COB (I' = - y e cos q f  m d ~ i  = e2yo 

3 . .  
0 0 2 3' 

we f ind f i r s t  (as easier)  the  Z ta rge t  parameters 

The "recoi l  k.e." of the  ta rge t  i s  therefore 

From these, the  energies 

k3=9-'6 

E3 = el + k3 = Eo - E4 
of the ocattered p6 j e c t i l e  i n  'Z  may b e  inferred, a s  they depend on 4 ' 

3 
From E and E4 w e  mey also obtain formulas fo r  the  magnitude8 

3 

?! 
CP3 = (E32-e,"f and c q  = ( E C - e z )  

of the  corresponding vectors cP ,cP4. 
3 

For t he  scattered project i le  i n  x, we f ind d i rec t ly  from conserva- 

t ion  of momentum 



If desired, the  r e s u l t s  of ( l ) ,  ( 6 ) ,  and (7) may be used t o  obtain 

cos Jr = cp /cp 
3 .  3x 3  and cos $4 = C P ~ ~ / C P ~  (8 

f o r  t h e  C angle of deflection of the  projectile,  and the r eco i l  angle of 

t h e  target ,  as they depend on Jr ' In  amplification of (8), one should 
3  ' 

note the  following remarks. 

1. The position of U' on ,Uie ellipsoid. 15 of Fig. 19.1 indicates 
2 - 

t h a t  Case I1 (96) always uLtaino for  the target ,  which therefore scat- 

t e r s  forward i n  x, i t s  angle Jr4  ranging from (a l imiting) 90' t o  0' as 

t he  pro jec t i le  angle Jr ' ranges from 0' (miss) t o  180' (direct, h i t )  i n  C' . 
3 

I n  (8), t he  excep t io~a l  case cph = 0 ( E ~  = e2, kq = 0) occurs only i n  the  

event of a miss, with the  t r i v i a l  r e su l t  S = A. 

2. A s  we h o w  from 596, 3.9, the dependence of the  pro jec t i le  angle 

$ 3  
on $; i.s more complex, We range of ) depending on the  cases 

3  

I. e < e (0; inside P )  with 0 5 ( S 180' 
1 2  . 3  

11. el = e2 (0; on e)  with 0 s ) c 90' (see ~ o t e  2) 
3  

- 
111. e > e g  (0; outside E )  with 0 5 q 3  C q 3  < (30' 

1 

as explained i n  96. ('The value of i s  given i n  Note 3. ) I n  (8) the 3 

exceptional case cp = 0 ( E ~  = el, k - 0 )  occurs only i n  the  event of a 
3 3 - 

d i r e c t  h i t  on a target of equal r e s t  mass ((' = 180°, el = e2). In  t h i s  
3 

case, we sea from (4)  t ha t  k4 = kl, showing tha t  the  pro jec t i le  i s  stopped 

'!dead i n  i t s  tracks," while the  ta rge t  recoi l s  w i t h  i t s  en t i r e  k.e. (see 



Note 1. ) ... 

3 While the values of cos Qi  are perhaps most easily computed from 

(8), we may reca l l  that  ( 2 1 )  gives the explicit  formulas 

COS $ = ( ~ 0 8  $; iQ;) /D;  
i i = 3,4 

where 
8 

D; = ( ( ~ 0 s  + yi2(1-cos2$;)) 

and here p '  . u /v' - $ I3'/cp; = E ' / ~  e 
i o i -  o i  i a 2' 

I 
Nov p4 = 1, and cos ${ = - cos $', so that, for i = 4, (9) reads 

3 

On the other hand, p '  = E;/yoe2 = (e  -y e )/Yoeg, which may be wed i n  
3 0 0 2  

( 9 )  t o  obtain cos $ We how Prom $ 3  that, i n  the case e i  = O(imma- 
3 

t e r i a l  projectile, p '  = fI0) the l a t t e r  result  reduces t o  the simpler form 
3 

4. Finally, we recal l  from $4 the formula (4.5) 

uhlch gives cos Ji direct ly i n  terms of Ei and the fixed E;, by eliminat- 

/ 
ing the parameter I;. substituting the present values 

a,nd remembering that  

obtain from ( b , 3 )  



cos ( = ( E ~ E ~ - ~ ~  
3 2-e2~1 ) /cp1cp3 

cos $4 = 

Theae may a l s o  be used t o  obtain the  cos qi, once the  Ei a r e  known. 

Again i n  t h e  special  case el = O ,  t o  which we turn i n  the next section, 

cos ( = 1 + (e2/E1) 
3 

- ( e 2 / ~ 3 )  

cos $b = ( l+ (e2/E1)1 % / c P ~ *  

The f i r s t  of these i s  t he  polar equation of the  e l l i p se  (Note 6.2), with 

0; at  the l e f t  focuc. 

Notes 21. 

1. I n  the exceptional case cp = 0 i n  (8), we have from (3,4) 
3 

2- 
= 4 = e2(yo 

2 2 2 2 -  
l)(l-cos ( '1  L 2og(y, -1) = 2e2(EI -el )/eo - 

3 
2 

2e2kl(~i+el)/e: and so also, e e + e + 2e2E1 1 Be E + 2c e 
0 1 2 2 1 2 1' 

. 2  
o r  (el-e2) 5 0.  H w ~ c c  e - eg and cOs JI' = - 1. The r e s u l t  i s  of 

3 

course geometrically obvious. 

?. I n  Case 11, el = eg > 0, the minimum angle of separation oc- 

2 2 
curs when $ '  = go0, with cos = (yo -l)/(~, +1) = %/(kl+4el). cf. 

3 

(.12*5) 

3.  I n  Case 111, t he  value of the maxim angle F, of deflection i s  * J 

I 2 
given (Note 6-31 by t a n  ? 3 = 1/yo(p3 -1) , where p i  = (eo-yoe2)/Yoe2, 

as shown.under (10). Hencc 



22. Compton scatterinq. It was f i r s t  noted by Compton and Debye 

that t h e  l a w s  of e l a s t i c  col l ie ion govern the  scat ter ing of x-rays by 

f ree  electroris, provided the  "rays" a r e  regarded as par t ic les  of mass 

2 
M = hv/c and absolute momentum Mc = hvlc. 

  or t he  present section, we define "Compton scattering" as any 

e l a s t i c  co l l i s ion  of form ~ ( 0 ,  e2) -s(0,e2) i n  which an immaterial 

' pa r t i c l e  sca t t e r s  from a material target ,  and consider, under the  ta rge t  
. . 

a t  r e s t  assumption, an i n i t i a l  system A(O, e2) with parameters 

hvl = kl = El > el = 0, cpl = kl, cP1 = klY1. 

k2 = 0, E~ = e 2 7 0, c p 2 = 0 ,  c p 2 = 0  

the  basic scalars  being kl and e2. 

Specializing $19 t o  the  case el = 0, we have 

(a) A t o t a l s :  cPo = cP1, cpo = kl, Eo = k + e2, 
1 

eA = e;. 

(b) Class parameters: Elo = kl/(kl+e2), eo = (e2 

2 * 
yo = (k1+e2)/eo, (yo  -1) = Boyo = kl/eo= 

(c)  e, > eS, or kl. > % = Q = 0 indicates the poss ib i l i ty  of elas- 

t i c  co l l i s ion  fo r  I = 2. 

(d) C1-parameters of A',s' ($21) 

I 
k; = E; 3 Eg - 

3 
CP; = yoB0e2 = (kl/eo)e2; E2 = EL = 

. .. yoe2 

I n  the  e l l ipso id  construction, one has 

2 
O;ol = y o B o E' 1 = (y o $ o )2e2 =, (kl/eo) e2, w i t h  0; at  the l e f t  focus. 

-. .- 



0.0; = Y ~ C P ;  = Y o  2 h o e 2  = (kl/eo)yoe2, cpl ' = (kl/eo)e2. Since the 

f igure  f a l l s  under Case I, we how that ,  as t he  deflection angle Jr ' of 
3 

t h e  p ro jec t i l e  i n  Cf ranges from 0' t o  180°, so does i t s  deflection angle 

( 3  in Z, while the  r eco i l  ang leof  the ta rge t  ranges from (a l imiting) 

go0 t o  oO. 

( e )  The formulas (3,4,10,10c, l l c  ) of $21 yield the  following C 

psrameters of the resul t ing  system s(0,e2), as they depend, i n  effect,- 

The reco i l  k.e. of the  ta rge t  i s  

with a range 

The energy of the scattered pro jec t i le  i s  therefore 

with a corresponding range 

k k + kl/[l+(2kl/eg)b 
1 -  3 (4 

The deflection angles (I as they depend e ~ p l i c i t i l y  urr $ '  v .y  be ob- 
i 3 .  

tained from 

COG ( 3  = (COB ( ~ s ~ ) / ( ~ + B ~  COS ( I )  
3 ( 5  

2 cos (4 = (1-cos (;I/{ (1-cos (;12 + y;2(1-cos (I I] 
8 

3 (6) 

while their  ilependcnoe on k- rind $ i s  indicated by 
3 



- 
Note here t h a t  1 + e$kl = P O  , and therefore (7)  may be written as 

cp3 = 5 = e$ l+ oc08 $3 = Y obi/[ 1-13 3 . mis i s  of course the  

polar equation of the  ellipsoid, as  shown i n  Note 6.2. Equation (7) may 

also be expressed i n  the  form 
I 

The angles U3,yl, are correlated by the equation 

tan tp 3 ( )  cot $ 4 2  
"2'5 

o <  $ 3 < 180°. 

This may be obtained by division of the  self-evident "momentum" equa- 

. t ions  (cp = k3, cpo = 5) 
3 

cp4 s in  y 4  = k s in  $ 
3 3 

cqc COB $4 = 5 - k3 cos 1, 
3 

and substitution of k /k from (78) in to  the  resul t .  
1 3  

Notes 22. 

1. Since 11, i s  the target speed i n  x', and (yop0~;) ; (cp;) = E; 

< 
as  8, 5 1/& , it follows that,  i n  the el l lpsoid figure, the focus 0' 

1 

faus  inside, on, or outside the smaller sphere as  the Compton wavelength 



of the  t a rge t  compares with the  common wavelength of both par t ic les  i n  

Cf,  i .e. ,  as 

( c f .  Note 1.4.)  

2. Set t ing  kl = h(c/hl) and k3 = h(c/hg) i n  (7), one obtains 
\ 

Ah 6 A - A l  = hgc( l -cos(  ) = 
2 

3 a2c 
s i n  ( /2, where hgc i s  the Compton 

3 3 

wavelength of the ta rge t .  For 41 =. wO, M = k2=. 
3 .. - 

3. We have indicated general methods i n  Note 19.2 fo r  dealing with 

t a r g e t  at  r e s t  problems when t reated i n  the Cf-frame of the  class .  We 

now show how such col l i s ions  a r e  handled i T  we need not leavc the  target, 

r e s t  frame. The method i s  then qui te  simple, since the Lorentz trans- 

formation is not invoked, and w i l l  be suf f ic ien t ly  obvious from the  fo l -  

lowing "Compton col l i s ion"  example, which neglects polarization effects .  

N.B. Since the  "Klein-Nishina" d i f f e ren t i a l  cross sectiun ( ~ o t e  4 )  

f o r  photon scat ter ing on f r e e  electrons is  given i n  the  electron r e s t  

frame, it i s  natura l  t o  deal  with such e l a s t i c  co l l i s ions  i n  t h i s  way. 

Moreover, since the  enerqy d is t r ibut ion  has the  simpler form algebraically, 

one customarily samples the  energy k on i t s  r w g e  ( h ) ,  obtaining cos tj 
3 

a f o r t i m i  from (7). Finally, use of t h e  energy uni t  e = .511006 Mev al- - p E 

laws the  formulas of this section t o  be read with e2 = 1. 

PROBLEM. A photon of energy kl = 4 ( i .e . ,  2.044024 ~ e v )  and direc- 

t i o n  Y = (2/3,2/3, 1/3lG on given axes G, col l ides  e l a s t i c a l l y  with a 

f r ee  motionless electron. 'lhe energy k = 4/5 io chosen on the  range 
3 



4 Z k3 1 4/$  ,by sampling the  K - N energy distr ibut ion fo r  5 = 4 BY 

(7), the  corresponding deflection angle is $ = 90'. The direct ion 
3 

being basic for  scattering of the photon, $ i s  i t s e l f  the la t i tude  angle 
3 

9 for  location of '4' and Y1. If the longitude rp, here assumed uniformly 
3 

distributed, is chosen as  3m0, then 

i s  the awti l iary.direct ion about X, and 

locates Y about Y1, where D i s  the matrix of Note 16.2. 
3 

The f i n a l  photon momentum is therefore given by 

on the C axis  G .  

If desired, one may obtain 4 = % - k3 - 16/5, E4 = 1 + q = 2115 

2 * 
cq, = ( E ~  -1) = -/5, and ( c P ~ ) ~  = ( c P ~ ) ~  - (cP ) where 

3 G' 

All cnergietl may be converted t o  Mev on multiplicaeion by 

e = .511006 Mev. 
e 

4. Neglecting polarization effects, one obtains from the  "Klein- 

Nishina" formula (A IV) the dif ferent ia l  cross section 

f o r  the Compton scattering of n photon of energy. 5 3 hvl/ee from a 



motionless free electron, where k r k. a n cos Jr : .  o or r r see 
3' 3 € ' 

TABLE I. ) A more convenient cross section, defined by 

I(kl;k)dk E u(kl;a)da 

i s  obtained by using the relation (71, a = 1 + l/kl - l/k, w i t h  

2 
da/dk = l/k , namely 

-2 . -1 
k = (nr f 2/k:){k-2-(2<1+2-kl)k-1 + (kl +2k1 ) + kilk]. 

Integration on the range (4), kl/(l+2k ) B k l kl, *elds the (total) 
1 

cross sectio~l 

2 -2 
o(kl) = 2nr E [2k1 + (1+k1)(1+2k1)-2 - (kl -?tki2-2 -1 kl -1 )~n( l+2k1)] . 

Norming gives the probability density function p(kl; k)= u(3; k)/o ( kl), 

and the equation 

p(k1; k)dk 

indicates the dependence of k on the random number r in Monte Carlo prac- 

tice. 

The inverse function k = ~(k~;r) has been fitted by B. Carlson 

( k 4 ) and E . D . Cashwell (kl S 24) as follows 



where 

For higher energies (> 12 ~ e v ) ,  scattering i s  extremely forward, 

and a reject ion technique employed on two subranges of p(+,k) 'seems 

indicated. !The cross sections for  energies % 500 Mev are  graphed i n  

N.B.S. Circular 542. 

1 n ' ~ ~ ~ e n d i x  I V ,  we consider the  Compton col l is ion of plane polarized 

' photons. I n  t h i s  more general case, the cross section 5 (5; k) of Note 4 

is  used a s  just  indicated t o  obtain the scattered photon energy and de- 

fect ion angle Jr i n  C. 

5. For tables  of the  integral  jb Ip(kl; k)dk, k 25, see H. Mayer 

e t  a l ,  IMS 11.99. 

23. Pair  production. A s  a f i n a l  example of a coll is ion w i t h  target  

at res t ,  we consider the case of "pair production," i n  which a sufft- 

clenfly energetic photon interacts  with a charged particle,  the  trans- 

mutation, of form A ( o Y e 2 ) - +  s(e2,ee,eG),, 

resul t ing i n  the rf=coi& uncx~i'l;ed target, of rest .energy e = e together 3 2' 



with an electron-positron pair, with r e s t  energies e4 = = e = .511006 
e5 E 

Mev . 
The reaction i s  seen t o  have a Q-value 

& = -  2eE = - 1.022 Mev 

and consequently an energy threshold condition 

which i s  here . suf f ic ien t  as  well  as necessary ($ lg (c ) ) .  Note zhat 

2- 2e fo r  a nuclear t a rge t  ( the  usual case), whereas $ = 4eE f o r  a 
E 

target electron. We s h a l l  assume tha t  )i > 5, with S non-coherent. 

The i n i t i a l  system being ident ica l  with t h a t  of -922, a l l  par t i c l e  

parameters of A, and of A'  i n  the C1-frame of i t s  class,  as well as the  
~ 

parameters of the  c l a s s  i t s e l f ,  a r e  already given there. 

The system S' (e2,ee,eE), of c lass  [O,eo) i n  C(, has a t o t a l  k.e. 

= e o - (e2+2es) > 0, where eo = (r22+2e21'1 

?'he sharing of t h i s  among the  three par t ic les  i s  of course not unique. 

I 
me t a rge t ,  for  example, may recoi l  i n  C with any k.e. on the  range 

Technically, both end points are attainable.  m e  l imit ing case kj = .% 
would demand the  coalesced emission of the  charged pair i n  the  direct ion 

opposite t o  that of t h e  target rccoil ,  which i s  physically absurd. Har- 

ever, t h e i r  nearly p a r a l l e l  emission i n  C is indeed observed. If the 



ta rge t  were l e f t  motionless i n  r , w i t h  kt = 0, the  pair  would then form 
3 

a two par t ic le  system of class  [O, eo-e2], having the unique energies 

and oppositely directed momenta of equal magnitude, with 

24. Collision with ta rget  i n  motion. Finally, we turn t o  col l is ions 

' ~ ( e ~ ,  e2) * s(e i )  i n  which both part icles  of a non-coherent system A are  

i n  motion i n  x, hence with parameters 

( a )  The t o t a l s  of A are  then 

cPo = cP + cP2, w i t h  cpo . I cp0l ,' Eo = El + E2, 
1 

eA = el + e 
2' (2)  

While computable i n  the usual way, it is sometimes convenient t o  ex- 
. . 

press cpo and quantit ies depending upon it, i n  terms of the  physically 

meaningful angle a (0 l a L  1 8 0 ~ )  between cP1 and cP2, which may ei ther  be 

given, or eas i ly  obtained from 

COB a .: y1*y2. (3)  

2 

2 2 = E~ - el + E~~ - e z  + ~ C P ~ C P ~  cos u 

2 2 = (E1+E212 - el - e - 2(E1E2-cp cp cos  a )  
2 ,1. 2 



where by def in i t ion  

2 - 
Eo 

= E1E2 - cplcp2 cos o > ele2 Z 0 ( ~ o t e  1) .  ( 5 )  

(b) We wr i te  therefore f o r  the parameters of the  c lass  [cP0,Eo) 

The d i rec t ion  of the  c l a s s  veloci ty  i s  Y o  = as always. 

(c)  The necessary colldltiuu ro 2 eS f o r  the ~ o p o s e d  transmutation 

here takes the i'onii 

2 
e +e 

Eq B e e  +-  
1 2  

A (9) 2 

where Q = e - eS i s  t he  Q-value of the  reaction. We s h a l l  suppose 
A 

eo > eS, and I s 2, so t h a t  a non-coherent r e su l t  S(ei) i s  possible 

('I%. 14.3). 

(d) ' If t he  co l l i s ion  A'  (el, e2) - S' (ei) i s  t o  b e  studied i n  the 

C' -frame of the class,  we may require t h e  (unique) parameters 

of A', given by $11, and t h e  angle6 whioh cP1 find CP; make w i t h  

t h e  d i rec t ion  Y o  of the  c lass  velocity. 

The f i r s t  of these is  obtained from 

Ignoring 9 3, we w i l l  obtain @; directly R o m  the Lorentz transforma- 

. 



t ion  f o r  c p k  on standard axes ( ~ o t e  10.1). 

I 
CPlx = ( E ~ ~ P ~ - ~ P ~ E ~  )/eo = (Eocp, cos ~l l - c ~ o ~ l  )/eo 0, 

Hence, using (8), we find 

2 2 2 2 
Substituting Eo = El + E2, (cpl) 

= El - el , cplcp2 cos e = ElE2 - Ee , 
2 2 2 2 

and (cp0) = E o  - e l  - e - 2Eu, 
2 

we obtain upon simplification 

I 
But c p k  = c p  cos (;, so we find from t h i s  and (7) the  resvl t  

1 

Note t h a t  formulas (4-9) involve only the given scalars  E,,g and cos a. 

With the  general objective and plan of Notes 14.2, 14.3, and reliance 

on basic principles as f a r  a s  possible, some procedures a re  given below 

for  various kinds of col l is ion problems w i t h  target .  i n  motion i n  C. 

Method I. Assumptions: cPh given on Z axes G; coll is ion treated i n  

XI-frame of class; Y; specified as  basic direction for  non-polarized emis- 

sion in.Z'; 0 ',q' chosen for  location of Y '  about Y;. ( ~ i g .  .I .) 
3 

1. ( C P ~ ) ~  = (cpl) + (cp2) and CP, = lcpol yield (Y ) = ( c ~ ~ ) ~ / c p ~  
G G .  . O G 

for  direction of class  velocity. . 

2. (cpl)- = D'(CP ) gives components of cP1 on standard Z-axes 
G l 6 - - - 

r [x,Y,z] [BX,BY,~Z], where D is  the matrix 02 rotat ion 6, based on 

as  i n  A I I I ,  Cor. 1. 



3. For standard C' axes C' = [?I ,Tt,z' 1 para l l e l  t o  c, 

I 
then gives the  cl-components of CP; i n  . ( ~ o t e  10.1. ) 

Here one computes Eo 1 El + Eg, e - (EZ- (en,)", w h e r e  cpo i s  

known from s tep  (1) .  The necessary condition e Z eS may be tes ted  at 
0 

t h i s  point. 

4. ( y ; )  = (cp;) /cp; i s  obtained for  the  basic (project i le)  di-  

F ' E' 

rect ion i n  z', where cp; = I (cP;) I . c4. 
f I I 5 .  If col l i s ion  i s  elas t ic ,  w e  s e t  cpl = cpl, E3 = El, where 

3 

L.; = (-cpocpE I -  E E )/eo Tn any case, w e  must suppose E;, cp;, 0 ', 0' 
0 1 

determined a t  t h i s  point. 



The matrix D' of the rotation 6' (AIII, Cor. 1) t a n g  z' into 
(Y;) , and based on the latter unit vector, is applied to the auxiliary 

E' 
direction n' = (cos 8 ' , sin 8 ' cos cp' , sin 8 ' sin CQ' $/ , to obtain the 
direction of emission 

and the vector (CP' ) = cp' (Y' )- , on C' axes z' . 
3 p 3 3G1 

6. The transformation of Note 10.1 (with i = 3 and barred x,y, z) . 

applied to E' and (cP') yields E3, and (CP ) on standard Z axes. 
3 3 C' si- 

7. Finally, (CP ) = D (CP ) gives the components of cP on the 
G E 3 

original C axes G, where D is the matrix of step (2). 

Except for the complication of non-standard axes, this is the-scheme 

used in No-be 14.4. 

Method 11. This is a modification of (I) which simplifies the work 

in z' at the expense of a more complicated rotation in C. 
1. From cPo and cP1 we obtain both directions (yo) , hl) . - 

G G 

0 .  =. Tlie rotation B1, vlth matrix Dl based on these unit vectors, 

(AIII, Th. 3) defines axesE in C such that f ~ € 5 1 ~  = Yo as before, and 

- - 
with Y1 lylng in the upper half qf  the X,Y-plane, which now contains 

the parallelogram of Fig. 1. The matrix Dl is nut used until the final - 
step, 



3 We now compute cos 11 ' from (91, and, i f  required for e l a s t i c  
1 

col l is ion,  a l so  E' and cp' from (7) .  Here one may prefer t o  use the  
1 1 

principles  from which these formulas were derived, namely 

cos 4r1 = Yo.Yl 

cplx = cpl cos (I 
1 

I 
CPLx = ( E ~ c P ~ ~ - c P ~ E ~ ) / ~ ~  

i = (-cp ~p +E E )/eo 
0 l x  0 1  

,e  2 ) h  
CP; = ( E ~  -el 

4. The basic direct ion Y; = (cos 1;, s in  \\I;, o ) ~ I ,  on z' axes 8' 

2 h 
para l l e l  t o  8, i s  now known. Note tha t  s in  (I; = + (1-cos 

$ i) 
5 .  The matrix D' of the  rotation 6' taking a' i n to  Y; i s  here simply 

-- 
and just  a s  before (l" ) = U' (0' ICt/ yields the El-dlrecti on of 3. 

3 CI 

D' = 

The f i n a l  s teps (6,7) are  those of (I), exccpt tha t  th. P m t r i x  . Dl i s  

used in place O r  D in (7).  

cos $ '  - s in  (; 0 
1 

s i n $ '  c o s $ '  0 
1 1 

0 0 1 

Method 111. I n  one type of problem, the  parameters (cpl) , 
G 

el 

of the  proJect i le  are given, but the nature of the ta rge t  i s  subject t o  

chance. Suppose cP2, E2, e2 sui tably chosen, and tha t  the  direction Y 2  



is i n  a non-polarized distribution about Y Finally, suppose the ( l a t i -  

tude) aagle of separation a, and a longitude cp chosen for  location of y2 

about the "basic direction" Y 1. 
We may of course proceed by (I) or (11) i f  ve first specify h e )  

G 
which may be done by using the device of Note 14 -3, w i t h  = 

(cos a, s i n  a cos cp, s in a s in  )=, and D the mstrix of AIII, Cor . 1, 
based on Y 

However, the problem admits a simpler strategy outlined i n  IAMS 2360 

(~e t ropol i s ,  Turkevlch, e t  a1 . ) and sl ightly modified here. 

1. We first define C axes 

where slX = Y 1, and Dl i s  the matrix based on (Y 1) , as  i n  A 1 1 1  Cor. I. 
r: 



2. We - now specify = (COS a, s in  u cos q, s in  u s i n  cp)= on 
1 

0 
t h e  C axes G1, where 0' 5 u I 180 , 0 S cg < 360'. 

3 m  The ro ta t ion  62, about Y1 through cp + 180' i s  defined, r e l a t ive  

t o  the  G1 axes, by 

The direct ions Y1 and Y sppeu* i n  the 6 6 X,h,plY-plane, with Y = 6 6 X, 2 1 1 2 1  

and Y 2  i n  i t s  luwer ha l f .  - 

G 2  ' 62[61~,61~,61~1 = [61~,61~,61~1~2 

4. The angle dfl between cPo and cP1 i s  next computed from (8), and 

w.h ere D = 
. 2  

used t o  obtain the matirix 

of t h e  rotat ion 6 about tj2B1Z through -01, which determlnes f i n a l  Z 
3' 

1 0 0 
- .  

cos(w180O) - s ; n ( c p + l ~ ~ )  

o sin(qw180O) ~ o s ( ~ l 8 0 " )  

axes: 

- -  - 

The s i tua t ion  i s  now Precisely that of Method 11, with = Yo, and eP 
1 - - 

i n  the upper half of the  X,Y-plane, although no computing has been done 

aside from evaluation of the three matrices D 
i m  



We nar follow steps (4,5,6) of (11), 'relying on the formulas (4-9) 

for required parameters, and so obtaining E and (CP ) . 
3 6 

7. It only remains t o  compute the components 

on the original C axes G, using the matrix D4 defined by 

where 84 i s  the composite rotation 6 6 6 Retracing our steps, we see 
3 2 1' 

tha t  64G = 6  (6 6 G ) z  
3 2 1  = O2'3 

= 6B1D3 = G D 
1 $3 

= 61GD93 = GD1DP3 

= D1DJ13 so that we must use D4 i n  the f ina l  step. 

Method I V .  With the data given i n  Method I, the vector form of cPE 

i n  Note 4.1 may be used, with the parameters f30,yo,Yo of the class com- 

puted from f i r s t  principles. 
I 

. 1. Its inveGse, applied t o  (cpl) gives (CP! ) i n  C' on .rues G' 
G G' 

paral lel  t o  G, w i t h  direction (Y ;) = c /.pim 
- G' G 

2. The rotation 6, w i t h  matrix D based on the l a t t e r  unit vector 

(~111, Cor . l), takes the auxiliary direction R' f nto an emission direc- 

t ion Y ' with C' coordinate@ 
3 



3. From the s t ipulated E' and CP' = cp' (Y '  ) , the d i rec t  (CPE) of 
3' 3 3 3 G ~  

Note 4 .1 yields E and (CP ) . This method requires a minimum of "for- 
3 G 

mulas" and may well surpass the  others i n  speed. 

Method V. Assumptions: cP given on h x e s  G ,  col l is ion t reated i n  
. h  

r e s t  frame C' of ta rge t  (with e2 > 0); Y '  specified as basic direction fo r  
1 

non-polarized emission i n  1'; 8 ',q' chosen for  location of Y ' about Y ' 
3 1 ' 

Tho m e t h d .  I .s indicated when d i f f e ren t i a l  cross sections are  given for  

t h e  tdxgeL at ~ c c t ,  as in Compton scattering. 

The appropriate Lorentz transformations between C and C' are  those 

of $4  or  Note 4.1, the  parameters Dory ,Y being, i n  the  present case, 
0 0 

t h e  t a rge t  parameters 

It w a s  shown i r i  Note 4.4 Ll~a% 

is  t he  pro jec t i le  energy i n  the  target t st frame C' . The geometric 

procedure i s  t h a t  .of Method I or Method I V ,  w i t h  the  ta rge t  r e s t  frame 

pl;ying 'i;he r s l e  the  C'-frame of the class .  The emisslo~l parameters 

zi, cp;,O ' ,cpf must of course be stipulated i n  x' . The procedure l o r  

Compton col l i s ion  has been indicated i n  Notes 22.3, 22.4. 

Notes 24. 

1. 'IFne "colliding" system A i s  understood t o  be non-coherent. It 

i s  easy t o  ver i fy  for  the  quanti t ies  defined, 



2 
(a )  Ea 1 ele2, wlth equality i f  and only i f  e E . - elE2 'Lnd, 

2 1 -  

a = oO, which i s  a necessary and sufficient condition for  coherence of 

~ ( e ~ , e ~ ) .  

(b) Eo2 = 0 if and only i f  A i s  coherent-immaterial. 

2. We have assumed cPo f 0, with a well-defined direction Yo. This 

indeed f a i l s  i n  the single case o = 180°, cpl = cp2. The frame C is  then 

identical with the C1-frame of the class, and Methods I, I V  by-pass the 

Lorentz transformation. 

3. We have assumed cP2 f 0, wlth a well-defined direction Y 2 .  I f  

q i s  fixed, and cp2-0, the general fonmilas reduce i n  the l i m i t  t o  the 

"target a t  rest"  relations ($19) . 
4. Figure 1 i s  only schematic. The true relations between the sys- 

tems A,A' may be seen a s  usual from a suitable ellipsoid figure, based on 

sphere rad i i  cp;,yo(cp;) and distances Io$ '~ = The i n i t i a l  pro- 

jec t i le  angle $; wlth Y o  i s  given by (g), from which the res t  of the fig- 

ure may be drawn. Here of course we are given the cPi and qi, a priori .  

I n  such a figure, one can show that  

< 
as cp 1 2  cp cos a 5 ( ~ ~ - e ~ ) q .  

< 
(The relation may be derived from the equivalent condition elyo 5 E; of 

$ 6, using yo = Eo/eQ, E' from (7), . and E~~ from (5 ) . )  
.I 

A s  usual, t h i s  governs the pooiClon of 0; relat ive t o  the ellipsoid, 

and hence the behavior of JI under Cases I, 11, I11 ($6) i n  case of 
3 



5 .    he col l iding beam problem. ) For a co l l i s ion  

~ ( e ~ , e ~ )  - s ( e i )  (C 

between two pa r t i c l e s  of equal r e s t  energy el = 
e2' 

and fixed energies 

E1,E2, i n  t h e  lab  frame x, t h e  t o t a l  energy of the system i n  t he  C'- 

frame of t h e  c l a s s  i s  given by (6) as  

2 h 
e = (2el +a E -2cplcp2 cos u) . 
0 1 2  

Th1.s energy, which i s  c r i t i c a l  f o r  the production of new part ic les ,  as 

witnessed by the  necessary condition 

e E eS 
0 

(TI  

natura l ly  reaches i t s  m a x i m  value 

2 
eo(E1,E2) = ( 2 5  + ~ E ~ E ~ + ~ ~ P ~ C P ~ )  

i n  the case of head-on collision, with o E 180'. 

N o w  suppose El>  el i s  fixed, say at  the  greatest  energy t o  which 

such a = t i c k  capl bc accelerated i n  C by present methods. Then, i f  

t h e  t a rge t  energy varies  from E2 = e ( l imit  case, ta rge t '  at  r e s t )  t o  
1 

E2 
= El (as  i n  two optimal colliding beans), t h i s  x', energy r i s e s  from 

LO j .to m a x i m a l  value 



In  the l a t t e r  case, the oppositely directed momenta are of equal magni- 

tude, the frames C and x1 coincide, and of course the t o t a l  C1 energy i s  

Thus a factor 2E1/(2el +2elE1 )a , > 1 

i n  the c r i t i c a l  energy eo i s  attained. To appreciate t h i s  factor, one 

must ask what projectile energy would be required for collision on 

target at res t  t o  achieve the same energy 2E1 i n  c'.  The answer is  ob- 

viously provided by the equation 

It  i s  interesting t o  evaluate these quantities ( i n . ~ e v )  for  energies 

El i n  the range of present design for protbn beam-proton target systems 



CHPCPTER I V  

CROSS SECTIONS 

25. Mean f r e e  path i n  a gas. I f ,  i n  traversing a distance d6 i n  

3 z, through a medium of ni ident ica l  par t ic les  2 per an , a projec t i le  1 

of k.e. kl > 0 has probabili ty niuidS osll 

t he  cross section of the  second par t ic les  for  the  first. More generally, 

f o r  a medium of t o t a l  density n, composed of I Z 1 such submedia i, pre- 

sluned independent, with densi t ies  ni = f n and cross sections ai, ' the 
i 

corresponding col l i s ion  probabili ty i s  t he  sum 

where s = s ( 4 )  = Z fiui is , ~ r  "effective crnfis section." 

me assumption of an "itifinitccimal" cnl-Usion probabili ty nsdb Is 

equivalent t o  the  l a w  dT = - T(nsd8) for  the probabili ty ~ ( 6 )  of trans- 

mission (without co l l i s ion)  through a f i n i t e  distance 6, i .e ., 
' 

~ ( 6 )  = e . I n  this sitWtluri  

i s  t h e  appropriate "probablli-t;y dis tr ibut ion function1' fo r  ( f i r s t )  co l l i -  

sion distance 5 6. Accordingly, i n  Monte Carlo practice, fo r  a random 

number r uniformly dis tr ibuted on (0,1), the  equation r = ~ ( 8 )  deter- 

mines the  distance 6 = - ( l / n s ) h ( l - r )  of pa r t i c l e  1 t o  col l is ion.  The 



length L " l/ns, naturally scaling the above formulas, i s  called the 

mean free path, since for  the ?density Amction" 

~ ( 6 )  = ~ ' ( 6 )  
t 

for  collision on (S;W), the averege collision distance is seen t o  be 

For media at res t  i n  x, the cross sections u r ( 5 )  so defined are 

those ordinarily listed, 'and used as indicated i n  problems warranting 

the r e s t  assumption. If the medium consists of a "gas" of part icles i n  

a lmm k.e. distribution, the "cross section" required by Monte Carlo 

procedure i s  an "effective" one determining a transmission' probability 

~ ( 8 ) ;  An attempt is  made below t o  derive such a cross; section fo r  a 

pure material gas, i n  terms of i t s  k.e.'.distribution and i t s  r e s t  cross 

sections ar . 
As a prelilninsry step, consider a projectile 1 0f.k.e. 5 > O ,  di- 

. . 

, rection Y1, t ravers iw distance ds through a medium of ni identical par- 
. 

3 t i c l e s  2 per cm , al l  with 'energy Eg and direction Y 2. I n  the common 
. , . .  

r e s t  frame of the targets, the projectile has energy and keg. ( ~ o t e  4.4) - 
/ -cp cp cos u ) / e g  ~ , 2 / e ~ ;  < = El - el* 

E; ' (ElE2 1 2 ( 1  

Here, E~~ i s  the abbreviation (5) of 024., w i t h  cos 0. = *Y . The eor- . 5. 2 

responding momentum -itude i n  z' i s  therefore given by 



The p ro jec t i l e  undergoes a corresponding displacement ( ~ o t e  6.6) 

db' = db cp;/cpl 

through a medium 'at r e s t  i n  C', with density ( ~ o t e  2.6) 

n' = nilY2 where 
i Y 2  = E2/e2e 

We might therefore expect a probability of col l is ion 

where we s h a l l  regard 

e.6 t he  cross section of Llic medium part.i.cles for  the project i le ,  i n  C. 

Now consider the  t raversa l  of the  same projec t i le  P through dPstancc 

3 db of an isotropic gas of n par t ic les  2 per cm , i n  s k.e. "distribution" 

f (k2)dk2. There are  then a fract ion 

on ( k  k +dk2), (I 2 , ~  2+d~  1, which we regard as a submedium contributing 
2' 2 

t he  cross section oi of (7).  The argument at  the outset would then l e d ,  

i n  the  l i m i t ,  t o  an "effective cross section" 



for the gas, end hence a f'ree path L = l/ns determining first collision 

distance 6 = - L h(1-r) for the projectile. 
Adopting spherical coordinates a,q for location of Y2 about the 

projectile, direction yl, and setting a = cos a, we see that 

The involved dependence of the internand on the variables of integration 

is provided by the relations 

where El = e 1 + 5 and cpl = (El2-el2? are constants of the projectile.' 

Notes 25. 

1.. A non-relativiatic d o g u e  of (8), which is "we~-ku&m~" reads 

?J 2 
*ere v; =' (vl +vt-2vlv2a) . In case ar(L;) is constant, one can ahor 

that s(5) > ar for arbitrary distribution f(v2). This answers the ques- 
. . 

tion (c. Mark) whether it is easier to erom Tima. Square with traPiic 

in motion or at rest. For a MameV distribution, 

2 2 i! 
f(vg) = (4321fi ) v22 exP ( 8 2  v2 ), with P, - (m2/2%*) , one flnd~ 



where w E B2v13 ~ r f ( w )  . s (2/&) Iw exp(-x2)dx. The "mean free path" 
0 

of kinetic theory, with particles of types 1 and 2 both - i n  Maxwell dis- 

t r ibutions involves the surprisingly more tractable integral 
1 ,  

' 1 = ~ ~ I v ~ - v ~ I F ~ ( v ~ ) F ~ ( V ~ ) ~ V ~ ~ V ~  = (~%T/TI~)* ,  where 

2. The cross section (8)  for the case of a photon beam reduces t o  

ki = % ( ~ ~ - c ~ ~ a ) / e ~ .  Here, i n  the physically uninteresting case or con- 

stant,  one sees ~JIuL e(lrl) = up regarQless of f (k2) .  Hence, for a photon 

crossing Times Square 

3.  Unfortunately no adequate reference for  (8) has been found, and 

some manifest subtlet ies may vi t ia te  the result,  which i s  offered tenta- 

t ively.  It should be emphasized i n  any case that  the "cross section" 

here considered i s  not Lorentz invariant, and i s  only a mems t o  a free - 
path. In  the following section we revert t o  standard practice, regarti- 

ing (non-diffesent5.d) cross sections as in t r ins ic  properties of the 

target  particle, as measured i n  i t s  r e s t  f'rame. 



2 6 .  Transformation of differential  cross sections. Let aT = a T ( % )  

denote the ( to ta l )  cross section for  collision of a part icle 1, having 

k.e. 5, with particles of a single species 2, a t  r e s t  i n  z. Various 

types of transmutation may result  from such a collision, the probability 

p of each defining the partial crosk section aK = p e T  for i t s  occurrence. 
K 

We now focus attention on any one such.process - 

of cross section a r 
=K' the resulting system S.consisting of P B 3.par- 

t ic les ,  of which p = p are of the same species j. Then the probability 
3 

of emission f (E,Y )d~dY of a j-particle, with E,Y on the indicated ranges 

i n  C, has the operational meaning that, i n  a large number W of K-processes, 

one expects t o  find pNfdEdY such particles of species j. The corresponding 

differential  cross section i s  then given by 

u(E,Y )dEd~ = pafdEdY cm 
2 

w i % h  the integral 

t . . / '  If r' (B ,Y )dE'&" denotes the corresponding probability of emission 

for  the K-process A'& S" as it appears i n  a second frame z' mdving with 

constant velocity Uo = uoYo relat ive t o  x, then the equation 

is dictated by the invariance of j-particle counts. Regarding a = aK as 

invariant, the  same relation i s  seen t o  govern th.e correopoii&l~ Mfferen- 



t i a l  cross sections a' and a .  For the standard axes of Fig. 2.1, and 

polar coordinates ($,cp), ( ,  for  location of Y,Y'  about Y o  = X = x', 

we may write  (1) i n  the  form 

f '  (E1,$',cp')d~' s i n  $'d$'drpl= f(~,Y,cp )dE s in  $dJr@. 

I Set t ing  a' = cos , a = cos $, and noting tha t  cp' = rp for  standard axes, 

t h i s  becomes 

It f o l l a r s  tha t  

f'(E1,a'cp)d~'da' = f(~,a,cp)la(~,a)/3(~',a')Id~'da' ( 3  

where the  fac tor  denotes the absolute value of the Jacsbian 

J = det  I 
of the .transformation E = E(E' ,a' ), a = a(E1 ,a') from tu x. Thc lat- 

tcs i s  concealed ' implici t ly  in the ( cF'E ) transf omation, namely 

where ( E ~ ) ~  = 13 2 - e 2 , ( c ~ ' ) ~  = - e2. 

Since dcp /d~  = E / C ~  we obtain formally 

Hence, multiplying t he  second column i n  (4) by cp, and adding t o  the  re- 



sult the multiple (E/cp)a of the f i r s t ,  we see. that  

aE/bEf b (cp.a)/bE' 
cp J = det 

aE/aa' b(cp.a)/ba' 1 . 
These partials are readily found from (5) t o  be, respectively, 

so that  cpJ = cp'. Thus (3) reduces t o  the symmetric relation 

Analogous formulas obtain for  other variables. Thus one may prove 

i n  similar fashion 

f'(c~',a',V)~'d(cp')da'/(cp')~ = f(cp,a,p)~d(cp)da/(cp)~. 

The condition I 1 3 imposed above on the system s(e i )  was necessary 

for  the independence of the variables E',a'. For a two part icle system 

S, E' i s  uniquely determined by the i n i t i a l  system A, and one speaks of 

; a probability of emission 

f ' (a' ,cp Ida'* = f (a,V )dadrp 

reletmi by 

f' (a' ,p = f(a,cp (da/k '  Ida' • 

We have derived i n  $ 3  the required formulas 

a = (a '+pf)b '  da/da' = y g 2 ( 1 + p ' a ' ) ~ '  

with the simpler version 



for the case of an immaterial j-particle. 

Note 26. 

1. For a more complete discussion, including singularities, see 

K. C . Dcdrick, Rev. Mod. Phys. 34, 1962, 429-442. 



'APPENDIX I 

3 
Consider a homogeneous, isotropic gas of particles per cm , each 

of ch. mass m, of which the fraction f(k)dk have kinetic energy on 

( k, k+dk) , 0 < k < m . The' numerical 

ticles, in the indicated ranges of k 

and (dl rection spherical-coordinates ) 

0 ,cp is seen from .the figure to be 

' n(AA*vbt cose )f (k)dk(sin8d€Idcp/4n)/~bt 

= (n/4rr)vf(k)dk sin8 co&dedcp, where 

v t v(k) is the speed. Successive inte- 

u grations, on 0 S rp < 2rr, 0 s 0 S n/2, 

and 0 < k < a shm the various result- 

ing (une-Way) numerical fl&es to be 

1. ~(k,e)dkde =I (n/a)vi (k)dk sin8 COBB d € ~  /cm2 I& 

2. N(IS)~IS = (n/4)vf(k)dk /cm2 iec 

3.  N = (n/4)7 /cm2 sec 

while for the kinetic energy flux, 



Regarding pressure TP at a " w a l l "  as  the  t o t a l  change of normal 

2 
component of momentum per sec, per cm , we find from (1) 

where p = p(k) i s  the  absolute momentum. 

The kinet ic  energy per un i t  volume, on the interval. (k, k+dk) i s  

the  t o t a l  being 

For a .gas  of photons (m = 0, v = c, k = E = hv) a t  "temperaturett 

0 r S T  ergs, the  function ~ ( k )  i n  (6)  i s  known as  the Planck distribu- 

t ion, namely 

- 1 
8. ~ ( k ) d k  = 8 1 - r ( h c ) - ~ ~ ( e ~ ~  -1) dk 

*om this a s  a startiilg; point, we infer  from ( 6 )  that 

and upon integration, we f ind  tha t  (Note 1) 

-3 3 10. n = 16rrC(3)(hc) 0 

is  the  (temperature dependent ! ) uumtr icd  'density. 

From (g), the probabili ty of k on (k,k+dk) i s  therefore 



Direct integration of (8) shows the  t o t a l  energy density t o  be 

SO that, from (12) and lo) ,  the  average photon energy i s  

- 4 
13. k = K/n = TT 9/30 c ( 3 )  erg. 

Evaluation of N,g and TP from (3), (4), and (5)  is  quite t r i v i a l .  

Thus, the t o t a l  numerical f lux  i s  

-3 3 2 14. N = (c/4)n = 4n6(3)c(hc) 8 photons/cm sec 

carrylng an energy 

-3 4 - 
I 

15. 9 - ( c / 4 ) 5  = ( c / ~ ) K  = ( 2 / 1 5 ) ~ ~ ~ c ( h c )  0 = oT erg/cm2 sec 

where a i s  the  "Stefan-Boltzmann constant ." 
Finally, for  the  radiation pressure, 

- 
2 

16. TP = ( n / 3 ) ~ c  = ( 1 / 3 ) 5  = K/3 3 erg/cm . 

Notes I. 

1. The values of n and K for  a photon gas may be verif ied from,the 

formula 

ca 

s-1 x - 1 
(*I = I, x ( e  -1) dx = r ( s ) c ( s ) ,  r e a l  s > 1 

ca 

where I? ( 8 )  [ xs-le-xdx ( > 0) i s  the IT-function" w i t h  values 

r ( s )  = (8-1): fo r  integral  s = 1,2,3 ,... (0: = o), and 

mm -8 
~ [ s )  z L~~ m (s  > 9) is the "Hiemann g-Yunction." 



The formula (4) can be obtained by termwise integration using the 

geometric series 

and the obvious relation 

,.a 

2. For a gas of material particles, the pressure formula - 
2 

lP = (n/3)~v is not expressible in terms of K, although in non- 

relativistic approximation TP (2/3)5 = (2/3) K (compare (16)). 

2 
Strictly, Mv = pv = h(v/h) so we might mite lP = (n/3)hf for a "fre- 

quency" f such that hf v. We recall for V $/h that hv = c2/v. 

(cf* $1.) 



APPENDIX I1 

DIE GENERAL IXlRENTZ TRANSFORMITION 

Let c > 0 be a specified constant; C" = Rml(n is 2) an "event space" 

of vectors 5 ' = 1 , where X' is a "position" in Euclidean R ~ ,  and IF1 
t' + x' E R1. A Lorentz transformation (L.T. ) here means any non- 

nt1 

singular (nos.) Idnear transformation (lot), (ntl order matrix), 

(A being n X n) 

of C, with the property 

(L) For every 5 ' 

be expressed in the form: 

also satisfies 1x1 = cl tl . - - 

Defining the- symmetric' matrices Q = 

implies <'%%I%' z 5 % ~  = q xJe - c2tE= o 

Ax' + ~ t '  

c=Xt+ dt' 

In 
0 

07- 
2 

and P n T%T, (L) may 
. . 



Theorem 1. If T is a L.T., .then 

where q = d2 - 0, (4 

hence the identity 

Conversely, if T is 'a mtrix such that T%T = gQ. with g f 0, then T 

is a L.T. 

Proof. Let 61 be position vector with i-th component 1, all others 
- 1 -1 

zero. Since 6' = t tji, ti = c , and ti = 36i + bj, ti = 5c all sat- 

-2 
isfy (I), it follows from (2) that pit = - pnlrylc , pi&= = 0, 

i = I,...,% and PiJ = 0, i f j, i,j = 1 ,..., n. Hence T\T= P 

= ' Pn+lm+l c-$ = qQ. Here q f 0 since T is nos. Finally, (5) is ob- 

vious, and implies the value of q in (4), upon setting X' = 0, ti =: 1 

and the corresponding X = B, t = d. 

The converse statement is trivial. 

Corollary 1. The set 0% all LOT. Is ic a group. 

Proof. This follows formally from the N. & S . condition: 
T ~ Q , T  = QQ, Q 6 O. 

Corollary 2. The matrix T is a L.T. iff 

2 7 (6) A*A - .c CC = qIn and (7) A% = c2dC, where 

(8) q 5 d2 - c-'1 BI ' is non-zero. 
Proof. By block multiplication, 



The result  folluws at.once from Th. 1. 

Corollary 3. If T i s  a L.T., then d 4 0, and for  

we must have 

2 t  
( 9 )  A ~ ~ A ~  - c clcl = qlrn 

2 
and (10) = c C1, where 

Proof. Suppose d = 0. Let X' be a non-zero vector (existence ob- 

vious) such that  (2%' = 0, and define t' = c-llx'l . Then i ~ ' (  = c l t ' l ,  

and we must 'also have 

I A X ' + B ~ ' ~  = 1x1 = c ( t (  = clc?x'+dt'l = 0. 

But a nos. T cannot take 5' # 0 in to  5 = 0. The res t  i s  clear from Cor . 
2. 

Corollary 4. I f  T = d~~ i s  a L.T., as i n  Cor. 3, then B1 = 0 i f f  

C1 = 0. I n  such a case, ql = 1, q = d2 > 0, and A1 i s  a rotation of 

Proof. These statements follow a t  once from (g), (lo), .  (ll) 

Note: A "rotation" means here any n x n matrix R such that  R% = In. 

A "space rotation" is a 1.t. of x' of form 



The s e t  S* of a l l  such i s  a group, and for  S E s*, sml = ST and det S = t 1. 

Corollary 5 .  The s e t  of a l l  matrices of form dS, d f 0, S E S* i s  a 

, R a rotation. S = 

group, consisting of precisely those L .Tmls  w i t h  B = C = 0. 

R 0 .  

0* 1 

Proof. This i s  clear  from Corm 2 and Corm 4. 

Now suppose T i s  a L.T. as i n  Cor. 3, with I B  I bn > 0, (cl,l C, > 0, 3.. 

and consider the  e q u t i o n  

where s ~ , s '  are  space rotat ions.  

Letting R ~ , R '  be rotat ions such tha t  RIBl = b0G1 and R ' C ~  = =oGl 

( ~ a t c  l), wc obtain  a L.T. 

which, by Cor. 3, s a t i s f i e s  

i s  the same as  for  TI, aince bo = (B1( . 
By (13)) A2 has We form. 



F'r'om (12) and (14) we then conclude tha t  i n  ,A2, 

Since ql f 0, we see from (17) tha t  ql 1 - co2b o > 0 (hence 

2 -b = ( l - ~ - % ~  2 ) -* q = qld > 0 i n  Th. l ) ,  and so bo < c. Defining yo = ql 

> 0, we haye from (17) tha t  yoA3 i s  a rotation Rn-l of from (16) 

t h a t  U = 0; and from (15) tha t  co = ca2bo. 

Collecting these results,  it appears that 

Finally, defining the sgace rotations 

and S = S2S1, a straightforward cqmputation fo r  S T ~ S  '* = S ~ ( S ~ T ~ S  lT) 

= S T' yield8 the f inal  
2 1  

Theorem 2. Every Lorentz transformation T is expressible i n  the 



-1 7 
T = dyo S IS' 

where S and S' are  space r'otations, and 

Moreover, i n  Th. 1, q = dZYi2 > 0. 

'Coroilarry 6 .  Given a b r e n t z  transformation 5 = TE' re la t ive  t o  the  

coordinates 5, t', the  transformation re la t ive  t o  the "standard" coordinates 

- -7 5 SE, 5 S'S' has the  form 

1. The "Gram-Schmidt" process affords a construction of a "rotation" 

R which takes ti1 i n t o  a given unit  (column) vector Y1. Since Y l  f 0, sup- 

pose i ts  i - th  component ai # 0. Then the se t  of n vectors: Y1, and all 

6 j f i, i s  l inea r ly  independent. The orthonormalization aaor i thm pro- 
j ' 

duces from these an orthonormal s e t  

R = [y1,y2,'. . .,Y n I 

of column vectors. Regarded as  a matrix R, we have 

Rtil 1 Ylo 



COORDINATES AND ROTA'J!IONS 

3 Let R denote a Euclidean 3-space of position vectors R m  A "set of 

axes". G = [x,Y,z] means any right-handed set of mutually perpendicular 

unit vectors X,Y,Zm The relation 

then determines x,y,z as the G-coordinates of R. 

3 A rotation 6 of R is (intuitively) a "rigid motion" about the ori- 

gin, and is completely defined by its action on any set of axes G, as 

indicated by an equation of the form 

where D = [d 1 is a 3x3 matrix w i t h  D-l = ~~z [aji] and det D = + 1. . 
13 

The vectors 6X,6Y,6Z then form a set of axes also, w i t h  G-coordinates 

given by the column vectors of D m  

Theorem 1. Let G = [x,Y,z] be a set of axes, and 6 a rotation, de- 

fined by 6Ci = GD .. Then 

(a) a point R w i t h  G-coordinates (x,y, z) has ECi-coordinates 
G .  

Y 

. =  
z 
G .  

- 
X - 
- = D~ 

X 

y whereas 



(b) the  point 6R has G-coordinates 

Proof. From ECi = GD. and the definitions,  we have 

Every rotat ion may be achieved by a right-handed rotat ion through an 

0 
angle 0 (0 L 0 S 180~)  about some fixed uni t  vector Yo, and defined ex- 

G x '  

Y/ 

(b )  6R = 6Ci x 

Y 

p l i c i t l y  as i n  

G G z I G  . 

Theorem 2. I f  a un i t  vector Y has G-coordinates (b ,b ,b ) , and 
0 X Y Z G  

I 
8 i s  given on [ 0 ~ , 1 8 0 ~ 1 ,  with c cos 8, c = 1 - cos R, s s i n  0 E 0, 

= G * D  

then the  right-handed ro ta t ion  6 about Y o  through 0 i s  defined by 

x 

Y 

Hi = CiD, where 

. . 

Proof. One has only t o  verify t h a t  the  above column vectors are t he  

G-coordinates of 6X,6Y,6Z fo r  the 6 defined. Let XI! = ( X * Y ~ ) Y ,  = 



-. 

2 9 x = 1 ) . Then the desired 8X i s  

It is  clear from Fig. 111.1 tha t  q' must sat is fy  the (dependent) condi- 

ti ons 

(1) Y0*6X, = 0 
2 

(2) x,.8xL/(xLI = C 

2 
and (3)  XI x 8xL/lxLI S = Y o  

when X, 4 0, s f O, ( ~ f  X, = 0, bx 
2 = 1, by = bZ 3 0, and the  f i r s t  col- 

umn correctly reads (1,0,0). The column i s  also correct i f  S = 0, C = f 1. 

This we leave . for  the reader. ) 

FIG. I11 0 1  



'~etting the unlmown 6XI = (px,py,pz) , these conditions yield 
C i  

(4) bxPx + bpy + bZpZ.= 0 

2 2 
( 5 )  (l-bx )P, - bxbpy - bxb,pZ = ~(1-bx ) 

2 
(6 bXbZpy - bxb?, = ~(1-bx )bx (first component). 

2 
From (4) and (5) re have at once' px = C (1-bx ), so that 6X has X 

2 2 2 
coordinate bx r; c (1-bx 1, 0 C -+ bx C' an oloimed. Tf f D and b f 1 X 

as assumed above, (4) and (6) then field 

p~ 
=bZS - b b C  and 

PZ 
= - b S - b b C  

x Y Y X z 

and the remaining coordiaates of 6X are seen to be those in D. Finally, 

if bx = 0, then px = C, and condition (3) gives trivially p = bZS, 
Y 

pz = - b S, as required in D. The verification for BY, 6 Z . i ~  immediate 
Y 

by cyclic permutation. 

Corollary 1. Let (a ,a ,az) be the G-coordinates of a given unit 
X Y  G 

vector Y . Then 6, defined by 8G = 0, where 

when A = 0 

A S  l +  ax+ o (a) D = 

or (b) D = 

is a rotation which takes X into 6X = Y. 

a 
X 

- a  
Y - az 

a 
2 

1 - (aY /A) - a a / b  
Y Y z 

az 
- a a / ~  

Y = 1 - (a216 
' -1 0 0 

0 -1 0 

0 0 1  



Proof. If ax = 1, then a = aZ = 0, andD = I i n  (a) .  If ax = - 1, 
Y 

the  D i n  (b) defines a rotat ion of 180' about Z. Otherwise, Y f f X, so 

that X and Y l i e  i n  a well-defined plane, and a right-handed rotat ion 

through an angle 9 on [oO, 180~1 w i t h  C = cos 9 = X "P = a about i t s  
x' 

no- Y o  = (X x Y )/s = (0,-a a ) /s, S s i n  0 = (1-ax2)*, w i l l  ob- 
2' Y G  

viously serve ( ~ i g .  111.2). !tlhe above matrix D resul t s  from that of 

Th. 2 upon making these substitutions. 

It i s  sometimes convenient to,make a rotat ion which not only takes 

X in to  a specified Y = 6X, but has the  property tha t  a second given vec- 

t o r  Y1 l i e s  i n  the new 6X,6Y plane. For .this we have 

Theorem 3.  Let (a  ,a  a ) , (alx,aly,alz lG be the G coordinates of 
x Y ' Z G  

two unit  vectors Y,Y1. Define C = cos q1 = Y "Y1, 0 S q1 1 180°, and s e t  

S 3 sin', gl t 0. Then we obtain a rotation 6 defined by 61G = 
1' GD1, such 

Y . . .  



t h a t  (a )  SIX = Y and (b) Y1 l i e s  i n  the  "upper half"  of the GIX,SIY 

plane, with SIG-coordinates (cos $1, s in  , provided we take 

Dl as t he  D of Cor. 1 i n  the  t r i v i a l  case Y1 = f Y, and otherwise s e t  

-a a )/s where c A = (a ,a -a a )IS, c = (azalx-axal,)/s, cZ = (axaly ix 3 1~ 2 1 Y  Y 

- 
D l -  

and bX = c p Z  - c a = (alx -a C)/S 
Z Y  

a x bjc . c x  

a b c  
Y Y Y  

b 
aZ 

C 
z z 

Proof. The m t r i x  Dl i s  uniquely determined by the  conditions 

€jlX = Y ,  t l Z  = Y X Y ~ / O ,  ELY = b: 1 Z X 81X i 111.~). 

Y 
4 

> x  

FIG 111.3 



) be the  G-coordinates Corollary 2 kt (ax,ay' az (alx, sly, alz * 

of two orthogonal un i t  vectors Y ,Y1. Then Ei, defined by 61G = 
OD1, 

where 

i s  a rotat ion such t h a t  tjlX = Y and 61Y = Y1. 

Proof. Set C = 0, S = 1 i n  Th. 3. 

This i s  the basic rotation used i n  polarized Compton scattering 

obtained from D Ph CO&. 1 by charging sPwe of Pte last two coPumns i s  

symmetric, and defines a rotated s e t  of axes 6% (with 6% = Y) upon 

which X appears with the  same coordinates a ,a a a s  has Y on the  ori-  
x .  Y' z 

Notes 111. 

ginal  axes G.  

2. Another al ternat ive for  C 0 r .  1 i s  the rotation ii; with matrix 

, A = l + a x f  o 1. The matrix D* = ax a Y az 

2 
a Y / A -  ayaz/A 

a a /A (aZ2/A) - 1 
"2 y z 



which achieves the result EX = Y by successive rotations about Z and X. 

The square root is a computational disadvantage. 



COMPrON SCATFEZUNG OF PIANE POIARIZED PHOTONS 

1. Klein-Nishina cross sectton. A plane polarized photon may be 

characterized i'n a frame z by i t s  energy 1 = bvl/mEc2, direct ion Y 
1' 

and an e lec t r i c  uni t  vector e i n  the  plane nl orthogonal t o  yl 

i g  1 Its Klein-Nishina d i f f e ren t i a l  cross section fo r  scat ter ing 

(on a f r ee  unpolarized electron at  r e s t  i n  z )  i n to  a direct ion within 

dY2 of Y2, with an e-vector e2 ( i n  the  plane n2 orthogonal t o  y 2 )  a t  - 
angle 0 with el (F'ig. 2), i.e., with 

i s  given by 

o(y2, e2)dy2 = ' ( 3 / 4 )  (%/k1l2{~'-2+4 cos2 O] dy2 cm 2 ( 1  

where 5 $/kl + kl/l/h2, $ = i /{ l+kl( l -cos (2 )] , and cos $t2 = Y2.Y 

- 
e, = Y 

u; = x 

. , -  .e2j--JJ y : = X  , , .  

F I G .  I V . 1  z F I G .  IV.2 

(l)For computation, we suppose (yl) , (el) given on C axe$ G = [x,Y,z]. 
G G .  
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For a given sca t t e r  direct ion Y one defines 'two basic direct ions 
2' 

i n  t h e  plane n2 (Fig. 3 )  

e 1 J. = Y2xel/l'if 2 xe 1 1 and ell1 = e 1 L x Y 2 .  (2 

Note t h a t  [Y 2, ell1, elL 1 form a right-handed s e t  of axes, with elL orthogo- 

n a l  t o  Y2, el, and e I1 which are  therefore coplanar. These vectors a re  
1 '  

a l s o  shown i n  Fig. 4, where the  "plane of scattering" Yl,Y2 appears hori- 
' 

z ont a l ly  

Then, for  an a rb i t r a ry  e2 i n  n2, we may wri te  e2 = A + B, where 

A = (e2*ell1 )eill and B = (e2,elL)elL a re  i t s  components on ell1,ell resp. 

(1)  2 .- 2 Thus, with 17,?7' as i n  Fig. 4, we f ind  cos @ = (e2*eL) = ((A+B) *el)2 

2 2 2 2 =(A-el) = (e2.ell1 ) (elli *e 1 ) = (e2*el11) cos 17' = (e2 *e II) s i n  2 

2 2 
= (e2*elll) (1-cos q), so t h a t  

("The -q,-qf re la t ion  ( e  -e = 1 - ( ~ ~ * e ~ ) ~  may be verif ied vector is l ly ,  
1 1  

using t h e  iden t i ty  A0(BXc) = C*(AXB) = B*(cxA). 



e: \ 
FIG w IV w4 

I n  these terms, (1) becomes 

We assume that, fo r  each Y2, e2 must be exactly one of the  two vec- 

, t o r s  e or elL. From (3)' t he  cross sections f o r  the two corresponding 
1 

events a r e  

Their sum i s  the  cross section f o r  Y 2  sc'atter, 

Introducing spherical coordinates (p,cp2 r e l a t ive  t o  the  axes with 

d 

P = Y Y = e we have (F'ig . 2) 
1' 

= (COS (2,' s i n  q2 cos cp2, s i n  ( 2 s i n  q2)-; el = (0,1,0) (6.) 
G E 



so  t h a t  Y2*el = s i n  4 . 1 ~  cos cp 2"  

For these coordinates, ( 5 )  reads 

2 2 
= (r2/2)(k2/k1l2{I$-2 s i n  q 2  cos cp2]d(cos q2)dcp2 (7 

where we note the  non-uniformity on the  "$2-cone ." 
Integrat ion on 0 5 cp2 < 2rr then gives 

as t he  cross section f o r  scat ter ing within d(cos t2)  of the q2-cone about 

Y . ( ~ i g .  2.) This i s  ident ica l  with the  cross section of Note 22.4, 

from which one may obtain t h e  "energy" cross section Z($)dk2 and the  

t o t a l  cross section o, just  as indicated there.  ( 1  

2. Simpleminded Monte Carlo. One may follow a single (kl,y l, el)- 

photon through a Compton col l i s ion  as  follows: 

a. From 5, one obtains k2 and cos $2 a s  i n  Note 22.4. 

b. cos cp i s  then obtained with good efficiency from (7 )  by the  
2 

standard re jec t ion  technique, applied t o  the  rectangle enclosing the  

curve 

2 ;;1 
f(cpg) = K ; ,  - 2 s i n  Q2 con q2, O s c p  < 2fi. 

2 

(see Notes 1-4 f o r  d e t a i l s  .) 

- -- 

( l )For  simplicity, we here use subscript 2 i n  place of 3 .  



c. (Y2) is  next obtained from (6). 
G' 

d. By (4)  t he  r e l a t ive  probabili ty of eg = elL is 

2 
(5-2) /2[5-2  s in  q2 cos2 rp2], by which the  al ternat ives e2 = elL or 

e2 = e '1 a re  sampled. 
1 

P 

e. The C coordinates (e2) of the  e2 selected a re  obtained from 
E 

( 6 )  and (2).  

f . If (Y 1) and (el) are t he  incident vectors on given axes G, 
G .  G 

then the  rotation. el of A I I I ,  Cor . 2, with matrix 

takes the  axes G i n to  the  axes C on which Y 2  and e2 a re  known from (c) ,  

( e)  . Hence, (1 ) = D ~ ( Y  lE, (e2) = D (e  ) give the  direct ion and e- 
G G 1 2 C  

vector of the scattered photon on the  original  axes G (AIII, Th . l ( a )  ) . 

3.  Stokes parameters. I f  one i s  not concerned with the  e-vectors 

as such, but only. i n  the successive changes of direction Y of a' photon 

beam (upon which i t s  energy depends) a much more ingenious method i s  

available . (1) 

Under our basic assumption, those photons of an i n i t i a l  "pure" 

(l)The method, described i n  part (5) below, i s  apparent1 due t o  I,. V. 
Spencer, C . Wolf'f (Physical Review, 9, 1953, 510-514f; the  version 
here i s  due t o  G. I. Bell, who discovered it independently. 



kinds, having e-vectors e or  e i n  the expected r a t i o s  defined by 
1 1 ' 

(4). Always following t h a t  portion of the beam which sca t te rs  i n  a 

common direction, we should expect i n  general (c f .  Note 5 )  a f t e r  n col- 

n 
l i s i o n s  a composite res idual  beam with 2 e-vectors, a l l  orthogonal t o  

t h e  f i n a l  direct ion.  I t  seems suff ic ient  therefore t o  consider mono- 

energetic (kl,yl)-beams with a f i n i t e  number of d iscre te  e-vectors e 
i 

1 '  

The "Stokes parameters" Q U appear here a s  two numbers, dependell,!; 
1' 1 

upon the  e-vector composition of such a beam, which ( a )  suff ice t o  deter- 

mine i t s  probabili ty p(y2)dy2 of scattering direction, and (b)  serve t o  

determine, fo r  tha t  par t  of the  beam which sca t t e r s  a t  Y2,  the  accompany- 

ing Stokes parameters Q2,U2 required fo r  i t s  next col l is ion.  The follow- 

ing argument i s  intended t o  make plausible t h i s  point of view. 

-i 

Consider then a composite beam of (k Yi )-photons, S * denoting the 
If 1 1 

i 
f r ac t ion  (hli = 1 )  having t h e i r  el vector e ( i  = 1, ..., N )  a t  angle 11 i 

1 a. 
0 

from a specified direct ion e ("Stokes vector") i n  the  plane nl orthogo- 
1 

n a l  t o  Y i  (Fig. 5 ) .  We now f i x  at tent ion on a part icular  direct ion Y - 2 

of sca t t e r  

'q = x, 

FIG. IV .5  



with coordinates 

- 0 on the  axes with j(l a Y1, and Y1 = el , t h e  given Stokes vector. On 

these axes we have a l so  

1 i 
e = (0, cos q , s i n  q i, 
1 1 

l a, 

, whence 
i .  i 

y2 *el = s i n  (2 cos (cp2q1 ) . ( 9  ) 

i 
For the fixed Y2, and each el , there  a re  then two possible resu l t -  

ing e-vectors 

e 
il. i i i l l  il. 

1 
= Y;xel /ly2xel 1 and el 

= el *2 

f o r  the  scattered photon ( ~ i g .  6 ) .  Their assoc'iated probtibility density 

functions axe seen from (4)  t o  be 



2 
where o2 = o / ( r  /2)($/k1)2 i s  a function of (2.  

1 
Hence, the  probabi l i ty  of a beam photon having el = e scat ter ing 

1 ' 
tu Y I P  wid L a v i ~  c = e or e = eliL, are given by 

L 2 1 2 

i i l l  
S1 P ( Y ~ ' ~ ~  )dY2 and S1 i 

The sum of the  two i s  t he  probabili ty of a beam photon having 

i 

el = el 
and scat ter ing t o  Y 2  (cf . ( 9 )  ), namely 

2 
2 2 

* e  i, ] dy2/o2 = s l i [5-2  s i n  (t2 cos (r(12-qli)]d~2/~2 s;[K2-2(y2 

i 2 2 i 
k S1 ( ~ ~ - s l n  Jlg-'lin I .  cns 2( rp . .q .  ) ] ~ Y ~ / I ? ~ .  

2 2 1 

Sunrming on i yields  the  probabili ty of a beam photon scat ter ing t o  Y 2  

2 
i 

p(y2)dy2 = {%-2 Zs, (y2-e1 1dy2/$ 

I 

= [&-sin 2 i 
L 

-s in  qaC sli cos 2(cp2-q1 11 dy,/o, 
$2 

Therefore we ma,y write  

ph2)dyp -- = P (yp)dy2/02 

2 .2 
where p (Y  2 )  = K;, - s i n  q 2  - s i n  Q ~ Q  (q2) 

and 



a r e  the  "stokes parameters" serving +lone t o  determine p(y2)dy2 f o r  the  

composite beam. For l a t e r  use, we a lso  define here 

u(v2 ) = - Q~ s in  2cp2 + u1 COB 2p2. 

4. Stokes parameters ' of' t he  scattered beam. We now regard the  

(Y Y +dY 2) scattered beam as a new source. O f  these photons, the  frac- 2' 2 - 
t ions  having e2 = e "I and e2 = e iL are, by ( l l ) ,  (12),and (14) 

1 1 

i 
2 

S2 = (s:/p ( ~ ~ ) ) { + % + 1 - 2 ( ~ i * e ~ ~ )  I 

i ' 
s2 = (s,l/p (y2)  ){&%-ll 

i it 
where (s2 +S2 ) . =  1. 

NOW t he  argument establishing (14-17) was qui te  general, and'we may 

in terpre t  it for  the  next scattering once we have referred the  vectors 

0 
e2 t o  a basic Stokes vector e2 i n  t h e i r  plane. This we take t o  be the  

vector.  (Fig . 6 )  . 

= ( - s i n ' $ g ,  ~ 0 s . ) ~  cos q2, cos $2 s i n  q2)- - 

on the  axes El! --- 
i i t , -  

' Accordingly, we define q2 and q2 - q2 + 90'. a s  the  angles from 

0 i I1 
e2 

t o  the vectors el and elh resp. The new source then appears a s  

i n  Fig. 7, which i s  the exact analogue of Fig. 3. 
I 



It i s  clear  tha t  we may write a t  once the  probability fo r  Y sca t te r  
3 

of the  new source i n  the forms of (14-17): 
' 

with = K3 - s in  ' 2  $ - 
3 

- 
~ ( 0 ~ )  = G2 cos 2cp + C2 s i n  2cp 

3 3 (23) 

i i I ' i' i f  i 
I 

where now = Zs2 cos q2 + Zs2 EOS *2q = E (,? - ) q (74) 
2 b2 2 

i' i I 
and similar ly c2 = Z(s2 -S2 )s in  Zq2 . 

These m e  the  Stokes parameters for  the new beam, determining the  

probabili ty "PY ) for  the  next scattering. From (19) we see t h a t  
3 

i i 2 2 . i  
2 

where we have s e t  R2 = 1 - (ygael ) ' 1 - s in  , $2 cos (qgmql ). (25) 

~ l ~ u s  fi-om (24) we have, for the ncw Ctoltco paramctcr~, 



It remains t o  verify t h e i r  re la t ion  t o  the  previous ones Q1, U1, 

2 2 
namely, 82 = [ -  s i n  $2 + (l+cos t2)~(q*)) /p(y2)  

- (27) 
u2 = 2 cos .t2u(q2)/p(y2) 

1. 
where the  functions indicated. a re  those i n  (15), (16), and (18), depend- 

it 0 il i -  0 i 
To do t h i s  we must r e l a t e  cos q2 = e2 .e t o  cos = . el *el . 

1 

i i i *  
Now elL i Y2xel / 1 ~ ~ ~ e ~  1, where (Y2xeli( = - Y 2  = (R2 ) as  

* . . 
if 0 i 0 

i n  (25). Aence(') (R:) cos q2 = e2 e(Y2xel ) = eli *(e2 X Y ~ ) ,  and it 

0 
i s  eas i ly  verif ied from (8) and (20) t h a t  e2 x Y 2  = (0,sin q2,-cos cp2)- . 

G. 
i 0 i 

l. 

From (8a) theref ore we have el *(e2 XY 2) = sin(cp2q1 ) . The required 

re la t ion  i s  then 

i 2 if 
- 1 

whence cos 2q2 = 2 cOs q2 - 1 = (R:) 12 sin2(q217: - 1 
. . 

i '1 2 2 i 2 2 )i + s i n  ( 2 ~ ~ ~  (q2q1 11 = ( R ~  ( ~ - ( ~ + c o s  t2)c0s ( ( ~ ~ q ~  

byom ( 2 6 )  then, P (y2)q2' = c$[-~+(~+cos'$~) [ l+cds ~ ( c , I ~ ~ : )  1) 

2 2 i 1 = - s i n  $2 + (l+cos 12 [ ( C S ~  cos .2qli,)cos 2v2 + (bli s in  mi Isin 2q2 I 

2 2 2 2 = - s in  $2 + (~+COS q 2 )  [el cos 2q +U Sin 2%1 = - s i n  q 2  + ( ~ + C O S  (2  )Q (cp2) 
2 1 

as  claimed i n  (27). 

( l ) ~  (BXC ) i c (AXB) Is vector identity.  



For e2 we s h a l l  require , 

i - 0 il 0 '''1 = e2 *(el i1 = sin(q2i+g~0) 1 cos q2 = e2 *el 
xy2 s i n  q2 

0 
We have jus t  seen t h a t  e2 xY2 = (0, s i n  cp2, -cos cp2)- , while reference 

G 7 

.I 
I 

i 
t o  (8) a& (8a) shows that 'Y2xel = (+,COS ( 2 sin q 1 i t - c o o  $*COS II 1 ) .  

Hence 

4 
s i n  q 2 = cos 3 2 cos(cp2q,i  pi 

From (28), (29) then 

f l  - 1 i 

sin m i 1  = 2 s i n  q, L cos = 2(Rgi ) cOs (nCOS(cp2-q~ )slfi(C$~~-?l~ ) 

i 
- 1 s 

= ( R ~  ) cos q2sin ~ ( e p - q  2 1 ). 

Turning t o  (26), w e  have f i n a l l y  

i i i i 
p (Y )ii2 = - 2 Zsl R~ s in  m2 = - 2 cos + 2  Zsl sin 2(cp2-q: ) 

i i i 
= 2 cos (2[ - ( Z s1 cos ql ) s in  2% + ( Zsl s i n  2rlli)cos 2q2] 

C1 

= 2 GO. -QL81n 2c++Ulcos ,2r(?J = ? cos 11,,11(cp. ) 
L 2 

as i n  (27). 



5.  Stokes method. One follows a beam of (%,Y1)-photons through - 
a Compton col l is ion as  follows: 

I n i t i a l l y ,  one must assume known i t s  e-vector composition, and com- 

pute Ql,U1 by (17). For a beam i n i t i a l l y  "pure" (i=1) one may take 

Q1 = 1, U1 = 0. A t  a given collisicin we suppose known 5, (yl) , t he  
G 

Stokes vector (el0) , and t h e c u r r e n t  Stokes parameters Ql,Ul of ' the  
G 

beam. 

(a) One obtains s, cos J12 as i n  (a )  of part  (2) above. 

. (b)  rp i s  then obtained from (15) by reject ion technique, applied 
2 

2 2 t o  the rectangle enclosing the  curve p (rp2) = I$ - s i n  q2 - s in  q2& (q2) 

where ~ ( r p ~ )  = Q1cOs 2rp2 + U s in  29, ( ~ o t e s  1-4). 
1 L 

( c )  (y2 1- and (e20)- a re  obtained from (8) and (20)) on axes El: 
6, G, 

(d) New Stokes parameters are computed from (27). 

(e)  The new direction and Stokes vector on the original  axes G are  

1. "Rejection technique .I1 Let M be the  maximum of a probabili ty 

density function for  x on i t s  domain (a,b), with d = b - a. Then a cor- 

reotAy distributed x is nht.ain.ed by si.accessively "throwing" pa i rs  of 
, 



random numbers r,rl on (0 , l )  and accepting the  f i r s t  x = a+rd fo r  which 

p(x) E Mr'. The "efficiency" of the method i s  e = ~~p(x)dx/Md.  If m 

i s  t he  minimum of p(x), it i s  t r i v i a l  t ha t  e L 

These remarks apply equally well to .any  function f ( x )  = kp(x), k > 0. 

2 2 
2. For t h e  function f (cp2) = 5 - 2 s i n  tacos cp2 on (0,211 1, We have 

2 
M = %", m = Kp-2 s i n  d = ~ J T ,  and an efficiency e B 

2 

2 2 
3.  For the  function p (cp2) = %-sin t2-s in $ 2 ( ~ 1 ~ ~ ~  2cp +U s i n  ) 

2 a, 2 

2 
on (0,2n) we may wri te  P (q2) = A-B cos 2(cp2qo), where A = K2-sin J12 and 

2 2 2 *  
B = s i n  1 2 ( ~ 1  +U1 ) , t he  meaning of cpo being obvious. We see from t h i s  

form t h a t  M = A+B, m = A-B, the  regection technique again having e l 112. 

4. I n  applying the  method of Note 1 t o  the  functions f(cpp),p(cp,) i n  

ctepc (b) of pa r t s  (21, ( 5 )  above, it may be noted that ,  instead of "throw- 

2 
ing" cp2 = 211r a n d t h e n  computing the required functions cos p2 or cos 2cp 

2' 

s i n  2% one may use von Neumannts device f o r  "thruwing" directLy for the 

cos cp , s i n  cp of a cp2 uniformly distr ibuted on (0,2n), and then comput- 
2 2 

2 2 2 
i ng  cos cp or cos 2cp (= cos cp,-sin cp2), s i n  2%(= 2 s i n  cpgcos ye).  The 2 2 L 

device referred t o  ( i t ~ c l f  a reject ion method) goes as follows: Of a se- 

quence of random number pa i r s  ( r , r f )  one accepts t h e  f i r s t  f o r  which 

2 r 2 2 1 2  
s r r + (r ) 2 1, and defines cos rp = ( r  - ( r  ) )Is, and oin cp2 = f 2rr1/s, 

2 

each sign having probabili ty 112.   he' "efficiency" here i s  exactly n/4. 



If the  device i s  used i n  conjunction'with the  methods of Notes 2, 3, the  

overall  efficiency i s  of course reduced by t h i s  factor .  

5.  The argument of parts (3,4) does not require tha t  the' e-vectors 

be d is t inc t ,  e.g., i n  one 90' scat ter ing,  all e-vectors present collapse 

t o  two. 



mIi3 I 

Some physical constants 

2.997925 x 10l0 cm sec -1 
speed l i m i t  

6.62554 x erg sec Planckls Constant 

4.80296 x 10'1° esu charge quantum 

9.lOgdc x , electron res t  mass 

.51..10058 Mev electron res t  energy 

6.670 ' X  gm-l cm3 aec'2 gravitation constant 

3.24 x secal 100 sec-L/w nubbleltl ~UIIBLUAL 

1.38053 x er$'K Boltzmsnn conotant 

2.89616 x 1014 esu - 96487.27 C Farsday 

6.02257 x Avogadrots number - ~ / q  (*c ) 

8.3143 X lo7 erg/OK 0lu conatant - N ~ $  (IZc) 

1 . 0 N 9  x erg sec Angular momentum unit  n h/& 

.5291659 x cm l e t  Bohr radius rr h 2 /mEq 2 

2.81776 x lo-13 cm electron "radius" n q 2 /m c 2 
E 

.&426206 x lo-' cm Co~iipbfis s-wave-langth - h/m 
eQ 

9.27314 x lo-" erg/ga&a Bohr magneton - qh /2mEc 

U n i t s  

P cm ( ~ e r m i  ) 

A cm (Angstrom) 

AU 1 . 4 ~ 9 8  X loL3 cm ( ~ s t r o n .  un i t )  

LY 9.460 x 10" cm ( l ight  year) 

pc ,3.0856 x 1018 cm 3.262 LY (parsec) 

6 
MW 10 pc (~egaparsec) 

7 Y 3.16 x 10 aec ((;yew) 

C c/10 esu (coulomb) 

8 
V 10 /c esu volt (vol t )  

Mev q x 1014/c 1 1.602095 x erg 

a& 931.476 Mev (12c a t ~ c  mass uni t )  



TAB= I1 

A few "elementary1' particles 
, . 

N o t e .  The numbere are of couree obeolete, but eerve well enough for variourr -lee. 

Baryon8 

J - $  

Meeons 

J - o  

~eptons 

J = *  

Pboton 

J - 1  

Byparone 

l~uclaane 
! 

mon 

family 

Electron 

family 

e ( ~ e v )  

1320.8 

1314.3 

1197.08 

llg2.4 

llSg.41 

U5.40 

939-59 

938.2% 

498 .0 

493 08 

139 -60 

135 -01 

105.659 

0 

.51l006 

0 

0 

approx* 

d m e  

2585 

2572 

2343 

2333 

2328 

2183 

1839 

1836 

975 

966 

273 

264 

207 

0 

1 

0 

0 

E' 

=O 

C 

z? 
9 

A0 

no 

p' 

Irn 
K+ 

n- 

Mean l i f e  
(set 

1.3 x lom1' 

1.6 x 

< a*'14 

-79x10-lo 

2.6 x 10'1° 

1013 

m 

. 9 1 x 1 0 - ~  

1.2 x lom8 

2.6 x 

1 . 8 ~ 1 0 - l 6  

2 . 2 ~ 1 0  -6 

m 

m 

OD 

m 

Z+ - 
SO 

- 
C 

?j 

- F 
A0 - 
no - 

P 

T 
K- 

d 

Main male 

3- - A' + n- 

i" - A o + no 

C- - 2 + n' 

r - ~ O + y  

I ? - n O + n +  

A0 - p' + no 

no 4 p+ + 6- + Ca 

i p - n - + , +  

R? - p+ + ,,,A 

i - p -  + 5 
n o - y + y  

, i - ~ - + p + v  
CI 

no 

L(- 

v w 

a 
- 

,A+ - 
v 

IJ - 
6+ 

- 
'a 

Y 

I 



TABLE I11 

Some neutral atom rest masses 

half llfe 

53.6 d (6- cap) 

6 2.5 x 10 Y (6.) 

20.4 m (€+I, 

:4 scale: 1 .mu = 911.176 MEW 

2.5 m (G+) 

8 7.13 x 10 Y (a) 

2.4 x lo7 Y (a) 



TABLE IV 

Vector forms of the transformations 

- e0 = yo - 1 


