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A Review and Parametric Investigation Into Nanofluid Viscosity Models

The degree of variability between theoretical and empirical nanofluid viscosity model predictions and relevant experimental data is
examined in this work. Results confirm a high degree of variability in the compared data; with some observed inconsistencies in the
model formulations and the predicted data, consequently, a range of constitutive fac-tors need to be incorporated into the models in
order to accurately predict the rheologi-cal behavior of nanofluids in different use conditions. Notably, conducting broad theoretical
studies and empirical investigations into the rheological behavior of nano-fluids incorporating the fundamental parametric variables can
plausibly lead to near-generalized models.
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1 Introduction

Potentially, nanofluids can improve the thermal performance
and efficiency of energetic processes. However, some limitations
which include anomalous viscous behavior [1,2], tendency to clog
flow channels as well as instability [3,4] have particularly raised a
number of concerns in the heat transfer performance. Nanofluids
are fluids which contain solid particles measuring between 1 and
100 nm. The rheological and flow behavior of nanofluids is an im-
portant consideration in the application of nanofluids as heat trans-
fer fluids.

Significant improvements in the viscous and thermal perform-
ance of nanofluids have been reported [1–3]. Krieger and Dough-
erty [4] postulated a mechanism to account for non-Newtonian
flow behavior in a suspension of rigid spheres, based on the intrin-
sic viscosity and volumetric fraction. Similarly, Keblinski et al. [5]
reported an anomalous behavior in the viscosity of nanofluids, and
concluded that thermal properties of nanofluids can be linked to
the ballistic nature of nanoparticles, combined with direct or fluid-
mediated clustering effects. Nguyen et al. [6] noted the existence
of critical temperatures beyond which the hysteresis phenomenon
occurs in Al2O3/H2O nanofluids. Early studies by Choi and East-
man [7] into Cu/H2O nanofluids posited that nanofluids were ideal
heat transfer fluids with no appreciable increase in pumping
power. Recent studies however have shown that while some nano-
fluids exhibit the Newtonian behavior in certain ranges of shear
rate, some are intrinsically non-Newtonian [8]. Further examina-
tion of literature [8,9] shows that base fluids with low viscosity are
more likely to exhibit the non-Newtonian behavior; in addition,
particle shape also influences strongly the shear-dependent behav-
ior for highly concentrated suspensions [8]. Importantly, empirical
investigations into the viscosity of nanofluids have shown that
existing theories, models, and correlations are limited. Notably,
many of the existing formulas are based on Einstein pioneering
work [2,6] due to the fact that they only relate viscosity to the vol-
ume fraction, and tackle partially the influence of base fluid and
nanoparticle properties, as well as the mechanism of solid–liquid
interaction on viscosity.

Parameters which have so far been used in characterizing the
rheological behavior of nanofluids include [6,8–10]: volume
fraction/concentration, temperature, packing fraction, thickness of

the nanolayer, particle shape/aspect ratio, aggregate radius, inter-
particle spacing, and the capping layer. Where there is good agree-
ment between empirical data and model results, the general trend is
to constrain the models to such parameters. Despite good agree-
ment between experimental data and some theoretical results, a
wide range of constitutive factors need to be included in modeling
the rheological behavior of nanofluids, generally [4,11–13]. Also,
there are several models based on mechanisms such as the kinetic
gas [12], local composition [14], Brownian motion [15], two-fluid
(i.e., binary mixing) [16], and effective medium [17] theories; how-
ever, when they are applied to model the effective viscosity there
are inconsistencies in the obtained results. Where such models are
applied in conditions which differ from those in which they were
obtained, there is a tendency to obtain different results. It cannot be
said, therefore, that the existing models are particularly adequate.
Agglomeration of nanoparticles and some unexplained phenomena
have also made the formulation of a generalized model a challenge,
emphasizing the need for more accurate models.

In this paper, therefore, results of empirical and theoretical
models which are used to predict the viscosity of nanofluids are
investigated, as well as the effects of the parametric variables on
the viscosity. This becomes necessary due to the present interest
directed toward developing models which only address the effects
of the viscosity parameters and viscous behavior in a restricted
sense. Consequently, suggestions for developing more accurate
models are made with particular concern to specific nanofluid sys-
tems, so as to broaden the applicability of the models in various
use conditions given that most of the models have limited use in
real world applications beyond those of the constrained experi-
mental environment.

2 Empirical Rheological Investigations

2.1 Newtonian and Non-Newtonian Behavior. The poten-
tial application of nanofluids in engineering systems [18,19]
depends to a large extent on their viscosity relative to those of
pure fluids. There are several empirical investigations into the
viscosity of nanofluids. The phenomenon of shear thinning has
been widely reported by different researchers who investigated
this behavior for different nanofluids with varying compositions
of nanoparticles. Yu et al. [20] conducted an experimental investi-
gation into the viscosity of aluminum nitride nanofluids. Alumi-
num nitride nanoparticles (AINs) were dispersed in ethylene
glycol (EG) and propylene glycol (PG) base fluids. For a volume
concentration less than 5.0%, both fluids exhibited Newtonian
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behavior, while for a volume concentration greater than 5.0%,
there was an obvious shear-thinning behavior in the reported data.
The results indicated that the AIN/EG nanofluid exhibited the
shear thinning behavior at any constant fluid temperature depend-
ing on volume fraction. The lower the temperature the more
obvious this behavior occurred. Similar trends were observed for
the AIN/PG nanofluid, the critical volume for the rheological tran-
sition was / ¼ 5%. Although this study obtained the threshold for
the transition, it was limited to a narrow range of volume fraction
and temperature influence; hence, there is need for further investi-
gation into the effects of a broader\range of volume fractions, tem-
perature, and base fluid density effects.

The empirical study by Prasher et al. [21] indicated that the vis-
cosity Al2O3/PG nanofluids was independent of shear rate, and
increased with volume fractions. Effects of increasing volume
fraction on the relative viscosity have been attributed to agglomer-
ation [6,14]. Nonetheless, this relationship is not well-understood,
more studies are needed to understand the underlying mechanism.

Chen et al. [15] studied the rheological behavior of EG–titanate
(TNT) nanotube nanofluids. (The SEM image of the nanoparticles
is shown in Fig. 1.) They reported a shear-thinning behavior for
the nanofluid, which was attributed to interparticle structuring
effects. It was also noted that the viscosity of the nanofluid was
influenced by temperature and shear rate. This was in agreement
with studies by Pastoriza-Gallego et al. [22]. The viscosity–
temperature dependence was attributed to Brownian diffusion
and convection effects. The empirical results agreed well
with the modified Krieger–Dougherty (K–D) equation [4], when
aa=a ¼ 9.46.

An experimental investigation into the shear and longitudinal
viscosities of dilute suspensions of Al2O3 in decane and polyal-
phaolefin (PAO) was undertaken by Schmidt et al. [17]. An
optical technique was used to measure the longitudinal viscosity
at frequencies ranging from 200 to 600 MHz. The obtained results
indicated that there was no formation of nanoparticle clusters in
decane-based nanofluids. The alumina particles in decane and
PAO base fluids exhibited shear viscosity. The results also indi-
cated that there was no sedimentation of the dilute concentration
of Al2O3 nanoparticles in decane. The obtained results were, how-
ever, in conflict with the effective medium theory [17], but agreed
well with models based on Brownian dynamics [15]. It is instruc-
tive to note that models based on Brownian motion can hardly
explain observed behavior. In addition, the inability of the
decane-based nanofluids to form clusters could be useful in
explaining the effects of base fluid densities on nanoparticle
aggregation and viscosity.

Venerus et al. [9] conducted viscosity measurements into some
nanofluids, as part of the International Nanofluid Property Bench-
mark Exercise (INPBE). The INPBE sought to streamline differ-
ences in nanofluid viscosity measurements. Data were reported
for seven different nanofluids, composed of dispersions of metal-

oxide nanoparticles in water and synthetic oil. Ten (10) laborato-
ries in different parts of the world were part of this benchmarking
exercise, which sought to examine the influence of particle shape
and concentration on the viscosity of nanofluids. The criteria for
overall effectiveness of nanofluids as heat transfer fluids were pro-
posed in the work [21,23]. Results showed that of the seven nano-
fluids studied, two exhibited a shear-thinning behavior, while the
remaining five the Newtonian behavior. For nanofluids with both
spherical and rod-shaped nanoparticles, the dependence of relative
viscosity on particle concentration (volume fraction) was signifi-
cantly stronger than predicted by dilute suspension theory. This
discrepancy was attributed to particle agglomeration. The nano-
fluids considered in the study, however, failed to meet the criteria
for heat transfer application as given by Prasher et al. [21] and
Garg et al. [23], which state that for a nanofluid to be suitable for
a heat transfer application, the absolute value of intrinsic nano-
fluid viscosity g should be 4-5 times smaller than the effective
thermal conductivity of the nanofluid k. Despite this study being
far-reaching, it failed to examine the effects of polarity of the base
fluid, density, dispersion energy, and settling on the viscosity.

2.2 Effects of Temperature. Effects of varying temperature
on the effective viscosity of nanofluids have been widely reported.
Tavman et al. [24] conducted an experimental investigation to
examine temperature effects on the viscosity of SiO2/H20 and
Al2O3/H2O nanofluids with different particle concentrations of
alumina and silica. The effective viscosity of the nanofluids was
seen to increase with particle concentrations, and decrease with
increasing temperatures. The Einstein model applied in Ref. [25]
was used to predict the viscosity trend of the nanofluids; however,
it underpredicted the empirical data, hence the need for accurate
models which incorporate a wide range of parameters.

Similarly, Chen et al. [15] reported that the viscosity of EG/
TNT nanofluid was influenced by temperature. The study focused
mainly on a limited range of temperature; as a result, a
comprehensive characterization of high temperature effects on the
viscosity is essential in future investigations.

Pastoriza-Gallego et al. [22] studied the influence of particle
size and polydisperity on the viscosity of CuO/H2O nanofluids.
Two different samples of CuO/H2O nanofluids were considered
in the work, with the following particle sizes: D ¼ 33613 nm
(S1) and D ¼ 1163(S2). The empirical investigation led to the
following hypothesis: (i) that the colloidal dispersions might be
non-Newtonian below a certain temperature or particle size, sug-
gesting the need for rigorous rheological analysis and (ii) simpli-
fied viscosity theories might be insufficient to describe the
complex behavior of the nanofluids, hence other effects such as
interparticle interaction, solid–fluid interaction, friction, and
particle anisotropy should be factored in nanofluid viscosity
theories.

Nguyen et al. [6] reported a strong dependence of viscosity on
temperature for Al2O3/H2O nanofluid. An increase in temperature
of the nanofluid was noted to have a weakening effect on the
interparticle/intermolecule forces. It was reported that the slope of
viscosity–temperature plot was pronounced in the range of
22–40 �C, and the gradient was seen to increase with volume frac-
tions. For high volume fractions, however, they could not provide
a correlation that could simultaneously take into account tempera-
ture, particle concentration, and size effects on the relative viscos-
ity. Also, the temperature range was limited to values less than
100 �C, hence the obtained models may not be applicable to
higher temperature conditions.

Dzido et al. [2] conducted an experiment into CuO/H2O and
CuO/EG nanofluids, with volume fractions of 1.5% and 2.5% of
CuO, respectively. Relative viscosity measurements were taken in
temperatures ranging from 25 to 65 �C and share velocities of 20
to 200 (1/s). The following stabilizing agents were used:

• Triammoniumcitrate
• Cetyltrimethylammonium bromide

Fig. 1 SEM image of TNT nanotubes with visible agglomera-
tion, Chen et al. [15]
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The results obtained from the investigation gave a nonlinear,
non-Newtonian behavior for plots of shear stress versus shear
rate, and the effects of temperature on the viscosity were consider-
able. The Klein’s model [2] was used to model the influence of
shear rate (shear velocity) and temperature on the viscosity for the
reported results. Plots of measured and calculated values of the
effective viscosity gave good agreement for the model. The error
margin was between þ10% and �10%. The obtained results indi-
cated that the model due to Klein [2] can be employed in charac-
terizing the nanofluids; however, the model is not generalized.
The empirical investigation principally emphasized temperature
and shear rate effects on viscosity; however, the effects of flow
conditions, temperature, particle shape, and size on viscosity were
not investigated.

Namburu et al. [26] presented empirical results on the effects of
temperature on viscosity of ethylene/glycol (EG) and H2O nano-
fluids with copper oxide nanoparticles. The following range of
temperature was considered in the study: �35 �C�50 �C, in order
to show the applicability of nanofluids in extreme cold conditions.
The results showed that nanofluids can be used in extreme cold
conditions. The thrust of future research should be directed toward
the usability of nanofluids in systems subject to widely varying
thermal conditions so as to identify thermally stable nanofluids for
use as high performance heat transfer fluids.

2.3 High Shear Viscosity. The basis of the present investiga-
tion into high shear viscosity lies in the fact that high shear viscos-
ity is desirable in practical applications of nanofluids. The shear
viscosity of non-Newtonian fluids approaches a constant value at
high shear rates and this is actually relevant to real-life applica-
tions of nanofluids where the fluids are subject to vigorous motion
and susceptible to very high shear velocities. High shear viscosity
in nanofluids has been reported [8,17]. The following factors char-
acterize high shear viscosity [8]:

• The presence of nanoparticles in nanofluids; high shear vis-
cosity appears to be more likely in nanofluids containing rod-
like particles than in those containing spherical manner.

• High shear viscosity increases with increasing nanoparticle
fraction in a nonlinear fashion.

• Regression of high shear viscosity can be given as a binomial
relationship

g ¼ g0 1þ 10/þ 10/ð Þ2
� �

(1)

where g and g0 are shear viscosities of nanofluid and base fluid,
respectively.

Chen et al. [27] investigated the heat transfer and flow behavior
of aqueous TNT nanotube nanofluids. These fluids were found
to be non-Newtonian. The shear viscosity of the nanofluids
approached a constant value at shear rates higher than about (1/s)
depending on the nanoparticle concentration. This behavior was
found to be higher than predicted by conventional models for
dilute suspensions. The nanotubes were observed to be prone to
entanglement and agglomeration in comparison with spherical
nanoparticles.

Zhou et al. [28] studied the effects of shear rate and temperature
on viscosity of alumina PAOs nanofluids. The Newtonian behav-
ior was observed for the base fluid. With addition of alumina
nanospheres and nanorods (/< 3%), the nanofluids initially
exhibited Newtonian behavior and with further addition of these
particles, the fluids transitioned to a non-Newtonian behavior,
which was seen to be independent of temperature. The reported
results can be summarized as follows:

• Dynamic viscosity of the nanofluids is dependent on tempera-
ture; as temperature increases the dynamic viscosity
decreases. This has also been reported by various researchers
[6,29].

• The relative viscosity of the nanofluid is independent of tem-
perature at low volume concentrations, and can be predicted
by the Vogel-Fulcher-Tammann equation [29].

g Tð Þ ¼ A exp B=T þ T0ð Þ (2)

where A;B, and T0 are empirical parameters. Further research is
needed to determine the temperature-dependent transition relative
viscosity for useful practical applications.

2.4 Hysteresis. The phenomenon of hysteresis in nanofluids
was first observed by Nguyen et al. [6]. The experimental investi-
gation into Al2O3/H2O nanofluid indicated an increase in the
dynamic viscosity with particle volume concentrations, and a
decrease with increasing temperatures. It was observed in the
work that the temperature level to which the nanofluid was heated
up had a significant influence on the viscous behavior and suspen-
sion properties of the nanofluid. Some irreversible damages to the
suspension properties of the nanofluid were observed, this became
obvious beyond a critical temperature Tcr, and resulted in a rather
erratic increase in the nanofluid viscosity. The Tcr values were
dependent on the particle size and volume fraction. More rigorous
studies will be of essence to understand this phenomenon
especially in operating conditions beyond those tested in Ref. [6].
Retrospectively, the hysteresis phenomenon can perhaps be
explained by an earlier work by Paul and Cotts [30] on the effects
of aggregation and solvent quality on the viscosity of semidilute
suspensions. As noted in the work [30], the theoretical explanation
for this could be linked to the presence of supramolecular struc-
tures or aggregates. The impact and extent of aggregation on the
semidilute suspension [30] was minimal upon heating but
increased slowly when cooled as observed also by Nguyen et al.
[6]. Aggregation effects increased with volume fraction [6], and
can manifest as hysteresis in plots of gnf versus T. Although the
work of Paul and Cotts [30] and Nguyen et al. [6] differ with
respect to the suspended particle sizes and base fluids, they give
a clue as to the effects of aggregate formation and reformations
upon an external influence. The extent of hysteresis in both stud-
ies was seen to be influenced by increasing volume fractions and
concentrations. The work of Paul and Cotts [30] suggested that
the solvent composition affected the hysteresis dependence of
viscosity on temperature. A generalized model could well be
extended to nanofluid systems on the basis of the analogous
studies.

2.5 Effects of Particle Size, Shape, and Volume Fractions.
Studies which examined the interdependence between nanopar-

ticle size, shape, and volume of fractions have been undertaken in
recent works. Chandrasekar et al. [31] conducted an experimental
investigation as well as a theoretical study of the viscosity of
Al2O3/water nanofluid with the conclusion that viscosity of the
nanofluid was strongly influenced by volume fraction. The Al2O3/
water nanofluid used which was used in the study had a particle
size of 43 nm, and a range of volume concentrations of 0.33–5%
was considered. This has been widely reported [6].

Relatively, Murshed et al. [32] conducted an experimental
investigation into the relative viscosity of T1O2/ H2O and Al2O3/
H2O, reporting an increase in viscosity with volume concentra-
tions, respectively. The experimental investigation was limited in
that it considered only two nanofluids, and did not investigate the
effects of particle size, aggregation, and volume factions.

Tsai et al. [33] studied the effects of viscosity of base fluids on
thermal conductivity of nanofluids. The study was instrumental in
understanding the interdependence of the thermal conductivity
and viscosity. A crucial theoretical postulation was that nanofluids
are expected to show an increase in thermal conductivity without
an increase in pressure drop, which was linked to the effective vis-
cosity. In the study, Fe3O4 nanoparticles were suspended in base
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fluids composed of diesel oil and polydimethylsiloxane. The vis-
cosities of both fluids increased with volumetric fraction. The
results indicated that the increase in the effective viscosity of the
nanofluids did not explicitly affect their thermal conductivities.
The study thus concluded that Brownian dynamics was an impor-
tant mechanism in modeling the effective viscosity.

Pastoriza-Gallego et al. [22] studied the effects of particle size
on viscosity considering CuO/H2O nanofluids. The influence of
particle size and size distribution on viscosity was negligible.
Also, the viscosity of the nanofluid increased with decreasing par-
ticle size in low temperatures, following the expected classical
behavior for dispersions. The increase in the relative viscosity
with volume concentration as observed in the work did not follow
the classical trend. This could be as a result of the limited empiri-
cal conditions, since a wide variety of parameters were not consid-
ered hence an exhaustive rheological characterization is necessary
to understand the effects.

Stable aqueous TiO2 nanofluids with different particle sizes and
concentrations were studied by He et al. [34] for their (static) ther-
mal conductivity and rheological behavior. The rheological meas-
urements showed that the shear viscosity of nanofluids decreased
with increasing shear rate initially, and then approached a constant
at a shear rate greater than 100 (1/s). Also the viscosity increased
with increasing particle (agglomerate) sizes and particle concen-
tration. The results also showed that the pressure drop of the nano-
fluid was very close to that of the base liquid for a given Reynolds
number. More work is required to validate various postulations on
the effects of particle size on pressure drop at relatively high
Reynolds numbers.

Chen et al. [15] demonstrated that nanofluids containing rod-
like particles exhibited a much stronger shear-thinning behavior
in comparison with those containing spherical nanoparticles, and
that the viscosity of nanofluids can be predicted by the K–D mod-
els [15], if the volume concentration of the particles were replaced
with the volume concentration of the nanoparticle aggregates. For
spherical nanoparticles, it was determined that an aggregate size
of approximately three times (3�) the primary nanoparticle size
gave the best prediction for the model. Practically, it is difficult to
estimate the size of aggregates; thus, a generalized model will be
of important benefit.

Putnam et al. [35] observed that there are numerous competing
theoretical and empirical models. Importantly, there still remains
a void in the study/characterization of the rheological behavior of
nanofluids due to the fact that experimental investigation currently
lags behind theoretical modeling, hence there is a need to employ
functional mechanisms which could account for aggregation; par-
ticle or aggregate size distribution; particle and aggregate shapes;
solvent quality; density and polarity; so as to provide a broader
theoretical foundation for the study of the viscous behavior of
nanofluids.

2.6 Rod-Like Particles. Chen et al. [15] reported that in a
quiescent state, a rod-like particle can have the following types of
motions: the Brownian diffusion (i.e., rotational motion about the
midpoint) and translational motion. For dilute suspensions with a
number density between 0 and 1=L3 or a volume fraction between
0 and 1=p2 (where L is the length of the particle, c is the number
of rods per unit volume, and p is the concentration of the par-
ticles), Chen et al. [15] noted that the average spacing between the
particle would be much largest than the biggest dimension of the
rod. In this case, the Brownian motion is determined by the vis-
cosity of the base fluid and the viscosity of the suspension at zero
shear rate g 0ð Þ, given by [15]

g 0ð Þ ¼ go 1þ A:cL3
� �

(3)

where go is the viscosity of the base fluid and A is a numerical
constant. For suspensions with 1=L3 < c < 1=bL2 1=p2 < /ð
< 1=pÞ, the rotational and transitional motions perpendicular to

the rod’s axis are restricted. The viscosity values for such nano-
fluids can be expressed by [15]

g 0ð Þ � go 1þ BcL3
� �3

� �
(4)

where B is a numerical constant. Nanofluids with nanoparticles in
this range are said to be semiconcentrated. Importantly, particle
shapes have been widely reported to be of influence in nanofluid
viscosity values [22–24,26]; further governing studies are, how-
ever, needed to establish a definitive relationship between viscos-
ity and nanoparticle shape.

Avsec and Oblak [12] compared the results of the ward and
renewed ward (RW) models, and experimental data for two differ-
ent nanofluids: (i) H2O/TiO2 (with a particle size of 27 nm) and
(ii) H2O/Al2O3 (with a particle size of 13 nm). The RW model
[12] agreed well with the experimental results in predicting the
relative viscosity however the volume concentration was only lim-
ited to 0.1, and only two nanofluids were considered. The follow-
ing factors led to anomalous enhancement of viscosity [12]:

� The motion of nanoparticles;
� molecular level of layering of the liquid at the liquid-particle

interface;
� ballistic phenomenon in nanoparticles; and
� clustering of nanoparticles.

Xie et al. [36] investigated some organic base fluids. The exper-
imental work gave results of enhancement ratios of viscosity of
EG/Al2O3 suspensions which were smaller than those of water-
based suspensions—showing the influence of the base fluid on
viscosity. The study also included an investigation into the
dependence of the viscosity on pH values. The isoelectric point
was determined to be 9.2 for alumina nanoparticles. When the pH
deviated from this threshold, the nanoparticles were well dis-
persed because of large repulsive forces. These repulsive forces
decreased as the pH value approached the isoelectric point, this
caused coagulation or aggregation of the nanoparticles. The vis-
cosity of the nanofluid increased with pH approaching this point.
More studies are, however, needed to understand the effects of
base fluid polarity and pH on viscosity of nanofluids.

3 Experimental and Theoretical Models

Numerous theoretical investigations have been conducted into
the suspension rheology of nanofluids. The fundamental work by
Einstein [37] on infinite dilute suspensions of hard spheres based
on the rotational motion of the spherical shear particle known as
vorticity of the shear field, gave the following relation:

g ¼ go 1þ g½ �/ð Þ (5)

where g½ � is the intrinsic viscosity of the suspension which for
hard spheres was given as 2.5. The model was valid for
/ <� 0:01. In contrast to the value given by Einstein [37], Anoop
et al. [38] obtained an intrinsic viscosity value of ten for Al2O3-
based nanofluids, considering pH and the primary viscous coeffi-
cient. Hence more studies are needed to understand the effects of
pH and electrostatic charges on the intrinsic viscosity. Batchelor
[25] obtained the following model for the relative viscosity of
nanofluids for / >� 0:01:

gr ¼ g=go ¼ 1þ g½ �/þ kH g½ �/ð Þ2 (6)

where kH is the Huggin’s coefficient known also as the interaction
parameter, this coefficient accounts for interparticle interaction as
opposed to hydrodynamic effects [8]. The semi-empirical relation
proposed by Krieger and Dougherty [4] for shear viscosity
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covering the full range of particle volume concentrations is
expressed by

gr ¼ g=go ¼ 1� /=/mð Þ� g½ �/m (7)

where /m is the maximum particle volume fraction and [g] is the
intrinsic viscosity, whose typical value for monodisperse suspen-
sions of hard spheres was given as 2.5. In practical situations, par-
ticles are polydisperse hence this assumption may not be valid for
all nanofluids. The modified Krieger–Dougherty equation [8]
takes into consideration the packing fraction of aggregates in
defining the relative viscosity gr [8]

gr ¼ 1� /a=/mð Þ� g½ �/m (8)

/a is given by /a ¼ /=/ma, where /ma is the packing fraction of
the aggregates. The viscous behavior was assumed to follow a
power law with a constant index, D. Consequently, /a was given
as /a ¼ / aa=að Þ3�D

, where aa=a is the ratio of effective radii of
aggregates and primary nanoparticles. Chen et al. [27] obtained
the following model for the relative viscosity:

gr ¼ 1� /
0:605

aa

a

� �1:2
� ��1:5125

(9)

where aa and a represent the average radius of the aggregates and
single particles, respectively. The above equation is based on the
theory that attributes increasing in viscosity values to the aggrega-
tion state of nanoparticles. According to this theory, the aggrega-
tion phenomena should be relevant for nanoparticles dispersed in
base fluids. The particle size distribution (PSD) was seen to play a
role in the viscosity trend. If the PSD is discrete, the overall vis-
cosity of an assemblement of noninteracting monomodal suspen-
sions may be calculated as the product of each independent
viscosity [39,40]

gr ¼
Ym
i¼1

gr /ið Þ (10)

where m denotes the number of classes of different average parti-
cle sizes considered in the distributions, and /i is the correspond-
ing particle fraction. Also, the viscosity of each monomodal
suspension can be related to /m [41]

gr /ið Þ ¼ 1� R/i

1� /i=/m

� 	3:3/m

(11)

in which R is an adjustable parameter. For a polydisperse mixture
of spherical particles, the procedure given by Frankel and Acrivos
[42] and Graham [43] can be used to determine /m from the mini-
mum value of Pi

/m ¼ min Pið Þ (12)

where Pi is the packing fraction of each class size i calculated as

Pi ¼
Xn

j¼1

/ij�j (13)

/ij is the volume fraction and �j is the binary packing coefficient.
The procedures for calculating these two quantities are detailed in
Refs. [40] and [44]. Brinkman [45] obtained the following model
for predicting the relative viscosity of nanofluids:

gr ¼
gnf

gbf

¼ 1

1�/ð Þ2:5
(14)

where gnf is the dynamic viscosity of the suspension and gbf is the
viscosity of the base fluid. Frankel and Acrivos [42] obtained the
following model for the relative viscosity:

gr ¼
9

8

/=/mð Þ
1
3

1� /=/mð Þ
1
3

2
4

3
5 (15)

The parameter /m was empirically determined. Lundgren [46]
proposed a Taylor series-based model for calculating the relative
viscosity of nanofluids

gr ¼ 1þ 2:5/þ 25

4
:/2

� 	
(16)

If the second (or higher) order(s) of / is neglected in the model,
the model simplifies to the Einstein’s equation [47]

gr ¼ 1þ 2:5/ (17)

The generalized form of Lundgren model [46] was proposed by
Graham [43], this accorded well with the Einstein model [37] for
low values of /

gr ¼ 1þ 2:5/þ 4:5
1

hi=dp

� �
: 2þ hi=dp

� �
: 1þ hi=dp

� �2

" #
(18)

where dp and hi, respectively, are nanoparticle diameter and inter-
particle spacing (shown schematically in Fig. 2). The basic pre-
mise underlying the above formulas is the linear fluid theory. The
linear fluid theory is not valid for all nanofluids, however.

Nguyen et al. [6] proposed the following empirical models for
Al2O3/H2O nanofluid with different particles sizes, 47 and 36 nm,
respectively:

gr ¼ 0:904e0:1483/ (19)
and

gr ¼ 1þ 0:025/þ 0:015/2 (20)

It was observed that the viscosity of the nanofluids increased con-
siderably as the particle volume fraction increased; hence,
increasing particle concentration had a direct influence on internal

Fig. 2 Schematic of (a) closely packed nanoparticles, (b)
loosely packed nanoparticles, and (c) and dimensions for a
nanoparticle
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viscous shear stress. It was also observed that an increase in the
fluid temperature had a weakening effect on the interparticle/inter-
molecule forces resulting in a decrease in the viscosity values.
The viscosity–temperature gradient was seen to increase with
higher volume fractions hence they concluded that the relative
viscosity of the nanofluids gr was based essentially on temperature
and particle size. The following empirical models which are based
on temperature were proposed for the nanofluids with nanoparticle
sizes of 47 nm and 36 nm, respectively [6]:

gr ¼ 1:125� 0:007T (21)

gr ¼ 2:1275� 0:0215T þ 0:0002T2 (22)

For higher volume fractions, however, it was not possible for
them to provide a correlation that could simultaneously take into
account temperature, particle concentration, and size effects on
viscosity, hence the models are limited.

Avsec and Oblak [12] employed the concept of statistical nano-
mechanics in modeling the relative viscosity of nanofluids. They
noted that the Cheng and Law [48] and Ward [12] models, which
are expressed below, gave very good agreement for two-phase
flow with particles larger than 100 nm

gr ¼1þ 2:5/ð Þ þ 35

8
þ 5

4
b

� �
/2 þ 105

16
þ 35

8
þ 5

12
b2

� �
/3

þ 1155

128
þ 935

96
bþ 235

96
b2 þ 5

48
b3

� �
/4::: (23)

and

gr ¼ 1þ 2:5/ð Þ þ 2:5/ð Þ2þ 2:5/ð Þ3 þ 2:5/ð Þ4::: (24)

where b is the diffusion exponent. The foregoing equations were
reported to be of little importance in nanoscale viscosity calcula-
tions since the nanoparticle size exceeds acceptable limits, this led
to the following improved model known as the RW model [12]:

gr ¼ 1þ 2:5/eð Þ þ 2:5/eð Þ2þ 2:5/eð Þ3þ 2:5/eð Þ4::: (25)

where

/e ¼ / 1þ h

r

� �3

(26)

where /e is the effective volume fraction, h is the thickness of the
nanolayer, and r is the particle radius. The critical hypothesis
underlying the models is the liquid layering contribution. Notably,
the following factors led to anomalous enhancement of viscosity
[12]: motion of nanoparticles; molecular level of layering of the
liquid at the liquid–particle interface; ballistic phenomena in
nanoparticles; and clustering in nanoparticles. The work also com-
pared the results of the Ward and RW models, and the experimen-
tal data for two different nanofluids: (i) H2O/TiO2 (with a particle
size of 27nm) and (ii) H2O/Al2O3 (with a particle size of 13 nm).
The RW model was reported to agree nicely with the experimental
results in predicting the relative viscosity. Conversely, the model
does not incorporate all the parameters that lead to an anomalous
enhancement in viscosity.

Hosseini and Ghader [14] employed the concept of local com-
position theory in modeling the viscosity of nanofluids. The local
composition theory involves the expression of a fluid property in
terms of local rather than overall composition when considered as
a nonrandom mixture. Similarly, the nonrandom-two-liquid
(NRTL) theory considers two reference fluids, and provides a use-
ful point of departure for deriving semi-empirical equations to
represent thermodynamic excess functions for nonideal mixtures.
The NRTL can be used to correlate excess Gibb’s free energy in

terms of vapor—liquid or liquid equilibrium data. Hosseini and
Ghader [14] obtained the following equations based on Eyring’s
viscosity [49,50] and the NRTL models for a (two-fluid compo-
nent) nanofluid:

n ¼ In gVð Þ ¼ /1/2

A21G21

/1 þ /2G21

þ A12G12

/2 þ /1G12

� �
þ /1n1 þ /2n2

where Aij ¼ aij þ bijT and Gij ¼ expð�aAij=RTÞ (27)

For a three-component nanofluid, the following model was
obtained [14]:

n ¼ In gVð Þ

¼ /1

/2G21

/1 þ /2G21 þ /3G31

A21 þ
/3G31

/1 þ /2G21 þ /3G31

A31

� �

þ /2

/1G12

/2 þ /1G12 þ /3G32

A12 þ
/3G32

/2 þ /1G12 þ /3G32

A32

� �

þ /3

/1G13

/2 þ /1G13 þ /2G23

A13 þ
/2G23

/3 þ /1G13 þ /2G23

A23

� �
þ /1n1 þ /2n2 þ /3n3 (28)

The above models apparently require the knowledge of the effec-
tive viscosities of the constituent fluids in varying conditions for
them to be useful. It is a complex model with fairly good accuracy
(at least for results of Al2O3/H2O, CuO/H2O and CuO/EG,
reported in the work). It seems, however, that the effects of
agglomeration of nanoparticles at high temperature were not
considered. The correlations obtained in the work may not be
extended to multicomponent nanofluids as they require numerous
parameters. More research is required to understand the effects of
excess Gibb’s free energy, pressure and temperature on nanofluid
viscosity.

Abu-Nada [51] obtained a correlation for pure fluids, with
respect to viscosity and temperature, given by

In
gnf

gbf

� �
� aþ b

To

T

� �
þ c

To

T

� �2

(29)

where gbf and To are reference values. a, b, and c are dimension-
less curve-fitting constants. It was observed that fluids have higher
viscosity values near their freezing point and reasonably low
viscosity near their boiling temperature, indicating that viscosity
is a strong function of temperature.

Masoud et al. [1] obtained a new dimensionless model for pre-
dicting the viscosity of nanofluids. The relative viscosity was
determined from some dimensionless groups, which contain the
following parameters: (i) viscosity of the base fluid, (ii) the
hydrodynamic volume fraction of nanoparticles, (iii) diameter of a
nanoparticle, and (iv) thickness of the capping layer. The follow-
ing model was obtained [1]:

lnf

lbf

¼ exp mþ a
T

T0

� �
þ b /hð Þ þ c

d

1þ r

� �� 	
(30)

where gnf is the viscosity of the nanofluid, gbf is the viscosity of
the base fluid, /h is the hydrodynamic volume fraction of solid
nanoparticles, d is a nanoparticle diameter, r is the thickness of
the capping layer, To is a reference temperature, and T is the
measured temperature. a, m, and b are empirical constants. Using
the least-square regression method, the empirical constants for the
model were calculated from a set of experimental data of Al2O3/
H2O water nanofluids (with 36 nm and 47 nm particle sizes). The
obtained model results gave good agreement with the empirical
data for plots of gnf=gbf versus T=To. There was also good agree-
ment for plots of gnf=gbf versus /h, the only exception being that
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other models which were used in the comparison (Einstein [37],
Brinkman [45], and Batchelor [25]) were based on / instead of
/h. This could also have resulted in large differences in the model
predictions. A reasonable plot would have been a plot of gnf=gbf

versus /h. The model results were limited to Al2O3/H2O nano-
fluids also.

Masoumi et al. [11] developed a new analytical model for cal-
culating the viscosity of nanofluids. The critical assumption was
that the relative velocity between the base fluid and nanoparticles
was an important contribution hence underscoring the importance
of the Brownian motion. The model obtained in the work was
based on the following parameters: temperature, mean nanopar-
ticle diameter, nanoparticle volume fraction, nanoparticle density,
and base fluid thermophysical properties. A correction factor was
incorporated into the model so as to account for simplifications of
the applied boundary conditions on a volumetric element. The
following relation for effective viscosity was given [11]:

geff ¼ gbf þ
qpVBd2

p

72Cd
(31)

which have the following constraints:

/ < b=a; and

b ¼ c1dp þ c2

a ¼ c3dp þ c4

(32)

where qp is the particle density, d is the distance between the cen-
ters of particles, VB is the Brownian velocity, C is the correction
factor, and dp is the particle diameter. The constant C is defined by

C ¼ g�1
bf c1dp þ c2

� �
/þ c3dp þ c4

� �
 �
(33)

The Brownian velocity VB is given by

VB ¼
1

dp

ffiffiffiffiffiffiffiffiffiffiffiffiffi
18KbT

pqpdp

s
(34)

Kb is the Boltzmann constant and T is the temperature. The
obtained results showed good agreement with a range of nano-
fluids: CuO/H2O, CuO/EG, T1O2/EG, CuO/EG/H2O, and H2O/
Al2O3 in relation to varying temperatures, mean diameters, and
volume fractions showing that the model can relatively account
for the effects of those parameters. The steps required to evaluate
the constants may limit its applicability, however.

To model the combined effects of shear rate and temperature
on the apparent viscosity of CuO/H2O and CuO/EG nanofluids
with 1.5 and 2.5% volume fractions of CuO, Dzido et al. [2]
applied the Klein’s model

log gð Þ ¼ A0 þ A1log cð Þ þ A2log2 cð Þ þ A3Tlog cð Þ þ A4T þ A5T2

(35)

where g is the apparent viscosity, c is the shear rate, and A0:::A5

are coefficients which were determined from the least square
method. Plots of measured and calculated values of the effective
viscosities gave good agreement, within 610% error margin.
There model does not include the following relevant parameters,
which include volume fraction, particle size and density.

Noni et al. [52] used the following model to predict the relative
viscosity of Al2O3/H2O nanofluid:

lr ¼ 1þ b
/

1� /

� �n

(36)

where b is an empirical parameter which is influenced by two fac-
tors; the first is related to electromagnetic effects and the second

is related to mechanical-geometrical aspects of the particle, e.g.,
the specific surface area, density, and apparent sphericity. For the
investigated nanofluid, the constant b was fixed at 5300 by curve-
fitting, while the exponent g was assigned the value, 2.8. The
consideration was that these values will reasonably account for
the electromagnetic aspects of the nanoparticles due to increased
surface area. The obtained results indicated that the error margin
of the predicted and experimental values was within 3%
and�15%.

Brenner and Condiff [53] applied the following model in pre-
dicting the viscosity of dilute suspensions containing large aspect
rodlike particles of EG/TNT nanofluids

g½ � 1ð Þ ¼ 0:312r

In2r � 1:5
þ 2� 0:5

In2r � 1:5
� 1:872

r
(37)

where g½ � is the intrinsic viscosity and r is the aspect ratio. How-
ever, the model underpredicted the measured data. The following
empirical equation was then proposed from plots of high shear
viscosity versus temperature reciprocals for the EG/TNT
nanofluid [53]:

In g ¼ Aþ B:
1000

T þ C
(38)

Where g is the shear viscosity and T is the absolute temperature.
A, B, and C are empirical constants. The above is limited in that it
contains only a temperature variable.

Namburu et al. [26] developed the following model to predict
the viscosity of nanofluids composed of copper oxide nanopar-
ticles suspended in 60:40 (on weight basis) of EG/H2O mixtures:

log gnfð Þ ¼ Ae�BT (39)

where gnf is the effective viscosity of the copper oxide nanofluid,
T is the temperature of the nanofluid, A and B empirical constants,
which are functions of the volumetric particle fraction /.

Kulkarni et al. [54] developed the following correlation for the
viscosity of copper oxide nanoparticles suspended in water (with
a temperature range of 5–50 �C):

In gnf ¼ A
1

T

� �
� B (40)

The model, however, is limited to a narrow range of temperatures.
The following model proposed by Kulkarni et al. [54] relates
volume fraction and temperature to viscosity:

In geff ¼ �ð2:8751þ 53:54/� 107:12/2Þ

þ ð1078:3þ 15857/þ 20587/2Þð1=TÞ (41)

Agglomeration of nanoparticles and some unexplained phenom-
ena make the formulation of a generalized model a challenge,
emphasizing the need to investigate the effects of the fundamental
variables and parameters on the relative viscosity in order to
determine the degree of conformity of the models with empirical
data and more so predict the general trend of viscous performance
the fluids in varying use conditions.

A summary of the relevant mathematical models is given in
Table 1.

4 Results and Discussion

In Fig. 3, results of theoretical and empirical investigations are
compared in consideration of nanoparticle diameter dp and the
relative viscosity gr. The results indicate decreasing relative vis-
cosity values with increasing nanoparticle diameter values for the
Graham [43] model while the contrary is the case for the RW [12]
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model, in which the relative viscosity increases with nanoparticle
diameter. Data from the experimental work of Lu and Fan [55],
and Kwek et al. [56] indicate a drop in the value of gr with
increasing dp values. The disparity in the model predictions and
the empirical data emphasizes the need to employ functional
mechanisms in modeling the viscosity. Only two of the reported

models include the effects of particle diameter on the relative
viscosity.

In Fig. 4, the prediction of the model proposed by Kulkarni
et al. [54] is compared with the empirical data of Nguyen et al. [2]
for CuO/H2O nanofluids. From the results, the trends of the model
predictions show a good correspondence; however, there is a wide
margin between the model predictions and the empirical data.
Notably, the model by Kulkarni et al. [54] incorporates / and T as

Table 1 Summary of nanofluid viscosity models

Model Expression Description

Einstein [37] g ¼ go 1þ g½ �/ð Þ Spherical particles and dilute suspension.
Typical intrinsic viscosity value: 2.5.

Krieger and Dougherty [4] gr ¼ g=go ¼ 1� /=/mð Þ� g½ �/m A broad range of concentration considered for
spherical particles.

Modified Krieger
and Dougherty [4]

gr ¼ 1� ua=umð Þ� g½ �um ;ua ¼ u aa=að Þ3�D Spherical particle with aggregation, considering
the radii of primary and aggregate particles.

Frankel and Acrivos [42]
gr ¼ 9

8

/=/mð Þ
1
3

1� /=/mð Þ
1
3

" #
A broad range of concentration considered for
nanoparticles, in consideration of the maximum
packing fraction.

Lundgren [46] gr ¼ 1þ 2:5uþ 25
4
� u2 þ o u3ð Þ


 �
A broad range of concentration considered for
spherical particles.

Batchelor [25] g=go ¼ 1þ g½ �/þ kH g½ �/ð Þ2 Spherical particles and dilute suspension. With
Huggins’s coefficient, kH, considered.

Maiga et al. [59] geff ¼ 1� 0:19/þ 306/2
� �

lb
Obtained in consideration of volumetric
fractions, and also narrowly considers other
parameters.

Ward [12] gr ¼ 1þ 2:5að Þ þ 2:5að Þ2þ 2:5að Þ3þ 2:5að Þ4� � � Obtained on the basis of statistical
nanomechanics.

RW [12] gr ¼ 1þ 2:5aeð Þ þ 2:5aeð Þ2þ 2:5aeð Þ3

þ 2:5aeð Þ4� � � ; ae ¼ a 1þ h

r

� �3

Obtained on the basis of statistical-
nanomechanics; includes thickness of the liquid
layer and the aspect ratio.

Masoumi et al. [11]
geff ¼ gbf þ

qPVBd2
P

72Cd

Considers the relative velocity between the base
fluid and nanoparticles, and a broad range of
parameters.

Hosseini et al [1] gnf

gbf

¼ exp mþ a
T

T0

� �
þ b /hð Þ þ c

d

1þ r

� �� 	
Based on dimensionless groups considers a
broad range of parameters.

Hosseini et al. [1]
n ¼ In lVð Þ ¼ /1/2

A21G21

/1 þ /1G21

þ A12G12

/2 þ /1G12

� �
þ /1n1 þ /2n2

Based on Eyring’s viscosity and NRTL models.

Fig. 3 Comparison of empirical data with the model predic-
tions for gr versus dp

Fig. 4 Comparison of empirical data with the model predic-
tions for geff versus T
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independent variables. With this model, there is prospect for
improved prediction of nanofluid viscosity data. One possible way
of correcting this model is to compare its results with a range of
nanofluid viscosity data, and then an improvement could be to
incorporate a correction factor. In Fig. 5, the effects of increasing
values of r=h parameter are investigated. The ratio gives the rela-
tive change in gr with respect to the thickness of the nanolayer.
When r=h < 1, gr increases considerably with /. And when
r=h 	 1, the increase in the relative viscosity values becomes less
dependent on /. In a limiting case, gr becomes a constant with
increasing / values; however, this is hardly feasible at the
nanoscale.

The evolution of the relative viscosity values with /=/m is
plotted in Fig. 6. The modified K–D model predicts the increase
in gr reasonably than the other models. The trend of gr versus
/=/m plots is somewhat consistent with empirical works [14–17].
The ratio hardly exceeds 0.6 in practical conditions. The modified
K–D model [8] gives higher values of gr compared to the K–D [4]
and Frankel and Acrivos [42] models. The model by Krieger and
Dougherty [4] shows a linear relationship between gr and /=/m

while the other models show a nonlinear relationship owing to
their forms.

In Fig. 7, the effects of the intrinsic viscosity g½ � and the volu-
metric fraction are plotted. g½ � gives the solute contribution to the
viscosity of a nanofluid. Higher g½ � values suggest increasing sol-
ute effects, the higher the solute contribution the higher viscosity
values. The intrinsic viscosity increases the solute (base fluid) vis-
cosity since it is coupled to the size and shape of nanoparticles. It
is most likely that entanglement of nanoparticles will result in an
increase in the intrinsic viscosity values, which possibly will lead
to an increase in the relative viscosity of nanofluids. Studies on
the effects of nanoparticle size, size distribution, and shape on the
intrinsic viscosity as affected by base fluid density, polarity, and
temperature are limited. Einstein [37] proposed an intrinsic vis-
cosity value of 2.5. However, the results of Anoop et al. [38]
show that the intrinsic viscosity can get to 10.0. Further investiga-
tion is consequently needed to understand the solute contribution
to viscosity of nanofluids.

Fig. 6 Effects of increasing /=/m values on gr

Fig. 7 Evolution of gr with / for the modified K–D [8] and K–D
models [4]

Fig. 8 Evolution of gr with / for the modified K–D [8] and Chen
et al. [27] models

Fig. 5 Evolution of gr with r=h for the RW model [12]
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In Fig. 8, parameter U is expressed as U ¼ aa=a. Results of var-
iation of this parameter are compared for the modified K–D [8] and
Chen et al. [27] models. As the parameter varies from 1.1 to 3.1,
obvious differences are seen in predicted values. At U ¼ 1.1, the
values predicted by the modified Krieger and Dougherty [8] and
Chen et al. [27] models are identical, however, as U increases to
3.1, significant differences are noticeable in their predictions. The
reason for this could be as a result of the forms of the equa-tions.
Markedly, as U increases the prediction of the Chen et al.[27]
further deviates from that of the modified K–D [8].

Figure 9 shows the effects of the ratio hi=dp on the relative vis-
cosity for the Graham model [43]. As the volume fraction increases
from 0 to 0.1, the maximum values of the relative vis-cosity is
obtained at the value of hi=dp ¼ 0.1. It is seen that decreasing 
values of hi=d affects the relative viscosity values. Increasing hi=dp 
values give an indication of growing nanoparticle agglomeration in
a nanofluid. This has been reported to be one of the factors leading
to anomalous increase in the relative viscosity [6–8]; hence, the
obtained results underpin the hypothesis that says that increased
agglomeration could be due to an increase in the volumetric
fraction which in turn could lead to low hi=dp val-ues. There is, 
however, a basis for further research investigations to thoroughly
understand the effects [57–59].

5 Conclusion

The concept of a generalized model in nanofluidic systems is of
important benefit as such this study examined the effects of vis-
cosity parameters on the viscous behavior of nanofluids which
have a wide range of potential applications, considering some the-
oretical and empirical results. It was found that the predictions of
the models were at variance with the empirical data. Notably, in
some cases, the theoretical predictions showed a nonlinear rela-
tionship between the relative viscosity and the fundamental varia-
bles. Also, the disparity in the model predictions reveals that the
models mostly incorporate parameters which do not or are inad-
equate to account for some of the observed phenomena in nano-
fluids, particularly hysteresis and the effects of dispersion energy
on aggregation and re-aggregation. Overall, future investigations
should place emphasis on models which are sufficiently general-
ized, and take into consideration the following: aggregation (or
flocculation), particle or aggregate size distribution, particle and
aggregate shapes, solvent quality, density, effects of stabil-izers,
and surfactants as well as base fluid polarity, so as to

10 provide a broader theoretical foundation for the study of the vis-cous behavior of nanofluids for real-world applications.
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Nomenclature

a ¼ Effective radius of aggregates (m)
b ¼ Width of rod (m)
c ¼ Number of rods per unit volume (1/m3) 
d ¼ Diameter of nanoparticle (m)
D ¼ Diameter (m)
h ¼ Thickness of nanolayer (m) Kb 
¼ Boltzmann constant (kg m2/Ks)
L ¼ Length of particle (m)

Nu ¼ Nusselt number
p ¼ Parking fraction
P ¼ Particle concentration
r ¼ Radius of nanoparticle (m)

Raf ¼ Raleigh number
T ¼ Temperature (K)

T~ ¼ Nondimensional 
temperature V ¼ Velocity (m/s)
c ¼ Shear rate (1/s)
d ¼ Distance between centers of nanoparticles (m) 
g ¼ Shear viscosity (Centipoise)
q ¼ Density (kg/m3)
/ ¼ Volume fraction

Subscripts

B ¼ brownian
bf ¼ basefluid
cr ¼ critical
e ¼ effective volume fraction

eff ¼ effective
h ¼ hydrodynamic
i ¼ class size

m ¼ maximum particle volume fraction
ma ¼ packing fraction of aggragates
nf ¼ nanofluid
o ¼ basefluid
p ¼ particle
r ¼ relative
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