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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.. INTRODUCTION 

1.1 Examples of  Conf ined  Vort ices 

Vortex  mot ions  have  long  been  recognized as a n   i m p o r t a n t   p a r t   o f   f l u i d  

dynamics. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs e a r l y  as t he   15 th   cen tu ry ,   Leonard0   da   V inc i   ske tched  and  des- 

cr ibed  var ious  vor tex  mot ions  he  had  observed.   S ince  the la te  19 th   cen tu ry ,  

theore t ica l   t rea tments   o f   vor t i ces   have  been  in t imate ly   connected   w i th   the  

s e a r c h   f o r   p a r t i c u l a r   s o l u t i o n s   o f   t h e   g e n e r a l   e q u a t i o n s   o f   m o t i o n s .   E x p e r i -  

menta l   research  has  been  mot ivated  more  f requent ly  by p a r t i c u l a r   a p p l i c a t i o n s  

where  vortex  f lows are des i red   o r   where   t hey   occu r   as   an   essen t ia l   f ea tu re   o f  

the  f low.   Studies  concern ing  wing  theory,   turb ines  and  compressors,   meteoro l -  

ogy ,   cyc lone  separa tors   and  o thers   have  each  deve loped a cons ide rab le  l i tera- 

t u r e  on v o r t e x   f l o w s   a s   r e l a t e d   t o   t h a t   p a r t i c u l a r   a p p l i c a t i o n .  

R a t h e r   t h a n   t r y   t o   g i v e  a complete  review  of a l l   t y p e s   o f   v o r t e x   f l o w ,  

t h a t  would necessa r i l y   cove r  much o f   t he   f i e ld   o f   f l u id   dynamics ,   t h i s   rev iew  

i s  r e s t r i c t e d   p r i m a r i l y   t o   c o n f i n e d   v o r t i c e s   o f   t h e  t y p e  s k e t c h e d   i n   F i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(l.l), w h e r e   t h e   f l u i d   e n t e r s   t a n g e n t i a l l y ,   s p i r a l s   r a d i a l l y   i n w a r d  and e x i t s  

a x i a l l y   a t  some sma l le r   rad ius .  The most common example o f  t h i s   t ype   f l ow  i s  

the  "bath-tub  vortex".  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
wl l ic l l   f l l r~d enters tan- 
Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.1 V.orLcx flow in 

gcn t ia l l y ,  spirals  rad- 
ially  inward,  and ex i t s  
axially a t  sonle s m a l l e r  

radius. 

As a ba th - tub   d ra ins ,   any   res iden t   angu la r  momentum i n   t h e   t u b   c a u s e s   t h e  

f l u i d   t o   s p i r a l .   I n   a n  a t tempt  t o   conse rve   angu la r  momentum t h e   t a n g e n t i a l  

ve loc i t y   o f  a f l u i d   p a r t i c l e   i n c r e a s e s  as i ts  rad ius   dec reases ,   p roduc ing   t he  

f a m i l i a r   v o r t e x   l o c a t e d   o v e r   t h e   d r a i n .  The c h a r a c t e r i s t i c   f u n n e l   s h a p e  is  a 

mani fes ta t ion   o f   the   p ressure   g rad ien t   resu l t ing   f rom  the   cen t r i fuga l   fo rce  

f i e l d  of the   sw i r l ing   f low.   For  a g i v e n   d e p t h   o f   f l u i d   i n   t h e   t u b ,   t h e  mass 



f low  through  the  dra in  is reduced  by   the   vor tex ,   s ince  much o f   t h e   p r e s s u r e  

h e a d   a v a i l a b l e   t o   d r i v e   t h e   f l o w   h a s   g o n e   i n t o   t h e  swirl mot ion .   Th i s   e f fec t  

is t h e   b a s i s   f o r   t h e   f l u i d i c   v o r t e x   v a l v e   w h i c h ,   a l t h o u g h   i n v e n t e d   b y  Thoma 

(1928) ,   has   on l y   i n   t he  last few y e a r s  become t h e   s u b j e c t   o f   c o n s i d e r a b l e  

i n t e r e s t .  The f l ow   th rough   the   t ub   d ra in   cou ld   be   con t ro l l ed   by   us ing  a sma l l  

"con t ro l l '   f low  to   in t roduce  angu lar  momentum at  t he   ou te r   edge   o f   t he   t ub .  

This   prov ides a l l  of   the   e lements   needed  fo r  a v a l v e   c o n t r o l l e d   b y   p u r e l y   f l u i d  

motion, i .e. ,  a f l u i d i c   v a l v e ,   F i g u r e   ( 1 . 2 ) .   D e t a i l s   o f   d e s i g n  and  methods  of 

predic t ing  per formance w i l l  be   d i scussed   i n   Chap te r  V I I ,  a f te r   t he   f undamenta l  

f lu id   dynamics   a f fec t ing   th is   f low  have  been  rev iewed  in  some d e t a i l   i n   t h e  

e a r l i e r   c h a p t e r s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn 

"" 

IROUS 

OUTLET 
now 

+ - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWo,Pa 

Fig.  1 . 2  Schemat ic   v iew  o f   typ ica l   vor tex  va lve 

Some of t h e   f i r s t   i n t e n s i v e   s t u d i e s   o f   c o n f i n e d   v o r t i c e s  were mot iva ted  

by   the   observa t ions   o f  Ranque  (1934)  and  Hi lsch  (1947)  that  by  blowing  tangenti- 

a l l y   i n t o  a c y l i n d r i c a l   t u b e   o n e   c a n   o b t a i n   s e p a r a t e   s u p p l i e s   o f   h o t  and co ld  

gas. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA t yp ica l   a r rangement   fo r  a Ranque-Hilsch  tube is shown i n   F i g u r e  (1.3). 

Westley  (1954)  has  surveyed work  done inves t iga t ing   the   Ranque-Hi lsch   e f fec t .  

Al though  no  one  has  been  able  to come up w i th  a c o m p l e t e l y   s a t i s f y i n g   t h e o r y   t h a t  

checks   w i th   exper iment   quant i ta t i ve ly ,  i t  is now g e n e r a l l y   a c c e p t e d   t h a t   t h e  

energy   separa t ion  i s  caused by t h e  combined e f f e c t s  of c e n t r i f u g a l   f o r c e ,   d i f f u -  

s ion   and  d iss ipa t ion   (Ha l l ,   1966) .  A s  the   gas   expands  toward   the   ax is   th rough 

the   p ressure   d rop  set up b y   t h e   c e n t r i f u g a l   f o r c e ,  i t  is cooled  and its t a n g e n t i a l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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v e l o c i t y  is i nc reased.  But t h e   t a n g e n t i a l   v e l o c i t y   m u s t   g o   t o   z e r o   o n   t h e  

axis. This  is accompl ished  by  t ransport ing  angular.momentum  radial ly  outward 

by laminar o r   t u r b u l e n t   d i f f u s i o n .   S i n c e   t h e   c o o l e d   g a s   l o s e s   p a r t   o f  its 

Exit zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 

" 

Fig.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.3 Flow Pa t te rn   i n   Ranque-R i l sch  Tube 

k i n e t i c   e n e r g y   i n   t h e   p r o c e s s   o f  momentum d i f f u s i o n ,  i t  must exi t  t he   t ube   w i th  

a l o w e r   t o t a l   t e m p e r a t u r e   t h a n   t h a t   w i t h   w h i c h  i t  en te red   t he   t ube .  The d i f f u -  

s ion   o f   t he   angu la r  momentum t o   l a r g e r   r a d i i   p r o d u c e s   d i s s i p a t i v e   h e a t i n g   t h a t  

can raise t h e   t o t a l   t e m p e r a t u r e   i n   t h i s   r e g i o n .  The  Ranque-Hilsch e f f e c t  w i l l  

b e   d i s c u s s e d   i n   m o r e   d e t a i l   i n   C h a p t e r  I X .  

Chapter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIX a lso   cons ide rs   wha t   has   been   the   mos t   use fu l   app l i ca t i on   o f  a 

conf ined  vor tex   f low,   tha t   o f  a cyc lone   separa to r .  Part icles l a r g e r   t h a n  a f e w  

microns  diameter  (Rietema  and  Verver,   1961),   can  be  separated  f rom a gas  by 

fo rc ing   the   mix tu re   to   f low  th rough a vor tex  tube.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA popular   ar rangement   for  

t he   t ube  is .g iven   in   F igure   (1 .4 ) .  

The  shape  of   the  tube is se lec ted   to   take   advantage  o f   the   secondary   f lows 

genera ted  by t h e  wal l  boundary   layers .   The  f lu id   in   the  w a l l  boundary  layers 

f e e l s  a l o w e r   c e n t r i f u g a l   f o r c e   t h a n   t h e   f l u i d   o u t s i d e   t h e   b o u 3 d a r y   l a y e r s ,  

s i n c e   t h e   t a n g e n t i a l   v e l o c i t y   m u s t  go t o   z e r o  a t  t h e   s u r f a c e   o f   t h e  w a l l .  I f  

t h e   r a d i a l   p r e s s u r e   g r a d i e n t   r e m a i n s   c o n s t a n t   a c r o s s   t h e   b o u n d a r y   l a y e r ,   t h i s  

means t h a t  a r a d i a l   f l o w  i s  necessa r i l y   i nduced   i n   t he   boundary   l aye r   t o   accoun t  

f o r   t h e   d i f f e r e n c e   i n   p r e s s u r e   g r a d i e n t  and c e n t r i f u g a l   f o r c e   t h e r e .  The  second- 

a r y   f l o w   i n d u c e d   i n   t h i s  way is c l e a r l y   e v i d e n t   i n  Von Karman's  (1921) s o l u t i o n  

f o r   t h e   b o u n d a r y   l a y e r   o n  a r o t a t i n g   d i s k .   I n   t h e   p r e s e n t   c o n f i g u r a t i o n   t h e  

s e c o n d a r y   f l o w   o f   p r i n c i p a l   i n t e r e s t  is rad ia l l y   inward   a long  the   con ica l  wall.  

T h i s   s e r v e s   t o   c a r r y   t h e   p a r t i c l e s ,   t h a t   h a v e   b e e n   c e n t r i f u g a l l y   t h r o w n   o u t   o f  

t h e   c o r e   v o r t e x   t o   t h e  w a l l ,  a long   t he  w a l l  t o   t h e   r e s e r v o i r  a t  t h e   t i p   o f   t h e  

cone. 

The   secondary   f l ows ,   wh ich   p lay   an   impor tan t   ro le   i n   t he   cyc lone   separa to r  

3 



are a common fea tu re   o f   a lmos t  a l l  con f ined   vo r t i ces .  The f i r s t   r e c o g n i t i o n  

c lean  gas  

exi ts 

Mixture 
e n t e r s   t a n g e n t i a l l y  

Secondary  f low 
carries part icles t o  
r e s e r v o i r  

F ig .  1 . 4  Sketch   o f   t yp ica l   cyc lone  separa tor .  

o f   t h e  way i n  which a ro ta t i ng   boundary   l aye r   can   genera te  a r a d i a l   f l o w  when 

the   f l ow   ou ts ide   t he   boundary   l aye r  is pure ly   tangent ia l   appears   to   have  been 

by Ekman (1905) i n   h i s   s t u d i e s   o f   o c e a n   c u r r e n t s .  The Ekman s p i r a l   d e s c r i b e s  

how t h e   v e l o c i t y   v e c t o r   c h a n g e s   d i r e c t i o n   i n  a boundary  layer  dominated by ro ta -  

t i o n .  The Ekman boundary  layer  i s  desc r ibed   by   l i nea r   equa t ions   s ince   t he   f l ow  

is a small p e r t u r b a t i o n   a b o u t   t h e  state of   un i fo rm  ro ta t ion .  The f i r s t   c o r r e s -  

pond ing ,   comple te   non l inear   so lu t ion  was prov ided by  Bodewadt (1940). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA g r e a t  

d e a l   o f   e f f o r t  w i l l  b e   d e v o t e d   i n   C h a p t e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI11 t o   desc r ib ing   subsequen t   a t tempts  

to   ob ta in   o the r   so lu t i ons   t o   t he   ro ta t i ng   boundary - laye r   p rob lem.  The r a d i a l  

f low  generated  by  the  boundary  layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, i .e. , the so-cal led  secondary  f low,  has 

long  been  recogni.zed,  (see,  for  example,  the  movie  on  "Secondary  Flows' '  by E. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS .  

Taylor ,   produced  by  the  Nat ional   Commit tee  for   F lu id   Mechanics  F i lms)   but   unt i l  

r e c e n t l y  l i t t l e  a t t e n t i o n   h a d   b e e n   g i v e n   t o   t h e   s t r o n g   e f f e c t  i t  may have  on 

the   p r imary   ro ta t ing   f low  ex te rna l   to   the   boundary   layer .   A l though  the   f low 

induced  in to   the   boundary   layer  is very small (o f   t he   o rde r   o f   t he   square   roo t  

4 
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o f   t he   p roduc t   o f   v i scos i t y  times r o t a t i o n  rate), it may b e   s u f f i c i e n t l y  

l a r g e   t o   h a v e  a dominant r o l e   i n   t h e   c o n s e r v a t i o n   o f   a n g u l a r  momentum ba lance 

in   t he   ex te rna l   f l ow   (Ro t t   and   Lewe l len ,   1966) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.This review is supported  by  the  promise  of   perhaps  achieving  an  advanced 

space   p ropu ls ion   sys tem  u t i l i z i ng  a n u c l e a r   f u e l   i n   t h e   g a s e o u s  state. Kerre- 

brock  and  Meghrebl ian  (1961)  proposed  the  use  of a vor tex   tube  to   suspend  an  

annu lus   o f   gaseous  nuc lear   fue l   wh i le   hydrogen  f lows  th rough  the   tube  and is 

heated  by the  fue1,Fig.  (1.5).  McLafferty  (1968  and  1969)  has  reviewed  the 

evo lu t ion   o f   vor tex   con ta inment   concepts   fo r  a gaseous  nuc lear   rocket .   Proper  

assessment   o f   the  var ious  schemes  requi res a thorough  knowledge of confined  vor- 

tex  f lows.  Assessment  of   these  schemes w i l l  be   d i scussed   i n   Chap te r  V I I I .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
COOL  GAS  AND  FISSIONABLE  MATERIAL 
INTRODUCED  TANGENTIALLY 

CONVERGENT- 

HOT GAS  TO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
B-J 

S E C T I O N  A-A 

"CLOUD"  OF 
FISSIONABLE 
M A T E R I A L  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 

L A  

SECTION 8-B 

Fig.   1 .5  Gas core  nuc lear   rocket   as  proposed  by  Kerrebrock and 
Meghreblian  (1961) 

1 . 2  Some Exper imental   Observat ions 

Be fo re   ge t t i ng  enmeshed in   so lv ing   fo r   var ious   mathemat ica l   mode ls  of t h e  

f low, l e t  us seek  some phys i ca l   i ns igh t   i n to   t he   f l ow   by   l ook ing  a t  some exper i -  

menta l   observa t ions .  A t y p i c a l   p r e s s u r e   d i s t r i b u t i o n   t a k e n   r a d i a l l y   a l o n g   t h e  

chamber  end w a l l  oppos i te   t he   exhaus t  is shown in   F ig .   (1 .6a ) .   No t i ce   t he   sha rp  

d r o p   i n   p r e s s u r e   d u e   t o   t h e   c e n t r i f u g a l   f o r c e   f i e l d   o f   t h e   v o r t e x .  The p ressu re  

o n   t h e   c e n t e r l i n e  is o f t e n  less than  the  ambient   pressure  to   which  the  f low is 

exhaust ing .   Tangent ia l   ve loc i ty   d is t r ibu t ions   der ived   f rom  the   p ressure  d i s t r i -  

bu t ions  are shown i n   F i g .   ( 1 . 6 b : .   T y p i c a l l y ,   t h e   v e l o c i t y   d i s t i r b u t i o n  shows 

t h a t   c i r c u l a t i o n  is n e a r l y   c o n s t a n t   ( c o r r e s p o n d i n g   t o   v c c l / r )  at  l a r g e   r a d i i  

and  t rans i t ions   to   near ly   un i fo rm  angu lar   ve loc i ty   (cor respond ing   to   vcc  r ) 
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n e a r   t h e  axis. The max imum t a n g e n t i a l   v e l o c i t y   o c c u r s   i n   t h e   t r a n s i t i o n   r e g i o n ,  

t h e   r a d i a l   p o s i t i o n  of which may be   expec ted   to   be   de termined  by  a balance  be- 

tween  convec t ion   and  d iss ipa t ion .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

O ' E E  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0. 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

RADIUS RATIO r / rw zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

7 
~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 1.0 

RADIUS RATIO r/rW 

Fig .   1 .6   (a )   Typ ica l   p ressure   d is t r ibu t ions   on   the   end w a l l  
of a vortex  chamber. 

(b )   Tangen t ia l   ve loc i t y   d i s t r i bu t i ons   ob ta ined   by  
d i f f e r e n t i a t i n g   t h e   p r e s s u r e   d i s t r i b u t i o n s .  
(Roschke,  1966). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The p ressu re   d rop   ac ross  a vo r tex   reduces   t he  mass f l ow   ou t   t he  

exhaus t   f o r  a g i v e n   p r e s s u r e   d i f f e r e n t i a l .   T h i s  may b e   i l l u s t r a t e d   b y  a t y p i c a l  

p l o t   o f   t h e  mass f low  through a vo r tex   va l ve  as a f unc t i on   o f   con t ro l   f l ow  

(Fig. 1.7) .  

O u t l e t  Flow 1 
Maximum 
O u t l e t  Flow 

Control  Flow 
Maximum Out le t  Flow 

Fig. 1 . 7  Typical  Vortex  Valve  Performance  Curve. 

TO ob ta in   t h i s   pe r fo rmance   cu rve   t he   p ressu re   d rop   ac ross   t he   va l ve   ( t he  

d i f fe rence  be tween  supp ly   p ressure  and o u t l e t   p r e s s u r e )  is he ld   cons tan t  

wh i l e   t he   con t ro l   f l ow  i s  i nc reased  by i n c r e a s i n g   c o n t r o l   p r e s s u r e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs 

more  of t he   po ten t i a l   ene rgy   ava i l ab le   f o r   d r i v ing   t he   f l ow   th rough   the  

va l ve  is d ive r ted   i n to   sw i r l i ng   k ine t i c   ene rgy ,   f l ow   th rough   the   va l ve  is 

sharp ly   reduced.  The curve  is te rmina ted  at  the  po int   where  the  supply   f low 

is shut   o f f   and  the   ou tpu t   f low is j u s t   e q u a l   t o   t h e   c o n t r o l   f l o w .  The 

quan t i t y   o f   con t ro l   f l ow   requ i red   t o   shu t   o f f   t he   supp ly   f l ow   depends   on   t he  

geometry   o f   the  va lve.  It migh t   be   expec ted   t ha t   t he   h ighe r   t he   angu la r  

momentum in t roduced   pe r  unit cont ro l   f low,   the   lower   the   f low  th rough  the  

va l ve  at  supp ly   f low  shuto f f .  However, t h i s  is not   a lways   t rue .   For   ins tance,  

i f   t h e   a n g u l - a r  momentum is inc reased   by   i nc reas ing   t he   rad ius   ra t i o   be tween  

t h e   i n j e c t i o n   o f   t h e   c o n t r o l   f l o w   a n d   t h e   v a l v e   o u t l e t ,  minimum flow i s  found zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 
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t o   occu r  a t  some modera te   va lue   o f   rad ius   ra t i o  (from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10). The  end-wall 

boundary   layers   p lay  a dominan t   ro le   i n   de te rm in ing .   t h i s  optimum value  o f  

r a d i u s   r a t i o .  

It may n o t   b e   t o o   s u r p r i s i n g   t h a t   f l o w  i n  such a narrow  "pancake"  vortex 

tube as tha t   normal ly   used  fo r  a valve  can  be  dominated  by  the  boundary  layers,  

bu t  i t  i s  more s t r i k i n g   t o   o b s e r v e   t h a t   e v e n   f l o w   i n   c h a m b e r s   w i t h   l a r g e   r a t i o s  

of   length- to-d iameter  (L/D) a re   domina ted   i n  a s i m i l a r  way. F igure  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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0.1 2 

0.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

.- 0.00 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc' 
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0.04 

0.02 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

v, ft/sec zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu, ft/sec 
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v e l o c i t y  r a d i a l   v e l o c i t y  

u, ft/sec 

Fig .  1.8 V e l o c i t y   P r o f i l e s   i n   t h e  End-Wall 
Boundary  Layer of a Vortex Chamber. 
(Kendall  , 1962) 

v e l o c i t y   p r o f i l e s   i n   t h e   e n d - w a l l   b o u n d a r y   l a y e r   f o r  a  chamber w i th  

(Kendal l ,   1962) .   Note  that   wi th in   the  accuracy of his  measurements 

(1.8) shows 

LID = 1 

t h e r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAap- 

p e a r s   t o   b e  no r a d i a l   f l o w   o u t s i d e   o f  a th in   boundary   layer   tha t   occup ies   on ly  

1% o f   t he  chamber l eng th .   Apparen t l y   a l l   o f   t he   rad ia l   mass   f l ow  is pass ing  

th rough  the  chamber  by way of the  end-wal l   boundary  layers.   Another  important 

f ea tu re   o f   t he   boundary - laye r   p ro f i l e  is t h a t   t h e   t a n g e n t i a l   v e l o c i t y   a p p e a r s  

to   overshoot  i t s  e x t e r n a l   v a l u e .  How can   t h i s   apparen t   con t rad i c t i on   happen?  

S i n c e   t h e   r a d i a l   f l o w   i n   t h e   b o u n d a r y   l a y e r  is much l a r g e r   t h a n   t h a t   i n   t h e  ex- 

te rna l   ma in   f low,  i t  is p o s s i b l e   f o r   t h e   c i r c u l a t i o n  (vr) of a f l u i d  part ic le 

t o   b e  more near ly   conserved  as  i t  moves r a d i a l l y   i n w a r d   i n   t h e   o u t e r   r e g i o n s  of 

the  boundary  layer   than i t  i s  i n   t h e   e x t e r n a l  main  flow. 
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The s t r o n g   b o u n d a r y - l a y e r   f l o w s   c a n   a l s o   l e a d   t o   l a r g e  axial  f lows. 

Figure  (1.9)  shows  the  sketch  of  a th ree-d imens iona l   f low  pa t te rn   observed 

i n  a typical   vortex  tube  (Rosenzweig,   Ross,  and  Lewel len,   1962).   This  pat-  

t e r n  was v i sua l i zed   by   i n jec t i ng   dye   t h rough  a hypodermic  probe  in to   the  f low 

a t  var ious   pos i t ions .   F igure   (1 .10)  shows the   obse rved   dye   pa t te rn   f o r   t he  

p r o b e   i n  two d i f f e r e n t   p o s i t i o n s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I 

Fig.  1 . 9  Skatch  o f   three-d imensional   f low  in   je t -dr iven  vor tex 
tube.  (Rosenzweig, ROSS, and  Lewellen, 1962)  

In   F ig .   (1 .10a)   the   p robe t i p  i s  pos i t i oned   nea r   t he   ou te r   edge   o f   t he  

r e g i o n   i d e n t i f i e d  as reg ion  B i n   F i g u r e  (1.9) and i n   t h e   u p p e r   p o r t i o n  of  t h e  

lower  boundary  layer.  Dye is being  convected  upward as i n d i c a t e d  by the  ar rows.  

Wi th in   th is   annu lus  of upward f l ow ,   t he re  is a co re   o f   f l ow   d i rec ted  down to- 

ward  the  exhaust  where  the  f low exi ts t h e  chamber.  This downward core  of   f low 

is approx imate ly   the same d iameter   as  the  exhaust   d iameter .   In   F igure  (1 .10b)  

t h r e e   a x i a l   f l o w   r e g i o n s  are v i s i b l e .   F o r   t h i s   p i c t u r e ,   t h e   p r o b e  is posi -  

t ioned at mid-radius  in   the  upper   boundary  layer .  Now reg ion  A and  par t  of 

reg ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC appear   dark   wh i le   reg ion  B is r e l a t i v e l y  clear s i n c e  i t  is supp l ied  

w i th  clear f l u i d  from  the  lower  end-wall   boundary  layer. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 
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Figures (1.9) and  (1.10) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, of course  , show o n l y   t h e   r a d i a l   a n d  axial f low zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

a 

Fig.  1.10 Photos  o f   three-d imensional   f low  pat terns 
(Rosenzweig, Ross and  Lewellen, 1962) 

p a t t e r n .  The a c t u a l   f l o w   c o n s i s t s   o f  a s t rong   t angen t ia l   ve loc i t y   super - imposed  

on   t he   i nd i ca ted   f l ow   pa t te rn .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s t r i k i n g   f e a t u r e   o f   t h e   t a n g e n t i a l   v e l o c i t y  

d i s t r i b u t i o n  i s  t h a t  i t  i s  e s s e n t i a l l y  a f unc t i on   o f   rad ius   on l y ,   ou ts ide   o f   t he  

t h i n  boundary layers on  the  wal ls,  even  though  there is a three-dimensional   char-  

acter t o   t h e   f l o w   p a t t e r n .   T h i s   p r e f e r e n c e   f o r  two d imens iona l i t y  i s  a common 

fea tu re   o f  a l l  f lows  dominated  by  rotat ion.  It was t h e o r e t i c a l l y   p r e d i c t e d   b y  

Proudman (1916) and  observed  exper imental ly  by  Taylor (1921)  and is now known as 

t h e  Taylor-Proudman  theorem  (Greenspan, 1968) .  T h i s   c h a r a c t e r i s t i c  w i l l  be dem- 

ons t ra ted   mathemat ica l l y  l a te r ,  b u t   p h y s i c a l l y  i t  may be  viewed as a r e s u l t   o f  

the   ba lance  be tween  cent r i fuga l   fo rce   and  the   rad ia l   p ressure   g rad ien t .   I f   the  

f low is dominated  by  ro tat ion  then  the p r e s s u r e  f i e l d   a l s o  must  be  dominated  by 

r o t a t i o n ,   r e s u l t i n g   i n  a p r e s s u r e   g r a d i e n t   t h a t  is d i r e c t e d   p e r p e n d i c u l a r l y   t o  

t h e   a x i s  of r o t a t i o n .  Any v a r i a t i o n   i n   t h e   t a n g e n t i a l   v e l o c i t y   p a r a l l e l   t o   t h e  

a x i s  of  r o t a t i o n  would  imply   an  imbalance  between  the  cent r i fugal   force  and  the 

p r e s s u r e   g r a d i e n t   f o r c i n g  a f l ow   ad jus tmen t .   I f   t hese   ad jus tmen ts   a re   t o   be  small 

i n  compar ison  wi th   the  pr imary  f low  ( i .  e. the   f low i s  dominated  by  ro tat ion)   then 

t h e   v a r i a t i o n   i n   t h e   t a n g e n t i a l   v e l o c i t y   p a r a l l e l   t o   t h e  axis of   ro ta t ion   must   be  

small. 

1 . 3  Mathematical  Formulation 

Let us t u r n  now t o  a formulat ion of the   mathemat ica l   equat ions   tha t   must  

b e   s o l v e d   t o  make our   understanding of conf ined  vor tex  f lows  more  prec ise.  



The p r i n c i p a l   c o n s e r v a t i o n   e q u a t i o n s   f o r  a f l u i d   i n   m o t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmay i n   g e n e r a l  

b e   w r i t t e n  as ( L a g e r ~ t r o m ~ l 9 6 4 ) :  

Conservat ion  o f  mass zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ p d i v q  + = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

D t  

Conservat ion  o f  momentum 

Ds' $ "  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 1  
-+ 

D t  P P 
grad p = f + - d i v  T 

(1.3-1) 

(1.3-2) 

Conservat ion  of   Energy 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp is t h e   d e n s i t y , q   t h e   v e l o c i t y   v e c t o r ,  p the   p ressu re ,  'I t he   shear  

stress t e n s o r ,  H t h e   t o t a l   e n t h a l p y ,  qH t h e   h e a t   f l u x   v e c t o r ,  f t h e  

volume f o r c e   v e c t o r   p e r   u n i t  mass, I the   energy   source   per   un i t  mass and 

the  symbol D / D t  deno tes   t he  sum of t h e   l o c a l   r a t e   o f   c h a n g e   w i t h   r e s p e c t   t o  

t i m e ,  a / a t ,  and  the  convect ive rate of  change, q . V . 

+ 

-+ + 

+ +  

Some equat ion  o f  s ta te f o r   t h e   f l u i d ,   ( e . g .   f o r  a p e r f e c t   g a s ,  

H =  

mus t   be   spec i f i ed   be fo re  Eqs .  (1.3-1 - 1.3-3)  form a complete set.  These 

a u x i l i a r y   c o n d i t i o n s  are s p e c i f i e d   d i f f e r e n t l y   i n   t h e   v a r i o u s   m o d e l s   t o   f o l l o w .  

_E -t $ ) and  the  dependence  of T and  q   on  the  o ther   var iab les 
+ 

y -1 P H 

S ince  w e  are   dea l i ng   w i th   vo r tex   mo t ions  i t  is o f ten   conven ien t   t o   dea l  
-+ 

w i t h   t h e   v o r t i c i t y  w of the f low. The v o r t i c i t y   v e c t o r  is de f ined   as  

+ + +  
w = c u r l  q (1.3-4) 

and is e q u a l   t o  twice t he   i ns tan taneous   angu la r   ve loc i t y   o f  a f l u i d   p a r t i c l e  

about its own a x i s .  An equa t ion   f o r   t he   change   i n   vo r t i c i t y   can   be   ob ta ined  

by   t ak ing   t he   cu r l   o f  Eq. (1.3-2).  This leads t o  

+ q.Vw - w.Vq + w (V .;) = c u r l  [ -- grad p + f + - d i v  T ] 
-+ + +  + +  -+ + -1 + + 1 +  

a t  P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

(1.375) 
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When t h i s  is combined  with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1.3-l), i t  may b e   w r i t t e n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas 

If t h e  body f o r c e  is 

p o t e n t i a l   f i e l d )  and  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-t 
= c u r l  [ - grad 

-I -+ 

P 

c o n s e r v a t i v e   ( i . e . ¶  

f l u i d  is b a r o t r o p i c  
l-b 

-t 
p i f + -  

1 - t  
d i v  T ] 

P (1.3-6) 

t h e   f o r c e  is der ivab le   f rom a 

( i . e . ¶   t h e   d e n s i t y  at  any  po int  

i s  a func t i on   o f   t he   p ressu re   on l y   and   g rad  p = grad +. f ) then  

Eq. (1.3-6) r e d u c e s   t o  
P 

D zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P T C -  

+ +  -+ 
(Z/p) - w’Vq = c u r l  [- d i v  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT ] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 +  

P 
(1.3-7) 

I f   t h e   r i g h t - h a n d   s i d e ,   r e p r e s e n t i n g   d i s s i p a t i o n  i s  ignored  and p i s  assumed 

c o n s t a n t ,   t h i s  last equat ion  may be  used  to   prove  Helmhol tz ’s   theorem  that  a vor- 

t e x   t u b e  (made up o f   l i n e s   t a n g e n t   t o   t h e   l o c a l   v o r t i c i t y   v e c t o r   p a s s i n g   t h r o u g h  

a small c losed  curve)  moves w i t h   t h e   f l u i d  and i ts s t rength   remains   cons tan t   (see  

Batche lo r ,  1967) .  

Rather   than  carry   on a g e n e r a l   d i s c u s s i o n  of v o r t i c i t y  dynamics  (€or  such a 

d i s c u s s i o n  see T r u e s d e l l ,  1954) l e t  u s   t u r n   a t t e n t i o n   t o  more speci f ic   f low  models  

t o   a p p l y   f o r  a conf ined  vor tex.  The approach  taken  here in  is t o  treat t h e  same 

b a s i c   f l o w   p r o b l e m   i n   d i f f e r e n t   f l o w   r e g i o n s ;   i n v i s c i d l y   i n   C h a p t e r  11, wi th  

laminar   v iscous   f low  in   Chapters  I11 and I V ,  and as t u r b u l e n t   f l o w   i n   C h a p t e r  V I .  

In   v iew  o f   the   re la t i ve ly   s imp le   f low  p rob lem  to   wh ich   a t ten t ion  is being re- 

s t r i c t e d ¶  i t  may come as a s u r p r i s e   t o   t h e   r e a d e r   t h a t  s o  much work has  been  done 

w i th  so  many q u e s t i o n s  st i l l  unanswered.   The  appl icat ions  cons idered  in   the last 

qhapters  w i l l  use  the   resu l ts   o f   the   f low  reg ime  tha t   appears   most   appropr ia te .  
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11. STEADY, INVISCID, POTENTIAL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFLOW MODEL 

2 .1  In t roduc t ion   o f   the   S t ream  Func t ion  

F o r   i n v i s c i d   f l o w ,   t h e   s h e a r  stress T and h e a t   f l u x   v e c t o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$, a r e   e q u a l  

t o   ze ro .   Equa t ion   (1 .3 -7 )   f o r   t h i s   case  becomes a homogeneous e q u a t i o n   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw 

and i f   t h e r e  is no v o r t i c i t y   i n t r o d u c e d  a t  t h e   b o u n d a r i e s   o r   a s   i n i t i a l  con- 

d i t i o n s  , then  

-& 

-t 
w = o  (2.1-1) 

The three  components  o f   th is   equat ion  €or  axisymmetric f low  wi th  r ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 , and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z components  o f   ve loc i ty   equal   to  u , v , and w a r e  

radial   component:  
" 
a v -  
az 

a x i a l  component: 1 a r v  "= 
r ar 

t a n g e n t i a l  component: - au "- a w  - 
az ar 

(2.1-2) 

(2.1-3) 

(2.1-4) 

It fo l lows from  Eqs. (2.1-2) and (2.1-3) t h a t  

r v  = cons t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 r (2.1-5) 

The c o n s t a n t r  is t h e   c i r c u l a t i o n  of t he  f low d iv ided by 2 TI. This   leaves  E q s .  

(2.1-4)  and  1.3-1)  to  determine u  and w t oge the r  w i t h  the  boundary  condi t ions 

f o r  any  par t icu lar   problem. 

A s t reamfunc t ion ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY , c a n   b e   i n t r o d u c e d   t o   s a t i s f y  Eq. (1 .3 -1)  f o r   s t e a d y  

flow 

(2.1-6) 

T h i s   d e f i n i t i o n   a l l o w s  Y t o   b e   p o s i t i v e   f o r   n e g a t i v e  u corresponding 

t o   r a d i a l   i n f l o w ,   t h e   c a s e   o f   m o s t   i n t e r e s t   i n   F i g .   ( 1 . 1 ) .  When Eq. (2.1-6) 

is i n t r o d u c e d   i n t o   t h e   t a n g e n t i a l  component of t h e   v o r t i c i t y   e q u a t i o n ,  i t  

may b e   w r i t t e n   a f t e r  some man ipu la t ion  as 

(2.1-7) 
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To determine  the   f low i t is sti l l  necessa ry   t o   spec i f y   an   equa t ion   o f  state. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Two d i f f e r e n t  cases are cons ide red   he re ,   i ncompress ib le   f l ow   and   i sen t rop i c  

f low. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 .2  Incompress ib le  Flow 

I f   t h e   d e n s i t y  is cons tan t ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- a y + -  a2y, 
az2 ar 2 

Eq. (2.1-7) r e d u c e s   t o  

(2.2-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A g e n e r a l   s o l u t i o n   t o   t h i s   l i n e a r   e q u a t i o n   c a n   b e   o b t a i n e d  by s e p a r a t i o n   o f  

t h e   v a r i a b l e s .   T h i s   l e a d s   t o   s o l u t i o n s   o f   t h e  form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Y = e r [ J l ( k r )  + CY1 ( k r )  1 

where  k is t h e   s e p a r a t i o n   c o n s t a n t   a n d  J1 and Y are i ndependent   so lu t ions  

of  Bessel's E q u a t i o n   o f   f i r s t   o r d e r .  

+kz (2.2-2) 

1 

The  problem now is t o   p rov ide   boundary   cond i t i ons   app rop r ia te   f o r  a 

conf ined  vortex.   The  f low  of   most  concern  here is t h a t   i n  which  the  f low 

is i n t r o d u c e d   i n t o  a chamber at  a l a r g e   r a d i u s   w i t h  some swirl and ex- 

h a u s t s  at some smaller rad ius .   For   concre teness ,   cons ider   f low  th rough  the  

c o n t a i n e r   w i t h  a r o t a t i n g ,   p o r o u s ,   c y l i n d r i c a l  wall sketched  in   F igure   (2 .1 ) .  

Assume t h a t  

(2.2-3) 

Fig. 2 . 1  Sketch  showing  coordinate  system 
f o r   c y l i n d r i c a l   v o r t e x  chamber. 
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r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and w = 0 at  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR and at  z = 0 f o r  r > r . Here t h e   s u b s c r i p t  w deno tes   t he  

va lue  a t  t h e   s u r f a c e   o f   t h e   c y l i n d r i c a l  w a l l .  The d i f f i c u l t y  comes i n  

spec i f y ing   cond i t i ons  a t  z = 0 f o r  r < r Equat ion   (2 .1 -5)   ca l l s   fo r  

v t o   a p p r o a c h   i n f i n i t y  a t  t h e   a x i s ,  r = 0. S i n c e   t h i s   s i n g u l a r i t y   c a n n o t  

exist i n   na ture   the   reg ion   o f   f low  in   the   immedia te   ne ighborhood of t h e  

axis m u s t  e i ther   be   exc luded  o r   the   inv isc id   mode l   abandoned.   In   o rder   to  

p rese rve   t he   i nv i sc id   assumpt ion  i t  is assumed tha t   the   f low  does   no t   pene-  

trate t o   t h e  axis, i .e. ,  t h e r e  is a reg ion  r < r ( z )  i n  which  there is no 

f low  wi th  p e q u a l   t o  a cons tan t .  The  problem now h inges  on  some v a l i d  

means  of  determining r . 

e 

e' 

C 

C 

Binnie  and  Hookings  (1948), i n   a n a l y z i n g  a series of  exper iments  wi th 

s w i r l i n g  water f lowing  through a nozz le   i n   t he   p resence   o f   an  ai r  co re ,  

a rgued   tha t   t he   co re   s i ze   shou ld   be   de te rm ined   by   t he   cond i t i on   t ha t   f l ow  

th rough  the   nozz le   be  a maximum f o r   t h e   g i v e n   d r i v i n g   p r e s s u r e   d i f f e r e n c e  

ac ross   t he   nozz le .   Th i s  i s  equ iva len t   t o   ask ing   t ha t   f o r  a given  mass  f low 

the   change   i n   p ressu re   (o r   po ten t i a l   ene rgy )   ac ross   t he   nozz le   be  a mini- 

mum. For a small r t h e   c o r e   p r e s s u r e  is low  due  to   the  h igh swirl v e l o c i t y ,  

w h i l e   f o r  a l a r g e  r t h e   c o r e   p r e s s u r e  is low  due t o   t h e   h i g h   a x i a l   v e l o c i t y  

r e q u i r e d   t o   p a s s   t h e  mass f low  through a smal l   annu lus .  From t h i s   t r a d e o f f  

between w and  v i t  is e v i d e n t   t h a t  a p a r t i c u l a r   v a l u e  of r w i l l  maximize 

the  core  pressure.   Smi th  (1962)   appl ied  the same cond i t ion   fo r   gas   f low 

i n  a cyc lone   separa to r .  

C 

C 

C 

Mathemat i ca l l y ,   t he   exhaus t   cons t ra in t   can  b e  fo rmula ted   in   the   fo l low-  

i ng   manner .   F i r s t ,   t he   rad ia l   ve loc i t y  may be  assumed  small i n  comparison 

t o  v  and w i n   t he   p lane   o f   t he   exhaus t .  The c o n d i t i o n   o f   i r r o t a t i o n a l i t y  

(Eq.  2.1-4) t hen   reduces   t o  w = c o n s t   f o r  r < r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 r o r  i n  terms of 

t h e  mass f low  th rough  the   con ta iner ,  fi, 
e c -  e'  

w e = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALil /np(re2-rc2)  

a s 0  from Eq. (2.1-5) 

" 
1 v = -  

e r  e 

(2.2-4) 

(2.2-5) 

S i n c e   t h e   e x h a u s t   c o n s t r a i n t   i n v o l v e s  a p ressu re   cond i t i on  we t u r n   t o   t h e  

momentum equa t ion   wh ich   f o r   t he   p resen t   f l ow   reduces   t o   Be rnou l l i ' s  

Equat ion 
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p + y h   + w ) = p 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp 2  2 
(2.2-6) 

where po is t h e   u n i f o r m   t o t a l   p r e s s u r e   o f   t h e   f l o w   i n t o   t h e  chamber. A t  

t h e   r a d i u s   o f   t h e   c o r e ,  r Eq.  (2 .2 -6)   w i th   the   a id  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof E q s .  (2.2-4)  and 

(2.2-5) may b e   w r i t t e n  as 
C '  

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. L  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- +  m = - 2 (p0-pc) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2ap 

2 2 2 2  P 
r [pr  ( r e  -rc > I  P 

(2.2-7) 

I f   d imens ion less  v a r i a b l e s  are de f ined  as: 

(2.2-8) 

t h e   f r a c t i o n   o f   t h e   t o t a l   k i n e t i c   e n e r g y   i n v e s t e d   i n  swirl a t  t h e   o u t e r  

edge  o f   the   exhaust ;  

(2.2-9) 

t h e  volume  flow  normalized  by i t s  maximum poss ib le   va lue ;   and  the   d imens ion-  

less r a d i u s   r a t i o  x = rc/re, then E q .  (2.2-7) may b e   w r i t t e n  
C 

-+Q" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
2 - 2  

2 
= 1  

xC (1- xc2) 2 

When Eq.  (2.2-10) i s  s o l v e d   f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG, i t  y i e l d s  

- 
Q = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1-X ) (1-u /xc 

2 2 2 9 1 2  
C 

(2.2-10) 

(2.2-11) 

The  exhaust   const ra in t   proposed  in   the last paragraph cal ls  f o r   d e t e r -  

mining x as a func t i on   o f  c1 by  maximiz ing  wi th   respect   to  x fo r   any  

g iven a, i . e . ,  s e t t i n g  
C C 

(2.2-12) 

The re la t ionsh ip   be tween x and c1 determined  by Eq.  (2.2-12) may be  
C 

w r i t t e n  as 

a2 = 2x p 1  +xc ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 2 
(2.2-13) 

and is p l o t t e d   i n   F i g u r e   ( 2 . 2 ) .   T h i s   g i v e s   t h e   s i z e   o f   t h e   s t a g n a t e   c o r e  

i n   t h e   p l a n e   o f   t h e  minimum f low  c ross-sec t ion  as a f u n c t i o n   o f   t h e  s w i r l  

k ine t i c   ene rgy .  When t h e r e  i s  no swirl, t h e r e  is no   co re   and   t he   ax ia l  
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c r  
C x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= -  

e 

1.0 

0.8 

0.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.4 

0.2 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

z = o  

0 . 2  0.4 0 . 6  0.8 1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a = ro/re[2Ap/~ 1 1/2 

flow. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFig.  2 . 2  Core r a d i u s  

0 0.2 0.4 0.6 0.8 1.0 

Fig. 2.3 Volume flow as a function of  swirl for  incompressible  potential flow. 
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v e l o c i t y  is u n i f o r m   a c r o s s   t h e   t o t a l   c r o s s - s e c t i o n .   I n   t h e   o t h e r  l i m i t ,  

i f  a l l  o f   t h e   p o t e n t i a l   e n e r g y   d i f f e r e n c e   a v a i l a b l e   f o r   d r i v i n g   t h e   f l o w  is 

conver ted   i n to   sw i r l i ng   k ine t i c   ene rgy ,   t he re   wou ld   be   no   f l ow   th rough   the  

c ross-sec t ion   and  the   core   wou ld   comple te ly  f i l l  t he   exhaus t .  

F igu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 

chamber wall 

both w and u 

t h i s   b e i n g   t h  

2 .2 )   a l so   i nc ludes  a c u r v e   o f   t h e   s t a g n a t e   c o r e   s i z e  at  t h e  

o p p o s i t e   t o   t h e   e x h a u s t .   T h i s   c a n   b e   o b t a i n e d   b y   n o t i n g   t h a t  

are ze ro   t he re   and   t hus  Eq. (2.2-10)would  reduce t o  

x ( z = k ) = C r  (2.2-14) 
C 

e r a d i u s  a t  which a l l  of   the   ava i lab le   energy   has   been  conver ted  

t o   s w i r l i n g   k i n e t i c   e n e r g y .  

The to ta l   f l ow   th rough   the   exhaus t  i s  o b t a i n e d   b y   s u b s t i t u t i n g  Eq. 

(2.2-13) i n t o  Eq.  (2.2-11) t o   o b t a i n  

- 
(7 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1- 2)3 /2  / (1 + xc ) 

2 1 / 2  
xC 

(2.2-15) 

Equations  (2.2-13)  and  (2.2-15) may be   used   t o   p lo t   t h rough   f l ow  as a 

f unc t i on   o f  swirl. Such a p l o t  is g i v e n   i n   F i g u r e   ( 2 . 3 ) .  

With c o n d i t i o n s  a t  the   exhaust  now s p e c i f i e d  i t  shou ld   be   poss ib le  

t o   b u i l d  up a series o f   so lu t ions   o f   the   fo rm  g iven   by  Eq. (2.2-2) t o  form 

a c o m p l e t e   s o l u t i o n   t h a t   s a t i s f i e s  a l l  t h e   b o u n d a r y   c o n d i t i o n s .   I f  w e  i g -  

no re   t he   rad ius   o f   cu rva tu re   o f   t he   exhaus t   nozz le   and   spec i f y   ou r   exhaus t  

c o n s t r a i n t  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = 0 ,  a p o s s i b l e   s o l u t i o n   a p p e a r s   t o   b e  

y = - - k  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlil 

277 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAco 
C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA r J ( k   r )   s i n h   [ k n ( z  - 

n=o n 1 n 

+ mzoBmr [ I1 (y) + DmKl (y )  1 sin(-) m r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11 (2.2-16) 

where  the k ‘ s  are determined by 
n 

Jl(knrw) = 0 

a n d   t h e   c o e f f i c i e n t s  A ‘ s  given  by 
n 

(0 ; r < r (0) o r  r > re 
C 

(2.2-17) 

The  de termina t ion   o f   the   remain ing   coe f f i c ien ts  i s  compl icated  by  the  ex is-  

t e n c e   o f   t h e   s t a g n a t e   c o r e   b o u n d a r y ,   a l o n g   w h i c h   t h e   s o l u t i o n   m u s t   s a t i s f y  
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(2.2-19) 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
'Y(rc,z) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= i / 2 n  (2.2-20) 

T h e s e   c o n d i t i o n s   t o g e t h e r   w i t h   t h e   c o n d i t i o n   t h a t  u = - i / 2 a p r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfi a t  r = r 

l e a d  t o  t h e   f o l l o w i n g   t h r e e  sets o f   e q u a t i o n s   f o r   t h e   d e t e r m i n a t i o n   o f   t h e  

Bm's ,  D zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' s  and r : 

W W 

m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m mn mn mnz m 
C B rw [ I1 (r rw) + D K (-r > ]  s i n  - = m=o m m l  L w R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( P a )  (2.2-21) 

? B [ I ~  ( y  r c )  + D,K~ ( F C ) 1   s i n  - mn z zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m=o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn R 

+ A J l (knrc)   s inh  [kn ( z  - a > ]  = 0 
n=o n 

and 

(2.2-22) 

1 d r [ I 1 ( F r )  + DmK1(Fr)] 1 mn z 
s i n  (T) 

r=r 
C 

1 / 2  
= [2pAp (1 - a2re2 / rc2 )  I (2.2-23) 

The s o l u t i o n   g i v e n   i n  Eq. (2.2-16) is n o t   p a r t i c u l a r l y   u s e f u l   d u e   t o  

t h e   d i f f i c u l t y   i n   d e t e r n i n i n g  a l l  o f   t h e   c o e f f i c i e n t s ,   b u t  i t  can  be  used 

t o  show t h a t   f o r  a g iven mass f l o w   t h r o u g h   t h e   c o n t a i n e r ,   t h e   v a r i a t i o n   i n  

I w i t h  swirl is p r i m a r i l y   r e s t r i c t e d   t o   t h e   n e i g h b o r h o o d   o f  r . When a = 0 ,  

r and  the D c o e f f i c i e n t s  are ze ro  so t h a t   t h e   s o l u t i o n  is determined  by 

Eqs.  (2.2-16),  (2.2-17),  (2.2-18)  and  (2.2-21). When a is f i n i t e   t h e r e  is 

a change i n   h i g h e r  numbered A ' s  d u e   t o   t h e   i n t r o d u c t i o n   o f  r (0) i n  

Eq. (2.2-18).  This  change w i l l  be  most   ev ident   in   the   immedia te   ne ighbor -  

hood  of rc. The o the r   change   i nvo l ves   t he  D and B, terms. Since  K -+ m 

wh i le  J1 and I1 bo th  + o as r -+ 0,  Eq. (2.2-22)  and  (2.2-23)  suggests  that 

t h e  Dm's shou ld   be  small. Thus these   t e rms  w i l l  b e  small except   near  r = 0. 

C 

C m 

n C 

m 1 
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I n   t h i s   i n v i s c i d ,   i n c o m p r e s s i b l e   f l o w   m o d e l   t h e   l a r g e s t   e f f e c t   o f   t h e  

swirl is t o   change   the   f l ow  rate t h r o u g h   t h e   c o n t a i n e r   f o r  a g i v e n   p r e s s u r e  

d i f f e r e n c e   a c r o s s   t h e   c o n t a i n e r  as d e s c r i b e d   i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 . 3 ) .  The  change i n  

t h e  stream f u n c t i o n   p a t t e r n  is p r i m a r i l y   l i m i t e d   t o   t h e   i n t r o d u c t i o n   o f  a 

s t a g n a t e   c o r e   a r o u n d   t h e   a x i s  when swirl is added. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2.3 I s e n t r o p i c  Model 

For   i sen t rop ic   f low  o f  a p e r f e c t   g a s ,   t h e   d e n s i t y   c a n   b e   r e l a t e d   t o  

the   ve loc i t y   t h rougn   the   ene rgy   equa t ion .   Th i s   re la t i on  may b e   w r i t t e n  

(2.3-1) 

where   t he   subsc r ip t  o deno tes   t he   s tagna t ion   va lue   and  a is the   speed  o f  

sound.  Equation (2.3-1) can  be   used  to   e l im ina te  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp from E q .  (2 .1-7)  and 

w r i t e  i t  i n  terms of  t h e  component Mach numbers.   Af ter  some man ipu la t i on ,  

t h e   e q u a t i o n   f o r   t h e   t a n g e n t i a l  component  of v o r t i c i t y   c a n   b e   w r i t t e n  as,  

(King, 19671,  

The i n t e r e s t i n g   t h i n g   t o   n o t e   a b o u t  Eq.  (2.3-2) is t h a t   t h e   n a t u r e   o f  

t h e   e q u a t i o n ,  i .e . ,  whether i t  i s  h y p e r b o l i c   o r   e l l i p t i c ,  is  unaf fected  by 

t h e   t a n g e n t i a l  Mach number,   v /a .   The  nature  o f   the  equat ion i s  determined 

by t h e   c o e f f i c i e n t s  of  t he   h ighes t   o rde r   de r i va t i ves .   Thus   f o r   ax i symmet r i c  

f low, w e  do  not   expect   anyth ing  un ique  to   occur  when v / a  = 1, b u t  we can 

an t i c ipa te   t ranson ic   chok ing   t o   occu r  when (u2 + w ) / a  = 1. 
2 2  

Equation (2.3-2) i s  n o n l i n e a r   a n d   t h u s   f a r  more d i f f i c u l t   t o   s o l v e  

than   i n   t he   i ncompress ib le   case .  Even i n   t h e   i n c o m p r e s s i b l e   c a s e ,   t h e  

s o l u t i o n   f o r   t h e   s t r e a m   f u n c t i o n   p a t t e r n   d o e s   n o t   a p p e a r   v e r y   u s e f u l .  The 

most   usefu l   in format ion came f rom  the   exhaus t   cons t ra in t .   The re fo re   f o r  

t h i s   i s e n t r o p i c   c a s e   n o   a t t e m p t  w i l l  b e  made t o   s o l v e   f o r   t h e   c o m p l e t e   f l o w ;  

on l y   t he   exhaus t   cons t ra in t  w i l l  be  considered.  

A s  long as u i s  n e g l e c t e d   i n   t h e   e x h a u s t ,  E q s .  (2.1-2) t o  (2.1-4) l ead  

t o   c o n s t a n t   v a l u e s   f o r   b o t h  w and r .  The  energy   equat ion   (o r   the   compress ib le  

Bernoul l i   Eq. )  may b e   w r i t t e n  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
20 



y-l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(w +r lr 
2 a  2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ (P/Po) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY = 1 

2 2 2  y-l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

If t h e   p r e v i o u s   d e f i n i t i o n  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ is g e n e r a l i z e d   t o  
n 

a n d   t h e  axial v e l o c i t y  is n o r m a l i z e d   i n  a similar manner 
c) 

(2.3-3) 

(2.3-4) 

(2.3-5) 

t hen  Eq. (2.3-3) may b e   w r i t t e n   s i m p l y  as 
- 
w + Ci2/x2 = 1 (2.3-6) 

w i th  x = r / re.  Note   t ha t  a2 is s t i l l  de f ined  as t h e   f r a c t i o n   o f   a v a i l a b l e  

ene rgy   i nves ted* in   t he  swirl and   reduces   t o   t he   p rev ious   de f i n i t i on ,  

E q .  (2.2-8),  as p, -f po. 

The re la t i onsh ip   be tween  w and r is  ob ta ined  by eva lua t i ng  Eq. (2.3-6) 
C 

a t  t h e   c o r e  

The mass f low  through  the  exhaust  is given  by 

lil = 2nw ir' prdr 

(2.3-7) 

(2.3-8) 

A f t e r   c o n s i d e r a b l e   a l g e b r a ,   w i t h   t h e  aid of Eqs .  (2.3- l ) ,   (2.3-4),   (2.3-51, 

and  (2 .3-7) ,   th is  l as t  equa t ion   can   be   w r i t t en   as  

(2.3-3) 
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To make the  f low  un ique i t  is s t i l l  n e c e s s a r y   t o   f i x   t h e   c o r e   r a d i u s .  

The  most   sa t is fy ing  way t o  do t h i s  is t o   choose  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx t o  maximize i when 

the   o the r   pa ramete rs  are s p e c i f i e d  as w a s  done i n   t h e   i n c o m p r e s s i b l e  case. 

Equat ion (2.3-9) st i l l  y i e l d s   t h e   i n c o m p r e s s i b l e   e x p r e s s i o n ,  Eq. 

C 

(2.2-ll) , as pc+  po.  The o t h e r   l i m i t i n g  case zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 was t r e a t e d   b y  

Mager (1961).  For  Mager's case t h e   i n t e g r a l   i n  Eq.  (2.3-9)  reduces  to 
C 

(2.3-10) 

w h i c h   c a n   b e   i n t e g r a t e d   a n a l y t i c a l l y   f o r  y = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-y  wi th  n an   i n tege r .  The 

extremum cond i t i on  on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi w i t h   r e s p e c t   t o  x y i e l d s  

n+l 
n- 1 

C 

(2.3-11) 

When I is d i f f e r e n t i a t e d   w i t h   r e s p e c t   t o  x and t h e n   i n t e g r a t e d  by p a r t s  

w i t h  r e s p e c t   t o  x,  i t  i s  p o s s i b l e   t o  show t h a t  
C 

2 U y - l  
1 a 1  2 2 (1- c ) X 
-- = -  _ _  
I axc  xc  xc I (2.3-12) 

Equat ions  (2 .3-11)   and  (2 .3-12)   a l low  an  express ion  for  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa as a f u n c t i o n  

x t o   b e   o b t a i n e d ,   a f t e r  some a l g e b r a ,  i .e .  
C 

(2.3-13) 

Th is   re la t ionsh ip   be tween x  and a i s  p l o t t e d   i n   F i g .   ( 2 . 4 ) ,   f o r  y = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.4 

as taken  f rom  the   resu l ts   o f  Mager. We can  inc lude on F ig.   (2 .4)   the  core 

s i z e   a t   t h e  chamber wall o p p o s i t e   t o   t h e   e x h a u s t .  From Eq. ( 2 . 3 - 7 )  wi th  

w = 0 i t  may be   seen   tha t  w e  s t i l l  have 

C 

x ( z = I I ) = a  
C 

(2.3-14) 
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. 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 4  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.8 1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.   2.4  Core  radius as a func t i on  of swirl 

f o r   i s e n t r o p i c   f l o w   w i t h  y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1.4 
e x h a u s t i n g   t o  a vacuum.  (Xagcr  1961) 

When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  (2.3-13) i s  s u b s t i t u t e d   i n t o  E q .  (2 .3 -9 )   t o   ob ta in   t he  mass 

f l o w ,  i t  may be shown t h a t  

= I  

(2.3-15) 

Equations  (2.3-15)  and (2 .3-13)  perm i t   t he  aass f l o . .   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5~ p l o t t e d  as a f unc t i on  

o f  swirl. Figure  (2 .5)  i s  such a p l o t  f o r  y = 1.4. 

Fig.  2.5 Mass f low as 
a func t ion   o f  swirl f o r  
i sen t rop i c   f l ow   exhaus t ing  
t o  a vacuum w i th  y = 1.4  
(Mager, 1961) .  



Both  Figs.  (2.4)  and  (2.5) are q u i t e  similar to   F igs.   (2 .2)   and  (2 .3) .  

T h e   b i g g e s t   d i f f e r e n c e   a p p e a r s   t o   b e   t h a t   t h e  mass f low  2n  the  compressible 

case.  a t  t h e  same va lue   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa is always less t h a n  i t  is i n   t h e   i n c o m p r e s s i b l e ,  

w h i l e   t h e   c o r e   r a d i u s  is smaller t h a n   i n   t h e   i n c o m p r e s s i b l e  case. The 

s i m i l a r i t y  of t h e s e  two l i m i t i n g  cases l e a d s   o n e   t o   g u e s s   t h a t   r e s u l t s   f o r  

i n te rmed ia te   va lues   o f  p w i l l  l i e  between  these two cases. Mass f low as a 

func t i on   o f  swirl f o r  p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 and  o ther   va lues   o f  y have  been  computed  by 

Gl ick  and  Ki lgore  (1967).  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs y d e c r e a s e s ,   t h e  mass f l o w   f o r  a g iven  va lue 

of  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcc is reduced. 

C 

C 

Binnie  (1949)  determined  the c r i t i ca l  va lue   o f  w as a f unc t i on   o f  

s w i r l  f o r   g e n e r a l   v a l u e s   o f  p,/po f o r  y = 1.4  and Y = 2.  However, h e  

worked  out  the  problem  for  a g i v e n   c o r e   s i z e ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx and  assumed t h a t   a x c / a z  = 0 

a t  t h e   t h r o a t   t o   o b t a i n   h i s  c r i t i ca l  cond i t ions .  H i s  r e s u l t s   € o r  p = 0 

are v a l i d   s i n c e   p ( x  ) = 0 i n   t h i s  case and   the   coe f f i c i en t   o f   ax , /az   i n   h i s  

c r i t i c a l   e q u a t i o n   w o u l d   v a n i s h  anyway. I n   t h i s   l i m i t i n g   c a s e ,   t h e   r e s u l t s  

of  Binnie  and  the l a te r ,  more  complete  resul ts  of  Mager are in   ag reemen t .  

C Y  

C 

C 

I t  is  i n t e r e s t i n g   t o   n o t e   t h a t   t h e  axial Mach number, Ma,  a c r o s s   t h i s  

choked   c ross -sec t i on   f o r   sw i r l i ng   f l ow  is not   equa l   to   one.  The c e n t r i f u g a l  

f o rce   o f   t he   sw i r l i ng   f l ow   fo rces  a r a d i a l   p r e s s u r e   g r a d i e n t   w h i c h   f o r  

i s e n t r o p i c   f l o w   r e s u l t s   i n  a rad ia l   tempera ture   g rad ien t .   Thus ,   even  though 

t h e   a x i a l   v e l o c i t y  is c o n s t a n t ,  a g rad ien t   i n   sound   speed   p roduces  a r a d i a l  

g r a d i e n t   i n   a x i a l  Mach number.  For p = 0,  M has a v a l u e  less than 1 a t  

r and  inc reases  as r i s  decreased,   reach ing  m at  r = rc. It is  r e a s s u r i n g  
C a 

e 
t h a t   t h e   p r o p e r  l i m i t  of  M = 1 is reached as CI -+ 0. From Eqs .  (2.3-10) 

and  (2.3-13) i t  may b e   s e e n   t h a t  as cc -+ 0, I + 1, and  a /x  -+ [ 2 /  (y + 1) ] , 
s o  t h a t  -+ [ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(y - 1) / (y + 1)]1/2  and 

a 
1 1 2  

C 

(2.3-16) 
The preceding  case  o f   choked  ax ia l   f low  through a minimum cross-sec t ion  

is q u i t e   d i f f e r e n t   f r o m   t h e   o t h e r   l i m i t i n g   c a s e  when the   rad ia l   f l ow   chokes  

a t  t h e  minimum annu lar  area. Th is   can   be   seen  by   cons ider ing   an   idea l  two- 

d imens iona l ,   i sen t rop i c   vo r tex   w i th  

pur = c o n s t  = - -i 
2aR 

(2.3-17) 

24 



r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
vr = cons t  = r 

Y-l (u2 + v2> + a = cons t  = a 2 2 
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

and 

p ipy = cons t  = po/po zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY 

A f t e r  some a lgeb ra   t hese   equa t ions   can   be   man ipu la ted   t o   g i ve  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
v+l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

lil 

2nrRgao 
= Mr 

(2.3-18) 

(2.3-19) 

(2.3-20) 

(2.3-21) 

The r ight-hand-side  of  Eq. (2.3-21)  must  be a maximum when r is a minimum 

and t h i s  maximum occurs when M = 1 r e g a r d l e s s   o f   t h e   e n e r g y   i n v e s t e d   i n  

swirl. Thus,   €or   choked  rad ia l   f low 
r 

(2.3-22) 

When Eq.  (2.3-22) is compared wi th   F ig .  (2.5) i n   F i g .  (2.6) i t  can  be 

s e e n   t h a t  & does  no t   decrease as f a s t ( a s  swirl i s  i n c r e a s e d ) i n   t h i s   c a s e   o f  

rad ia l   chok ing  as i t  does  in   the   p rev ious   case  o f   ax ia l   chok ing .  

I n   sunmary ,   t he   i nv i sc id   mode l   appears   t o   be   use fu l   i n   y ie ld ing   an  

approx imate   re la t ionsh ip   be tween  the   p ressure   d rop   across  a vortex  chamber 

and  the  f low  through i t .  T h i s   r e l a t i o n s h i p  w i l l  be  compared with  exper iment 

i n   C h a p t e r  V I I .  This  model i s  no t   ve ry   use fu l   i n   de te rm in ing   t he   s t reaml ine  

pat tern  through  the  chamber.  

Fig.  2.6 Comparison  of 
reduc t i on   i n   choked  mass 
f low  w i th  swirl between 

0.8 

0.6 
\ 
\ 

rad ia l   chok ing  (---) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIi \ \\ 

and axial choking i 
m a  

(-> * 

.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 4  .6 .8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.0 
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111. INCOMPRESSIBLE,  AXISYMMETRIC, LAMINAR FLOW 

3.1 Govern ing  Parameters  in   the  Navier -Stokes  Equat ions 

For  an i n c o m p r e s s i b l e   f l u i d   w i t h   c o n s t a n t   v i s c o s i t y ,  Eqs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1.3-1) and 

(1.3-2)  reduce  to 

d i v  q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 
-f 

(3.1-1) 
+ 

-k - grad p = v d i v   g r a d  q 
1 + 

D t  P 
(3.1-2) 

when the  vo lume  force,  2, is zero.   These two equat ions  form a complete set 

with  the  energy  equat ion  decoupled.  

The pressure   can   be   e l im ina ted   f rom  the   sys tem  o f   equat ions   by   us ing  

Eq. (1 .3 -5) ,   the   cur l  of t h e  momentum e q u a t i o n ,   t o   t e p l a c e  Eq. (3.1-2) 

(3.1-3) 

For   ax isymmet r ic   f low,   the   vor t i c i t y  may b e   w r i t t e n   i n   t e r m s  of t h e  cir- 

c u l a t i o n ,  l', and stream f unc t i on ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY ,  d e f i n e d   i n  Eqs.  (2.1-5)  and  (2.1-6) 

+ I ar zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 ar - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 , -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv2y x, 
w = " l  - - -  r ar zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz r az r p r  .. 

wi th   t he   ope ra to r  V2 de f ined   as  

(3.1-4) 

(3.1-5) 

Equation  (3.1-3)  could now b e   w r i t t e n  as 3 s c a l a r   e q u a t i o n s   i n  terms of  the 

two v a r i a b l e s  r and Y. However, i t  can  be shown t h a t   t h e   r a d i a l   a n d   a x i a l  

components of Eq. (3 .1 -3 )   con ta in   t he   same  i n fo rma t ion .   I n   f ac t ,   t hey  

may convenient ly  b e  r e p l a c e d   w i t h   t h e   t a n g e n t i a l  momentum equat ion   wh ich   fo r  

axisymmetr ic  f low is  independent   o f   the  pressure.   Therefore,  we may choose 

as   our   sys tem of equat ions  the  tangent ia l   components  o f   the momentum and  the 

v o r t i c i t y   e q u a t i o n s .   T h e s e  two equat ions  may b e   w r i t t e n   i n  terms of r and Y a s  

and 

(3.1-6) 

(3.1-7) 

The d imensionless  parameters  govern ing  the f low may be  determined by 

n o r m a l i z i n g   t h e   v a r i a b l e s   i n  Eqs.   (3 .1-6)   and  (3 .1-7)   wi th   respect   to   the i r  

c h a r a c t e r i s t i c   v a l u e s .  The  fo l lowing  d imensionless  var iab les are i n t roduced:  
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where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA61, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAro, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 , .  r and t are c h a r a c t e r i s t i c   v a l u e s  of mass f low,   c i rcu la -  

t i on ,   ax ia l   l eng th ,   rad ius ,   and  time, r e s p e c t i v e l y .  It is i m p o r t a n t   t o  

remember tha t   t he   d imens ion less   pa ramete rs   t o   be   ob ta ined  when Eqs.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.1-8) are 

i n t r o d u c e d   i n t o  Eqs. (3.1-6) and (3.1-7) are the  most   appropr ia te  govern ing 

parameters  on ly  when t h e   n o r m a l i z e d   v a r i a b l e s  are of  order  one.  The  equat ions 

c o u l d ,   i n   f a c t ,   b e   w r i t t e n  s o  that   no  parameters  appeared by tak ing  

0' C 

(3.1-9) 

bu t   t h i s   on l y   h ides   t he   gove rn ing   pa ramete rs   i n   t he   boundary   cond i t i ons ,   s ince  

i n   t h i s  case, t he   o rde r   o f   t he   d imens ion less   va r iab les ,  $, r ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 and T are a l l  

set  by the  boundary  condi t ions.  

Equat ions (3.1-6) and (3.1-7) may b e   w r i t t e n   i n  terms of t h e   v a r i a b l e s  

d e f i n e d   i n  Eq.  (3.1-8) as 

and 

w i th   the   d imens ion less   opera tor  D def ined as 

(3.1-10) 

(3.1-11) 

(3.1-12) 

and  the  d imensionless  parameters N , 2  , and S def ined as: 

3 = -ee , t h e   r e c i p r o c a l  of a reduced  f requency 
t r h  

(3.1-13) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
rb 

2lTp vR 

2~rpr~r ,  
lil 

N = -  , a Reynolds  number  based on t h ru   f l ow  (3.1-14) 

s =  , a s w i r l  paramete r   measur ing   t he   i n te rac t i on  of t h e  

c i r c u l a t i o n   a n d   t h e  stream f unc t i on  (3.1-15) 

The genera l   p rob lem  i n   t h i s   chap te r  i s  governed by 4 parameters,   inc lud-  

i n g   t h e   r a t i o  of c h a r a c t e r i s t i c   l e n g t h s   a p p e a r i n g  i n  t h e   o p e r a t o r   i n  Eq. 

(3 .1 -12) .  The  parameter  most  unique  to  our  vortex  problems is  t h e  s w i r l  

parameter.  The swirl paramete r   cou ld   be   re fe r red  t o  as t h e   r e c i p r o c a l   o f  a 

Rossby  number.  The  Rossby  number i s  usua l l y   de f i ned  as t h e   r a t i o  of t h e  

convec t i ve   acce le ra t i on  t o  t h e   C o r i o l i s   f o r c e   p r e s e n t  when the   equat ions  

are w r i t t e n   I n  3 r o t a t i n g   f r a m e  of reference  (Greenspan, 1968).  There 
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is no   advan tage   t o   us ing   t he   ro ta t i ng   coo rd ina te   sys tem when t h e  s w i r l  

d is t r i bu t i on   depar t s   marked ly   f rom  tha t   o f   un i fo rm  ro ta t i on .   Here in   t he   t e rm 

Rossby  number w i l l  b e   r e s e r v e d   f o r   t h e s e  cases i n  which a u n i f o r m   r o t a t i o n  

i s  separa ted   ou t   f rom  the   genera l  swirl d i s t r i b u t i o n .  

Before   look ing   a t   par t i cu la r   so lu t ions   to   Eqs .   (3 .1 -10)  and  (3.1-11) 

l e t  u s   l o o k   a t   t h e   r e d u c e d   e q u a t i o n s   i n   d i f f e r e n t  limits of the   govern ing  

parameters.  

I f  N a n d 2 +  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, then  Eqs.  (3.1-10)  and  (3.1-11)  reduce  to 

and 

Equation  (3.1-16) i s  s a t i s f i e d   i f  

and Eq. (3.1-17) i s  s a t i s f i e d   i f  

(3.1-16) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(3.1-17) 

r" is cons tan t   a long  s t reaml ines ,  i . e ,  

= ($) (3.1-18) 

(3.1-19) 

The func t i on  F($) may b e   r e l a t e d   t o   t h e   d e r i v a t i v e  of t h e   t o t a l   p r e s s u r e  w i t h  

r e s p e c t   t o   t h e  stream f unc t i on   (Ba tche lo r ,  1967). Af te r  some man ipu la t ion  

i t  can  be shown t h a t  

(3.1-20) 

When t h e   t o t a l   p r e s s u r e  and c i r c u l a t i o n   a r e  assumed c o n s t a n t ,  Eq. (3.1-19) 

reduces  to  the  normal ized  form  of  Eq. (2.2-1) 

(3.1-21) 

which was d iscussed   i n   Sec t i on   2 .2 .  The swirl paramete r   on l y   a f fec ts   t he  

equat ion  when t h e   c i r c u l a t i o n   d i s t r i b u t i o n   v a r i e s   f r o m   s t r e a m l i n e   t o  

s t reaml ine .  However, t h e  swirl can s t i l l  i n f luence  the   boundary   cond i t ions  

as   seen   i n   Chap te r  11. 

When S + 0, Eqs. (3.1-10) and (3.1-11) decouple  and Eq. (3.1-10) 

becomes  a l i n e a r   e q u a t i o n   t o   s o l v e   f o r   a f t e r   t h e  stream func t ion   has   been 

determined. An expansion  in  powers of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS may b e   u s e d   t o   d e t e r m i n e   t h e   i n i t i a l  

i n f l u e n c e  of s w i r l  on t h e  stream f unc t i on .  It i s  p o s s i b l e   t o   c o n s i d e r  

per turbat ions  about   any  o f   the known s o l u t i o n s  of t h e   a x i a l l y  symmetric 
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Navier-Stokes  equat ions.   The  problems  most   near ly   re la ted  to   conf ined  f lows 

have  been  considered  by Gartler (1954) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, Talbot   (1954) ,  IJewman (1959) , 
Lewellen  (1965) , F i e b i g  (1966) , and  Pedley  (1969). 

The  most   in te res t ing  limit is t h a t  of S-+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm .  I f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFT, .: , and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr o / i  remain 

f i n i t e ,   t h e n   f r o m  E q .  (3.1-11) i t  f o l l o w s   t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F = +(17,T) (3.1-22) 

J I  = $o(nYT) + E J I l ( n Y T )  (3.1-23) 

and  from Eq.  (3.1-10) t h i s   l e a d s   t o   t h e   f u r t h e r   r e s t r i c t i o n   t h a t  

That i s ,  t h e   r a d i a l  a n d   t a n g e n t i a l   v e l o c i t i e s  are independent  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz and  the 

a x i a l   v e l o c i t y  varies at  m o s t   l i n e a r l y   w i t h  z .  For   t he  case i n  which  the  f low 

d e p a r t s   o n l y   s l i g h t l y   f r o m   u n i f o r m   r o t a t i o n ,  i .e .  = + O(s-2) t h i s  two- 

d imens iona l   na ture   o f   the   f low is known as the  Taylor  (1929) - Proudman  (1916) 

Theorem.  The 2-D n a t u r e  of t he   f l ow   ho lds  as long as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr" cons tan t .  I f  

p = cons tan t ,   t hen  Eq.  (3.1-11) f o r  I$ is independent of S and the  f low  need 

n o t   b e  2-D. 

O f t e n   i n   p r o b l e m s   w i t h   l a r g e  swirl the  boundary  condi t ions  do  not  permit  

t h e   r a d i a l  and tangen t ia l   ve loc i t i es   t o   be   i ndependen t   o f   t he   ax ia l   coo rd ina te .  

The  flow  must  then  accommodate i n   r e g i o n s   i n   w h i c h   o n e   o r  more  of t h e   o t h e r  

pa ramete rs   do   no t   rema in   f i n i t e .   Fo r   examp le ,   i n   s teady   f l ow   i f   ( r0 /R) '  + m 

as S + 0~ , then E q s .  (3.1-10)  and  (3.1-11)  reduce t o  

and 

(3.1-24) 

(3.1-25) 

To keep a l l  the   remain ing  terms i n   t h e   e q u a t i o n s   o f   o r d e r   o n e  i t  i s  necessary 

t o  set 

(y )  = 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( ~ 2 )  = O(N)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 
(3.1-26) 

R e c a l l i n g   t h a t  N = ni/2.rrpvEY w e  see t h i s   r e q u i r e s   t h a t  

rh = 0 ( 2 ~ p v r , ' / ~ )  

and   s ince  s = 2 1 ~ p r ~ r ~ / r h ,  

There fo re  

(3.1-27) 

(3.1-28) 

(3.1-29) 
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and 

From the  preceding  argument,  we may conc lude   t ha t  when S zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>> 1, a l l  

axial a d j u s t m e n t s   i n  r imposed  by the  boundary  condi t ions w i l l  o c c u r   i n   t h i n  

boundary  layers  that   have a th ickness   o f   the   o rder   o f   one  over   the   square  

r o o t  of a tangent ia l   Reynolds  number,  [ ~ / r ] l / ~  t h i s  is somet imes  re fe r red  

t o  as a Taylor number (Greenspan,  1968). We a l s o   o b t a i n   t h e   i m p o r t a n t   r e s u l t  

t h a t   t h e s e   t h i n   a d j u s t m e n t   l a y e r s  w i l l  have a secondary  mass  f low  associated 

w i th  them as g i v e n   i n  Eq. (3.1-30). 

Most  of t h i s   r e v i e w  w i l l  be   l im i ted   t o   s teady   f l ow ,   bu t   t he  time depend- 

ence   has   been   re ta ined   t o   t h i s   po in t   t o   g i ve   an   oppor tun i t y   f o r  a br ie f   d i scus -  

s i o n  of i n e r t i a l  waves. The p o s s i b i l i t y   f o r   a n   i n c o m p r e s s i b l e   s w i r l i n g   f l u i d  

t o   s u p p o r t  waves is the   consequence  o f   the   res to r ing   fo rce   supp l ied  by any 

p e r t u r b a t i o n  of t he   equ i l i b r i um  be tween   p ressu re   g rad ien t  and c e n t r i f u g a l  

f o r c e   i n  a s t a b l e   s w i r l i n g   f l u i d .  When S is l a r g e  and ro/E of o rder   one  the  

r a d i a l  component  of t h e  momentum e q u a t i a n   y i e l d s  

* = & E  
ar r 3  

2 
(3.1-31) 

r e g a r d l e s s  of t h e   o r d e r  N. I f  a f l u id   e lemen t  i s  per turbed  f rom i t s  e q u i l i b r i -  

um p o s i t i o n  i t  tends   t o   conse rve  i ts  c i r c u l a t i o n .  The f o r c e s  on the  e lement  

i n  i t s  per tu rbed   pos i t i on   cons i s t   o f   t he   p ressu re   g rad ien t   t ha t   ba lances  

t h e   c e n t r i f u g a l   f o r c e   a t   t h a t   p o s i t i o n  and the   cen t r i f uga l   f o rce   de te rm ined  

by t h e   c i r c u l a t i o n   a t  i t s  e q u i l i b r i u m   p o s i t i o n ,  i .e. ,  

(3.1-32) 

where   t he   subsc r ip t  1 r e f e r s   t o   t h e   e q u i l i b r i u m   p o s i t i o n  of the  e lement   and 

s u b s c r i p t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 t o  i ts per tu rbed   pos i t i on .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs long as d r / d r  > 0 ( i n   Chap te r  I V  

i t  c a n   b e   s e e n   t h a t   t h i s  i s  a n e c e s s a r y   c o n d i t i o n   f o r  a s t a b l e   s w i r l i n g   f l o w ) ,  

Eq. (3.1-32)  provides a r e s t o r i n g   f o r c e   f o r   t h e   f l u i d   e l e m e n t .   I f  r 2  > r l  

then  r2  > r l  and AF < 0, t e n d i n g   t o   f o r c e   t h e   f l u i d   e l e m e n t   t o   d e c r e a s e  i ts  

rad ius   back   t o  '1. 

I n   o r d e r   t o   e x h i b i t   t h e   i n e r t i a l   w a v e s   m a t h e m a t i c a l l y ,   c o n s i d e r   t h e  limit 

of N + m, and l e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and S b e   i n v e r s e l y   r e l a t e d   a s  S + a. Also l e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f = Iio(rl> + s g(rl,S,-r) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

(3.1-33) 

Equation  (3.1-10)  and  (3.1-11)  reduce t o  
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Cross  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd i f f e r e n t i a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof t h e s e  last  equa t ions   l eads   t o  

(3.1-34) 

(3.1-35) 

(3.1-36) 

From t h e   d e f i n i t i o n   o f  7 and S, Eqs.  (3.1-13)  and  (3.1-15) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, w e  see 

t h a t  

2 2 - ( L L C )  2 +a. - r o R  (3.1-37) 

This  can  be set e q u a l   t o   o n e   w i t h   n o   f u r t h e r l o s s f n   g e n e r a l i t y .  L e t  us 

a l s o  l i m i t  o u r s e l v e s   t o   t h e   m a i n  body  of f low  ou ts ide   any   shear   layers  by 

assuming ro = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI?. Then Eq. (3 .1-36)   reduces  to  

(3.1-38) 

The time dependence  of + may be   Four ie r   ana lysed   s ince   t h i s  is a l i n e a r  

equa t ion .   Fo r   s imp l i c i t y  w e  w i l l  cons ider   on ly  a s i n u s o i d a l  time v a r i a t i o n ,  

i. e. assume 

+ = J l ( ~ , q )  s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAT (3.1-39) 

Then 

(3.1-40) 

Equation  (3: l-40) is e l l i p t i c   o r   h y p e r b o l i c   d e p e n d i n g  upon whether X is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I", zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPo1 

> or < 2 [  ] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj 2 .  When the  f requency is s u f f i c i e n t l y  low fo r   t he   equa t ion  

to   be   hyperbo l i c ,   cha rac te r i s t i c   su r faces ,   a long   wh ich   d i s tu rbances   p ropaga te ,  

w i l l  e x i s t   i n   t h e   f l o w .  The  waves are d i s p e r s i v e   w i t h   t h e   s l o p e  of   these 

c h a r a c t e r i s t i c   s u r f a c e s   g i v e n  by 

rl 

(3.1-41) 

I n   t h e  case of n e a r l y   u n i f o r m   r o t a t i o n ,  i .e. , when I", = rl t h e s e   s u r f a c e s  are 

conical .   Figure  3.1  f rom  Greenspan  (1968)  shows  these  wave  propagat ion  patterns 

a n d   d e m o n s t r a t e s   t h a t   t h e   s l o p e   o f   t h e   c h a r a c t e r i s t i c s   h a s   t h e   f r e q u e n c y  

dependence  predicted  by Eq. (3.1-41).  Note  that as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh + 0, t h e   s l o p e  of t h e  

c h a r a c t e r i s t i c s   a p p r o a c h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm and t h e   c h a r a c t e r i s t i c   c o n e s  become cy l i nde rs .  

Th is  i s  another   demonstrat ion of the  f low  tending  toward  two-dimensional i ty.  

I n   s t e a d y   f l o w   t h e s e   c y l i n d r i c a l   s u r f a c e s   w h i c h   p e r m i t   t h e   f l o w   t o   b e  2-D, 

31 



I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ I )  

Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.1 (a) Waves producgd by a n   o s c i l l a t i n g  d i s k  w i t h  X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA; 1.75. The h a l f  
apex  angle is 59 and t h e   t h e o r e t i c a l   v a l u e  i s  56 . (b) The  apex 
ang le   i nc reases  f o r  a larger va lue  of X (Greenspan, 1968). 
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when the   boundary   cond i t ions  are n o t ,  are known as Taylor  columns. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.2 S i m i l a r i t y   S o l u t i o n s  

The  most common method  o f   obta in ing  exact   so lu t ions  to   the  Navier -Stokes 

equat ions  i s  by  using a so -ca l l ed   s im i la r i t y   t rans fo rma t ion .   Tha t  is, t h e  

v a r i a b l e s  are t rans fo rmed   to   f unc t i ons  of a s ing le   e lemen ta ry   f unc t i on  of t h e  

c o o r d i n a t e s .   I n   t h i s   f o r m   t h e  unknown v a r i a b l e s   s a t i s f y   o r d i n a r y   d i f f e r e n t i a l  

equat ions .  The s o l u t i o n  of   such  equat ions  (numerical ly,  i f   n e c e s s a r y )  is 

cons ide rab ly   s imp le r   t han   t he   so lu t i on  of t h e   o r i g i n a l   p a r t i a l - d i f f e r e n t i a l  

equat ions .  

The s i m i l a r i t y   c o n s t r a i n t   i m p o s e s  a s t r o n g   r e s t r i c t i o n  on the   f low.   In  

genera l ,   one  cannot   expect   the  boundary  condi t ions  assoc iated  wi th   the 

complete  f low  pat tern  in   any  conta iner   to   conform  to  a s i m i l a r i t y   s o l u t i o n .  

A t  b e s t ,  o n e   c a n   e x p e c t   t h e   s i m i l a r i t y   s o l u t i o n   t o   h o l d   i n   c e r t a i n   r e g i o n s  of 

the  f low. But o f t e n   e v e n   t h i s  is  n o t   t h e   c a s e .  The  most use fu l   purpose 

served by t h e s e   s o l u t i o n s  is  i n   p rov id ing   exac t   so lu t ions   wh ich   demonst ra te  

t h e   d i f f e r e n t   t y p e   f l o w   p a t t e r n s   t o   b e   e x p e c t e d .  

A. Poss ib le   S imi la r i t y   T rans format ions   fo r   S teady  Flow 

The type of s im i la r i t y   t rans fo rma t ion   a t tempted  i s  i n   g e n e r a l   r e l a t e d  

to   the  boundary  condi t ions of t h e   r a r t i c u l a r   p r o b l e m   c o n s i d e r e d .  The 

present  geometry of conf ined.   vor t ices  suggests   the  use  o f   the  fo l lowing 

r a t h e r   g e n e r a l   s i m i l a r i t y   t r a n s f o r m a t i o n :  

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= g w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe ts )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
dJ = f (Y)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@ ( E )  (3.2-1) 

Y = rl A ( E )  

I n  terms of t h e   v a r i a b l e s  of   Eqs.   (3 .2- l ) ,   the  tangent ia l  momentum equa- 

t i o n ,  Eq. (3.1- lo) ,  becomes 

(3.2-2) 

S i n c e   t h e  terms of Eq. (3.2-2) are n o t   i n   g e n e r a l   s e p a r a b l e   i n t o  terms 

which are func t i ons   on l y  of o n e   o r   t h e   o t h e r   o f   t h e   v a r i a b l e s ,  y o r  E ,  i t  i s  

n e c e s s a r y   t o   f i n d   s p e c i a l   v a l u e s  of the   func t ions   wh ich   permi t   the   equat ions  

t o   b e   o n l y  a f u n c t i o n  of one   va r iab le .   I f  Eq. (3.2-2) is t o   b e  a func t ion  

of y o n l y ,   t h e n   f r o m   t h e   f i r s t   a n d   t h i r d  terms e i t h e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 '  = cons t .   o r  g" = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 .  
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Consider ing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= e f i r s t ,   t h e   s e c o n d  term, f o r  a nonzero f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI , r e q u i r e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe = en, 
b u t   t h i s  i s  i n c o n s i s t e n t   w i t h   t h e   f o u r t h  and f i f t h  terms. un less  n = 0, i .e., 

8 = c o n s t a n t ,   o r  n = 1 and A '  = 0. Then  from  the last  two terms i n   t h e  equa- 

t i o n '   e i t h e r  A '  = 0 o r  A = E,-=. On t h e   o t h e r   h a n d ,   i f  g" = 0 then  Eq. (3.2-2) 

is an   o rd ina ry   d i f f e ren t i a l   equa t ion   w i th   respec t   t o  e providing  f "   and 

equal   zero.  

Thus t h e   f o l l o w i n g   p o s s i b i l i t i e s  are f o u n d   a f t e r   c o n s i d e r i n g   o n l y  

Eq. (3.1-10) : 

( i )   8 = 1 ,  @ = e ,  A = l  

4 l  

2- 3) 

( i i )  e = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1, 0 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 ,  A = 5-2 (3.2-4) 

( i i i )  8 = 6 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 = 6 ,  A = 1 (3.2-5) 

( i v )  g = y ,  f = y, A = 1 (3.2-6) 

A l l  four  of t hese   f o rms   a re   a l so   f ound   to   be   cons i s ten t   w i th  Eq. (3.1-11). 

It i s  a lso   f ound   tha t  a combination of ( i )  and ( i i i )   o f   t h e   f o r m  

(v) Ib = P 0 ( d  + 5 rim; $ = + 5 $ l ( n )  (3.2-7) 

reduces  the  equat ions of mot ion   to  a se t  of f o u r   o r d i n a r y   d i f f e r e n t i a l  

equat ions .  

The  above s im i la r i t y   t rans fo rma t ions   wh ich   pe rm i t   exac t   so lu t i ons   a re  

q u i t e   r e s t r i c t i v e .  However, i f   boundary- layer   assumpt ions  are used, a more 

g e n e r a l   c l a s s  of t rans fo rma t ions  is avai lab le.   Consider ing  an  ax ia l   "boundary 

l aye r , "  i .e . ,  a t h i n   r e g i o n   w i t h i n   w h i c h   t h e   d e r i v a t i v e s  of t h e   v a r i a b l e s   w i t h  

r e s p e c t   t o  z a r e   v e r y   l a r g e ,   t h e   r a t i o   o f   c h a r a c t e r i s t i c   l e n g t h s ,  ro/!L, w i l l  

be  very  large.   Neglect ing  order   ( !L / ro)2,  i .e.  , order   o f   the  boundary-- layer  

t h i c k n e s s   s q u a r e d   o v e r   t h e   c h a r a c t e r i s t i c   r a d i u s   s q u a r e d ,  Eqs .  (3.1-10)  and 

(3.1-11)  reduce  to Eqs. (3.1-24)  and  (3.1-25). 

Eqs.  (3.1-24)  and  (3.1-25)  can  be  reduced t o   o r d i n a r y   d i f f e r e n t i a l  

equat ions  by any member of the   fo l low ing  class of t rans format ions  

I V r ) , E )  = g(Y> nq 

(3.2-8) 

y = e n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4;1 
When q = 1, t h i s   boundary - laye r   t rans fo rma t ion  is t h e  same t rans f  orma- 

t i o n   a s   g i v e n  by ( i v )   f o r   t h e   f u l l   e q u a t i o n s .   A l s o ,  when q = 0, t he   f o rm  i n  

Eq. (3.2-8) is  equ iva len t  t o  t h a t  of t y p e   ( i i ) .  The s p e c i a l  members of t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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t r a n s f o r m a t i o n   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. (3.2-8) represented   by  q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 and q = 0 thus   reduce the 

f u l l   e q u a t i o n s   w h i l e   a n y  q su f f i ces   t o   reduce   t he   boundary - laye r   equa t ions .  

If a boundary  layer  is c o n s i d e r e d   i n   t h e   o p p o s i t e   s e n s e ,  i .e., a s  

a r e g i o n   o f   t h i n   r a d i a l   e x t e n t   a b o u t   t h e  axis wi th in   wh ich   t he   de r i va t i ves  

w i t h  r e s p e c t   t o   r a d i u s   a r e   v e r y   l a r g e ,  then r o / R  w i l l  b e  small. The equa t ions  

of mot ion  neglect ing  O(ro/&)2  then become 

(3.2-9) 

(3.2-10) 

Equations  (3.2-9)  and  (3.2-10) are r e d u c i b l e   t o   o r d i n a r y   d i f f e r e n t i a l  

equa t ions  by t h e   t r a n s f o r m a t i o n  

= g(y )  em 
$ = f(Y) 5 (3.2-11) 

y = n 5  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 (m- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) 

It can  aga in   be   no ted   tha t  of t h e   c l a s s  of t rans format ions   represented  

by Eq. (3.2-11) t h e  two, m = 1 and m = 0,  r e p r e s e n t   t r a n s f o r m a t i o n s   f o r   t h e  

f u l l   e q u a t i o n s   c o r r e s p o n d i n g   r e s p e c t i v e l y   t o   t y p e   ( i i i )  and ( i i ) .  Type ( i )  

a l s o ,  of course,  reduces  Eqs.  (3.2-9)  and  (3.2-10)  but i s  no t   i nc luded   i n  Eq. 

(3 .2-11) .   Transformat ion  ( i )  i s  t h e   s p e c i a l   c a s e   f o r   w h i c h   t h e   r i g h t   a n d   l e f t -  

hand s ides   o f  Eq. (3.2-10) a r e   i n d i v i d u a l l y   e q u a l   t o   z e r o .  

I f   t he   boundary   l aye r  of t h i n   r a d i a l   e x t e n t   o c c u r s  away f rom  the   ax is  

air some radius  which i s  l a r g e  compared to   t he   boundary - laye r   t h i ckness ,   t hen  

t h e   r a d i a l   c u r v a t u r e   t e r m s  in Eq. (3.2-10)  and  (3.2-9)  can  be  neglected. 

by s e t t i n g  

r ( = 1 + 6 x  (3.2-12) 

Eqs.  (3.2-9)  and  (3.2-10)  become t o  O ( 6 )  

(3.2-13) 

(3.2-14) 

Equations  (3.2-13)  and  (3.2-14)  can  be  reduced t o   o r d i n a r y   d i f f e r e n t i a l  

equa t ions  by the   t rans fo rma t ion  

(3.2-15) 
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The s i m i l a r i t y   t r a n s f o r m a t i o n s   g i v e n   i n   t h i s   s e c t i o n ,   o f   c o u r s e ,   d o   n o t  

exhaust  a l l  t h e   p o s s i b i l i t i e s .  Some s p e c i a l   f o r m s   d i f f e r e n t   f r o m  Eq. (3.2-1) 

are p o s s i b l e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA couple  o f   these w i l l  b e   i n c l u d e d   i n   t h e   n e x t   s e c t i o n .  

B. E x i s t i n g   S o l u t i o n s  

T r a n s f o r m a t i o n   ( i )   y i e l d s  a f l o w   w i t h   t h e   t a n g e n t i a l   a n d   r a d i a l   v e l o c i t i e s  

independent   o f   the   ax ia l   coord ina te .  It has  been  studied  most  completely by 

Donaldson  and  Sul l ivan (1960). S i n c e   t h e   t a n g e n t i a l   v e l o c i t y  i s  independent 

of t h e   a x i a l   c o o r d i n a t e   i n   t h e s e   f l o w s ,  by Eq.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.1-ll), t h e  stream f u n c t i o n  

i s  independent of t h e   c i r c u l a t i o n .  It should  perhaps  be  emphasized  that   the 

s o l u t i o n s   f o r   t h e  stream f u n c t i o n   f o u n d   i n   t h i s   c l a s s  are o b t a i n a b l e   i n   f l o w s  

without  any swirl. The same equa t ions   and   boundary   cond i t i ons   f o r   t he   s t ream 

f u n c t i o n   s t u d i e d  by Donaldson  and  Sul l ivan w a s  e a r l i e r   i n v e s t i g a t e d  by Yuan 

and   F inke ls te in  (1956) i n   t h e   s t u d y  of   laminar   f low  in  a porous  tube.  The 

c o r r e s p o n d i n g   s o l u t i o n s   f o r   t h e   c i r c u l a t i o n   r e p r e s e n t   t h o s e   t a n g e n t i a l   v e l o c i t y  

d i s t r i b u t i o n s  which  can  be  super imposed  upon  the  bas ic   f low  wi thout   in   any 

way changing  the stream funct ion.   Th is   complete  decoupl ing  o f   the  s t ream 

f u n c t i o n   f r o m   t h e   c i r c u l a t i o n   d i s t r i b u t i o n  is seldom  achieved  in  rea l  f lows 

e x c e p t   i n   t h e  limit of small swirl. However, a grea t   dea l   can   be   l ea rned   abou t  

t h e   c i r c u l a t i o n   d i s t r i b u t i o n  by i n v e s t i g a t i n g  how i t  v a r i e s   f o r   d i f f e r e n t  

stream f u n c t i o n   d i s t r i b u t i o n s  of t h i s   c l a s s .  

When t r a n s f o r m a t i o n   ( i )  is used  Eqs. (3.1-10) and (3.1-11) r e d u c e   t o  

2qg" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ Nfg' = 0 (3.2-16) 

and 

E ( f f ' "  - f ' f l ' )  4- 4 f ' "  + 2l)f"" = 0 (3.2-17) 

The s imp les t   so lu t i on   o f   t he  last equa t ion  is  f = cons tan t ,   cor respond ing  

t o  a l i n e   s i n k   a l o n g   t h e   a x i s .   F o r   t h i s  case i t  i s  a p p r o p r i a t e   t o   n o r m a l i z e  

t h e  mass f low s o  t h a t  f = 1 and Eq.  (3 .2-16)  i n t e g r a t e s   t o  

1 -N 
g = c l r l   y + c 2  (3.2-18) 

T h i s   s o l u t i o n  was f i r s t   d i s c u s s e d  by Hamel (1916) and may be   used   t o   l ook  

a t  t h e  swirl d is t r i bu t i on   t ha t   cou ld   occu r   be tween  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAtwo concent r i c   porous  

c y l i n d e r s  when one  or   both of them are r o t a t i n g   a n d  a mass zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAflow passes  

r a d i a l l y   t h r o u g h   t h e   c y l i n d e r s .   I f   t h e   l a r g e r   c y l i n d e r   o f   r a d i u s  ro is 

assumed ta r o t a t e   w i t h   a n   a n g u l a r   v e l o c i t y  no, and   the  smaller cy l i nde r   o f  
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of r a d i u s  r is s t a t i o n a r y ,   t h e n   i n   d i m e n s i o n a l  terms 
i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

no ro -N+2 - ri zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-N+2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
V' r [r-N+2 -N+2 1 

r o  - 'i 
(3.2-19) 

where   t he   rad ia l   Reyno lds  number N is  based  on  the mass f l o w   p e r   u n i t   l e n g t h  

pass ing   th rough  the   cy l inders .   Equat ion  (3.2-19) is p l o t t e d   i n   F i g .  3.2. 

5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 

V 

no r o  

3 

2 

1 

0 

I 

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 . 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 .4  0.6 0 .8  
"i 

1.0 

r0 r / ro  

F ig .  3 . 2  T a n g e n t i a l   v e l o c i t y   p r o f i l e   i n s i d e  a ro ta t i ng   po rous   cy l i nde r  
€ o r   v a r i o u s   v a l u e s  of r a d i a l   t h r u   f l o w .  

There i s  a boundary   layer   fo rmed  on   the   ou ter   cy l inder  when N 0 cor- 

respond ing   to  a r a d i a l  mass f low  pass ing   f rom  the   inner   cy l inder   ou t .  A 

vo r tex   t ype   f l ow   occu rs  when N > 2 corresponding  to  an  inward mass f low. When 

N >>  1 t h e r e  is  a po ten t i a l   vo r tex   be tween   the   cy l i nde rs   w i th  a th in   boundary 

l a y e r   o n   t h e   i n n e r   c y l i n d e r .  

The  nex t   so lu t ion  of Eq. (3.2-17) t o   b e   c o n s i d e r e d  is tha t   o f  f = 

cor respond ing   to   f low  w i th  a s i n k   l o c a t e d  a t  z = +m and z = -m. The v o r t e x  

d i s t r i b u t i o n s   p o s s i b l e   w i t h   s u c h   s i n k   f l o w s  were d iscussed  by Burgers (1948) 

and  Rot t  (1958). If the   boundary   cond i t i ons   t ha t  v = 0 a t  r = 0 and  the cir- 

c u l a t i o n  is a g i v e n   f i n i t e   v a l u c  ro a t  l a r g e   r a d i i ,   t h e n  Eq. (3.2-16) may b e  
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i n t e g r a t e d   f o r   t h i s  case t o   g i v e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-p N 

r = r o  (1- e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) 

Again ,   an   in f low  cor respond ing   to  N > 0 is necessary  

flow. One zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the   most   bas ic   fea tures   o f  real vo r tex  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.2-20) 

t o   o b t a i n  a v o r t e x   t y p e  

f lows is ev ident   f rom  th is  

s o l u t i o n .  Namely, t h a t   a t   l a r g e   r a d i i   t h e   v o r t e x   t e n d s   t o   h a v e  a cons tan t  

c i r c u l a t i o n   s i n c e   t h e   e x p o n e n t i a l  term can  be  ignored  there,   whi le   near   the 

a x i s   t h e   e x p o n e n t i a l  term may be  expanded  in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa series t o  show t h a t  

r - + r o T r ,  as r , + O  
N 

(3.2-21) 

cor respond ing   to   so l id -body   ro ta t ion .  The maximum v e l o c i t i e s   i n   t h e   v o r t e x  

o c c u r   i n   t h e   t r a n s i t i o n   r e g i o n   b e t w e e n   p o t e n t i a l   c i r c u l a t i o n  and  uniform 

r o t a t i o n .  The r a d i u s  a t  which t h i s   o c c u r s  i s  t h e   n a t u r a l   c h a r a c t e r i s t i c  

l eng th   f o r   t h i s   p rob lem.   Th is   co r responds   t o   se t t i ng  N = 1. It is a l s o  more 

conven ien t   to   work   w i th  a v e l o c i t y   g r a d i e n t ,   a ,   d e f i n e d  so  t h a t  u = -ar, 

w = 2az,  then  wi th  the  mass  f low  which varies wi th  r2 , i .e. 

N = a r " = l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

(3.2-22) 

(3.2-23) 

The a x i a l   a n d   t a n g e n t i a l   v e l o c i t y   d i s t r i b u t i o n s   € o r   t h i s  case a r e   g i v e n   i n  

Fig.   3.3 as the  one ce l l  so lu t i on .  

Fig. 3 . 3  V e l o c i t y   d i s t r i b u t i o n s   ( a )  Top: a x i a l   v e l o c i t y .  
(b)   Bot tom:  tangent ia l   ve loc i ty .   (Sul l ivan,   1959)  
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Donaldson  and  Sul l ivan  (1960)  have  obtained  the s w i r l  d i s t r i b u t i o n  as- 

s o c i a t e d   w i t h  a wide   va r ie t y   o f  stream f u n c t i o n   d i s t r i b u t i o n s . o b t a i n e d  by s o l v i n g  

Eq. (3 .2-17)   numer ica l ly .   The  so lut ions  for  f e x h i b i t  a vary ing  number  of 

f low  reversa ls   which may be   desc r ibed  as n e s t e d  cel ls. However,  one  should  not 

a t t r i b u t e   t h e s e   m u l t i p l e - c e l l e d   s o l u t i o n s  as being  caused  by  the  vortex  mot ion,  

s i n c e  Eq. (3.2-17) i s  completely  decoupled  f rom  the s w i r l .  An a n a l y t i c   s o l u t i o n  

of t h i s  class was g iven by Su l l i van   (1959)   cor respond ing   to  a two-cel led 

stream func t ion .  One can   read i l y   check   t ha t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-. 

6 
N 

- YQ 
f = Q - - ( l - e  ) (3.2-24) 

s a t i s f i e s  Eq. (3.2-17).  The axial v e l o c i t y   g i v e n  by t h i s   s o l u t i o n  i s  p l o t t e d  

i n   F ig .   3 .3  as i s  t h e   t a n g e n t i a l   v e l o c i t y   o b t a i n e d  by s u b s t i t u t i n g  Eq. 

(3.2-24) i n t o  Eq. (3.2-16)  and  integrat ing.  The v e l o c i t i e s   o b t a i n e d   f o r  Eq. 

(3.2-20) are a lso   inc luded  fo r   compar ison .  

When t r a n s f o r m a t i o n   ( i i )  is used  the stream f u n c t i o n  is coup led   t o   t he  

c i r c u l a t i o n .  The e q u a t i o n s   f o r   t h i s   c a s e  may b e   w r i t t e n  as 
2 

2yg" + (F) (3g' + 2y2g") + Nfg ' = 0 

and 

(3.2-25) 

2 2 1  ro 2 2 
[14y + 12(?) y 2 ] f r r '  + [4  + -(- ) y ] f "  - 3(?) f ' l  

2 R  (3.2-26) 

Long (1961)   has  cons idered  the  problem  analogous  to   Burgers-Rot t   for  

t h i s   t rans fo rma t ion .   Ac tua l l y   t he   so lu t i ons   p resen ted  by  Long be long  to   the  

fami ly  of Eq. (3.2-11) s i n c e   a f t e r   o b t a i n i n g   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s  

f o r   t h e   f u l l   e q u a t i o n s ,   t h e y  were solved  us ing  the  boundary- layer   approx imat ion 

[ ( r0/R) '  + 01.  Long's  f low  problem  can  perhaps  be  best  described as a s w i r l i n g  

j e t  exhaust ing  in to   an  unbounded  f lu id   which  has  constant   c i rcu la t ion.   In   the 

l i m i t  of z e r o   c i r c u l a t i o n  i t  r e d u c e s   t o   S c h l i c h t i n g ' s  jet  prob lem  (Sch l i ch t ing ,  

1968) .   Long 's   so lu t ions   demonst ra te   tha t  as t h e   r a t i o  o f   the  angular  momentum 

i n   t h e  j e t  t o   t h e   a x i a l  momentum i n   t h e  j e t  is i n c r e a s e d   t h e   a x i a l   v e l o c i t y  

on t h e   a x i s   o f   t h e  j e t  i s  retarded.  The  parameter  used  by Long is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
39 



(3.2-27) 

He found  tha t  two so lu t i ons   cou ld   ex i s t   €o r   each   va lue   o f  M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> 3.65 a n d   t h a t  

n o   s o l u t i o n   e x i s t s   f o r  M < 3.65. I n   e a c h   p a i r  of so lu t i ons   one   has  a p o s i t i v e  

axial  v e l o c i t y   o n   t h e  axis a n d   t h e   o t h e r  a n e g a t i v e  axial v e l o c i t y .  The 

s o l u t i o n   w i t h  a n e g a t i v e   a x i a l   v e l o c i t y   c o r r e s p o n d s   t o   t h e  j e t  w i t h   t h e   h i g h e r  

r a t i o  of  angular momentum t o   a x i a l  momentum. 

Equations  (3.2-25  and  3.2-26)  also were used by Go l 'dsh t ik   (1960)   to  con- 

s ide r   t he   f l ow   p roduced  by a p o t e n t i a l   v o r t e x   o v e r   a n   i n f i n i t e   s t a t i o n a r y  w a l l .  

He w a s  a b l e   t o  show t h a t  n o   s o l u t i o n   e x i s t s   f o r   t h i s   p r o b l e m   w i t h  a t a n g e n t i a l  

Reynolds  number, SN > zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 .  T h i s   p o i n t s   o u t   t h e   f a c t   t h a t   a l t h o u g h  a p a r t i c u l a r  

t rans fo rma t ion  may r e d u c e   t h e   e q u a t i o n s   o f   m o t i o n   t o   o r d i n a r y   d i f f e r e n t i a l  

equat ions  and  seemingly   phys ica l   boundary  condi t ions  which  do  not   dest roy  the 

s i m i l a r i t y  are appl ied,   the  resul t ing  system  of   equat ions  and  boundary  condi -  

t i o n s  may not   permi t  a real s o l u t i o n .  The small Reynolds  number  solut ion was 

recent ly  computed,  numerical ly by  Kidd  and Far r is   (1968) .  

No s o l u t i o n s   a p p e a r   i n   t h e   l i t e r a t u r e   f o r   t r a n s f o r m a t i o n   ( i i ) .  The 

t r a n s f o r m a t i o n   w h i c h   h a s   r e c e i v e d   t h e   m o s t   a t t e n t i o n   i n   t h e   l i t e r a t u r e  is  ( i v ) .  

Th is  was f i r s t  used by Von Y,&m;n (1921)  and  Cochran  (1934) t o   f i n d   t h e   f l o w  

due t o   a n   i n f i n i t e   r o t a t i n g   d i s k   i n   a n  unbounded f l u i d  a t  rest. It w a s  l a t e r  

used by  Bodewadt  (1940) to   so l ve   t he   oppos i te   p rob lem of a un i fo rmly   ro ta t ing  

f l u i d   o v e r   a n d   i n f i n i t e   s t a t i o n a r y  wall. 

For   t rans fo rma t ion   ( i v ) ,  Eqs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.1-10 and 3.1-11) reduce   t o  

-2 
e 1 1  - 2~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2) [ + e t  - + ' e ]  = o 

and 

(3.2-28) 

(3.2-29) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As demonst ra ted   in   Sec t ion  3.1, i t  i s  p o s s i b l e   t o   t a k e   t h e   c h a r a c t e r i s t i c  

l e n g t h   r a t i o  as 

(3.2-30) 

and set S2(L/ro)2 = = 1 with  no loss i n   g e n e r a l i t y .  The s o l u t i o n  

then  depends  only on the  boundary  condi t ions.  It a l s o  i s  c o n v e n i e n t   t o   i n t e g r a t e  

Eq. (3.2-29)  once  formally so  t h a t   t h e  two equat ions now r e d u c e   t o  

N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
40 



(3.2-31) 

(3.2-32) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Von Karmgn's  problem of a r o t a t i n g   d i s k  may be   so l ved  by numer ica l l y  

i n t e g r a t i n g  Eqs .  (3.2-31 and 3.2-32) wi th   the   boundary   cond i t ions  

(3.2-33) 

T h e   v e l o c i t y   d i s t r i b u t i o n s   o b t a i n e d   i n   t h i s   m a n n e r  are p lo t ted   i n   d imens iona l  

terms i n   F i g .  3 . 4 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
"I "" . " . 

Fig.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.4 V e l o c i t y   d i s t r i b u t i o n   n e a r  a d i s k  
r o t a t i n g   i n  a f l u i d   a t  rest. 

e ( o )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ,  e(m> 

The numer i ca l   so lu t i ons   ob ta ined   w i th   t hese  

f rom  the   p reced ing   so lu t ions .  The v e l o c i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1  

c o n d i t i o n s   a r e   q u i t e   d i f f e r e n t  

d i s t r i b u t i o n s   a r e   p l o t t e d   i n  F i g .  3.5. 

( 3 . 2 - 3 4 )  

The o s c i l l a t i o n s   a p p e a r i n g   i n   t h e  Bodewadt p ro f i l es   have   t empted   seve ra l  

a u t h o r s   t o   d i s c o u n t   t h i s   s o l u t i o n ,   b u t   a s   s e e n   i n   S e c t i o n  1 . 2  t h e  o s c i l l a t i o n s  

rest on f i rm  phys ica l   g round.  

The  var ie ty   o f   f lows  which  can  poss ib ly   be  represented by one of t h e  

t rans fo rma t ions  i s  amply demonstrated  by  the number zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof f lows  considered  wi th  

t rans fo rma t ion   ( i v )  by vary ing   the   compat ib le   boundary   cond i t ions .   Ba tche lo r  

(1951) no t   on l y   cons ide red   t he   f am i l y   o f   so lu t i ons   i n   wh ich   t he   ra t i o  of t h e  

f l u i d   r o t a t i o n   t o   t h e   d i s k   r o t a t i o n   v a r i e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfrom -- t o  +co, bu t   a l so   cons ide red  

the  two-parameter   fami ly   o f   so lu t ions  which  descr ibes  the  f low  between two 

p a r a l l e l   i n f i n i t e   d i s k s   w h i c h  are r o t a t i n g   a b o u t   t h e  same a x i s   w i t h   d i f f e r e n t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.  3.5 Rota t i on   nea r  a s o l i d  w a l l ,  a f t e r  Badewadt .   (a)   Vector   representat ion 
of t h e   h o r i z o n t a l   v e l o c i t y  component.  (b)  Velocity  components as a 
funct ion  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

a n g u l a r   v e l o c i t i e s .   T h i s  la ter  problem w a s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAalso discussed  by  Stewartson  (1953).  

The s o l u t i o n s   f o r  some of   the  f lows  discussed  by  Batchelor  and  Stewartson were 

obta ined  numer ica l ly  by Rogers  and  Lance  (1960,  1962),  and by Pearson  (1965).  

S tagnat ion   f low  aga ins t  a r o t a t i n g   d i s k  w a s  s t u d i e d  by  Hannah  (1952)  by  includ- 

ing a source   on   the   ax is   o f   ro ta t ion  at  in f in i ty .   These  f lows  can  be  g iven a 

f u r t h e r   d e g r e e  of freedom by permi t t ing   suck ing   o r   b lowing   th rough  the   d isk  

( S t u a r t ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1954 and  Nanda,  1961). An ana logous  var ie ty   o f   boundary   cond i t ions  

cou ld   be   combined  w i th   the   o ther   t rans format ions   resu l t ing   in   an   enormous 

number of poss ib le   so lu t i ons ,   mos t  of wh ich   wou ld   be   o f   res t r i c ted   in te res t .  

These  exac t   so lu t ions  (of the  Navier -Stokes  equat ions)   obta ined  us ing 

t rans fo rma t ion   ( i v )  a l l  e x h i b i t  a boundary- layer  type  behavior when the   tan-  

gent ia l   Reyno lds  number is l a rge .   Th is   fami ly   o f   boundary- layer   so lu t ions   can  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
42 



r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
be  g rea t ly   expanded when t h e  less strenuous  t ransformat ion  of   boundary- layer 

s i m i l a r i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas g i v e n   i n  Eq. (3.2-8) i s  used.  The  boundaryAlayer  equations  can 

then h e  w r i t t e n  as ( w i t h  8 = 2q - 1). 

g" - - ( 3  + 8) f g '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI- (8 4- 1 )   f ' g  = 0 (3.2-35) 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 

-f" ' + ( 3  +B) f f "  - Bf'2 +g2 = g2(m) - Bf'2(m) 
1 

(3.2-36) 

These last equat ions   reduce  to   Eqs .  (3.2-31) and  (3.2-32) when B = l w i t h  g = 9 

and f = 4.  They were i n teg ra ted   numer i ca l l y  by King  and  Lewellen  (1964) f o r  

va lues  o f  /3 between -1 and +1 and  boundary  condi t ions  which  correspond  to   ro tat ing 

f low  over a s t a t i o n a r y ,   s o l i d  w a l l ,  i .e. 

(3.2-37) 

It was found;   as  shown i n   F i g .   3 . 6 ,   t h a t   t h e   o s c i l l a t i o n s   e x h i b i t e d   i n   t h e  

B6dewadt s o l u t i o n   f o r  B = 1 i nc reased   i n   magn i tude  and  wavelength as B decreased;  

no   so lu t i on  exists f o r   a n   e x t e r n a l   p o t e n t i a l   f l o w ,  8 = -1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
g =  - 

V 

= z[v"] 1 / 2  
v r  

F ig .   3 .6   The  d imens ion less   tangent ia l   boundary- layer   ve loc i ty   d is t r ibu t ions  
of t h e   t e r m i n a l   s i m i l a r i t y   s o l u t i o n s   f o r  a f l u i d   r o t a t i n g   a s  V = C r  
over  a s t a t i o n a r y   d i s k .  (King  and  Lewellen,  1964). 

B 

Some p r o p e r t i e s  of t he   so lu t i on   can   be   seen  by i n t e g r a t i n g  Eq. (3.2-36) 

twice,   formal ly .   Th is   leads zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto 
m 

f 2 ( m )  = - 3-: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1, dy 1 [ 3   ( 1  + 8) f V 2  + 2 (g2(m) - g2>1 dy  (3.2-38) 

Y 
S i n c e   t h e   r i g h t   h a n d   s i d e  of th is   equat ion   must  b.e p o s i t i v e   f o r  a real s o l u t i o n ,  

i t  is clear t h a t  g must  exceed  g(m) a t  some po in ts   w i th in   the   boundary   layer .  

F o r   t h e   c a s e   o f   r o t a t i n g   f l o w   o v e r  a s t a t i o n a r y  w a l l  t h i s  can  only  happen i f  

t h e   t a n g e n t i a l   v e l o c i t y   p r o f i l e   h a s  some type  o f   overshoot   wh ich   in   tu rn   imp l ies  

a n   o s c i l l a t i o n .  
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An zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAasympto t ic   expans ion   o f   the   equat ions   fo r  y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm can  be   used  to  show 

tha t   f (m)  > 0. This   corresponds  to   f low  out   o f   the  boundary  layer .   These 

s o l u t i o n s   t h u s   c o r r e s p o n d   t o  a " te rmina l "   s im i la r i t y .   The  boundary   layer  

began w i t h  a n   i n f i n i t e   r e s e r v o i r   o f   f l o w   w h i c h  i s  s t e a d i l y   e x p e l l e d  as t h e  

rad ius  decreases  and  approaches  .zero as r -+ 0. 

Wi th   t he   t e rm ina l   na tu re  of t he   boundary   l aye r   i n   m ind   t he   osc i l l a t i ons  

i n   t h e   v e l o c i t y   p r o f i l e s  may be   exp la ined   i n   t he   f o l l ow ing  way. (King  and 

Lewellen  1964). The rad ia l   i n f l ow ,   i nduced  by t h e   r e t a r d a t i o n  of t h e   t a n g e n t i a l  

ve loc i t y   i n   t he   ne ighborhood   o f   t he  w a l l ,  t ends   t o   conse rve   t he   angu la r  

momentum of t he   f l ow   and   t hus   t o   i nc rease   t he   t angen t ia l   ve loc i t y   w i th   dec reas -  

i ng   rad ius .   Fo r   an   ove rshoo t ,   rad ia l   convec t i on   o f   angu la r  momentum i n   t h e  

boundary  layer   must   be  s t rong  enough  to   more  than  ba lance  the  d iss ipat ion  o f  

angu lar  momentum caused  by  the wall shear .   Th is   inward   rad ia l   convec t ion   o f  

su rp lus   angu la r  momentum i s  p o s s i b l e  as long as t h e   d i s t r i b u t i o n  of c i r c u l a t i o n  

i n   t h e   o u t e r   f l o w   i n c r e a s e s   w i t h   i n c r e a s i n g  r .  However, a l o c a l   o v e r s h o o t   i n  

t h e   t a n g e n t i a l   v e l o c i t y   i n c r e a s e s   t h e   c e n t r i f u g a l   f o r c e   l o c a l l y   w h i c h   t h e n  

tends   to   induce a rad ia l   ou t f l ow .   Th i s   rad ia l   ou t f l ow   convec ts   an   angu la r  

momentum d e f e c t   t o   f o r c e   a n   u n d e r s h o o t   i n   t h e   t a n g e n t i a l   v e l o c i t y ,  and t h e  

whole  process is r e p e a t e d   t o   y i e l d   t h e   o s c i l l a t o r y   a p p r o a c h   t o   i n f i n i t y  

e x h i b i t e d  by t h e   s o l u t i o n .  

The r e q u i r e m e n t   o f   t h e   i n f i n i t e   r e s e r v o i r  a t  i n f i n i t e   r a d i u s   l e a d s   t o   t h e  

q u e s t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof whether a t e r m i n a l   s i m i l a r i t y   s o l u t i o n  i s  e v e r   v a l i d .  I t  can 

on ly   be   va l i d   i f   t he   boundary - laye r   f l ow   can   f o rge t   abou t  i t s  h i s t o r y ,   s i n c e  

t h e   i n i t i a l   c o n d i t i o n s  a t  l a r g e   r a d i u s   c a n   n e v e r   b e   e x a c t l y   f u l f i l l e d ,  and 

be   con t ro l l ed   by   l oca l   cond i t i ons .  A laser-Doppler  velocimeter  has  been  used 

by  Bien  and  Penner  (1970)  to  show  that  the BUdewadt t e r m i n a l   s i m i l a r i t y   s o l u t i o n  

i s  found   nea r   t he   cen te r   o f  a s t a t i o n a r y   d i s k   i n  a ro ta t i ng   f l ow .  The f low 

f i e l d   i n v e s t i g a t e d  was that   between a r o t a t i n g   d i s k  and a s t a t i o n a r y   d i s k .  The 

comparison  between  theory  and  experiment is shown i n   F i g .  3.7. A p r o f i l e  similar 

t o  von  KQrm6n's o c c u r s   n e a r   t h e   r o t a t i n g   d i s k   a n d   t h e  BUdewadt p r o f i l e  of 

F ig .   3 .5   nea r   t he   s ta t i ona ry   d i sk .  The matching  condi t ion  between  these two 

de termines   the   core   f low as w i l l  be  d iscussed  in   Sect ion  3 .5.   Numer ica l  

i n t e g r a t i o n s  of the  boundary- layer   equat ions by Rogers  and Lance (1964),  

Anderson  (1966),   and  Cooke(1966)  show  that   the  boundary  layer  created by a 

un i fo rmly   ro ta t ing   f low  over  a f i n i t e   d i s k  o f   rad ius  ro approaches  the  terminal  

s i m i l a r i t y   p r o f i l e s   g i v e n   i n  BBdewadt's s o l u t i o n  when r/ro zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0.5.  The b u i l d  
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z/n. 

Fig .   3 .7   Tangent ia l   ve loc i ty   p ro f i le   be tween a r o t a t i n g   d i s k   a n d  a s t a t i o n a r y  
d i s k  at  r/ro zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.52 f o r  R I 2 / v  = 1002. (Bien  and  Penner,  1970) 

up o f   t he   ove rshoo t   i n   c i r cu la t i on   w i th in   t he   boundary   l aye r  is shown i n  

Fig.   3.8.   The  overshoot  in  c i rculat ion  wi th in  the  boundary  layer is zero a t  

the  beginn ing  o f   the  boundary  layer  a t  r = ro. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs the  boundary  layer   grows  in  

t h e   d i r e c t i o n  of   decreas ing  rad ius  the maximum r o t a t i o n   r a t e   i n c r e a s e s   u n t i l  

i t  reaches   t he   va lue   g i ven  by Bodewadt. 

T h e s e   t e r m i n a l   s i m i l a r i t y   s o l u t i o n s  are c l o s e l y   r e l a t e d   t o   t h e   c l a s s i c a l  

Ekman (1905)   Sp i ra l   ob ta ined   i n  a boundary  layer  determined  by  the  balance 

be tween  v iscous   and  Cor io l i s   fo rces .  When t h e  w a l l  r o t a t e s  a t  a rate only  

s l i g h t l y   d i f f e r e n t   f r o m   t h e   r o t a t i o n  ra te of t h e   f l u i d   t h e   s o l u t i o n   f o r   t h e  

boundary- layer   p ro f i les  i s  t h e  Ekman S p i r a l .  It can  be  obtained  f rom E q s .  (3.2 

-35)  and  (3.2-36)  with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB = 1 and  the  boundary  condi t ions  g iven  in E q s .  (3.2-37) 

mod i f i ed   t o  g(0) = 1 and  g(m) = 1 + E . The s o l u t i o n   f o r  E <<  1, then i s  

g = 1 + E - e-’ cos Y I  

f = -  - 
2 
E - e-’ ( s i n  y + c o s   y ) ]  

(3.2-39) 

(3.2-40) 

Th is   g i ves  a s p i r a l   d i s t r i b u t i o n   f o r   t h e   h o r i z o n t a l   v e l o c i t y  component similar 

to t h a t   g i v e n   i n   F i g .   3 . 5 a .   I n   t h i s  l i m i t  the  boundary  layer ,   genera l ly   termed 

Ekman layer  (Greenspan,  1968) is completely  determined by l o c a l   c o n d i t i o n s .  

The  parameter E may b e  a f u n c t i o n  of r and Eqs. (3.2-39)  and  (3.2-40)  remain 

v a l i d .  

The s i m i l a r i t y   s o l u t i o n   o f   t h e   b o u n d a r y   l a y e r   o f   t h i n   r a d i a l   e x t e n t  

t ha t   mos t   c lose ly  relates t o   t he   p rob lem of a con f ined   vo r tex   f l ow  is. t h e  

s o l u t i o n   g i v e n  by   S tewar tson  (1957,   1958) .   I f   the   t rans format ion   g iven   in  
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1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
*O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
!-I 

0.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 

Fl 

0.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cn 
cn 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.4 
0 
H 
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H E 
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Fig.  3.8  Comparison  of  the  angular momentum in   t he   boundary   l aye r   w i th   t he  angu- 
l a r  momentum of t he   f ree   s t ream  fo r   so l i d -body   ro ta t i on   (Anderson ,  1966) .  

Eqs.  (3.2-15) is t o   b e   u s e d   t o   r e p r e s e n t  a f l ow   wh ich   has   cons tan t   c i r cu la t i on  on 

a c y l i n d r i c a l   s u r f a c e  of cons tan t   rad ius ,   then  the   parameter  p m u s t   b e   r e s t r i c t e d  

t o  a value  of   315.  For  th is case Eqs.  (3.2-13)  and  (3.2-14)  reduce t o  

2 3 
N 6  5 
- g" + - f g  ' = 0 (3i2-41) 

(3.2-42) 

I n   o r d e r   t o   k e e p   t h e   d i m e n s i o n l e s s   v a r i a b l e s  and t h e i r   d e r i v a t i v e s  as orde r  

o n e   q u a n t i t i e s  i t  i s  a p p r o p r i a t e   t o   s e t  

S26?' = 1 and N6 = 1 

I t  f o l l o w s   d i r e c t l y ,   w i t h   t h e   a i d  of t h e   d e f i n i t i o n  of N and S2, t h a t  
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(3.2-43) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The  boundary  condit ions  assumed  by  Stewartson  which are a p p r o p r i a t e   € o r   t h e  

boundary  layer  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon a s e m i - i n f i n i t e   c y l i n d e r   t h a t   r o t a t e s   a b o u t  i ts  axis i n  a 

f l u i d ' o t h e r w i s e  at  rest are 

(3.2-44) 

The p r o f i l e s   o b t a i n e d   b y   i n t e g r a t i n g  Eqs. (3.2-41) and (3 .2-42)  w i t h   t h e  

boundary  condi t ions  of  Eq. (3 .2-44)  are g i v e n   i n   F i g .  3.9 i n   d imens iona l  terms. 

The   convec t i on   w i th in   t h i s   l aye r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi s  d r i v e n  by t h e   p r e s s u r e   g r a d i e n t   a c r o s s  i t  

and  consequently  has a weaker  dependence on Reynolds  number  than  the  typical 

i n v e r s e  112 power  dependence. 

1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 . 5  

Fig.  3.9 V e l o c i t y   d i s t r i b u t i o n s   n e a r  a s e m i - i n f i n i t e   c y l i n d e r   r o t a t i n g  
about   the  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz ax is .   (S tewar tson,  1958). 

B e f o r e   c l o s i n g   t h i s   s e c t i o n ,  l e t  us   cons ide r   an   uns teady ,   s im i l a r i t y   so lu -  

t i o n   t h a t  was der ived  by Oseen (1911) and Hamel ( 1 9 1 6 ) .  If w e  assume t h a t   t h e  

stream f u n c t i o n  is a cons tan t   and  tha t   the   c i rcu la t ion   depends on and T on ly ,  

then E q .  (3.1-11) i s  i d e n t i c a l l y   s a t i s f i e d  and Eq. (3.1-10) reduces   t o  

(3 .2 -45)  

T h i s   c a n   b e   t r a n s f o r m e d   i n t o   a n   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n   i n  terms o f   t he  

s i m i l a r i t y   v a r i a b l e  y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= r ) / ~  
p" + - p = 0 N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

43 
(3.2-46) 

wh ich   can   be   eas i l y   i n teg ra ted  twice t o   g i v e  

N 
4 3  

- -  
I' = c1 + c2e (3 .2-47)  

When the   boundary   cond i t i ons   t ha t  P(0) = 0 and P(m) = 1 are a p p l i e d ,  Eq. 

(3 .2-47)  y i e l d s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
47 
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N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- m y  P =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 -  e (3.2-48) 

o r   i n   d i m e n s i o n a l  terms r2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
" ~ 

v = +  (1 - e 
4v t) 

(3.2-49) 

Equat ion  (3.2-49)  provides  the rate of decay   o f   an   i so la ted   vo r tex   under  

t h e   a c t i o n  of v i s c o s i t y .   T h i s   s o l u t i o n   c a n   a l s o   b e   a p p l i e d   t o   t h e   a s y m p t o t i c  

decay  of a t r a i l i n g   v o r t e x  far downstream  by  replacing t w i t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz / % ,  w i t h w w   t h e  

cons tan t   f rees t ream  ve loc i ty   (Batche lo r ,   1964,   and Newman, 1959).  The s o l u t i o n  

is v a l i d  as long as t h e   a x i a l   v e l o c i t y  is n e a r l y   e q u a l   t o   t h e   f r e e s t r e a m  

ve loc i t y   t h roughou t   t he   vo r tex .   I n  terms of   our   govern ing  parameters,   th is  i s  

t r u e  when S << 1. 

3.3   S teady ,   Core   So lu t ions   fo r   Large   Swi r l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A standard  method  for   so lv ing  the  Navier -Stokes  equat ions i s  t o  look f o r  

combinations of t he   gove rn ing   pa ramete rs   t ha t  are small i n   t he   p rob lem  o f   i n -  

terest a n d   t o   o b t a i n   a s y m p t o t i c   s o l u t i o n s   t o   t h e   e q u a t i o n s   f o r   t h e  limit of 

t h i s   pa r t i cu la r   comb ina t ion   app roach ing   ze ro .  A v o r t e x   s o l u t i o n   f o r  small 

N was considered  by  Granger  (1966),   for  small (!2/r0)'  by  Ostrach  and  Loper  (1966) 

and Kwok (1969) ,   and  for  small S by s e v e r a l   a u t h o r s  as mentioned i n   S e c t i o n  

3.1. However, as a l s o   s e e n   i n   S e c t i o n   3 . 1 ,   t h e   m o s t   i n t e r e s t i n g  l i m i t  f o r  

our  problem i s  t h a t  of S .+ m. Asympto t i c   expans ions   f o r   t h i s  limit were 

considered by Lewe l len   (1962 ,   1964)   w i th   t he   add i t i ona l   res t r i c t i on   t ha t  3 = m. 

Since   t he  s w i r l  parameter   en ters  E q s .  (3.1-10)  and  (3.1-11) as S2 only ,  

i t  i s  a p p r o p r i a t e   t o  le t  E = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS 2  and  cons ider   the  two va r iab les   expanded   i n  

powers of E , i. e. 
W 

and 

(3.3-1) 

When t h e s e  series are s u b s t i t u t e d   i n t o   t h e   e q u a t i o n s  of motion  and terms of equa l  

powers  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE equated,  a set o f   e q u a t i o n s   f o r   t h e  r ' s  and + n ' ~  are ob ta ined .  

S i n c e   t h e r e  is only   one term wi th  E , i t  i s  necessa ry   t o   have  
-1 n 

(3.3-3) 

Terms w i t h   c o e f f i c i e n t s  of orde r   one   l ead  t o  the   fo l low ing  two equa t ions ;  



and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 . 3 - 4 )  

( 3 . 3 - 5 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As d i s c u s s e d   i n   S e c t i o n  ( 3 . 1 ) ,  Eqs. ( 3 . 3 - 3 )  and ( 3 . 3 - 4 )  l e a d   t o   t h e  

requ i remen ts   t ha t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I", zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= gJn) ( 3 . 3 - 6 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

$0 = f,(n) + 5 fO1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 0 )  ( 3 . 3 - 7 )  

and 

When Eqs. ( 3 . 3 - 6 )  and ( 3 . 3 - 7 )  are u s e d   i n  Eq. ( 3 . 3 - 5 )  i t  i s  c l e a r   t h a t  r l  
w i l l  b e  of the   fo rm 

P1 = g,o(rl) + 5 g1, (n )  + 5%12(n) ( 3 . 3 - 8 )  

Th is   p rocess   can   be   con t inued   to  show t h a t   t h i s   e x p a n s i o n   i n  E a l s o   l e a d s   t o  

and  expansion  in  5.  The d u a l   s u b s c r i p t   n o t a t i o n   r e p r e s e n t s   f i r s t   t h e   e x p o n e n t  

of E and  second  the  exponent of 5 .  The o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s   f o r  

t h e   r a d i a l   f u n c t i o n s  are; from  Eq. ( 3 . 3 - 4 )  

2rl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgot1 + N f o1  go' = 0 ( 3 . 3 - 9 )  

and  from Eq. ( 3 . 3 - 5 )  

p'= f o   f o o  - f oo   f o ,  + f (rlf& ( 3 . 3 - 1 0 )  
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAII 1 11 2 

1 

gn g ' 7  = f01 fo ,  - fo, f01  + E (rl f;J1 (3.3-11) 
1 I 1  1 II 2 

2rl 

These 3 equa t ions  are n o t   s u f f i c i e n t   t o   d e t e r m i n e   t h e  6 unknown v a r i a b l e s .  The 

same s i t u a t i o n   h o l d s i f   t h e  series i s  t r u n c a t e d   a t   a n y   h i g h e r   o r d e r   v a l u e  of E. 

Truncat ion  o f   the series at  any p o i n t   l e a v e s  more  unknowns then  equat ions.  

The  system of equat ions   can   be  made determinant  a t  any  order  of  E i f  

appropr ia te  boundary  va lues are s p e c i f i e d   t o   t h a t  same order   o f  E. I t  is pos- 

s i b l e   t o   s p e c i f y   t h e  stream f u n c t i o n  at two a x i a l   p o s i t i o n s ,   s a y  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 = 0 

and 5 = 1. For  example i f  $o is s p e c i f i e d   t o   o r d e r   o n e  a t  t h e  two a x i a l  

p o s i t i o n s   t h e n  

f o o ( n )  = $ o ( n y o >  ( 3 . 3 - 1 2 )  

f ( n )  = $ o ( l l Y u  - $o(nYo) (3.3-13) 
01 

Th is  leaves Eq. ( 3 . 3 - 9 )  t o   d e t e r m i n e  go. Th is  i s  t h e  same e q u a t i o n   f o r  cir- 

c u l a t i o n  as Eq. ( 3 . 2 - 1 6 )  for the   Dona ldson  fami ly   o f   s im i la r i t y   so lu t ions .  

However, t he   requ i remen ts  on t h e  stream f u n c t i o n  are q u i t e   d i f f e r e n t  now. 

49 



Prev ious ly ,  f h a d   t o   s a t i s f y   t h e   v o r t i c i t y   e q u a t i o n   ( c o r r e s p o n d i n g   t o   s e t t i n g  

t h e   r i g h t  hand s i d e  of Eqs.  (3.3-10)  and  (3.3-11) t o   z e r o )   b u t  now the   vor -  

t i c i t y   e q u a t i o n  is s a t i s f i e d  by  a h ighe r   o rde r  axial v a r i a t i o n   i n   t h e   c i r c u l a -  

t i o n  so  t h a t   t h e   r a d i a l   v a r i a t i o n  of t h e  stream f u n c t i o n  is  f r e e   t o   b e   d e t e r -  

mined  by the  boundary  condi t ions.  

Equat ion  (3.3-9)  can  be  formal ly  integrated twice with  the  boundary  condi-  

t i o n s   t h a t  

L i m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1, and p(0) = 0 
r l + m  

t o   g i v e  

(3.3-14) 

I f   t he   boundary   l aye rs  on t h e   w a l l s  of a c y l i n d r i c a l l y   c o n t a i n e d   v o r t e x  

a re   i gno red   an   app rox ima te   va r ia t i on   f o r  f o l  a p p r o p r i a t e   f o r   f l o w   i n  a cy l in -  

de r  as i n   F i g .  2 . 1  is 

(3.3-16) 

This   assumes  un i form  rad ia l   f low when r > re and  un i form  ax ia l   f low  out   the 

exhaust .   Equat ion   (3 .3 -15)   w i th   fo ,   as   g iven   in  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq.  (3 .3 -16)   y ie lds   (E ins te in  

and L i ,  1951) 
-- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 - -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN 

Po = %  [(I! ) - 11 - a e ( e  2 - 1) ; 
ne 1 - F  

NK rl ' ne 

(3.3-17) 

wFth 

(3.3-18) 

The c i r c u l a t i o n   d i s t r i b u t i o n s   g i v e n  by t h i s   s o l u t i o n  as a f u n c t i o n  of N a r e  

g iven  in   F ig .   3 .10.  

With t h e   d i s c o n t i n u i t y   i n   f A l   p r e s e n t   i n  Eq. (3.3-16), i t  i s  imposs ib le  

t o   c o n t i n u e   t h i s   s o l u t i o n   t o   h i g h e r   o r d e r   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE. I f  f o ,  is made p roper l y  
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.1 0.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.3 0.4 0.5 0.5 0.7 0.8 0.9 1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F i g .   3 . 1 0   C i r c u l a t i o n   d i s t r i b u t i o n  as a f unc t i on   o f   rad ius .  

con t inuous ,   t hen   t he   so lu t i on   can   be   con t inued   to   h ighe r   o rde r   (Lewe l len ,   1962) .  

Ax ia l   boundary  condi t ions  which  correspond  more  near ly   to   an  exper imenta l ly  

ob ta ined   ax ia l   ve loc i t y   d i s t r i bu t i on   have   been   cons ide red   by   Tu rne r   (1965) .  

It is a l s o   p o s s i b l e   t o   e x t e n d   t h e   e x p a n s i o n   p r o c e d u r e   t o   t h e  case i n  

wh ich   t he   ax ia l   f l ow  i s  a l l owed   to   be  of t h e  same o r d e r  as t h e   t a n g e n t i a l   f l o w  

(Lewel len,   1964).   This  can  be  done by l e t t i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Ix = 1 Ibn(rl,E> S-n 
n = o  

n = o  

(3.3-19) 

(3.3-20) 

where S i s  b a s e d   o n   t h e   r a d i a l  mass f low as i n   t h e   p r e v i o u s  case. The  lowest 

o rde r  term i n   t h e  stream func t ion   expans ion   wh ich   de termines   the   re la t i ve  

magnitude of t h e   a x i a l   v e l o c t t y   m u s t  now be  independent of 5. When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEqs ,  (3.3-19) 

and  (3.3-20) are u s e d   i n   t h e   e q u a t i o n s  of mot ion,  i t  is c l e a r  $1 and r l  may be  

l i n e a r   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 prov id ing   the   boundary   cond i t ions  are compa t ib le .   I n   t h i s   case ,  

w i thou t  loss i n   g e n e r a l i t y ,   t h e   c o o r d i n a t e   s y s t e m   c a n   b e   c h o s e n  so t h a t  a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 = 0 ,  +1 = r l  = 0.  It i s  a p p r o p r i a t e   t h e n   t o   t a k e  

dJ1 = 5 f o l ( n )  

f1 = 5 g11(n) 

(3.3-21) 

Then i f  g l l ( n )  is e l im ina ted   f rom  the   resu l t i ng   equa t ion ,  Eq. (3.3-9) may be 

fAo f i l  + 2 (2f;; + n f p  = 0 

(3.3-22) 
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When Sa2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>> 1, t h e   c i r c u l a t i o n   d i s t r i b u t i o n  is determined  by   the   ba lance 

be tween   rad ia l   convec t i on   and   d i f f us ion   o f   angu la r  momentum. When Sa2 < 1 t h e  

axial convect ion is m o r e   i m p o r t a n t   t h a n   t h e   r a d i a l   c o n v e c t i o n   i n   b a l a n c i n g   t h e  

r a d i a l   d i f f u s i o n   o f   a n g u l a r  momentum. 

Linderstrom-Lang  (1970)  used zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. (3.3-22) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto i n v e s t i g a t e   t h e   t y p e  of 

vo r tex   f l ow   found   i n  a Ranque-Hilsch  tube.  This i s  d i s c u s s e d   i n   S e c t i o n   3 . 6 .  

To u s e   e i t h e r  Eq. (3 .3 -9)   o r   the   more   genera l   (3 .3 -22)   to   so lve   fo r   the  

c i r c u l a t i o n   d i s t r i b u t i o n   i n  a v o r t e x  chamber i t  is necessa ry   t o   de te rm ine  

t h e  stream f unc t i on  a t  two ax ia l   l oca t i ons ,   say   t he   t op   and   t he   bo t tom  o f   t he  

chamber.  However, as a l r e a d y   s e e n   i n   t h e  l a s t  s e c t i o n   t h e r e   a r e   a d j u s t m e n t  

l a y e r s   r e q u i r e d  on the  end walls t o   b r i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr t o   ze ro   and   t hese   ad jus tmen t   l aye rs  

induce a secondary  f low  o f   the  order  

Whenever th is   boundary- layer   f low i s  o f   t he  same o r d e r  as t h e   t o t a l  mass f low 

through  the  chamber,   the  boundary  layer  may be   expec ted   to   p lay   an   impor tan t  

r o l e   i n   d e t e r m i n i n g   t h e  stream func t ion   d is t r ibu t ion .   Th is   occurs   whenever  

(3.3-24) 

Thus un less  r /v >> zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS 2  i t  i s  n e c e s s a r y   t o   s o l v e   t h e   e n d  wall boundary-layer 

p rob lem  to   spec i fy   the   boundary   cond i t ions  on t h e  stream f u n c t i o n .  
0 

Boundary l a y e r s   i n  a r o t a t i n g   f l o w  are c o n s i d e r e d   i n   t h e   n e x t   s e c t i o n  

p r io r   t o   cons ide r ing   t he   comp le te   f l ow   i n   t he   chamber   i n   t he   subsequen t   sec t i on .  

3.4  Boundary  Layers i n   R o t a t i n g  Flow 

T h i s   s e c t i o n  i s  l a r g e l y  a condensed  vers ion of t h e  review by Rott   and 

Lewel len  (1966) .   The  boundary- layer   s impl i f icat ions  (va l id   i f   the  boundary-  

l a y e r   t h i c k n e s s  is  much smaller than   the   rad ius   o f   curva ture   o f   the  w a l l  

s u r f a c e   i n   e i t h e r   d i r e c t i o n )   r e d u c e   t h e   a x i s y m m e t r i c   N a v i e r - S t o k e s   e q u a t i o n s  

f o r   c o n s t a n t   p r o p e r t y   f l u i d s   t o   t h e   f o l l o w i n g  set o f   equa t ions ,   exp ressed   i n  

boundary- layer   coord inates,  s and  n ,   a long  and  normal   to   the w a l l  merid ian:  

Momentum a long  the  w a l l ,  

(3.4-1) 

Tangent ia l  -momentum, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Momentum normal t o   t h e  w a l l ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P an 

Con t inu i t y  

(3.4-3) 

(3.4-4) 

Here u and u are the   ve loc i ty   components   a long s and  n ,  v i s  t h e   t a n g e n t i a l  

v e l o c i t y   a n d  R t h e   r a d i u s  of t h e  wall su r face   f rom  the   ax i s  of r o t a t i o n .  
s n 

I f  R is  e q u a l   t o  s t hen  the wall becomes a d isk   and u and u are the 
s n 

r a d i a l   v e l o c i t y  u a n d   t h e   a x i a l   v e l o c i t y  w, r e s p e c t i v e l y .   I n   t h i s   c a s e  

Eqs.  (3.4-1) t o  (3.4-4) are equiva lent   to   Eqs.   (3 .1-24)   and  (3 .1-25) .   In   the 

o t h e r   l i m i t i n g  case when R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= cons tan t   these  boundary- layer   equat ions  are equi- 

va len t   to   Eqs .   (3 .2 -13)   and  (3 .2 -14) .   S imi la r i t y   so lu t ions   fo r   these two 

l im i t i ng   cases   have   been   cons ide red   i n   Sec t i on   3 .2 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA d i s c u s s i o n   o f   s i m i l a r i t y  

t r a n s f o r m a t i o n s   f o r  a more g e n e r a l   v a r i a t i o n  of R(s) may be   found  in   Rot t  

and  Lewellen (1966).  Of more   p r imary   i n te res t   he re  is a n   i n t e g r a l  method  of 

s o l u t i o n   w h i c h   h a s   s u f f i c i e n t   f l e x i b i l i t y   a n d   s i m p l i c i t y   t o   b e   u s e d  when 

t h e r e  i s  a s t rong  in te rac t ion   be tween  the   boundary- layer   f low  and  the   ou ter  

core   f low.  

Momentum i n t e g r a l   e q u a t i o n s  may be  obta ined  by  in tegrat ing  Eqs. (3.4-1)  

and  (3 .4-2)   wi th   . respect   to  n across  the  boundary  layer .   Equat ion  (3 .4-3)  

may be  ignored  and 

long as [ dR/ds[ >>  

i n t e g r a l   e q u a t i o n s  

t h e   p r e s s u r e  assumed  constant   across  the  boundary  layer  as 

1 d b / d s [ .   I f  u -+ 0 and v + v(m) as n + m t h e  two momentum 

may b e   w r i t t e n  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS 

and 

d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT S  - us v R2 dn - v(m) R2 un(6) = - R2v 
ds  J o  0 

When t h e   c o n t i n u i t y   e q u a t i o n  is used 

t h e   t a n g e n t i a l  momentum e q u a t i o n   c a n   b e   w r i t t e n  as 

(3.4-5) 

(3.4-6) 

(3.4-7) 

(3.4-8) 

Equations  (3.4-5)  and  (3.4-8)  can  be  used  to  determine 2 v a r i a b l e s .  Thus 
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an   app rox ima te   so lu t i on   t o   t he   boundary   l aye r   can   be   ob ta ined   i f  i t  is p o s s i b l e  

t o  assume  shapf :   factors   that   put  a l l  o f   t h e   i n t e g r a l s   a n d   t h e  two w a l l  

d e r i v a t i v e s   i n   t e r m s   o f   o n l y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 v a r i a b l e s .   F o r   t h i s   p u r p o s e ,   a s s u m e   t h a t  

(3 .4 -9)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= f ' ( 5 )  (3.4-10) 
USmax 

wi th  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 = n/6,  and f and g known func t ions   o f  5. The two momentum equat ions  

may t h e n   b e   w r i t t e n   i n  terms of   the 2 v a r i a b l e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 and 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl6 usR dn as 
0 

(3 .4 -11)  

(3 .4 -12)  

wi th  r = v(m)R  and A I ,   A 2  and X 3  known f u n c t i o n s  of t h e   p r o f i l e   s h a p e s  

given  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 
= f ( l ) /  1 f ' ( 1  - g )  dc (3 .4 -13 )  

1 0 

A 2  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj [ f ' 2 / f ( 1 ) 2 ]  dr; (3 .4 -14 )  
0 

A 3  = jl(l - g 2 )  dz; (3 .4 -15 )  
0 

O f  c o u r s e ,   t h e   c r u c i a l   s t e p   i n   t h i s   i n t e g r a l   f o r m u l a t i o n  i s  t he   cho ice  of 

t h e   p r o f i l e s   f '  and g .  In   genera l ,   one  wou ld   no t   expec t   f '   and  g t o   be   i ndepen-  

dent  of  s. I n   f a c t ,  when they are independent  of s i t  i s  p o s s i b l e   t o   o b t a i n  

e x a c t   s i m i l a r i t y   s o l u t i o n s   t o   t h e   b o u n d a r y - l a y e r   e q u a t i o n s   a n d  as s e e n   i n  

Sec t ion  3.2  t h e s e   s i m i l a r i t y   s o l u t i o n s   c a n   o n l y   b e   o b t a i n e d   f o r   q u i t e   s p e c i a l  

f lows.   The  t r i ck   then is to   choose f ' and g as some average  funct ions  which 

make Eqs . (3 .4 -11 )  and (3.4-12) approx imate ly   va l id   over  a wide  range  of  f lows. 

The p ro f i l es   chosen  by Taylor ( 1 9 5 0 )  a p p e a r   t o   b e   a p p r o p r i a t e .   I n v e s t i g a t i o n  

of o t h e r   p r o f i l e s  may be  found  in   the  work of Cooke ( 1 9 5 2 ) ,  Anderson ( 1 9 6 1 ) ,  

Mack ( 1 9 6 2 )  and  King ( 1 9 6 4 ) .  T a y l o r ' s   p r o f i l e s  are given as 

f '  = - 27 
4 5 (1 - r;I2 (3 .4 -16)  

g = 25 - 52 (3 .4 -17)  

With t h i s   c h o i c e  of p r o f i l e s ,   t h e   n u m e r i c a l   v a l u e s  of t h e   p r o f i l e   p a r a m e t e r s  

are found t o   b e  

X ,  = 2 .5 ,  = 1 .375 ,  X 3  = 0.467 
x2 

f " ( O ) / f ( l ) =  1 2 ,  g'(0) = 2 
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It is  now p o s s i b l e   t o   s o l v e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q s .  (3.4-11)  and  (3.4-12)  numerically when 

r(R)  and R ( s )  are given  a long  wi th   boundary  condi t ions at some s f o r  6 and 

6. However, i n   o r d e r  t o  coup le   t he   boundary - laye r   so lu t i on   t o   t he   so lu t i on   o f  

r(R) i t  is d e s i r a b l e   t o   o b t a i n   a n   e v e n   s i m p l e r   s o l u t i o n .  One way of d o i n g   t h i s  

i s  to   approx imate  E q .  (3.4-12) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas a n   a l g e b r a i c   r e l a t i o n   b e t w e e n  6 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.  I f  

Q and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 start from 0 a t  some R where r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= r and  dR/ds = R ' ( 0 )  t hen  a series 

expans ion   abou t   t h i s   po in t  shows t h a t   i n i t i a l l y  

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0 

(3.4-19) 

I n   t h e   i n i t i a l   d e v e l o p m e n t  of the   boundary   layer ,  Eq.  (3.4-19)  can  be  subst i tuted 

f o r  Eq. (3.4-12) w i t h   v e r y  l i t t le l oss  i n   accu racy .  It is a l s o   p o s s i b l e   t o  show 

t h a t   i f   t h e   b o u n d a r y   l a y e r   d e v e l o p s   t o  some t ype   o f   t e rm ina l   s im i l a r i t y  as 

d i s c u s s e d   i n   S e c t i o n   ( 3 . 2 ) ,   t h e n   a g a i n  

(3.4-20) 

Th is   sugges ts   t ha t  Eq. (3.4-19) may be  a good approx imat ion   a t  a l l  s t a g e s  

of boundary-layer  development i f   l o c a l   v a l u e s  of R, r and R' are   used   i ns tead  

o f   t h e   i n i t i a l   v a l u e s .  With t h i s   s i m p l i f i c a t i o n ,  Eq. (3.4-11) may b e   w r i t t e n  as 

This   can   be   fo rmal ly   in tegra ted   w i th  Q assumed 0 a t  s = 0 t o  g i v e  

(3.4-22) 

Perhaps   the  two m o s t   i n t e r e s t i n g   c a s e s   t o   c o n s i d e r   a r e   t h o s e  of p o t e n t i a l  

f low ( r  = cons tan t )   and   so l i d  body r o t a t i o n  ( r  a R2) over a f l a t   d i s k  R' = -1. 

(Note R' i s  negat ive   because  the   boundary   layer   beg ins  a t  t he   ou te r   edge  of t h e  

d i s k  as long as t h e   f l u i d   r o t a t e s   f a s t e r   t h a n   t h e   d i s k ) .   I n   b o t h   t h e s e  l i m i t -  

i ng   cases ,  Eq.  (3.4-22)  reduces t o  

(3.4-23) 

Th is   approx imate   so lu t ion  is compared w i t h  a s tep-by-s tepnumer ica l   in tegra t ion  

of the   exac t   boundary- layer   equat ions  by  Anderson  (1966)  and Cooke (1966) i n  

Figure  (3.10).  The  comparison is q u i t e   f a v o r a b l e .  The  Bbdewadt te rm ina l  s i m i -  

l a r i t y   s o l u t i o n  i s  i nc luded  on the  f igure.   Shear   and  boundary- layer   prof i les  

do n o t  compare  near as f a v o r a b l y ,   b u t   f o r   t h e   i n t e r a c t i o n   p r o b l e m   t o   b e  con- 

s i d e r e d   i n   t h e   n e x t   s e c t i o n  a c o r r e c t   s o l u t i o n   f o r   t h e   b o u n d a r y - l a y e r  mass f low zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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1.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~~~~ 

PROXIMATE  SOLUTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

s: 0.8 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

NUMERICAL  SOLUTION 
(Anderson  1966) 
(Cooke  1966) 

IRROTATIONAL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 \\ SIMILARITY SOLUTION 

(Ring & Lewellen  1964) 

NUNERICAL SOLUTION 
(Anderson  1966) 

ADPROXIMATE 
SOLLITION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( E q .  3.4-23) 

0 0.2  0.4 0.6 0.8 1.0 

DIMENSIONLESS  RADIUS, r/ro 

Fig.  3.11  Comparison of s o l u t i o n s   f o r   t h e   r a d i a l   s e c o n d a r y  mass f low i n   t h e  
end-wal l   boundary  layer.  

is  the  most   impor tant .  

S ince  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. (3.4-23)  agrees  reasonably well wi th   more   p rec ise   numer ica l  
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r e s u l t s   i n   t h e   l i m i t i n g  cases of r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= cons tan t   and r = RR2, Rott   and 

Lewel len  (1966)   suggest   that  i t  be   used   f o r  a l l  v a r i a t i o n s   o f  r over a f l a t  

s t a t i o n a r y  wall. It is hard   to   conce ive   o f  a p h y s i c a l l y   p o s s i b l e  r(R) d i s t r i -  

bu t i on   f o r   wh ich  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. (3.4-23) w i l l  d i f f e r   s i g n i f i c a n t l y   f r o m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq.  (3.4-22). 

The b o u n d a r y - l a y e r   c a l c u l a t i o n s   p r e s e n t e d   i n   t h i s   s e c t i o n   h a v e   r e c e i v e d  

t h e   b e n e f i t  of very   few  compar isons  wi th   exper iment ,   s ince  most  of t he   f l ows  

of i n t e r e s t   r e f e r r e d   t o   i n   C h a p t e r  I are tu rbu len t .   F igure   3 .7   g ives  a compar- 

i s o n   i n  one l i m i t .  Also, Anderson  (1966)  made  measurements i n   l a m i n a r   f l o w  

around a b e n d   w i t h   d i f f e r e n t   v o r t i c i t y   d i s t r i b u t i o n s   a n d   f o u n d   t h e   p r o f i l e s  

t o   b e   c l o s e l y   r e l a t e d   t o   t h o s e   h e   o b t a i n e d   n u m e r i c a l l y .  Maxworthy  (1967) 

compared Eq.  (3.4-23) with  measurements  of  boundary-layer mass f low  based  on 

u(z )   p ro f i les   found  us ing   ver t i ca l ,   hydrogen-bubb le  wires. There w a s  a wide 

discrepancy  which Maxworthy a t t r i b u t e d   t o   t h e  breakdown of the  boundary- layer 

approx imat ion   in   the   ne ighborhood  o f   the   ax is .   In   h is   exper iment ,   the  

boundary- layer   appeared  to   e rup t   in  a j e t  on t h e   a x i s  as seen   i n   F ig .   3 .12 .  

A s h o r t   d i s t a n c e  from  the w a l l ,  t h i s  j e t  appears   to   undergo a type  of   "vortex 

breakdown"  phenomenon.  This  unusual  feature w i l l  b e   d i s c u s s e d   i n  a l a t e r  

chap te r .  

: c 1  

Fig.  3.12  Eruption of the  boundary  layer   f low a t  t h e   a x i s  o f   vor tex  f low 
over zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa s t a t i o n a r y  w a l l .  (Maxworthy 1967). 

3 .5   I n te rac t i on  Between  Boundary-Layer  Flow  and  Core Flow 

The boundary- layer   so lu t ion   der ived   in   the  last s e c t i o n  may be  used as 

the   boundary   cond i t ions   requ i red   to   comple te   the  series so lu t ion   deve loped zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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i n   S e c t i o n  3.3. The  f low  through a c y l i n d r i c a l   v o r t e x  chamber may be   d i v ided  

i n t o   t h r e e   r e g i o n s  shown i n   F i g .  3.13.  The  flow i n   r e g i o n  I i s  governed by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Eq. (3.3-9) t o   o r d e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS 2 .  

2qIbO'' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ Nf e ' = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 
01 0 

Q 
I 

(3.3-9) 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIN  

Fig.   3.13  Vortex  tube  geometry  showing  div is ion  of   f low  into  the  three 
reg ions   desc r ibed   i n   t he   paper .  

The  flow i n   r e g i o n  I1 i s  governed  by  the  boundary-layer  equations.  The two 

flows must  match  along  the common boundary  of  the two reg ions .  The t a n g e n t i a l  

v e l o c i t y  may be  matched by i d e n t i f y i n g   t h e   c i r c u l a t i o n  r i n   the   boundary- layer  

e q u a t i o n s   w i t h   t h e   c i r c u l a t i o n   i n   r e g i o n  I. The r a d i a l   v e l o c i t i e s  are matched 

by s e t t i n g  

(3.5-1) 

i n   r e g i o n  I and r e q u i r i n g   t h a t  u + 0 at t he   ou te r   edge  of the  boundary  layer .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A s  long as S2 >> 1 t h e   r a d i a l   v e l o c i t y   i n   t h e   b o u n d a r y   l a y e r  w i l l  be much 

l a r g e r   t h a n  i t  is i n   t h e   e x t e r n a l   f l o w ,   r e g i o n  I. Thus when dea l ing   w i th   the  

boundary- layer  f low u + 0,  t o   o r d e r  S 2 ,  as n + m .  For   t hose   f am i l i a r   w i th  

per tu rba t ion   methods  (Van Dyke,  1964),  the  present  problem may be  recognized 

as a s ingu la r   pe r tu rba t i on   p rob lem.  

If the   approx imate   re la t ionsh ip   be tween  the  mass f low  in   the   boundary  

l a y e r   a n d   t h e   c i r c u l a t i o n   d i s t r i b u t i o n   g i v e n   i n  Eq. (3.4-23)  adequately 

desc r ibes   t he   boundary   l aye r ,   t hen  Eq. (3.5-1)  can  be  wr i t ten as 

fOl 
= 1 - B ~ J  (1 - ,-,2/3)3/4 (3.5-2) 

w i t h   t h e  new parameter  B de f ined as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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B 2.52 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(-)( ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-O = 2.52 - 2 s p v ~   1 / 2  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS 
m v  R Ret1 l2 (3.5-3) 

S ince  B i s  e q u a l   t o   t h e   r a t i o  of t h e  maximum p o s s i b l e   f l o w   i n   t h e  2 boundary 

l aye rs   t o   t he   t o ta l   f l ow   th rough   the   chamber ,  i t  may a p p r o p r i a t e l y   b e   c a l l e d  a 

boundary- layer   in te rac t ion   parameter .  

The stream f u n c t i o n   d i s t r i b u t i o n ,   f o , ,  may be  e l iminated  between  Eqs.  

(3.3-9)  and  (3.5-2) t o   y i e l d  a s i n g l e   e q u a t i o n   f o r   t h e   c i r c u l a t i o n .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
20Pf + N [I - BP (1 -  TI^/^>^/^] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr1 = o ; 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0, (3.5-4) 

Approp r ia te   boundary   cond i t i ons   f o r   t h i s   equa t ion  are t h a t  r ( l )  = 1 and t h a t  r 
m a t c h   t o   t h e   f l o w   i n   r e g i o n  111. The s i m p l e s t  way t o   s a t i s f y   t h e   m a t c h i n g  

cond i t i ons   t o   reg ion  I11 i s  t o  assume tha t   t he   f l ow   rema in ing   i n   reg ion  I a t  

re be   un i fo rm ly   d i s t r i bu ted   ac ross   t he   exhaus t  s o  t h a t  

(3.5-5) 

2rleP" + ~ [ 1  - B P ~ ( I  - Q ~ ~ / ~ ) ~ / ~ ] P  = o ; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT-, 5 17 
e (3.4-6) 

and t o  add in   t he   boundary   cond i t i on   t ha t  p(0) = 0. This  system may now be 

so lved by   numer i ca l   i n teg ra t i on   f o r   genera l   va lues   o f  N , B ,  and 17 . S o l u t i o n s  

t o  a p r o b l e m   e q u i v a l e n t   t o   t h i s  were f i r s t   g i v e n  by Anderson  (1961)  with a 

s l i g h t l y   d i f f e r e n t   s o l u t i o n   f o r   t h e   b o u n d a r y   l a y e r   t h a n   t h a t   u s e d   h e r e .   I f  

B << 1, t h e   s o l u t i o n   t o  Eqs.  (3.5-4)  and  (3.5-6)  reduces  to  Eqs.  (3.3-17). 

e 

Although a numer ica l   so lu t ion  is r e q u i r e d   i n   g e n e r a l ,   a n   a n a l y t i c   s o l u t i o n  

may b e   o b t a i n e d   i n   t h e  limit of N >> 1. T h i s ,   a l s o ,  i s  probab ly   the   most   in  

t e r e s t i n g  l i m i t  phys ica l l y   s ince   t he   Reyno lds  number is l a r g e   e v e n   f o r   r e l a t i v e l y  

small f l o w   r a t e s .   I n   t h i s  limit i t  i s  readi ly   seen  f rom E q .  (3 .5 -4 ) ,   t ha t  

i f  ?" is t o   r e m a i n   f i n i t e   e i t h e r  

11' = 0 (3.5-7) 

o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
11 = "(1 1 - $/3)-3/4 

B (3.5-8) 

I f   t he   boundary   cond i t i on   t ha t  p(1) = 1 is imposed ,   t hen   t he   so lu t i on   i n   t he  

large  Reynolds number limit is  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P = 1 ;  T J , I l -  B'4/3] 3 /2  6 
IC = -(1 1 - $/3)3/4;  ll 5 ;1 (3.5-9) 

B 

Because  of  the N >>  1 l i m i t  the   boundary   cond i t ion  a t  0 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 cannot  be 

s a t i s f i e d .   T h e  stream f u n c t i o n   v a r i a t i o n   c o r r e s p o n d i n g   t o  Eq. (3.5-9) is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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P h y s i c a l l y ,   t h i s   f l o w  may be   descr ibed  by   say ing   tha t  as t h e  f l o w  e n t e r s  

t h r o u g h   t h e   o u t e r   r o t a t i n g   c y l i n d e r   t h e   c i r c u l a t i o n  of the  main  f low  remains 

c o n s t a n t  as t he   f l ow  i n  t he   boundary   l aye rs   bu i l ds  up. When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa r a d i u s  is  

reached a t  which a l l  of   the   rad ia l   th rough  f low  has   been  d iver ted   to   the   boundary  

l aye rs   ( co r respond ing   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;I) then   the   th rough  f low  remains   in   the   boundary   layers  

a n d   t h e   c i r c u l a t i o n   d i s t r i b u t i o n   a d j u s t s   t o   w h a t e v e r  is  r e q u i r e d   t o   d r i v e   t h i s  

f l o w .  

Although  fo l  = 0 f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArl < 6, t he   p roduc t  Nf r e m a i n s   f i n i t e  so  t h a t   t h e r e  
01 

is a small b u t   f i n i t e   r a d i a l   f l o w   i n   t h i s   r e g i o n .   I n   f a c t ,  by combining zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q s .  

(3.3-9)  and  (3.5-8), it may be   seen   tha t  

S i n c e   t h i s  last express ion  is negat ive  whenever rl > 2 6 / 2 7 ,  i t  demons t ra tes   t ha t  

t h e r e  is a reg ion  of small rad ia l   ou t f low  whenever  > 2f i /27 .  A t y p i c a l  

s t r e a m l i n e   p a t t e r n  is shown in   F ig .   3 .14 .  

I 

F ig .   3 .14   Typ ica l   mer id iona l   s t reaml ine   pa t te rn   i n  a v o r t e x  chamber 
S2 >> 1, N >> 1 and B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL 1. 

The ex is tence  o f  a r a d i a l   s t a g n a t i o n   s u r f a c e  i s  demonstrated by 

w i t h  

the  dye 

f r o n t   i n   F i g .  3.15.  The  chamber shown had a v a r i a b l e   l e n g t h  t o  a l low B t o  

v a r y .   I n   t h i s   p i c t u r e  ElD = 1. A detai led  comparison  of  i t s  p o s i t i o n   w i t h  

theory is r e s e r v e d   u n t i l   C h a p t e r  V, af te r   tu rbu len t   boundary   layers   have  been 

d iscussed.  
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Fig.   3 .15  Photograph  o f   the  dye  pat tern  observed  in  a v o r t e x   a f t e r  a pulsed 
d y e   i n j e c t i o n  a t  a time e q u a l   t o  that r e q u i r e d   f o r  a f e w  chamber 
volumes  of water to   f low  th rough  the   appara tus .   (Lewel len ,  Ross 
and  Rosenzweig  1966). 

The a n a l y t i c   s o l u t i o n ,  o f   course ,   looses  i t s  v a l i d i t y   i n   t h e   r e g i o n  of 

the  exhaust   ho le  where  the  boundary- layer   must   breakdown.   F igures  1 .9  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.10 

show t h a t  a s i g n i f i c a n t   f r a c t i o n  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe boundary - laye r   f l ow   e rup ts   i n to   ax ia l  

je ts  i n   the   immedia te   ne ighborhood of the   exhaust .  The d e t a i l s  of t h i s  

boundary- layer   separat ion  problem  has  not   been  so lved.   In   the  theoret ica l  

t r e a t m e n t s   i n   t h e   l i t e r a t u r e  i t  h a s   e i t h e r   b e e n   i g n o r e d   o r   t r e a t e d   p a r a m e t r i c a l l y  

(Rosenzweig,  Lewellen  and  Ross  1964). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A compar ison  o f   the   p resent   in te rac t ion   theory   w i th   exper iment  w a s  given 

by  Rott   and  Lewel len  (1966)  for   an  exper iment by  Maxworthy  (1964)  which d i d  

not   invo lve  any of t h e   u n c e r t a i n t i e s   a s s o c i a t e d   w i t h   t h e   e x h a u s t .  The  experi- 

mental   arrangement is shown i n  Fig.  3.16.  Equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 . 4 - 2 3 )  may be  used 

t o   d e s c r i b e   t h e   f l o w   d i s t r i b u t i o n   i n t o   t h e   b o u n d a r y   l a y e r  on t h e   s t a t i o n a r y  

wall but   an   add i t iona l   express ion   must   be   der ived   fo r   the   boundary   layer   over  

t h e   r o t a t i n g   d i s k .  A procedure   ana logous  to   tha t  of Sec t i on  3 . 4  may be  

c a r r i e d   o u t   f o r   t h e   r o t a t i n g  w a l l  (Rott  and  Lewellen,  1966).  The  simple 

approx imat ion  proposed  for   use is  t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Ih zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.55 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(27~~)  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[5] ' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 / 2 ( ~ 2 ~ 2  - r )  (3.5-12) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb.1 .  
( r o t a t i n g  wall) 

prov ided  the  wall r o t a t e s   f a s t e r   t h a n   t h e   f l u i d .   I n   t h i s  case the  boundary 

l a y e r  mass  flow i s  d i rec ted   toward   inc reas ing   rad ius .  

p l a t e  

r o t a t  

" 

Fig.   3 .16  Exper imenta l   ar rangement   to   invest igate  conf ined  f low  between a 
r o t a t i n g   d i s k   a n d  a s t a t i o n a r y   d i s k .  (Maxworthy  1964). 

S ince   t he re  i s  n o   n e t  mass f l ow   th rough   the   con ta ine r   i n   t h i s   p rob lem  the  

r a d i a l   f l o w   i n   t h e  main  f low  resul ts   f rom  any  d i f ference  between  the  f low  in  

the  two end  wal l   boundary  layers,  i .e. ,  

(3.5-13) 

thus  
Q l / 2  R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

Nfol = -(--) -O (1.26 f (1 - q 2 / 3 ) 3 / 4  - 0.55 (q  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr " ) }  (3.5-14) 
R 

The governing  equat ion for t h e   c i r c u l a t i o n ,  Eq. (3.3-9),   for   th is  problem may 

b e   w r i t t e n   w i t h   t h e   a i d  of Eq. (3.5-14) as 

It is evident  from Eq,. (3.5-15)  that  if t he   ro ta t i ona l   Reyno lds  number 

(or  Taylor  number),  QRo7/v is much grea ter   than  one,   and  the   boundary   cond i t ions  

on I", namely p(1) = 1 and f ( 0 )  = 0, do no t  perm i t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf t o  be  cons tan t ,   then  the  

term i n   the   b rackets   must   approach  zero .   That  is, there   must   be  a d e t a i l e d  

matching of t he   f l ow   ou t  of one  boundary   layer   in to   the   o ther .   Th is   occurs  

when 

P =  0.55 11 
0.55 + 1.26  (1 - ,2i3)3/4 (3.5-16) 

T h i s   c i r c u l a t i o n   d i s t r i b u t i o n  is compared with  Maxworthy's  experimental 

d i s t r i b u t i o n   o b t a i n e d  by photograph ing   hydrogen  bubb les   re leased  in   the   f low 

in   F ig .   3 .17 .  The agreement ,   even  though  not   per fect ,  is qu i te   encourag ing .  

Near t h e   c e n t e r   w h e r e   t h e   i n f l u e n c e   o f   t h e   s i d e   w a l l s  is small th is   problem  can 

be   so lved  exac t ly  by p rov id ing   de ta i led   match ing   o f   the   f low  ou t   o f  a Badewadt 
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boundary   l aye r   on   t he   s ta t i ona ry   d i sk   i n to   t he   boundary   l aye r   on   t he   ro ta t i ng  

d i s k .   T h i s   g i v e s   t h e   p r o f i l e   i n   F i g .  3.7.   The  exper imental   points of Fig.   3.7 

were t aken   w i th  a s t a t i o n a r y   o u t e r   c y l i n d e r  so t h a t  i ts  i n f l uence  is n o t   f e l t  

t o  as small a r a d i u s   a s  i t  would  be  for  a r o t a t i n g   o u t e r   c y l i n d e r .  

Recent ly ,   Pao  (1970)   has   inves t iga ted   the   f low  f ie ld   fo r   the   cond i t ions  

of  Fig.  3.16  with a numer i ca l   scheme  fo r   i n teg ra t i ng   t he   f u l l   Nav ie r -S tokes  

equat ions.   For  Re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< 200 (h i s   numer i ca l  scheme d iverges   fo r   h igher   Reyno lds  

n u m b e r s ) ,   h i s   s o l u t i o n s   a g r e e   v e r y  w e l l  w i t h   h i s  companion  experiments. H i s  

r e s u l t s   a r e   c l o s e r   t o  Eq. 3.5-16  than  would  be  predicted by t h e   f i n i t e  Reynolds 

number c o r r e c t i o n   g i v e n  by Rott  and  Lewellen  (1966). A t  Reynolds  numbers of 

a few  thousand  h is   exper iments   exh ib i ted   boundary- layer   e rup t ion   a t   the   cen ter  

o f   t he   s ta t i ona ry   p la te   w i th   t he   subsequen t   b reakdown as observed by Maxworthy 

(Fig.   3.12).  It is i n t e r e s t i n g   t o   n o t e   t h a t   t h i s   d i s c r e p a n c y   i n   t h e   b o u n d a r y  

l aye r   f l ow   nea r   t he   ax i s   o f   t he   s ta t i ona ry   wa l l   does   no t   have  a l a r g e   i n f l u e n c e  

on t h e   m i d - p l a n e   c i r c u l a t i o n   d i s t r i b u t i o n  as g iven  in   F ig .   3 .17 .  

t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
"0 0.2 0.4 0.6 0.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI .o 

r 

Fig.  3.17 A n g u l a r   v e l o c i t y   d i s t r i b u t i o n  of the  main body  of f lu id   be tween a 
r o t a t i n g  and  a s t a t i o n a r y   d i s k  when enclosed by  a c y l i n d e r   r o t a t i n g  
wi th   the  ro tat ing  d isk.   (Rot t   and  Lewel len,   1966)  

Another  interact ion  problem  which  avoids  the  problems  of   the  exhaust 

i s  t h a t  of f l ow   th rough   f i n i t e ,   concen t r i c ,   po rous   cy l i nde rs   w i th   t he   ou te r  

c y l i n d e r   r o t a t i n g   w i t h   a n   a n g u l a r   v e l o c i t y  R .  This  problem  has  been  considered 

by F a r r i s ,  et a1 (1969).   Their   exper imental  set up invo lved  ro ta t ing   one 

end w a l l  w i t h   t h e   r o t a t i n g   o u t e r   c y l i n d e r  and b l d i n g   t h e   o t h e r  end wall 

s t a t i o n a r y .  They numer ica l l y   in tegra ted   the   ax isymmet r ic   Nav ie r -S tokes   equat ions  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
63 



using a f i n i t e   d i f f e rence   t echn ique .   The i r   l im i ted   compar i son   w i th   numer i ca l  

and   exper imen ta l   resu l t s  was f avo rab le .   Un fo r tuna te l y ,   t he i r   numer i ca l   i n -  

t e g r a t i o n  scheme  diverged a t  tangent ia l   Reynolds  numbers  above a f e w  hundred 

o r  a t  radial   Reynolds  numbers much above 10. 

When t h e r e  i s  no n e t   r a d i a l   f l o w   t h r o u g h   t h e   c y l i n d e r s   i n   t h e   p r e s e n t  

problem, i t  is q u i t e  similar t o   t he   p rev ious   p rob lem.  The e x t e n t   t o   w h i c h  

de ta t i l ed   ma tch ing   occu rs   be tween   the  two  boundary  layers a t  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlow a Reynolds 

as RRo2/v zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 200 is shown i n   F i g .  3.18. 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I .  

/ I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I  

1 1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I  
I 1  
I I  

I 1  
I 1  
I 1  
1 1  
1 1  
I 1  

I 1  
I 1  

I 1  
I 1  

I I  
1 1  

I I  
I 1  

I I  

I 1  

I 1  

I 1  
I 1  

I I  
I 1  
1 1  
I 1  
I 1  
I 1  
I I  
I 1  
I 1  

I I  
I 1  
I 1  

I I  

I 1  
I 1  

I 1  
I 1  

I 1  

1 1  
1 1  
I 1  

I 1  
1 1  

I 1  
l l  
I 1  
1 1  
I 1  
1 1  
I 1  

1 1  
I 1  
I 1  

I \  

I \  \. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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RRO I RL 0 I STRNCE [ I NCHESl 

Fig.  3 - 1 8  Flow p a t t e r n  
w i th  no n e t  rad ia l  f low 
for  f low  between a ro- 
t a t i n g   o u t e r   c y l i n d e r  
and a s t a t i o n a r y   i n n e r  
c y l i n d e r   ( r  = 314 in).  
Upper  end w a l l  1 is  
s t a t i o n a r y  and t h e  
l ower   one   ro ta tes   w i th  
t h e   o u t e r   c y l i n d e r .  
R e  = 200.00, N = 0.0. 

and  Textor, 1 9 6 9 ) .  

( F a r r i s ,  t Kidd,  Lick 
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The fac t   t ha t   t he   l ower   end  w a l l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis r o t a t i n g   p r e v e n t s  a simple  comparison 

o f   t h e i r   r e s u l t s   f o r   r a d i a l   t h r o u g h   f l o w   w i t h  Eq. (3.5-4) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, b u t   t h e   g e n e r a l  

f e a t u r e s  of the   f low  agree   w i th   the   ana ly t i c   mode l .   Contours   o f   cons tan t  

t a n g e n t i a l   v e l o c i t y ,   f r o m   t h e i r   n u m e r i c a l   d a t a ,  are shown i n   F i g .   3 . 1 9   f o r  a 

case w i t h  S 13. It is e v i d e n t   t h a t   t h e   t a n g e n t i a l   v e l o c i t y  is independent 

o f   the   ax ia l   coord ina te   except   in   th in   ad jus tment   layers   imposed by t h e  

boundary  condi t ions.  

12. 

9. 

3. 

0. 

RAD I FIL D I STANCE I I NCHESl 
0 

F ig .  3.19   Tangent ia l   ve loc i ty   con tours   w i th   rad ia l   in f low  fo r   cond i -  
t i o n s   s i m i l a r   t o   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 . 1 9 .  Ret = 260.0, N = 9.83, S = 
13.2 ( F a r r i s ,  et a l ,   1 S 6 9 ) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The  p rob lem  wh ich   permi ts   the   most   comple te   ana ly t i c   so lu t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto 

t h e   i n t e r a c t i o n  of the  boundary- layer   f low  wi th   the  chamber  f low i s  t h a t   o f  

weak f low  through a r o t a t i n g   c o n t a i n e r .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs long as t h e  Rossby  number, Ro zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA! 

i /2npnrw3 = 1/S,  is s u f f i c i e n t l y  small t h e  f l ow  c o n s i s t s   o f  a l i nea r   pe r tu rba -  

t ion  about   un i form  ro tat ion.   Greenspan  (1968)   has  g iven  extens ive  t reatment  

of t h i s   t ype   o f   f l ow .   F igu re  3.20 i s  a s k e t c h   o f   t h e   f l o w   p a t h   f o r   f l o w  

introduced  through  one  porous  cyl inder  and  wi thdrawn  through  an  inner  porous 

cy l inder .   Wi th   the   except ion  of t h e   r e g i o n s   i m m e d i a t e l y   a d j a c e n t   t o   t h e   c y l i n -  

de rs   t he   rad ia l   f l ow   passes   t h rough   the   end  wal l  boundary  layers,  now termed 

Elanan l a y e r s ,  E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE v / R r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 .  The s o l u t i o n s   f o r   t h e   v e l o c i t y   d i s t r i b u t i o n s  

w i t h i n   t h e  Ekman l a y e r  are g i v e n   i n  Eqs.  (3.2-39)  and  (3.2-40). As  long zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a s  t h e  no s l i p   c o n d i t i o n  on t h e   a x i a l   v e l o c i t y  a t  t h e   s u r f a c e  of the  porous 

c y l i n d e r s  i s  r e l a x e d   t h e   s o l u t i o n  t o  the   f low  can  be   ob ta ined by coupl ing 

Eq. (3 .3-9)   wi th   the Ekman layer  dependence  of  stream f u n c t i o n   o n   c i r c u l a t i o n  

p e r t u r b a t i o n .  The p e r t u r b a t i o n   t o   t h e   c i r c u l a t i o n  is a cons tan t   equa l   t o  

- R r o 2 R   / E l l 2  e x c e p t   i n   t h e   r a d i a l   l a y e r s   a d j a c e n t   t o   t h e   c y l i n d e r s .   I n  

t h e s e   l a y e r s  

W 

0 

wi th  

(3.5-17) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(3.5-18) 

where   t he   p lus   s ign   co r responds   t o  a c y l i n d r i c a l   s o u r c e  and  the  minus  s ign a 

c y l i n d r i c a l   s i n k   t h r o u g h   e i t h e r   t h e   o u t e r   c y l i n d e r  a t  r W Y  o r   t h e   i n n e r  a t  r i' 

Hide  (1968)  has  shown  that  this  model  agrees w e l l  w i t h   e x p e r i m e n t a l   r e s u l t s .  

To i n c l u d e   t h e   n o   s l i p   c o n d i t i o n  on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw at  t h e   s u r f a c e s   o f   t h e   c y l i n d e r s  a 

th i rd   t ype   boundary   l aye r  of o r d e r  E1I3is r e q u i r e d .   F o r   t h e   s o l u t i o n   i n   t h i s  

l a y e r  see Greenspan  (1968,  page  116). 

F o r   t h i s  limit of  complete  domination  of  the  f low by r o t a t i o n ,   t h e   r a d i a l  

s t a g n a t i o n   s u r f a c e   i n   F i g .   3 . 1 4   h a s   e s s e n t i a l l y  moved o u t   t o   t h e   o u t e r   c y l i n d e r  

so  t ha t   t he   ou te r   reg ion   o f   po ten t i a l   f l ow   has   been   e l im ina ted .  

To c o m p l e t e   t h e   f l o w   p r o b l e m   o f   p r i m a r y   i n t e r e s t   i n   t h i s   r e v i e w  i t  is 

necessary   to   cons ider   the   v iscous   exhaust   p rob lem.   Th is  i s  done i n   t h e   n e x t  

s e c t i o n .  
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E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAROTATING 

POROUS 
CYLINDERS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.   3 .20  Rotat ing  cy l indr ica l   conta iner   showing  paths of r a d i a l   f l o w   t h r o u g h  i t .  

3.6  Viscous  Exhaust  Flow 

To comp le te   t he   so lu t i on   f o r   imcompress ib le   l am ina r   f l ow   i n  a v o r t e x  

chamber i t  is necessary  to   cons ider   f low  through  the  exhaust .  Flow i n   r e g i o n  

I11 of Fig.  3.13 may be  expected  to   depend  s t rongly  on the   exhaus t   cons t ra in t .  

The inv i sc id   app rox ima t ion   t o   t he   cons t ra in t  on f low  through  the  chamber i m -  

posed by the   exhaust  was d i scussed   i n   Sec t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 . 2 .  How i s  t h i s   c o n s t r a i n t   a f -  

f e c t e d  by v i x c o s i t y ?  The e f f e c t s  of v i s c o s i t y  may b e   s e p a r a t e d   i n t o  two cate-  

g o r i e s :   t h o s e   d u e   t o   t h e   r o t a t i o n a l   n a t u r e   o f   t h e   f l o w   t h r o u g h   t h e   e x h a u s t ,   a n d  

those   due   t o   l oca l   d i ss ipa t i on   w i th in   t he   ne ighborhood  of the   exhaust .   Probab ly ,  

t h e   f i r s t  i s  the  most  important  of   these two and i t  i s  c e r t a i n l y   t h e   m o s t  

amenable t o   d i r e c t   a n a l y s i s .   T h e r e f o r e  i t  w i l l  b e   t r e a t e d   f i r s t .  

Neglect  of l o c a l   d i s s i p a t i o n   i n   t h e   f l o w  i s  e q u i v a l e n t   t o   l e t t i n g  N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-f m 

i n   t he   gove rn ing   equa t ions .   I n   Sec t i on   3 .1  i t  w a s  shown t h a t   i n   t h i s  limit, 

f o r   s t e a d y   f l o w   t h e   t a n g e n t i a l  momentum equa t ion   reduces   t o  

r = r t+>  
and t h e   t a n g e n t i a l   v o r t i c i t y   e q u a t i o n  may b e   w r i t t e n  as 

B ($1 = n ~ ( + )  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+2(r2)f (3.1-19) 

I f   t h e   l o c a l   e x h a u s t   p r o b l e m  is t r e a t e d  as a quasi-one-dimensiona1  problem, 

t h a t  is a x i a l   d e r i v a t i v e s  are n e g l e c t e d   i n   c o m p a r i s o n   t o   r a d i a l   d e r i v a t i v e s ,  

t h i s   e q u a t i o n  may be  reduced t o  

I 

(3.6-1) 
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For  the exhaust  problem i t  is a p p r o p r i a t e   t o   c o n s i d e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF(+) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr (Y )  as 

g iven   f o r   t he   f l ow   ups t ream  o f   t he   exhaus t .  Recall t h a t  F($) is r e l a t e d   t o  

t h e   t o t a l   p r e s s u r e   v a r i a t i o n   t h r u  Eq. 3.1-20. For   any   g iven   d is t r ibu t ions ,  

Eq. . (3.6-1)  can  be  solved  for  $(n )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, s u b j e c t   t o   t h e   e x h a u s t   c o n s t r a i n t   d i s -  

cussed   i n   Chap te r  2 ,  t h a t   t h r u   f l o w   b e  a max imum f o r  any  g iven  pressure  drop 

ac ross   t he   exhaus t .  The prev ious ly   cons idered  po ten t ia l   example  may b e  

o b t a i n e d   b y   s e t t i n g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r l ( $ )  = o = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF ($1 (3.6-2) 

w i th   t he   boundary   cond i t i ons   t ha t  $(rl ) = 1 and $(rl ) = 0 and t h e   c o n s t r a i n t  

t h a t   t h e  dynamic  pressure  be a minimum a t  rl . 
e C 

C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A n  example  o f   ro tat ional  f l o w  which  has  received a g r e a t   d e a l  of a t t e n -  

t i o n   i n   t h e   l i t e r a t u r e   ( B a t c h e l o r ,   1 9 6 8 )  is t h a t   o f  r p r o p o r t i o n a l   t o  $ which 

cor responds  to   un i fo rm  ro ta t ion  when t h e   a x i a l   v e l o c i t y  is uniform.  Since 

t h e   r a t i o   o f   c i r c u l a t i o n   t o  stream f u n c t i o n  may be   abso rbed   i n   t he   pa ramete r  

S ,  t h e r e  is no l o s s  of g e n e r a l i t y   i n   s e t t i n g  r 
may b e   w r i t t e n  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 $ ' 1  = S2 
F($)  - ; $ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A f u r the r   spec i f i ca t i on   o f   ups t ream  cond i t i ons  

func t i on  F($). For  example i f  

upstream 

( i )  

w h i l e   i f   t h e   t o t a l   p r e s s u r e  i s  

( i i )  

= $. I n   t h i s   c a s e  Eq. (3.6-1) 

(3.6-3) 

i s  necessa ry   t o   de te rm ine   t he  

t h e   a x i a l   v e l o c i t y  is c o n s t a n t   w i t h   r a d i u s  

F = cons tan t  = S 

cons tan t   ac ross   s t reaml ines  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL 
(3.6-4) 

F = O  (3.6-5) 

I n   e i t h e r   c a s e   ( i )   o r   ( i i ) ,  Eq.  (3.6-3) may be   reduced  to  

4rlJI' + s2S = 0 (3.6-6) 

where $ = $ - r- i n   c a s e   ( i )   a n d   d i r e c t l y   e q u a l   t o  $ i n   c a s e   ( i i ) .  The g e n e r a l  

so lu t i on   o f  Eq. (3.6-6) may b e   d e t e r m i n e d   t o   b e   f i r s t   o r d e r  Bessel f unc t i ons  

= A 6  

The c o n s t a n t s  are determined  by 

Case ( i )  
- 
$ h e )  = 1 - rle 

i h c )  = - rlc 

the   boundary   cond i t ions  

Case 

(3.6-7) 

( i i )  

1 

0 
(3.6-8) 

and  the  extremum  constraint   g iven  by 

11 + $ 1 1  - = minimum 
rl - rlc 

o r  P I  rl = rl 
= minimum (3.6-9) 

is used t o   d e t e r m i n e  11 . 
C 
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Case ( i )  was  worked out  by Hawkes (1969) and   case   ( i i )   by   S t r i ck land  

(1968). Resu l t s  f o r  t he   co re   s i ze   and   no rma l i zed  mass f low are g iven i n  

Figures  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.21) and (3.22) as a func t i on   o f   t he  s w i r l  parameter  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALY t o   f a c i l i t a t e  

compar ison   w i th   the   po ten t ia l   resu l ts   o f   Chapter  11. In   each case, t h e   v a l u e  

of Ap used   to   no rma l i ze   t he   resu l t s  is t he   d i f f e rence   be tween  p (re)  and p . 
I n   c a s e   ( i )   t h e  s w i r l  parameter  is l i m i t e d   t o  a va lue  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf i / 2  s i n c e  a p o r t i o n  

of Ap is n e e d e d   t o   m a i n t a i n   t h e   d i f f e r e n c e   i n   t o t a l   p r e s s u r e   b e t w e e n  r and 

r imposed by t h e   c o n s t r a i n t   t h a t   t h e   a x i a l   v e l o c i t y   b e   u n i f o r m   u p s t r e a m   o f  

0 C 

C 

e 
the  exhaust  . 

1.0 

r 

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx= 2 . 9  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

. 8  

. 7  

.6 

.5  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

. 4  

.3 

. 2  

.1 

0 

"- W = c o n s t . ,  v = Qr i n i t i a l l y  

po = c o n s t . ,  r=$ 
P o t e n t i a l   f l o w   c o n s t r a i n t  from 
Fig. 2 . 2  / 

- "_ 

- /' 

-/ 

/ 

/ 

/' 
0 .1 . 2  .3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.4 .5  .6 . 7  . 8  .9  1.0 

v ( r e >  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a =  

[,(Po 2 (re)-P,> 1 1 1 2  

Fig.  3.21 Exhaust  core  radius as a func t i on  of s w i r l  f o r   d i f f e r e n t  
i n i t i a l   f l o w   d i s t r i b u t i o n s .  
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It may be   conc luded   f rom  F igu re   (3 .22 )   t ha t   i nc lud ing   t he   e f fec t   o f  

v o r t i c i t y   t e n d s   t o   r e d u c e   t h e   i n f l u e n c e   o f  swirl o r  mass f l o w   t h r u   t h e  

exhaust  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.9 

. 8  

. 7  

.6  

. 5  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

. 4  

. 3  

. 2  

.1 

0 

"- W = c o n s t . ,  v = R r  
i n i t i a l l y  \ 

po = c o n s t . ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAra$ \ - 
\ 
\ 

"- Poten t ia l   f l ow   cons t ra in t   f rom\  
- 

F ig .   2 .3  \ 
0 .1 . 2  . 3  . 4  .5 .6  . 7  . 8  .9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.0 

v ( r e )  

[p(po(re)-pc) 1 
a =  

2 11 2 

Fig.  3.22  Exhaust mass f low as a func t i on   o f  swirl f o r   d i f f e r e n t  
i n i t i a l   f l o w   d i s t r i b u t i o n s .  

I n   t h e   p r e s e n t   i n v i s c i d ,   r o t a t i o n a l  model  of  exhaust  f low  there is a d is -  

c o n t i n u i t y   i n   v e l o c i t y  a t  r . T h i s   d i s c o n t i n u i t y  is d i f f u s e d   o u t   i n  a real  

v i scous   f l ow   and   resu l t s   i n  a rec i r cu la t i ng   f l ow   w i th in   t he   co re   o f   t he  

exhaust .   The  reversed  f low  a long  the  ax is   o f  a vo r tex   i nduced   by   t h i s   rec i r -  

c u l a t i o n  i s  often  observed  exper imental ly  (e.g.   Donaldson  and  Snedeker  1962).  

The shear   layer   be tween  the   counter   f low ing  streams i s  d i f f i c u l t   t o   s o l v e  by 

s tandard   techn iques .   Three  d i f fe ren t   approaches  to   th is   p rob lem merit d i s -  
cuss ion.  

C 
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The s i m i l a r i t y   s o l u t i o n   o f  Long (1961)   d iscussed  in   Sec t ion   3 .2   repre-  

sents one  at tempt a t  the   so lu t i on   o f   t h i s   v i scous   exhaus t   p rob lem.   Th is  

s o l u t i o n   d o e s   s u c c e s s f u l l y   e x h i b i t  the reversed axial v e l o c i t y   a l o n g   t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaxis 

o f   t he   vo r tex   ove r  a range  o f   va lues  o f  the r a t i o   o f   a n g u l a r  momentum f l u x   t o  

axial  momentum f l u x .  On the   o the r   hand ,  i t  cannot   be  used  to   complete ly  

d e s c r i b e   t h e   f l o w   i n   t h e   e x h a u s t   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa vor tex   chamber   because  o f   the   in f lex i -  

b i l i t y   o f   t h e   s i m i l a r i t y   s o l u t i o n   t o   m a t c h   t h e   b o u n d a r y   c o n d i t i o n s .  

The momentum in tegra l   approach  to   th is   p rob lem  has   been  used  by  Mager 

(1970). H e  obta ined two t y p e s   o f   s o l u t i o n s ,  a mass-flow-dominated  core 

s o l u t i o n  and a swi r l -dominated   core   so lu t ion .  Some o f   h i s   r e s u l t s  are given 

i n   F i g .   3 . 2 3 ,   p l o t t e d   i n   t h e  same way as F ig .   3 .22   t o   f ac i l i t a te   compar i son .  

These  resu l ts   o f  Mager 

a n d   t h e   a x i a l   v e l o c i t y  

The i n i t i a l   t a n g e n t i a l  

were car r ied   ou t   fo r   nozz les   whose  shape is  given  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
" ,, 4zR. 

were car r ied   ou t   fo r   nozz les   whose  shape is  given  by 

2  2 4ZRt 
R = 5 R  + -  

t 30 30Rt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(k - 2)  (3.6-10) R' = 5RL + - 
t 30 30Rt 

E (k- 2) (3.6-10) 

was assumed un i fo rm  ac ross   t he   en t rance   o f   t he   nozz le .  

v e l o c i t y  i s  s p e c i f i e d  as 

v = -  r 
; r > 6  r 

r r  r 3  
v = s [ 2 x -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(x) 1 ; r < 6  

(3.6-11) 

w i th  6 r e p r e s e n t i n g  a v iscous   core .  The parameter AP on   F ig .   3 .23   rep resen ts  

t h e   r a t i o   o f   t h e   i n i t i a l   d i f f e r e n c e   i n   s t a g n a t i o n   p r e s s u r e   b e t w e e n   t h e   a x i s  

and  the  nozzle wall t o   t h e  maximum dynamic   p ressu re   ava i l ab le   t h ru   t he   nozz le .  

With zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa and AP s p e c i f i e d ,  6 .  is determined. The dashed   l i ne   on   t he   p lo t  is a 

l i m i t i n g  case o f  6 = R .  which  bears a c lose   resemblance  to   the  W = cons t .  

curve  on  Fig.  3.22,  and is  l i m i t e d   t o  a 6 0.42. This r e p r e s e n t s  a l l  of   the  

dynamic   p ressu re   ava i l ab le   f o r   conve rs ion   i n to  swirl dynamic  head,   s ince  the 

rest o f   t h e   a v a i l a b l e   p r e s s u r e  i s  n e e d e d   t o   m a i n t a i n   t h e   i n i t i a l   p r e s s u r e  

d i f fe rence  be tween  the   ax is   and  the   nozz le  wall. 

i 

i 

i 

Mager 's   swi r l -dominated  so lut ions are more d i f f i c u l t   t o   i n t e r p r e t .  The 

i n i t i a l   c o n d i t i o n s   r e q u i r e d   f o r   t h e s e   s o l u t i o n s   a p p a r e n t l y  would  be  unstable 

and t h e r e f o r e   u n l i k e l y   t o   o c c u r   i n   a n   e x p e r i m e n t .  The reversed  f lows  which 

occur  a t  t h e   t h r o a t   f o r   t h e s e   s w i r l - d o m i n a t e d   s o l u t i o n s   s h o u l d   e x t e n d   t o   t h e  

nozz le   en t rance.  To s u p p o r t   t h i s   s t a t e m e n t  i t  is necessary  to  borrow  f rom 

ideas   i n   t he   f u tu re   sec t i on   on   vo r tex   b reakdown.   I f   t he   nose   o f  a reversed 

f low  bubb le   represents  a type  of  vortex  breakdown as suggested   there ,   then i t  
canno t   occu r   i n   an   acce le ra t i ng   reg ion   o f   t he   f l ow .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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F igure   3 .23  was o b t a i n e d   f o r  a thru  f low  Reynolds number  of 10 . Mager 4 

demons t ra ted   t ha t   i n   genera l ,   f o r   t he   mass - f l ow-domina ted   so lu t i on ,  a 

decrease  in   Reyno lds  number t e n d s   t o   i n c r e a s e  mass f l ow   th ru   t he   nozz le .  How- 

e v e r ,   t h e   d e g r e e  of v a r i a t i o n  is r e l a t i v e l y  small. 

A t h i r d   a p p r o a c h   t o   t h e   p r o b l e m   o f   v i s c o u s   s h e a r   i n   t h e   e x h a u s t  i s  t o  

u t i l i z e   t h e  series expansion  of   Sect ion  3.3.   L inderstrom-Lang (1970)  used 

E q .  (3.3-22) t o   d e t e r m i n e   t h e   c i r c u l a t i o n   d i s t r i b u t i o n   a c r o s s   t h e   e x h a u s t  

a f t e r   d e t e r m i n i n g  f and  fol  by  matching  two  experimental ly  measured  axial 

v e l o c i t y   d i s t r i b u t i o n s .  However, t h e   r e s u l t i n g   c i r c u l a t i o n   d i s t r i b u t i o n   c o u l d  

n o t   b e  compared d i rec t l y   w i th   exper imen ts   s ince   t he   exper imen ts  were f o r   t u r -  

bu len t   f low.   Ins tead,compar ison  leads   to   an   es t imat ion   o f   tu rbu len t   d i f fus -  

i v i t y  . 

00 
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3.7  Complete  Flow i n  a Chamber 

The i d e a s   o f   t h e  last zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 s e c t i o n s  may be  summarized i n  terms of  an iter- 

a t i o n   p r o c e d u r e   f o r   s o l v i n g   f o r   f l o w   i n  a cy l i nd r i ca l   vo r tex   chamber .  

1) So lve   t he   i nv i sc id ,   po ten t i a l   p rob lem  to   de te rm ine   t he  mass f low, m ,  

as a func t ion   o f  a spec i f i ed   p ressu re   d rop  

c i r c u l a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, r0. From t h i s   s o l u t i o n   ( F i g .  

parameters zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N = -  m 

2RPL 

m 

and 

across  the  chamber,  Ap, and i n p u t  

2.3)  compute  the  dimensionless 

= 2.5 (") 
s rw 1 / 2  
N L  

(3.7-1) 

(3.7-2) 

(3.7-3) 

If zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN >> 1 and B << 1, th is   po ten t ia l   approx imat ion   shou ld   be   reasonab ly   va l id  

and no i t e r a t i o n  i s  requ i red .  

2 )   (a )   I f  N = 0(1), B << 1, and S2 >> 1, compute  the  so lu t ion  as  g iven 

i n  Eq. (3.3-17)  as  the  next  approximat ion.  

( b )   I f  N >>  1, B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0(1)  , and S2 >> 1, compute  the  so lu t ion  as  g iven 

i n  Eq.  (3.5-9)  and  (3.5-10)  as  the  next  approximation. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

( c )   I f   bo th  N and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS L  a r e  0(1), the  f low  must   be  t reated  as a f u l l y  

v iscous  f low  and  the  approximat ions  considered  here  cannot  be  used.  I f  

S << 1, t h e  s w i r l  may be   neg lec ted   i n   t he   f l ow .  

3) S o l u t i o n s   g i v e n   i n   ( 2 a )  and  (2b) may b e   u s e d   a s   i n i t i a l   c o n d i t i o n s  

2 

t o   s o l v e   t h e   i n v i s c i d ,   r o t a t i o n a l   e x h a u s t   p r o b l e m  as o u t l i n e d   i n  Eq. (3.6-1) 

f o r  a new va lue   o f  m. This  would perm i t  recomputing N and B and t h e   r e p e t i -  

t i o n  of s t e p   ( 2 )   u n t i l   t h e   i t e r a t i o n   ( h o p e f u l l y )   c o n v e r g e s .  

The i t e r a t i o n  as o u t l i n e d   h e r e   h a s   n o t   b e e n   c a r r i e d   o u t   i n   t h e  l i tera- 

t u r e .  The m a j o r   d i f f i c u l t y  is t h e  jump between  steps  (2)  and  (3).  As 

d i s c u s s e d   i n   S e c t i o n   3 . 5   t h e r e  is a separa t ion   o f   the   end-wa l l   boundary   layer  

in   the   ne ighborhood  o f   the   exhaust   ho le .   Th is  makes i t  d i f f i c u l t   t o   s p e c i f y  

the   i n i t i a l   cond i t i ons   f o r   t he   exhaus t   p rob lem.   Pe rhaps ,  a b e t t e r   r e a s o n   f o r  

t h i s   om iss ion   o f  a r i go rous   so lu t i on   t o   t he   comp le te   l am ina r   vo r tex   f l ow   th ru  

a chamber, is t h a t   v o r t i c e s   o f   i n t e r e s t  are a l m o s t   i n v a r i a b l y   t u r b u l e n t   i n  

one p a r t  or   ano the r   o f   t he   f l ow .  
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The  most   comple te   numer ica l   so lu t ion   fo r   laminar   f low  in  a vortex  chamber 

was obtained  by  Anderson  (1961). H e  cons idered m as speci f ied  and  assumed the 

axial v e l o c i t y   t o   b e   u n i f o r m l y   d i s t r i b u t e d   a c r o s s  the exhaust .  H i s  s o l u t i o n  

is e q u i v a l e n t   t o   t h e   n u m e r i c a l   i n t e g r a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Eqs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3 .5 -4 ) ,   (3 .5 -5 )  and 

(3 .5 -6)  w i t h  a s l i g h t l y   d i f f e r e n t   s o l u t i o n   t o   t h e   b o u n d a r y   l a y e r  as was 

r e f e r r e d   t o   i n   S e c t i o n  3.4.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA comparison zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Anderson ' s   so lu t i on   w i th   t he  

approximat ion  of   Sect ion 3.5 is g i v e n   i n   F i g .  3.24 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig .  3.24 T h e o r e t i c a l   v a r i a t i o n   o f  mass f low rate i n  a laminar 
boundary  layer   on  the  end  wal l   o f  a vortex  chamber.  
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Ostrach  and  Loper  (1966)  solved  the  laminar,   vortex  chamber  problem  by 

us ing  an  expansion  wi th  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>> 1. They a l s o   l i m i t e d   t h e m s e l v e s   t o   r a d i i  

larger than   tha t   fo r   wh ich   boundary- layer   b lockage  migh t   occur ,  i.e. t o  

r > r. This restricts them t o  a sma l l   po r t i on   o f  the chamber unless B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1. 

T h e i r   s o l u t i o n  is  n o t   v a l i d  when t h e  chamber  flow is dominated  by  the  end-wall 

boundary   l aye rs ,   i n   sp i te  of t h e   f a c t   t h a t   t h e   a s s u m p t i o n   o f  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ L  >> 1 would 

l e a d   t o   t h i s   c o n d i t i o n   e v e n   f o r   m o d e r a t e   v a l u e s   o f  swirl. 

W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A 

W 

Hornbeck  (1969)  has  used a f i n i t e   d i f f e r e n c e   t e c h n i q u e   t o   n u m e r i c a l l y  

i n teg ra te   t he   equa t ions   cons ide red   by  Ostrach and  Loper. H e  s p e c i f i e d  the 

r a t i o   o f   v / u  a t  t he   ou te r   rad ius   f rom 0 t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA50., and the   rad ia l   Reyno lds  number 

based   on   t he   rad ia l   i n le t   ve loc i t y   and  chamber height  between 20 and 2000 f o r  

two va lues  o f  r o / L ,  25  and  5 with an  assumed  l ine   s ink   as   the   boundary  

cond i t i on  on t h e   a x i s .   F i g u r e  3.25 g ives  a comparison of h is   numer i ca l   va lues  

of r w i t h   t h e   v a l u e   g i v e n   i n  ..Eq. 3.5-9.  The l im i t i ng   va lues   g i ven   by  Eq. 3.5-9 

should  be somewhat l a rge r   t han   t hose   ob ta ined   numer i ca l l y   s ince   t he   e f fec t  O f  

a f rees t ream u on  the  boundary- layer  f low is n e g l e c t e d   i n   S e c t i o n  3.4 .  Unfor- 

tunate ly ,   Hornbeck ’s   numer ica l   scheme  d iverged  for  r < r *  so t h e r e   a l s o  may be 

some doubt   about   the  accuracy  o f   the  numer ica l   va lues.  

A 

n 

r 
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0 50 
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1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 6 8 1 0  20 40 60 
Swi r l   Rat io ,   (V /U) ,  

F ig .   3 .25   Rad ia l   s tagna t ion   su r face   f o r  a  chamber w i th  LID = 0.1. 
Points  calculated  by  Hornbeck  (1969).  Dashed  curve 
from Eq.  3.5-9. 
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O t h e r   s o l u t i o n s   f o r   t h e   c o m p l e t e   f l o w   i n  a vortex  chamber  have  involved 

a turbulent   boundary  layer   on  the  end walls. These  solut ions  by  Rosenzweig,  

Lewellen  and Ross (1964) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, by Wormley (1968) , by  Bauer  (1968)  and  by  Bichara 

and  Orner  (1969) w i l l  a l l  b e   d i s c u s s e d   i n  a l a te r  s e c t i o n .  

3 .8  Proper   Eoundary  Condi t ion  on  Ci rcu lat ion  for  a Jet-Dr iven  Vortex 

Be fo re   c los ing   t h i s   sec t i on   on   i ncompress ib le ,   s teady ,   l am ina r   f l ow   i n  

a vortex  chamber i t  i s  n e c e s s a r y   t o   c o n s i d e r   f u r t h e r   t h e   b o u n d a r y   c o n d i t i o n s  

a t   t h e   o u t e r   c y l i n d r i c a l  wall.  In   an   exper imenta l  set  up ,   t he   ro ta t i ng   po rous  

wall i s  rarely used. I t  is much more   Lonven ien t   to   d r ive   the   vor tex   w i th  

t a n g e n t i a l   i n j e c t i o n   t h r u  a s l i t  o r  a number  of d i s c r e t e  je ts .  This  raises 

t he   ques t i on  of t he   re la t i onsh ips   be tween   the  je t  ve loc i t y   and   t he   ou te r  

c i r c u l a t i o n  o f  t he   vo r tex .  

This  problem was considered  by  Keyes,  Chang,  and  Sartory (1967). They 

obta ined a f i n i t e   d i f f e rence   so lu t i on   t o   t he   two-d imens iona l   boundary   l aye r  

e. . ;uat ions  wi th  per iodic  boundary  condi t ions.  The f low was assumed t o   b e  

i n j e c t e d   i n t o   t h e   v o r t e x   t h r u  n number  of sl i ts.  T h e i r   s o l u t i o n   f o r   t h e  

recove ry   f ac to r ,   de f i ned  as t h e   r a t i o   o f   e f f e c t i v e   c i r c u l a t i o n  a t  t h e   o u t e r  

r a d i u s   o f   t h e   v o r t e x ,   t o   t h e   i d e a l   c i r c u l a t i o n   b a s e d   o n   t h e   i n j e c t i o n   v e l o c i t y  

i s  g iven  in   F ig .   3 .26 .   Exper imenta l   resu l ts   con f i rm  the   theory .  It should 

i;s n o t e d   t h a t   s i n c e   t h e   c y l i n d r i c a l  wall boundary  layer  is i n h e r e n t l y  

u n s t a b l e ,   a n   e l e c t r i c a l l y   c o n d u c t i n g   f l u i d   w i t h   a n   a p p l i e d   a x i a l   m a g n e t i c  

f i e l d  was  used i n   t h e   e x p e r i m e n t   t o   p r e v e n t   t r a n s i t i o n   t o   t u r b u l e n c e .  

Caut ion was taken   t o   m in im ize   i nduced   rad ia l   e lec t r i c   cu r ren t   f l ow   wh ich  

would i n t e r a c t   w i t h   t h e   m a g n e t i c   f i e l d   t o   i n f l u e n c e   t h e   s t a t i o n a r y   v e l o c i t y  

d i s t r i b u t i o n .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A crude  approx imat ion   to   the   numer ica l   resu l t   o f   Keyes ,  Chang,  and 

Sar to ry   can   be   ob ta ined  f rom a s imp le   angu lar  momentum b a l a n c e   a c r o s s   t h e  

boundary   l aye rs   f o rmed   on   t he   cy l i nd r i ca l   s i de  walls. T h i s   l e a d s   t o  

2 2r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 m r i  = mr + 2 n r O  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR T~ - 2 a r  !LP - 
0 o r  (3.8-1) 

0 

The  te rm  on   the   le f t   hand  s ide   represents   the   angu lar  momentum in t roduced 

t h r u   t h e   i n j e c t i o n   p o r t s .  The first term on   the   r i gh t   hand   s ide   rep resen ts  

76 



0 7  

06 

0.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.3 

02 

01 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

N (--> 
2Tl zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 / 2  
nRe . 

J 

F i g .   3 . 2 6   T h e   r a t i o   o f   e f f e c t i v e   c i r c u l a t i o n   a t   t h e   o u t e r   r a d i u s  o f  
t h e   v o r t e x   t o   t h e   i d e a l   c i r c u l a t i o n   b a s e d  on i n j e c t i o n  
v e l o c i t y  as a funct ion  o f   the  rad ia l   Reynolds number ? I ,  the 
j e t  Reynolds Re.,  and  the number o f   i n j e c t i o n  s l i t s ,  n. 
[- - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  (3?8-5)]  (Keyes,  Chang,  and  Sartory, 1 9 6 7 ) .  

t he   angu la r  momentum f l ow ing   i n to   t he   vo r tex ;   t he   second  term the   t o rque  on 

t h e  wal l ;  and t h e   f i n a l  term the   to rque of  the  vor tex  (assuming r cons tan t )  

on  the  boundary- layer   f lu id .   Equat ion  (3 .8-1)   can  be  rearranged  to  give 

(3.8-2) 

An approximat ion i s  n e c e s s a r y   t o   o b t a i n  a s imp le  estimate of  T . I f  
W 

f l a t   p l a t e   s k i n   f r i c t i o n  i s  assumed then 2ar_  " 

1 n r2  
'cw = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA55 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 0 
0 

(3.8-3) 
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i .e.,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.66 po 
W 

When Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 . 8 - 4 )  is s u b s t i t u t e d  

- 
i n t o  Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3.8-2),  i t  r e d u c e s   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 nRe 112 ro zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA112 

r O  

i 0.66 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj 
" - 1 + -  

N ( za ) - E 
i 

(3 .8 -4 )  

(3 .8 -5)  

wi th  R e  = r i b .  This  approximat ion is i n c l u d e d   i n   F i g .  3.27  f o r   t h e  case i n  

which  the  torque  o f   the  vor tex  on  the  boundary  layer   can  be  neglected  (as was 

assumed by Keyes,  Chang  and  Sartory).   Since i t  under estimates t he   t o rque   on  

t h e  w a l l  i t  f a l l s  somewhat   above  the   numer ica l   so lu t ion .   In te res t ing ly ,  i t  

f a l l s   c l o s e   t o   t h e   e x p e r i m e n t a l   r e s u l t s   f o r   d i s c r e t e  j e t  dr iven   vor tex .  

j 
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IV. COMPRESSIBLE, LAMINAR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFLOW zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 . 1  Core  Flow 

Whenever the   f low Mach number i n   g a s e s  i s  h igh   enough  fo r   compress ib i l i t y  

e f f e c t s  t o  be  impor tan t ,   the   f low is u s u a l l y   t u r b u l e n t .   I n   s p i t e   o f   t h i s  

fac t ,  i t  a p p e a r s   u s e f u l   t o   p r o v i d e  a br ie f   survey   o f   the   more   impor tan t  

e f f e c t s   o f   c o m p r e s s i b i l i t y   o n   l a m i n a r   v o r t i c e s   t h a t   h a v e   b e e n   p r e d i c t e d   i n  

t h e   l i t e r a t u r e .  

For   an  isot rop ic ,   Newtonian  f lu id   the  components  o f   the  shear  stress 

tensor  which  appear i n   t h e  momentum equa t ion  (1.3-2) may b e   w r i t t e n   i n   c y l i n -  

d r i c a l   c o o r d i n a t e s  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= ' c  = 

r z  z r  

and t h e   h e a t   f l u x   v e c t o r  may b e  

When t h e s e  forms f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT and q are u s e d   i n  E q s .  1.3-1   to   1 .3 -3   together   w i th   an  

equat ion  of  s ta te  and a v i s c o s i t y  law, they  prov ide a f o rm idab le   se t  o f  

equat ions.   Rather   than  proceed  wi th   an  extens ion  o f   the  genera l   development  

+ 
H 

(4.1-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 4 . 1 - 2 )  

of t h e  l as t  c h a p t e r   t h e   o u t l i n e  of t h e   p r e s e n t   c h a p t e r  is  t o  review a few 

p a r t i c u l a r   c a s e s   c o n s i d e r e d   i n   t h e   l i t e r a t u r e   t o  see when and  in   what  way i t  

modi f ies   the   incompress ib le   resu l ts .  

For  f low  dominated  by s w i r l ,  i .e .  v >> u o r  w ,  c r o s s   d i f f e r e n t i a t i o n   o f  

t h e   r a d i a l   a n d  axial components  of Eq. (1.3-2) l e a d s   t o  

az 
(4.1-3) 

Thus i f  a t t e n t i o n  is r e s t r i c t e d   t o   o n l y   r a d i a l   v a r i a t i o n s   i n   d e n s i t y ,   t h e  
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t a n g e n t i a l   v e l o c i t y  is, as i n   t h e  similar incompress ib le  case, independent of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z .  The compress ib le   t angen t ia l  momentum equa t ion   can   t hen   be   w r i t t en  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(4.1-4) 

and  the stream func t ion   must  st i l l  b e   l i n e a r   i n  z .  The e n e r g y   e q u a t i o n   t o   t h e  

same degree  of   approximat ion is given  by 

dT 
pu r (cp  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ v --) = - [ k r  - + pr2v  - d v  d dT d ( v / r )  

d r   d r   d r   d r  (4 .1 -5 )  

Mack ( 1 9 6 0 )  has  cons idered  the  case  o f   an  ax isymmetr ic   vor tex  f low  wi th  

no r a d i a l   o r   a x i a l  component  of ve loc i t y ,   and   w i th  v a func t i on   o f  r only .  

I n   t h i s   c a s e   t h e   t a n g e n t i a l  momentum e q u a t i o n   r e q u i r e s   t h a t   t h e   t o r q u e   b e  a 

cons tan t  , i . e. 
d 
d r  

ur3 - ( v / r )  = cons t .  (4 .1 -6 )  

Note t h a t  a c o n s t a n t   v i s c o s i t y  is r e q u i r e d   t o   m a i n t a i n   a n   i r r o t a t i o n a l   v o r t e x ,  

v - l / r .  The e n e r g y   e q u a t i o n   r e q u i r e s   t h a t   t h e   h e a t   t r a n s f e r   d i f f e r   f r o m  a 

cons tan t   on ly  by t h e   v i s c o u s   d i s s i p a t i o n ,  i .e .  

- r k  - = r2vp - ( v / r )  + cons t .  
dT d 
d r   d r  

(4 .1 -7 )  

When t h e s e  two equa t ions  are combined f o r  a p e r f e c t   g a s   w i t h   t h e   r a d i a l  

momentum e q u a t i o q h e  shows t h a t   e v e n   f o r   t h e   f a m i l i a r   i r r o t a t i o n a l   v e l o c i t y  

d i s t r i b u t i o n ,   t h e r e  i s ,  i n   g e n e r a l ,  a g r a d i e n t   i n   t o t a l   t e m p e r a t u r e   a c r o s s  

the   vo r tex .  

Tt 

T t m  

1 + e M 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 

" - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 + (y-1)Pr M~ (4.1-8) 

A s  long as the   Prandt l   number ,   Pr  = C p/k,  exceeds 112, t h e   t o t a l   t e m p e r a t u r e  
P 

dec reases   w i th   dec reas ing   rad ius .   Th i s   obse rva t i on  w i l l  play  an  impor tant  

ro le   i n   t he   d i scuss ion   o f   t he   Ranque-H i l sch  Tube i n   C h a p t e r  I X .  S i n c e   t h i s  

s o l u t i o n   r e q u i r e s   t h e   a b s e n c e   o f   r a d i a l   v e l o c i t y ,  Mack considered i t  as 

a s s o c i a t e d   w i t h   f l o w   o u t s i d e   o f  a r o t a t i n g   c y l i n d e r .  But i t  is a lso   approp-  

r iate f o r   f l o w  i n  a v o r t e x   t u b e   i n   t h o s e   r e g i o n s   w h e r e   t h e   r a d i a l   v e l o c i t y  i s  

zero.  Mack, a l s o   i n t e g r a t e d  Eqs. 4.1-6 and 4.1-7 n u m e r i c a l l y   f o r   t h e  

Su the r land   v i scos i t y  l a w .  

Equat ion 4.1-4 is decoupled  f rom  the  energy  equat ion as l ong  as p i s  

assumed   cons tan t   and   t he   rad ia l   va r ia t i on   o f   t he  stream f u n c t i o n  is s p e c i f i e d  

by  boundary  condit ions.  Thus i t  i s  i n t e r e s t i n g   t o   t a k e  some o f   the  rad ia l  

c i r c u l a t i o n   d i s t r i b u t i o n s   d i s c u s s e d   i n   S e c t i o n  3 . 2  and   so l ve   f o r   t he   co r res -  

p o n d i n g   t e m p e r a t u r e   d i s t r i b u t i o n   t h r u  Eq. 4.1-5.  This  has  been  done  by 
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Deissler and  Per lmut te r   (1958)   fo r   the  2-D s o l u t i o n   i n  Eq. 3.2-19,  by  Rott 

(1959) f o r   t h e   s i n k   f l o w   s o l u t i o n   g i v e n   i n  Eq. 3.2-20,  and  by  Donaldson  and 

Su l l i van   (1963)   fo r  some o f   t h e i r   n u m e r i c a l   s o l u t i o n s   t o  Eqs.  3.2-16  and 

3.2-17. F igu re  4.1 is a p l o t   o f   R o t t ' s   r e s u l t s   f o r   i n f i n i t e   P r a n d t l  number. 

The  curves are similar f o r   o t h e r   v a l u e s   o f   P r   b u t   w i t h  a reduced  cool ing 

e f f e c t   i n   t h e   m i d d l e .   F o r   P r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1, C [T(O) - T,] /H* = 0.564  and  for   Pr  = 112, 
P 

equa l   to   0 .462.   In   each case t h e   c o o l i n g   e f f e c t  a t  t h e   c e n t e r  is balanced  by 

a n   i n c r e a s e   i n   s t a g n a t i o n   e n t h a l p y   o u t s i d e   t h e   r a d i u s   o f  m a x i m u m  v e l o c i t y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 . 1  Tempera tu re   d i s t r i bu t i ons   nea r   t he   v i scous   co re   o f  a 
v o r t e x   € o r   z e r o   h e a t   c o n d u c t i v i t y   ( i n f i n i t e   P r a n d t l  
number).  The so l i d   cu rves   rep resen t   t he   t empera tu re  
and   s tagna t ion   t empera tu re   (o r   en tha lpy )   f o r  a gas.  
The broken  curve  ( top)   shows  the  temperature  f ie ld  
i n  a l i q u i d .  The dash-dot ted  curve  g ives  the  temper-  
a t u r e   f o r   a n   i n v i s c i d - i s e n t r o p i c   ( d o t e n t i a l )   v o r t e x  
f low  of a Note H* = 1 . 2 2  V i a  and r* 
= [2pr/u] '$?'   (Rott ,  1959) 

F o r   s t r o n g   v o r t i c e s   t h e   l a r g e s t   i n f l u e n c e s   o f   c o m p r e s s i b i l i t y   o n   t h e  

c i r c u l a t i o n   d i s t r i b u t i o n  may b e   e x p e c t e d   t o   b e   r e l a t e d   t o   t h e   d e t e r m i n a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of the  boundary  condi t ions  on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaY/az t h ru   t he   end  wal l  boundary  layer   and  the 

exhaust   cons t ra in t .   These two e f f e c t s  are t r e a t e d   s e p a r a t e l y   i n   t h e   f o l l o w -  

i n g  two s e c t i o n s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 .2  Inf luences  on  the  Boundary  Layer 

The  boundary   layer   fo r  a compress ib le   vo r tex   pe rpend icu la r   t o  a s o l i d  

boundary  has  been  considered  by  Anderson  (1966) , Ohrenberger  (1967) , and 
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Rott   and  Ohrenberger zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1968). The f low  depends on t h r e e  new p a r a m e t e r s ,   i n  

a d d i t i o n   t o   t h o s e   d i s c u s s e d  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin S e c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 . 4 .  These parameters axe t h e  Mach 

number, t h e   P r a n d t l  number  and t h e   r a t i o   o f  wall e n t h a l p y   t o  free stream 

enthalpy.   Anderson's  work was r e s t r i c t e d   t o  low Mach numbers so t h a t   t h e  

i n f l u e n c e   o f   t h e   e n e r g y   e q u a t i o n   o n   t h e   v e l o c i t y   d i s t r i b u t i o n s   c o u l d   b e  

ignored.  H i s  r e s u l t s   c a n   b e   u s e d   t o   p r e d i c t  w a l l  h e a t   t r a n s f e r   i n   t h i s  

regime. 

Most o f  Ohrenberger 's   and  Rot t ' s   ana lys is  was r e s t r i c t e d   t o   P r a n d t l  

number e q u a l   t o  1 w i t h   t h e   v i s c o s i t y   p r o p o r t i o n a l   t o   t e m p e r a t u r e .  This  

p e r m i t s  t h e   i n f l u e n c e s   o f  wall temperature  and Mach number  on the  boundary 

l aye r   pa ramete rs  t o  be  observed.   In  a g e n e r a l i z a t i o n   o f   t h e   i g t e g r a l   a n a l y s i s  

of Sect ion  3 .4,Ohrenberger   (1967)   g ives  the mass f l o w   i n   t h e   b o u n d a r y   l a y e r  

of a p o t e n t i a l   v o r t e x   w i t h  a c o n s t a n t   t o t a l   e n t h a l p y   o v e r  a f l a t  d i s k  as 

w i t h   t h e   s u b s c r i p t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm d e n o t i n g   t h e   s t a g n a t i o n   c o n d i t i o n   i n   t h e   f r e e   v o r t e x   a n d  

H /Hm t h e   r a t i o   o f  wall e n t h a l p y   t o   f r e e  stream t o ta l   en tha lpy .   Acco rd ing   t o  

t h i s   r e l a t i o n ,   c o o l i n g   t h e  wall serves t o   d e c r e a s e   t h e   f l o w   i n   t h e   b o u n d a r y  

layer.  The maximum r e d u c t i o n   f o r  H /Hm = 0 is only a factor   o f   0 .73.  

I nc reas ing   t he  Mach number a l s o   d e c r e a s e s   t h e   f l o w   i n   t h e   b o u n d a r y   l a y e r .  

The c o o l i n g   e f f e c t   o n  mass f low may be   unders tood as a r e s u l t  o f   t he   i nc rease  

i n   s h e a r   w h i l e   t h e  Mach number i n f l u e n c e  is a r e s u l t   o f   t h e   r e d u c t i o n   i n  

r a d i a l   p r e s s u r e   g r a d i e n t .  

W 

W 

4.3  Compress ib le   Exhaust   Constra in t  

The reg ion   where   compress ib i l i t y  may b e   e x p e c t e d   t o   h a v e   t h e   g r e a t e s t  

i n f l u e n c e   o n   v e l o c i t y   p r o f i l e s  is i n   t h e   n e i g h b o r h o o d   o f   t h e   e x h a u s t .  The 

i s e n t r o p i c ,   i n v i s c i d   e x h a u s t   f l o w  w a s  cons ide red   i n   Sec t i on   2 .3 .   I n   Sec t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.6  i t  w a s  argued   tha t   t he   e f fec ts   o f   v i scos i t y   on   t he   exhaus t   f l ow   cou ld   be  

s e p a r a t e d   i n t o   t h o s e   d u e   t o   t h e   i n t r o d u c t i o n   o f   v o r t i c i t y   i n t o   t h e   f l o w  

e n t e r i n g   t h e   e x h a u s t   a n d   t h o s e   d u e   t o   l o c a l   v i s c o u s   s h e a r   w i t h i n   t h e   n e i g h -  

borhood  o f   the   exhaust ,   w i th   the  f irst o f   t h e s e   t h e  more  important.  The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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genera l i za t i on   o f   Mager ' s   (1961)   ana lys i s   o f   i nv i sc id   sw i r l i ng   f l ow   th ru  a 

s o n i c   n o z z l e   t o   i n c l u d e   t h e   i n f l u e n c e   o f   v o r t i c i t y   h a s   b e e n  made by  Norton, 

et  a1 (1969)  and  Lewellen, et a1 (1969). 

Equat ions  2 .3-3  to  2.3-7 are st i l l  va l id   a long  s t reamtubes  even when 

t h e r e  is a v a r i a t i o n   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr, a and p a c r o s s   s t r e a m l i n e s .   I n   o r d e r   t o   e n s u r e  

r a d i a l   e q u i l i b r i u m   i n   t h e   g e n e r a l  case t h e   r a d i a l  momentum equat ion  must   be 

added t o   t h e s e   e q u a t i o n s .   ( I t  is a u t o m a t i c a l l y   s a t i s f i e d  when t h e r e  is no 

g r a d i e n t   i n   s t a g n a t i o n   c o n d i t i o n s   a c r o s s   s t r e a m l i n e s ) .   F o r   q u a s i - c y l i n d r i c a l  

f l o w ,   t h i s  is g iven  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
* = E L  2 

ar r (4.3-1) 

The r a d i a l   p r e s s u r e   g r a d i e n t  may b e   r e l a t e d   t o   s t a g n a t i o n   c o n d i t i o n s   t h r u   t h e  

compress ib le   Be rnou l l i   equa t ion   t o  wri te  Eq. 4.3-1 as 

When po(+),   ao($)  and r(+) a r e   s p e c i f i e d ,  Eq. 4.3-2 may be  combined  with  the 

d e f i n i t i o n   o f   t h e  stream f u n c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- =  aul 
ar wr (4.3-3) 

m ,  o r   e q u i v a l e n t l y ,   t h a t   f o r  a 

m a x i m u m .  The p o s s i b i l i t y   o f  a 

f i n i t e   r a d i u s .  

Norton, et a l ,  i n t e g r a t e d  

t i o n s   a p p r o p r i a t e   f o r   s p i n n i n g  

po  and a assumed  constant   for  
0 

r = c  

t o   g i v e  a s e c o n d   o r d e r ,   n o n l i n e a r   s y s t e m   o f   d i f f e r e n t i a l   e q u a t i o n s   t o  deter- 

mine  Y(r).  The  boundary  condit ions may be  given as "(0) = 0 and  Y(r ) 

= m / 2 1 ~ .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  i n   t h e   i n c o m p r e s s i b l e   c a s e   t h i s  is n o t   s u f f i c i e n t   t o   u n i q u e l y  

determine  Y(r) .   This i s  done  by  invoking  the  extremum  condit ion a t  t h e  

e x h a u s t   t h a t   c e n t e r l i n e   p r e s s u r e   b e   v a r i e d   u n t i l  r is a minimum f o r  a given 

e 

e 
given r and m t h e   c e n t e r l i n e   p r e s s u r e   b e  a 

co re  i s  i nc luded  by s t a r t i n g  from Y = 0 a t  a 
e 

Eqs.  4.3-2  and  4.3-3 f o r  some i n i t i a l   c o n d i -  

rockets .   Lewel len,  et a l ,  i n t e g r a t e d  them f o r  

a pa ramet r i c   va r ia t i on   o f   r (Y )  

(4.3-4) 

where  2aY(r ) denotes  the  no-swir l  mass f low.  The  parameter K p l a y s   t h e  

r o l e   o f  a Reynolds  number i n   d e t e r m i n i n g   t h e   t r a n s i t i o n   o f  r from i ts 

c o n s t a n t   v a l u e   i n   t h e   o u t e r   p o t e n t i a l   f l o w   t o   z e r o   o n   t h e  axis. It w a s  

a l l owed   to   va ry   f rom  O ' to  a. For K = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm t h e   f l o w   r e d u c e s   t o   t h e   i s e n t r o p i c  

e r=o 
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f l ow   cons ide red   i n   Sec t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 . 3 .  Figure  4 . 2  shows t h e   v a r i a t i o n   i n  mass f low 

w i t h  swirl norma l i zed   w i th   respec t   t o  i ts no-sw i r l   va lue   f o r  a completely 

choked  nozzle.   Figure 4 . 3  g i v e s   t h e   c o r r e s p o n d i n g   r a d i a l   d i s t r i b u t i o n   o f  

axial  Mach number f o r  a s p e c i f i c  swirl cond i t ion .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe c e n t e r l i n e  axial Mach 

numbers  can  be  used  to   determine  the minimum p r e s s u r e   r a t i o   r e q u i r e d   t o  

completely  choke a s w i r l i n g   f l o w ,   s i n c e   t h e   p r e s s u r e   r a t i o   m u s t   b e   l a r g e  

enough t o   s u p p o r t   t h i s  Mach number.  There is a s t r o n g   i n f l u e n c e   o f  K on  both 

mass f low  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. However  when t h e  mass f low is p l o t t e d   a g a i n s t   a n g u l a r  

momentum f l u x  as i n   F i g .  4 . 4  t h e r e  is only  a r e l a t i v e l y  small i n f l uence   o f  K. 

Thus v i s c o u s   e f f e c t s  may s i g n i f i c a n t l y   I n c r e a s e   t h e  mass f l ow   th ru  a nozz le  

f o r  a g iven swirl bu t   l eaves   t he   re la t i onsh ip   be tween  mass f low  and  angular 

momentum f l ux   re la t i ve l y   unchanged .  

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

M A S S  

F L O W  

$'(I) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 . 0  

4.0 

3.0 

2 .o 

I .o 

Fig.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 . 2  Mass f low  through a choked  Fig. 4 . 3  R a d i a l   d i s t r i b u t i o n   o f  
nozz le  as a f u n c t i o n   o f   a x i a l  Mach number a t  
swirl w i t h   t h e   e f f e c t i v e   t h e   t h r o a t   f o r  a* = 0.4  
Reynolds  number K as a w i t h   t h e   e f f e c t i v e  
parameter   and  wi th   the  to ta l   Reynolds number as a 
energy  he ld  constant   (Lewel len,   parameter  
Burns,   and  St r ick land,  1969) 

MASS 
FLOW 
**(I) 

Fig.  4 . 4  Mass f low  through a choked  nozzle as a 
f unc t i on   o f  angular-momentum f l u x   w i t h  K 
as a parameter  

a4 



V. TRANSITION FROM  LAMINAR  TO TURBULENT FLOW 

5 .1   I n t roduc t i on  

Most  of t h e   v o r t i c e s   o f   i n t e r e s t   f o r   t h e   a p p l i c a t i o n s   i n   C h a p t e r s  7 

through zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 i n v o l v e   t u r b u l e n t   f l o w   i n  at least some reg ion   o f   t he   f l ow .  Where 

and  under  what  condi t ions  the  t ransi t ion  f rom  smooth  laminar  f low  to  turbulent 

f l ow   takesp lace ,  is t h e   c e n t r a l   q u e s t i o n   o f   t h e   p r e s e n t   c h a p t e r .   T h i s  is  t h e  

q u e s t i o n   o f   s t a b i l i t y   o f   t h e   f l o w .  The r e a d e r  is re fe r red   to   Chandrasekhar  

(1961) f o r   t h e   t h e o r y  of hydrodynamic   s tab i l i t y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA given  mot ion may b e   s a i d  

t o   b e   u n s t a b l e  i f  t h e   e f f e c t s   o f   a n y  small d i s tu rbance   l ead   t o   t he   deve lop -  

ment  of e i t h e r   a n o t h e r   l a m i n a r   f l o w   o r  a state of   turbulence.  A g e n e r a l  re- 

view o f   s t a b i l i t y   t h e o r y   f o r   r o t a t i n g   f l o w s ,   a l t h o u g h   r e l e v a n t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, is beyond t h e  

scope  o f   the  present   work.   Rather ,  some o f   t he   more   re levan t   resu l t s  , taken 

pr inc ipa l ly   f rom  Greenspan  (1968) ,  are quo ted   he re in   w i thou t   a t tempt ing   t o  

d e r i v e  them.  The s i g n i f i c a n c e   o f   t h e s e   r e s u l t s   f o r   c o n f i n e d   v o r t i c e s  is d i s -  

cussed  and some comparisons made w i t h   e x p e r i m e n t a l   i n v e s t i g a t i o n s   o f   s t a b i l i t y  

i n   c o n f i n e d   v o r t i c e s .  

5 .2   Ray le igh ' s   C r i t e r i on  

I n   t h e   c o n s i d e r a t i o n   o f   i n e r t i a l  waves i n   C h a p t e r  3 ,  i t  was pointed  out  

t h a t  any   ax isymmet r ic   d is tu rbance  a r is ing   in  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 s w i r l i n g   f l u i d ,   w h e r e   t h e   p r i n -  

c ipa l   ba lance   o f   f o rces  is be tween   the   cen t r i f uga l   f o rce   and   t he   rad ia l   p res -  

s u r e   g r a d i e n t ,  w i l l  set up a fo rce   t end ing   t o   res to re   equ i l i b r i um  whenever  

By t h e  same argument i t  f o l l o w s   t h a t   i f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAai% t h e   d e p a r t u r e  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 > o .  
d r   d r  
equ i l i b r i um w i l l  t e n d   t o  g r o w .   T h i s   c r i t e r i o n   f o r   s t a b i l i t y  was f i r s t  d i s -  

cussed  by  Rayleigh,  (1917). 

As a n   i n d i c a t i o n   o f   t h e   g e n e r a l   a p p r o a c h   t o   t h e   q u e s t i o n   o f   s t a b i l i t y ,  

R a y l e i g h ' s   c r i t e r i o n  w i l l  be  proved  mathematical ly.  Assume t h a t  

= P0(rl) + g(n,EYT)  (5.2-1) 

$J = $ ( r l ,E,r )  (5.2-2) 

w i t h  g and I << 1 wh i le  = O(1). When v iscous   and  h igher   o rder  terms a r e  

dropped  the   bas ic ,   uns teady   equat ion  of mot ion   reduces   t o  E q .  3.1-36. 
I 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA41b0r0 a2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 s 3.r ac2 
,-2 2 2 

+ -  = o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 5 . 2 - 3 )  

85 



Since   t he   equa t ion  is l i n e a r  any   genera l   mot ion   can   be   subd iv ided  in to   separa te  

Gave  modes. There fore ,  let  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
JI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= f ( n )  e 

i ( k <  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-UT) (5.2-4) 

There   a l so  i s  n o   l o s s   i n   g e n e r a l i t y   i n   s e t t i n g   - t S 2  = 1 and  ( ro / i ) '  = 1 s i n c e  

these  parameters   on ly   sca le   and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk. Under these  condi t ions,   Equat ion  (5 .2-3)  

reduces   t o  

(5.2-5) 

T h e   q u e s t i o n   o f   s t a b i l i t y  now reduces   t o   t he   p rob lem  o f   so l v ing   t h i s  

equa t ion   w i th   app rop r ia te   boundary   cond i t i ons   on   f ,   t o   de te rm ine   t he   pe rm i t ted  

e igenvalues  o f  0 fo r   any   g iven  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk .  I f  any k l e a d s   t o  a pos i t i ve   imag inary   va lue  

of u the  f low w i l l  b e   u n s t a b l e   f o r   t h i s   p a r t i c u l a r  wave mode. However, f o r   t h e  

present  problem a g e n e r a l   c o n d i t i o n   f o r  a l l  wave  modes can  be  determined.  

Equat ion   (5 .2 -5)   can   be   mu l t ip l ied   by   f /n   and  fo rmal ly   in tegra ted   be tween 

two r a d i a l   s t a t i o n s ,   s a y  11 = 1 and TI = ni t o   g i v e  

I f   t h e   r a d i a l   v e l o c i t y  is  f o r c e d   t o   b e   z e r o  a t  11 = 1 and q as 

case f o r   s o l i d  walls a t  t h e s e   l o c a t i o n s ,   t h e n   t h e   f i r s t  term i n  

zero  and i t  can  be  rearranged s o  t h a t  

i' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U 

2 

k2 

" - 

For k real t h e   s i g n   o f  a2 depends  on  the  s ign  of  P f ' , i .e. ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0  

(5.2-6) 

would  be  the 

E q .  5.2-6 is 

(5.2-8) 

(5.2-9) 

and a p a r t   o f   t h e   d i s t u r b a n c e   g i v e n   i n  Eq. (5.2-4)  can  grow  with time, i.e. 

the   f low is u n s t a b l e .  A somewhat  more  involved  argument  can  be  used  to show 

t h a t   t h e   f l o w  i s ,  a t  least, l o c a l l y   u n s t a b l e   i f   d r   / d r  < 0 anywhere. 2 
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5.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFlow between  Rotat ing  Cyl inders 

The s i m p l e s t   s t a b i l i t y   p r o b l e m   i n   r o t a t i n g   f l o w  is the  problem  of   mot ion 

between  concentr ic   cy l inders  which  revolve a t  d i f f e r e n t  rates. As s e e n   i n   t h e  

p rev ious   ana lys i s ,   Ray le igh ' s   c r i t e r i on   says   t he  f l ow  is unstable  whenever 

r 2Qi2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2Q '. T h i s   s i m p l e   c r i t e r i o n  is based  on  inviscid  f low  and some 

mod i f i ca t i on  may be   expec ted  a t  low Reynolds  numbers.  Figure 5.1 shows t h e  

s t a b i l i t y   b o u n d a r y  as a f u n c t i o n  of the  Reynolds  numbers  of  the two c y l i n d e r s .  

This   boundary  has  been  obta ined  both  theoret ica l ly   and  exper imenta l ly   (See 

Greenspan,  1968)  and  the  agreement is q u i t e  good. When t h e   s t a b i l i t y   b o u n d a r y  

is crossed  the  f low  does  not  become t u r b u l e n t .   I n s t e a d ,   t h e   f l o w   t r a n s i t i o n s  

t o   a n o t h e r   l a m i n a r   f l o w   t h a t   c o n s i s t s   o f   t o r o i d a l   v o r t e x   c e l l s   p e r i o d i c   i n   t h e  

ax ia l   d i rec t ion ,   F ig .   5 .2a .   Th is   pa t te rn   o f   Tay lo r   vor t i ces   remains   ax isym-  

metric. Even a f t e r   t h i s   s i n g l y   p e r i o d i c   f l o w  becomes u n s t a b l e  i t  t r a n s i t i o n s  

t o  a th i rd   t ype   o f   f l ow   tha t  is p e r i o d i c   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 as w e l l  a s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz b e f o r e  a t r a n s i t i o n  

to   genera l   t u rbu lence   occu rs .   F igu re   5 .1   does   no t   i nd i ca te   t he   po in t  o f  

t r a n s i t i o n   t o   t u r b u l e n c e .  

i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 0  

I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

"luou --zuuo 2 2000 4000 

- 
~ig,  5.1 Different regimes  in  circular  Coucttc fiow t'rom visual observations 
(rough cylinders, ro / rc= 1.135; V = 0'11 cm2/sec).. (Coles,   1965) 

V 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAToylor zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAvorfices zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

d-width of annular zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg a p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
For   t he   case   o f   t he  

t r a n s i t i o n  t o  tu rbu lence  

the  Taylor  number,  i . e .  , 

o u t e r   c y l i n d e r  a t  rest, S c h l i c h t i n g  (1968) s a y s   t h a t  

is governed by a c h a r a c t e r i s t i c   p a r a m e t e r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAknown as 

the  f low  becomes  turbulent  whenever 

f i r  312 
2 

T a E >  [r ] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 400 
V 

(5.3-1) 
i 

wi th  d = r -r 
o i. 

The o p p o s i t e   c a s e   i n   w h i c h   t h e   o u t e r   c y l i n d e r ,   o n l y ,  i s  r o t a t i n g  is much more 

s tab le .   T rans i t i on   Reyno lds  number s t i l l  depends  on  the  spac ing  between  the 

c y l i n d e r s ,   b u t   i n  a d i f f e r e n t  way than   t ha t   imp l i ed   by   t he   Tay lo r  number  de- 

pendence. When d / r i<<  l t h e   r e s u l t   r e d u c e s   t o   t h a t  of Couet te   f low  for   which 

t h e   t r a n s i t i o n   R e y n o l d s  number 'orad zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 2,000  independent of d l r i .   Th is   in -  

c r e a s e s  as d / r   i nc reases   and   acco rd ing   t o   D ryden  (1959) when 

t h e   t r a n s i t i o n   R e y n o l d s  number is 65,000. o i  

V 2( r   - r i )  
i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

r + r  = . 3 ,  

Another   f low  c lose ly   assoc ia ted   w i th   tha t   o f   f low  be tween  ro ta t ing   cy l in -  

d e r s   w i t h   t h e   o u t e r   c y l i n d e r  at  rest is  t h a t   o f  a boundary  layer   on a concave 

wall.  R o l l   v o r t i c e s   o f   t h e  same t ype  as t h e   T a y l o r   v o r t i c e s  may form i n   t h e  

boundary  layer.   These are u s u a l l y   c a l l e d   G o e r t l e r   v o r t i c e s .  A s k e t c h  of  

t h e s e   v o r t i c e s  is g i v e n   i n   F i g .   5 . 2 b .   T h i s   i n s t a b i l i t y   o c c u r s  when 
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and t r a n s i t i o n  when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 . 3 - 2 )  

( 5 . 3 - 3 )  

wi th  6 e q u a l   t o   t h e  momentum th i ckness   o f   t he   boundary   l aye r   and  r t h e  
2 0 

r a d i u s   o f   c u r v a t u r e   o f   t h e  w a l l  (Sch l i ch t ing ,   1968) .   Th is   cor responds  to  a 

Taylor  number  based  on 6 and r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. The c r i t i c a l   v a l u e   f o r   t r a n s i t i o n  is 

n e a r l y  two o r d e r s  of magn i tude  lower   than  the   cor respond ing   t rans i t ion   Tay lo r  

number f o r   f l o w   b e t w e e n   r o t a t i n g   c y l i n d e r s ,   b u t   t h i s  is f a i r l y   c o n s i s t e n t   w i t h  

t h e o r e t i c a l   p r e d i c t i o n s   w h i c h   a l s o   p r e d i c t  a much l o w e r   s t a b i l i t y  l i m i t  f o r  

t h e   o n s e t   o f   G o e r t l e r   v o r t i c e s .  

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

Axial v e l o c i t y   g r a d i e n t s  may i n t r o d u c e   i n s t a b i l i t i e s   i n t o   t h e   f l o w   b e -  

tween r o t a t i n g   c y l i n d e r s .  Howard and  Gupta  (1962)  have shown t h a t  a necessary 

c o n d i t i o n   f o r   i n v i s c i d   s t a b i l i t y   o f   a x i s y m m e t r i c   d i s t u r b a n c e  is 

d r 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf d r  1 

3 dw 
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(dr/ 

2 ' 6  ( 5 . 3 - 4 )  

T h i s   c r i t e r i o n  i s  analogous t o  the   cond i t ion   tha t   the   R ichardson  number ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

(g  dp/dx)f p (dw/dx)L  exceed  114  for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa s t r a t i f i e d   f l o w   t o   b e   s t a b l e   i n   t h e  

presence  of  a g r a v i t y   f i e l d .  The p r o p e r   e x t e n s i o n   t o   s t r a t i f i e d   r o t a t i n g  

f low i s  (Leibovich,  1969) 

d ( p r 2 >  
d r  1 

2 ' x  (5.3-5) 

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP(=) 
3 dw 

However, t h i s  is n o t  a s u f f i c i e n t   c o n d i t i o n .  The f low may be   uns tab le  

t o   n o n a x i s y m m e t r i c   d i s t u r b a n c e s .   S o l u t i o n s   f o r   t h i s   m o r e   g e n e r a l   s t a b i l i t y  

cond i t ion   have  on ly   been  ob ta ined  w i th in   the   nar row  gap  approx imat ion ,  i . e .  

when ( r  - ri) f r o  << 1. Ludwieg  (1961,   1964)   has  obta ined  the  inv isc id   s tab i l -  

i t y   d i a g r a m  shown i n   F i g .  5 . 3  f o r   t h i s  case. The exper imenta l   po ints   appear  

t o   i n d i c a t e   t h a t   t h e   m a j o r   e f f e c t   o f   v i s c o s i t y  is t o  m a k e  t h e  case of  uniform 

a n g u l a r   v e l o c i t y   s t a b l e   f o r  small a x i a l   v e l o c i t y   g r a d i e n t   w h e r e   t h e   i n v i s c i d  

t h e o r y   s a y s   t h a t   a n y   f i n i t e   a x i a l   v e l o c i t y   g r a d i e n t   s h o u l d   l e a d   t o   a n   i n s t a b i l -  

i ty .   Pedley  (1969)  has shown t h a t  this case   o f   un i fo rm  angu la r   ve loc i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 
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r e m a i n s   i n v i s c i d l y   u n s t a b l e   f o r   f i n i t e  axial  v e l o c i t y   g r a d i e n t s   e v e n  when t h e  

i n n e r   c y l i n d e r  is removed, i .e. r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 0. 
i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-I 

Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 . 3  Esperimcntol verificnt.ion of the stability  theory for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAflow between two concentric, 
rotating  cglindcrs nit11 axial  motion  supcrimposed,  after H. Lud\vieg( 1964) 
R = (Ro-Bi\2wi/v zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= G O  

Shaded  area:  cspcrlmentally  determined h i t  of stability 

The ex tens ion  of Ludwieg‘s  diagram t o   i n c l u d e   t h e   i n f l u e n c e  o f  cler-sity 

g r a d i e n t s  as done  by  Kurzweg  (1967,  1969) is shown in   F ig .   5 .4 .  A p o s i t i v e  

g r a d i e n t   o f   d e n s i t y   w i t h   r a d i u s   i n c r e a s e s   s t a b i l i t y   a n d  a n e g a t i v e   g r a d i e n t  

decreases   the   reg ion  of  s t a b i l i t y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 

1 .o 

0.5 

0 

-RADIAL  IHFLDW  “RADIAL DUTFLOW- 

DIMENSIONLESS RADIAL GRADIENT OF DEHSITY. 

MPTOTE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
R C p =  D 

0 1 2 3 

5 + 1  
Fig.   5 .4   In f luence  o f   densi ty   gradient   on  Ludwieg‘s  
s t a b i l i t y   c u r v e ,  (Kurzweg,  1967) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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5.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFlow i n   t h e  End-Wall Boundary-Layer 

Conf ined  vor tex  f low is usual ly   cons iderably   more  compl icated  than the 

f l o w   b e t w e e n   r o t a t i n g   c y l i n d e r s .   I n   p a r t i c u l a r ,   t h e   f l o w  is compl icated  by 

the  end w a l l  b o u n d a r y   l a y e r s   w h i c h   h a v e   c h a r a c t e r i s t i c   i n s t a b i l i t i e s  of  t h e i r  

own. Some i d e a s   o n   t h e   c o n d i t i o n s   l e a d i n g   t o   t r a n s i t i o n   i n   t h e s e   b o u n d a r y  

l a y e r s  may be   ob ta ined  by   look ing  a t  t h e   r e s u l t s   o f   i n v e s t i g a t i o n s   i n t o   t h e  

s t a b i l i t y   o f  Ekman l a y e r s .  The  boundary  layer   on  the axial end walls of  a 

vortex  chamber may be  viewed as a n o n l i n e a r  Ekman l a y e r   w i t h   t h e  Rossby  number 

o f   o rde r  1 o r   l a r g e r .  Here t h e  Rossby  number is de f ined  as 

v1 R E -  
o Slr (5.4-1) 

wi th  V t he   d i f f e rence   be tween   the   t angen t ia l   ve loc i t y   ou ts ide   t he   boundary  

l a y e r  and t h a t   o f   t h e  wal l .  The p r i n c i p a l   r e s u l t s  of Ekman-layer s t a b i l i t y  

i n v e s t i g a t i o n s ,  as summarized  by  Greenspan  (1968) are g i v e n   i n   F i g .  5.5. Two 

d i s t i n c t   t y p e s   o f   i n s t a b i l i t i e s   h a v e   b e e n   d e t e c t e d .  The waves of   bo th   fami l ies  

form a series o f   h o r i z o n t a l   r o l l   v o r t i c e s  whose  spacing is r e l a t e d   t o   t h e   d e p t h  

o f  t h e   b o u n d a r y   l a y e r .   T r a n s i t i o n   t o   g e n e r a l   t u r b u l e n c e   o c c u r s  a t  a Reynolds 

number  somewhat h i g h e r   t h a n   t h a t   f o r   t h e   o n s e t   o f   i n s t a b i l t i y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 

Fig. 5.5 The c r i t i c a l   R e y n o l d s  number zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAvs.  Fossby 
number f o r  Class zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA and Class B i n s t a b i l i t i e s   i n   a n  
Ekman boundary  layer.   (Tatro  and  Mol lo-Chr istensen,  1967).  
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The results of   F ig .   5 .5   can   be   used  to  estimate t h e   t r a n s i t i o n  Ret f o r  

f l o w   i n   t h e   e n d  wall boundary   layer   o f  a vortex  chamber.   For a s t a t i o n a r y  

end w a l l  

(5.4-2) 

V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA112 
6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- [,I r 

r '16 

Therefore zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 125  whenever 
V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

R e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - = (-) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 (125) 
2 

t V  v (5.4-3) 

i .e .  

R e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 1 . 5 ~ 1 0  
4 

t ( c r i t >  
(5.4-4) 

Th is   suggests   tha t   the   end wall boundary  layer  w i l l  t r a n s i t i o n  f rom  laminar   to  

turbulent   f low  where R e  is  much above 10 . 4 
t 

I t  i s  n o t   s u r p r i s i n g   t o   f i n d   t h a t   t h e   o s c i l l a t i n g   p r o f i l e   d i s t r i b u t i o n s   o f  

t h e  Ekman l a y e r   l e a d   t o   i n s t a b i l i t i e s  a t  lower  Reynolds  numbers  than  do  the 

m o n o t o n i c   p r o f i l e   d i s t r i b u t i o n s   a s s o c i a t e d   w i t h  a r o t a t i n g   d i s k .  The  flow 

f i e l d   o f  a r o t a t i n g   d i s k  becomes u n s t a b l e  when (Sch l i ch t ing ,   1968)  

2 
Re - nr  2 1.9x10 5 t v  

and t r a n s i t i o n   o c c u r s  when 

Re zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2 . 8 ~ 1 0  
5 

t 

I n  terms of  the  Reynolds  number  based  on  the  boundary- layer  th ickness as i n  

F ig .   5 .5   t h i s   co r responds   t o  6V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 v = 550 f o r   t h e   s t a b i l i t y  limit and  670 f o r  

t r a n s i t i o n .  The i n s t a b i l i t y   i n   t h e   r o t a t i n g   d i s k   b o u n d a r y   l a y e r  is o f   t he  

same type  as t h e  Class B i n   F i g .   5 . 5 .  

5 . 5   S t a b i l i t y   i n  a Confined  Vortex 

1 

The g e n e r a l   f l o w   p a t t e r n   f o r  a s t r o n g   v o r t e x  as represented  by  F ig .  3 . 1 3  

is t o o   c o m p l i c a t e d   f o r   t h e   p r e d i c t i o n   o f   g e n e r a l   s t a b i l i t y   c o n d i t i o n s ,   b u t  some 

i n d i c a t i o n  of the  expected  t rans i t ion  Reynolds  numbers  can  be  obta ined  f rom  the 
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preced ing   sec t ions .  When the   ex te rna l   boundary   cond i t i on  is a ro ta t i ng ,   po rous  

cy l i nde r   and   t he re  is rad ia l   i n f l ow ,   t u rbu lence   p robab ly  first a p p e a r s   i n   t h e  

end wall boundary   layers .   Accord ing   to   the  l as t  s e c t i o n   t h i s   s h o u l d   o c c u r  

when 

R e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 
t 

(5.5-1) 

Also, t r a n s i t i o n  may be  expected at  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa ra ther   low Re i n   t h e   r e g i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> when 

the   necessary   cond i t ion   on  the Richardson Number i s  v i o l a t e d ,  i .e. t r a n s i t i o n  

should  have  occurred when 

t 

3 dw d r 2  
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(x) > zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 - d r  

(5.5-2) 

S ince 

a x i a l  

t o   b e  

t h e   a p p r o x i m a t e   s o l u t i o n   d i s c u s s e d   i n   S e c t i o n   3 . 5   c a l l s   f o r   s i g n i f i c a n t  

v e l o c i t i e s   i n   t h i s   r e g i o n  o f  r > r w h i l e   a t   t h e  same time c a l l i n g   f o r  r 
e s s e n t i a l l y   c o n s t a n t ,   f l o w   i n   t h i s   r e g i o n  may b e  expec ted   t o   be   uns tab le .  

These  specu la t ions   a re   con f i rmed by Travers '   (1965,  1967)  exper imental  

i n v e s t i g a t i o n s .  By t a k i n g   m i c r o f l a s h   p i c t u r e s  o f  dye   f i l amen ts   i n  a wa te r  

vo r tex ,   he  w a s  ab le   to   observe   c lear   demarca t ions   be tween  reg ions   o f   tu rbu lence 

and   apparen t l y   l am ina r   reg ions   and   t o   i den t i f y   t he   d i v id ing   l i ne   w i th   t he  

r a d i a l   s t a g n a t i o n   s u r f a c e .  An example  of  these  photographs i s  reproduced  in  

F ig .   5 .6 .   For   the  condi t iocs of the  photograph  (Re : lx105, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX : 30, and 

LID 3) the  end w a l l  boundary  layer   should  be  turbulent   and  the E- based  on 

t u r b u l e n t   b o u n d a r y - l a y e r   c a l c u l a t i o n   ( s e e   C h a p t e r   6 )   f a l l s   c l o s e   t o   t h e   d e -  

marca t ion   l ine   be tween  the   laminar   and  tu rbu len t   reg ion .   Th is   d iv is ion   o f  

turbulent   and  laminar   reg ions by t h e   r a d i a l   s t a g n a t i o n   s u r f a c e  was observed 

f o r   a l l   t a n g e n t i a l  Reynolds  numbers  tested  (Re = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.5  t o  2.5 x 10 ) whether 

t h e   v o r t e x  was dr i ven  by r o t a t i n g   t h e   p e r i p h e r a l  wal l ,  by i n j e c t i n g   f l o w  

t a n g e n t i a l l y   t h r o u g h   s l o t s ,   o r  by i n jec t i ng   t h rough  a l a r g e  number  of  dis- 

c r e t e   j e t s .  

t 

5 
t 

Travers and  Clark   (1968)   a lso  demonstrated  that  a v o r t e x   w i t h   r a d i a l  

out f low i s  more u n s t a b l e   t h a n   t h a t   f o r   r a d i a l   i a f l o w .  A one  inch  diameter,  

porous  tube was i n s t a l l e d   i n   t h e   c e n t e r  of t h e   v o r t e x   d i s c u s s e d   i n   t h e  l as t  para- 

g raph  and  a lso   p rov is ions  made t o   r o t a t e   e i t h e r   t h e   c e n t r a l   t u b e   o r   t h e   e n d  

walls. For small amounts  of  outf low (-N 5 100)   the  f low w a s  t u r b u l e n t   f o r  

r 5 0 .3  r and  laminar   for  smaller r a d i i  when bo th   the   inner   tube  and  the   end 

walls w e r e  s t a t i o n a r y  (Re was var ied  f rom 1 . 2  x 10 4 t o   3 . 2  x 10  5 f o r   t h e s e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

t 
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F L O W  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR O T A T I O N  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.  5.6 Micro f lash   photographs   o f   dye   pa t te rns   fo r  a v o r t e x   d r i v e n  
by t a n g e n t i a l   i n j e c t i o n   t h r u  a s i n g l e   s l o t   w i t h  R e  = 120,000, 
N = 30, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALID = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 (Travers ,   1965) .  t 

exper iments ) .   Rota t ing   the   inner   tube a t  an  angular  ra te e q u a l   t o   t h a t  of t h e  

o u t e r   c y l i n d e r  made the   f l ow   tu rbu len t   ove r  a l l  the  f low.   Rotat ing  the  end 

walls had a s t a b i l i z i n g   e f f e c t   f o r   s u f f i c i e n t l y  low zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN .  A summary o f  t h e  re- 

s u l t s   f o r   t h e   r o t a t i n g   e n d  w a l l  w i t h   t h e   i n n e r   t u b e   s t a t i o n a r y  are g i v e n   i n  

Fig.  5.7. 

The a d d i t i o n  of axial  v e l o c i t i e s   t o   e i t h e r   t h e   b a s i c   i n f l o w   v o r t e x   o r   t h e  

ou t f l ow   vo r tex   t ends   t o   des tab i l i ze   t he   f l ow .  

Fig.  5.7 Summary of  laminar  and 
turbulent   f low  condi t ions  observed 
f o r   r a d i a l   o u t f l o w   v o r t e x   w i t h  
r o t a t i n g  end walls and f l u i d   i n -  
j e c t i o n   t h r o u g h   s t a t i o n a r y   i n n e r  
porous  tube  (Travers  and  Clark,  
1968). 

A 

PARTLY  TURBULENT 
ALL  TURBULENT 

A A d d  

I N C R E A S I N G   E X T E N T  

OF W R B U L E N C E  

A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0 0 0 0 0 0  

I I I I 
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TANGENTIAL  REYNOLDS  NUMBER, Re,,o 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I n  Summary, t he   exper imen ta l  results are c o n s i s t e n t   w i t h   t h e o r e t i c a l  

r e s u l t s   f o r   t h e   b a s i c   v o r t e x   c o n f i g u r a t i o n   w i t h   r a d i a l   i n f l o w .  However, f o r  

r a d i a l   o u t f l o w ,   w h e r e   t h e   s t e e p e r   c i r c u l a t i o n   g r a d i e n t  may have  been  expected 

t o   s t a b i l i z e   t h e   f l o w ,   t h e   f l o w  is uns tab le .  It a p p e a r s   t h a t   e i t h e r   t h e  

r a d i a l   o u t f l o w   i t s e l f  is d e s t a b i l i z i n g   b e c a u s e  of t he   adve rse   p ressu re   g ra -  

d i e n t ,  O r  t h e   f l o w   P a t t e r n   f o r c e s   t h e   t u r b u l e n c e   g e n e r a t e d   i n   t h e   b o u n d a r y  

layers   ou t   in to   the   ma in   f low.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5.6  Vortex Breakdown 

Vortex  breakdown is  t h e  name g i v e n   t o   t h e   a b r u p t   a n d   r a t h e r   d r a s t i c  

change i n   s t r u c t u r e   w h i c h   o f t e n   o c c u r s   i n  a w e l l  def ined  vor tex   core .  The 

phenomenon f i rst  g a i n e d   a t t e n t i o n   i n   c o n n e c t i o n   w i t h   d e l t a - w i n g   l e a d i n g   e d g e  

v o r t i c e s .  It h a s   s i n c e   b e e n   r e c o g n i z e d   t o   o c c u r   u n d e r   c e r t a i n   c o n d i t i o n s   i n  

many o t h e r   s i t u a t i o n s   i n c l u d i n g   t h e   c o r e   r e g i o n   o f   c o n f i n e d   v o r t i c e s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA b r i e f  

rev iew  of   per t inent   exper imenta l   observat ions  assoc iated  wi th   breakdown  and 

some o f   t he   t heo r ies   t ha t   have   been   g i ven   t o   exp la in   t he  phenomenon is g iven 

i n   t h i s   s e c t i o n .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAlso, conc lus ions   re levan t   t o   con f i ned   vo r t i ces  are made. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

A review of   exper imenta l   observa t ions   has   been  g iven   by   Bosse l   (1967) .  

The broad  conclus ions  to   be  drawn  f rom  these  are:  

The swirl angle  of   the  f low  must  exceed a cer ta in   va lue   be fore   b reakdown 

may occur. 

Breakdown is  a lways   assoc ia ted   w i th   an   adverse   p ressure   g rad ien t   a long 

t h e   a x i s .  

Reynolds  number  and Mach n m b e r   e f f e c t s   p l a y  a minor   ro le .  

As swirl is i n c r e a s e d   i n  a vo r tex   t ube  a s t a g e  is reached  where a bubble 

of r e c i r c u l a t i n g   f l u i d   w i t h  a s tagna t ion   po in t   appears  on t h e   a x i s .  A t  

st i l l  l a r g e r   v a l u e s   o f  s w i r l  the   bubb le   p roceeds  ups t ream  un t i l  a  two- 

c e l l e d   v o r t e x  is e s t a b l i s h e d   i n   t h e   t u b e .  

Breakdown may b e   e i t h e r   a n  axisymmetric o r  a s p i r a l   c h a r a c t e r  as shown 

i n   F i g .  5.8. 

Theor ies   o f fe red   to   exp la in   b reakdown  approach  the   p rob lem  in   th ree  

d i s t i n c t l y   d i f f e r e n t   w a y s ;  as a s t a b i l i t y   p r o b l e m ,   a s  a la rge   ampl i tude wave 

s t a n d i n g   i n   t h e   f l o w ,   o r  as a na tu ra l   separa t i on   o f   t he   f l ow   f rom  the  axis as 

i t  undergoes a t r a n s v e r s e   p r e s s u r e   g r a d i e n t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
95 



Fig.   5.8  Vortex  breakdown  over a d e l t a  wing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, showing 
b o t h   t h e   a x i s y m m e t r i c   a n d   t h e   s p i r a l  mode of  breakdown 
(From  Lambourne  and Bryer,   1962) 

The s tab i l i t y   app roach   has   been   pu rsued  by  Ludwieg  (1960-1964)  and  Jones 

(1960). Some of  Ludwieg 's   resu l ts  are summarized i n   F i g .   5 . 3 .  H i s  b a s i c  prem- 

ise is t h a t  when a s w i r l i n g   f l o w   c r o s s e s   t h e   s t a b i l i t y   b o u n d a r y ,   a n y   d i - s t u r -  

bance  must   g row  un t i l   the   f low  t rans forms  in to  a s t a b l e   p a t t e r n   o r   b r e a k s  up 

in to   tu rbu lence.   Th is   theory   appears   more   re levant   fo r   the   sp i ra l !   b reakdown 

mode than  the   ax isymmet r ic   s ince  i t  is  t h e   s p i r a l   d i s t u r b a n c e s   w h i c h   t h e   t h e o r y  

p red ic t s   shou ld   be   amp l i f i ed .   No te   t ha t   t he  swirl a n g l e  max d o e s   n o t   a f f e c t  

t h e   s t a b i l i t y   b o u n d a r y  as much as t h e   v e l o c i t y   g r a d i e n t s   d o .   I n   f a c t   i n c r e a s -  

i ng  -max f o r   t h e  same v e l o c i t y   p r o f i l e s   w o u l d  make t h e   f l o w   m o r e   l i k e l y   t o   b e  

s t a b l e .   T h i s   r u n s   c o n t r a r y   t o   o b s e r v a t i o n s .  On the   o the r   hand ,   t he   s t rong  

ax ia l   ve loc i ty   g rad ien ts   observed  immedia te ly   ups t ream  o f   the   b reakdown  s tag-  

n a t i o n   p o i n t   d o   t e n d   t o  make t h e   f l o w   i n   t h i s   r e g i o n   c r o s s   t h e   s t a b i l i t y  bound- 

a r y  (Hummel, 1 9 6 5 ) .   T h e s e   f a c t s   s u g g e s t   t h a t   L u d w i e g ' s   i n s t a b i l i t y  mechanism 

is not   the   p r imary   cause of breakdown,  but may p lay   an   impor tan t   ro le   i n   t he  

subsequent  development. 

V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W 

V 

W 

The analys is   o f   breakdown as r e l a t e d   t o  a wave  phenomenon was f i r s t  made 

by Squire  (1960)  and  improved  upon  by  Benjamin  (1962,-65,-66,  and  -67).  These 

a n a l y s e s   p r e d i c t  a swirl ang le  a t  which a s tand ing  wave can   occu r   i n   t he   f l ow .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The d e r i v a t i o n   o f   t h i s  cr i t i ca l  a n g l e  may b e  made i n   t h e   f o l l o w i n g  way begin- 

n ing   w i th  Eq. 3.1-19. In   d imens iona l  terms t h i s   e q u a t i o n  may b e   w r i t t e n  as 

1 dPo 1 d r 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ -  y ="- 
YY 2y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz z  dJ, 4y 3 

w i t h  y = r 12. I f  a pr imary  f low  wi th  u = 0,  r = T(y)  and w = W(y) is t o  
2 

(5.6-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A 

suppor t  a small ampl i tude  wave,   the   per tu rba t ion  stream f u n c t i o n ,  $I, must 

s a t i s f y   t h e   e q u a t i o n  

When a wave-l ike  depencence  of $ ( z )  is assumed, i. e.,  

then Eq. 5 .6-2  t ransforms  to  

and the   boundary   cond i t i ons   app rop r ia te   f o r   f l ow   i n  a tube are 

(5.6-2) 

(5.6-3) 

(5.6-4) 

(5.6-5) 

For  g iven  pr imary  f low  distr ibut ions,   Eqs.  5.6-4  and  5.6-5  lead  to  cr i t ical  

va lues  o f  (V/W) which w i l l  permi t  a g iven wave length  (111) t o   s t a n d   i n  

the  f low.  The l o w e s t   c r i t i c a l   v a l u e  is t h a t   a s s o c i a t e d   w i t h   t h e   l o n g e s t  pos- 

s i b l e  wave l e n g t h ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh = 0 ,  E q s .  5.6-4  and  5.6-5 may read i l y   be   so l ved   f o r  a 

max 

" 
Rankine  vortex  primary  f low, v = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ r ( r  r*) and v = Q r*L/r ( r   r * ) ,   w i t h  

un i fo rm  ax ia l   f low  in  terms of Bessel func t ions .  The c r i t i c a l  swirl parameter 

i n   t h i s   c a s e  i s  given  by 

(5.6-6) 

Th is   y ie lds   va lues   o f  Q r * /w between 1 . 2  and  1.9 as r*/r v a r i e s  from 0 t o  
W 

1 as s e e n  i n  Fig.   5.9.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA somewhat  more r e a l i s t i c   c i r c u l a t i o n   d i s t r i b u t i o n  is 

t h e   e x p o n e n t i a l   v a r i a t i o n   g i v e n   i n  Eq. 3.2-20.  The c r i t i c a l   v e l o c i t y   r a t i o  

f o r   t h i s   d i s t r i b u t i o n  i s  a lso   p lo t ted   i n   F ig .   5 .9   f rom  numer i ca l   va lues   g i ven  

by Leibovich  (1970).   The  radius  of  maximum t a n g e n t i a l   v e l o c i t y  is  st i l l  i d e n t i -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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f i e d   a s  r*. 

C r i t i c a l   v a l u e s   o f  swirl p r e d i c t e d   b y   t h i s  wave a p p r o a c h   a r e   c l o s e   t o   t h e  

exper imenta l ly   observed  va lues  for   breakdown.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA sw i r l i ng   f l ow   w i th  a swirl 

ang le  less t h a n   c r i t i c a l  is t o o   f a s t   t o   s u p p o r t  a standing  wave,   and  thus may 

b e   t e r m e d   s u p e r c r i t i c a l .  A dece le ra t i on   o f   t he   f l ow  w i l l  i n c r e a s e   t h e  s w i r l  

ang le  and d r i v e  i t  t o w a r d s   t h e   c r i t i c a l   c o n d i t i o n   e v e n t u a l l y   r e a c h i n g   t h e  

point   where a l a rge   amp l i t ude  wave may s t a n d .   I n   t h i s  way,  breakdown is 

viewed  as a t r a n s i t i o n   f r o m   s u p e r c r i t i c a l   t o   s u b c r i t i c a l   f l o w   i n   c o m p l e t e  

ana logy   w i th   the   hydrau l i c  jump. Benjamin  (1966) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, Pr i tchard  (1970)   and 

Leibovich  (1969)  have  carr ied  out  weakly  nonl inear wave a n a l y s e s   t o   p r e d i c t  

the   b reakdown  bubb le   shape.   A l though  the i r   so l i ta ry  wave a n a l y s i s  i s  not  

va l i d   f o r   l a rge   amp l i t ude  waves   wh ich   lead   to   s tagnat ion   o f   the   f low on t h e  

ax i s ,   t hey  do appear   adequate  to  show th i s   app roach  is comp le te l y   cons i s ten t  

wi th  the  axisymmetr ic  bubble  breakdown  observed  by  Harvey  (1962),   Fig.   5.10. 

It c a n n o t   b e   r e a d i l y   e x t e n d e d   t o   t h e   s p i r a l  mode. 

2.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.6 -. 

cr i t  

C r i t i c a l  
Ve loc i ty  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.8 
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Rat io  

Voi tex 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- 4  t I 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 2  . 4  .6 .8 1.0 

Core - r* 

Radius r w 
F i g .   5 . 9   C r i t i c a l   v e l o c i t y   r a t i o   a s  a f u n c t i o n   o f   t h e   c o r e   r a d i u s   f o r  a Ran- 

k ine   vor tex   (Squ i re ,   1960)   and  fo r   an   exponent ia l   tangent ia l   ve loc-  
i t y   d i s t r i b u t i o n   ( L e i b o v i c h ,   1 9 7 0 )   w i t h  w = cons t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 . N  ( p l a t e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1). A photograph  of   vortex  break- 
down us ing  an  e lect ron ic   f lash  Harvey  (1962)  

The  breakdown may zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa l s o  be  viewed as a n a t u r a l   s t a g n a t i o n   o f   t h e   c e n t e r -  

l i ne   f l ow   l ead ing   t o   separa t i on   o f   t he   f l ow   f rom  the   ax i s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs demons t ra ted   i n  

Sec t i on  3.1, when the  swirl parameter  is l a r g e ,   s m a l l   a x i a l   v a r i a t i o n s   i n  

t a n g e n t i a l   v e l o c i t y   m u s t   p r o d u c e   l a r g e   e f f e c t s  on t h e   a x i a l   v e l o c i t y .  I f  t h e  

t a n g e n t i a l   v e l o c i t y   i n c r e a s e s   w i t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz a s  i t  would i n   a n   i n v i s c i d   c o n t r a c t i o n  of  

t he   s t reamtube ,  i . e .  a s   i n   v o r t e x   " s t r e t c h i n g , "   t h e   c e n t e r l i n e   v e l o c i t y  must 

be   g rea t l y   i nc reased .   Converse ly ,   i f   t he   s t reamtube   expands ,  - w i l l  be  neg- 

a t i v e   l e a d i n g   t o  a p o s i t i v e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA?.?2 a long   t he   cen te r l i ne   wh ich   re ta rds   t he   f l ow .  

For a g i v e n   r a d i a l   v a r i a t i o n  of w and v ,   t h e r e  is  a c r i t i c a l  value  of  swirl 

a v  
a z  

a Z  

a t  wh ich   an   i n f i n i t es ima l   expans ion   i n   t he   s t reamtube  w i l l  l e a d   t o  

s t a g n a t i o n  on t h e   a x i s .  Hall (1966)  shows t h a t   f o r   a n   i n i t i a l   d i s t r i b u t i o n  

wi th   un i form w and  uniform R, t h i s   c r i t i c a l   v a l u e   i s ( v / w )  = 1 . 9 ,   t h e  same 

va lue  as o b t a i n e d   i n  E q .  5.6-6.   This  case  can  be  worked  out  exact ly  because 

the   govern ing   equat ion ,  Eq. 5.6-1, i s  l i near .   t ia l l   (1967)   has   g iven  a numeri- 

ca l  p r o c e d u r e   b a s e d   o n   f i n i t e   d i f f e r e n c e   c a l c u l a t i o n s   o f   t h e   q u a s i - c y l i n d r i c a l  

equa t ions   f o r   de te rm in ing   t he  c r i t i c a l  c o n d i t i o n s   f o r  more g e n e r a l   d i s t r i b u t i o n s ,  

a n d   i n c l u d i n g   t h e   e f f e c t  of v i s c o u s   d i f f u s i o n .  Due t o   t h e   q u a s i - c y l i n d r i c a l  

approx imat ion,   the  numer ica l   procedure  can  not   be  used  through  the  breakdown,  

b u t   o n l y   t o   p r e d i c t   t h e   c o n d i t i o n s   l e a d i n g   t o   b r e a k d o w n .   I n  a l l  c a s e s   t e s t e d  

t h e  cr i t i ca l  cond i t i ons  are cons is ten t   w i th   those  ob ta ined  f rom  the  wave  ap- 

p roach  d iscussed  p rev ious ly .  

max 
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As zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAca lcu la ted   by  H a l l  ( 1 9 6 7 ) ,   t h e   i n f l u e n c e   o f   v i s c o u s   d i f f u s i o n   o n  a 

vo r tex   co re  may serve t o   d r i v e  i t  toward the cr i t i ca l  condi t ion.   Al though 

v is d e c r e a s i n g   d u e   t o   d i f f u s i o n ,   f o r  a range  o f  s w i r l  t h e   i n t e r a c t i o n   o f  

a nega t i ve  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- w i t h  w t h rough   the   p ressu re  may r e t a r d  w at  an e v e n   f a s t e r  rate 

t o   a l l o w  the  effect ive swirl p a r a m e t e r   i n   t h e   c o r e   t o  increase. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmax av 
az 

Whether  viewed as a n   i n s t a b i l i t y ,  a l a rge   amp l i t ude  wave d i s t u r b a n c e ,   o r  

as separa t ion ,   b reakdown  appears   to   represent   the   lead ing   edge of a t r a n s i t i o n  

from a vo r tex   w i th  a monotonic axial  v e l o c i t y   t o   o n e   w i t h  a r e v e r s a l   i n  w as 

observed  by  Harvey  (1962)  and So (1967)  and  others.   This may be   obse rved   i n  

F ig .  3.11, where   the   sw i r l ing  j e t  emanat ing  f rom  the  end-wal l   boundary  layer 

a d j u s t s   t o  a vor tex   core   w i th   reversed  f low.  The bubb le   observed  in   F ig .  5.10, 

al though  probably   best   analyzed as a s o l i t a r y  wave, r e p r e s e n t s   t h e  case when 

t h e   d e c e l e r a t i o n   i n   t h e   f l o w  is no t   adequa te   t o   suppor t   comp le te   t rans i t i on  

t o  a two ce l l  f low. 

The s e p a r a t i o n  model  of  breakdown  also  provides some i n s i g h t   i n t o   t h e  

d i f ference  between  an  ax isymmetr ic  mode of   breakdown  and  the  sp i ra l  mode. I n  

o r d e r   f o r  a smooth  axisymmetric  breakdown  to  occur i t  i s  n e c e s s a r y   f o r   t h e  

t o t a l   p r e s s u r e   i n   t h e   c e n t e r   o f   t h e   s t a g n a t i o n   b u b b l e   t o   e q u a l   t h e   t o t a l  

p ressu re  on the   ax is   jus t   ups t ream  o f   b reakdown.   But ,   fo r   an   open-ended bub- 

b l e ,   t h e   t o t a l   p r e s s u r e  a t  t he   s tagna t ion   po in t   o f   t he   bubb le   mus t   be  less 

than the t o t a l   p r e s s u r e  a t  the p o i n t   w h e r e   t h e   r e v e r s e   f l o w   s t r e a m l i n e s   o r i g -  

i n a t e .  Thus a necessary  condt ion  for   an  ax isymmetr ic   breakdown  should  be  that  

t h e   c e n t e r l i n e   t o t a l   p r e s s u r e   b e  less than  the  ambient   pressure  to   which  the 

vor tex   f low is  e x h a u s t i n g .   I f   t h e   c e n t e r l i n e   t o t a l   p r e s s u r e  is g r e a t e r   t h a n  

the  downstream  ambient   pressure  the  center l ine  s t reaml ine  can  not   be  s tagnated 

However, i t  is s t i l l  p o s s i b l e   f o r   t h e   s p i r a l  mode s e p a r a t i o n   t o   o c c u r   s i n c e  

i n   t h i s  case t h e   p o i n t   o f   s e p a r a t i o n  from t h e   a x i s  is n o t  a s t a g n a t i o n   p o i n t  

f o r   t he   f l ow   o r i g ina t i ng   f rom  ups t ream  o f   t h i s   po in t .  

As seen above ,   t he   t heo r ies  a l l  p r e t t y  w e l l  agree  on the c r i t i c a l   v a l u e  

of swirl, p a r t i c u l a r l y   i n   t h e  case of  the  Rankine  vortex  for   which  the  equa- 

t i ons   rema in   l i nea r .   Fo r   t he  more genera l  case, i t  i s  n o t   p o s s i b l e   t o   s a y  

how much t h e   n o n l i n e a r i t y   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  5.6-1 may reduce  the  c r i t i c a l  va lue  o f  swirl 

r e q u i r e d   f o r  breakdown, i. e. how s u p e r c r i t i c a l   t h e   f l o w  may be  and s t i l l  under- 

go breakdown. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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A s i d e   f r o m   t h e   v i s u a l   p i c t u r e s ,  l i t t le  i n fo rma t ion  is a v a i l a b l e   i n   t h e  

l i t e r a t u r e   o n   t h e   f l o w   c h a n g e s   a c r o s s   t h e   b r e a k d o w n   t r a n s i t i o n .  The free vor- 

tex o f t e n   d e g e n e r a t e s   t o   g e n e r a l   t u r b u l e n c e  a few core  diameters  downstream 

of  the  breakdown,  but  may remain  organized as a v o r t e x   w i t h  a core  o f   reversed 

f l ow .   I n   t he  case of  a f l o w   i n  a tube ,   t he   vo r tex  is most l i k e l y   t o   r e m a i n  

o rgan ized ,   even   i f   h igh l y   t u rbu len t .  It i s  i n t e r e s t i n g   t o   s p e c u l a t e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon t h e  

s ize  o f   the  reversed  f low  core  downstream  of   the  breakdown.  When t h e   c o r e  

r a d i u s  is de f ined  as t he   rad ius   o f   t he   d i v id ing   s t reaml ine   be tween   the   f l ow  

or ig inat ing  f rom  upst ream  and  that   f rom  downstream  then i t  is ana logous  to  r 

u t i l i z e d   i n   C h a p t e r  11. I f   t h e   a s s u m p t i o n  is made t h a t  r may st i l l  b e   d e t e r -  

mined  by  the same extremum  problem,  then i t  is equ iva len t   t o   assuming   t ha t  

breakdown  supports  the maximum p o s s i b l e   p r e s s u r e  jUmp cons is ten t   w i th   conser -  

v a t i o n   r e l a t i o n s   a c r o s s   t h e   t r a n s i t i o n .  Hawkes (1969)  has  worked  out jump 

c o n d i t i o n s   f o r  some f low  models  based  on  this  assumption.  For  the  Rankine 

vo r tex   mode l   used   i n   de te rm in ing   t he   c r i t i ca l   cond i tons   i n  Eq.  5.6-6,  he  found 

r /r* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA:: 0 . 3  and  Ap(3) / (pv  max/2)   equal   to   0 .22  and  0 .75  for  r*/rw e q u a l   t o  1 

and 0 r e s p e c t i v e l y .  

C 

C 

2 
C 

It s h o u l d   b e   n o t e d   t h a t   i n   s e t t i n g   t h e   c o n s e r v a t i o n   r e l a t i o n s   a c r o s s   t h e  

breakdown i t  i s  n o t   p o s s i b l e   t o   c o n s e r v e   b o t h  axial momentum and t o t a l   p r e s -  

s u r e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  shown  by  Benjamin  (1962), i f   t o t a l   p r e s s u r e  i s  conserved  the   in te -  

g r a t e d   v a l u e   o f   a x i a l  momentum i s  g r e a t e r   f o r   t h e   s u b c r i t i c a l   f l o w   w i t h  a c o r e  

t h a n   f o r   t h e   i n i t i a l   s u p e r c r i t i c a l   f l o w   a h e a d   o f   t h e  breakdown.  This  d i f ference 

i s  balanced by t h e  momentum assoc ia ted   w i th   t he   waves   i n   t he   subc r i t i ca l   f l ow .  

Converse ly ,   i f   these  waves   a re   assumed  to   b reakup  in to   tu rbu lence i t  would 

l e a d   t o  a l o s s  i n   t o t a l   p r e s s u r e   w i t h   a x i a l  momentum conserved.  There is  

a lmost   no   d i f fe rence  in   the   above  quoted   va lues   o f  r and  Ap(0)  between  the 

case   where   ax ia l  momentum is c o n s e r v e d   a n d   t h a t   i n   w h i c h   t o t a l   p r e s s u r e  is  

conserved. 

C 

I n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsummary, t h e   c o n d i t i o n s   l e a d i n g   t o  breakdown may b e   f a i r l y  w e l l  de te r -  

m ined   f rom  ava i l ab le   t heo r ies ,   bu t   t he   s t ruc tu re   o f   t he   f l ow   fo l l ow ing   b reak -  

down is  s u b j e c t   t o   c o n s i d e r a b l e   s p e c u l a t i o n .   I n  a confined  vortex,  breakdown 

may be   expec ted   to   occur  a t  v a r y i n g   p o s i t i o n s   a l o n g   t h e   a x i s  as a func t ion   o f  

swirl. For small values  o f  swirl breakdown w i l l  not  occur  anywhere.  For 

moderate  va lues  o f  s w i r l  which   permi t   the   f low a t  t h e  minimum exhaust   c ross  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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s e c t i o n   t o  sti l l  be   s l i gh t l y   superc r i t i ca l ,   b reakdown  shou ld   occu r   downs t ream 

o f   t h i s   c r o s s   s e c t i o n  as flow  expands,  and  becomes less s u p e r c r i t i c a l   ( i n c r e a s -  

es i ts maximum swirl angle) .  As  t h e  swirl is increased,  breakdown w i l l  move 

upstream  towards  the minimum e x h a u s t   c r o s s   s e c t i o n .  When the swirl is suf-  

f i c i e n t l y   l a r g e   f o r   t h e  breakdown t o  move ups t ream  o f   the   exhaust   the   f low 

becomes s u b c r i t i c a l  a l l  a long   t he  axis and  the  breakdown  must jump t o   t h e  w a l l  

oppos i te   t he   exhaus t   where  i t  is assoc ia ted   w i th   t he   e rup t i on   o f   t he   end  

wal l  boundary  layer as i n   F i g .  3.12. 

I t  can now b e  seen that   Mager 's  swirl dominated   so lu t ion   fo r   v iscous  ex- 

haus t   f l ow   i n   Sec t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.6 i s  i ncompat ib le   w i th   the   p resent   mode l   o f   b reak-  

down. The t rans i t i on   f rom  un i fo rm  ax ia l   ve loc i t y   t o  a reverse- f low  core 

s h o u l d   n o t   o c c u r   i n   t h e   a c c e l e r a t i n g   p o r t i o n   o f   t h e   n o z z l e .  

It is i n t e r e s t i n g   t o   n o t e   t h a t   t h e   p r e s e n t  model  of  breakdown  implies 

t h a t   i n   o r d e r   f o r   t a n g e n t i a l   v e l o c i t y   t o   b e  much l a r g e r   t h a n   t h e  maximum 

a x i a l   v e l o c i t y  anywhere in   the   ne ighborhood  o f   the   vor tex   exhaust   the   f low 

m u s t   b e   s u b c r i t i c a l .   F o r   s u b c r i t i c a l   f l o w ,   t h e   c o r e   s i z e  i s  determined  by 

t h e  extremum cond i t i on   t ha t  mass f low  be a m a x i m u m  f o r  a g iven  p ressure   d rop .  

Sec t ion  6.5  conta ins  an  argument   that   th is   leads  to  a chamber i n s t a b i l i t y  

when the   angu lar  momentum f l u x   p e r   u n i t  mass f low  exceeds a c e r t a i n  bound s o  

t h a t  even i n   s u b c r i t i c a l   f l o w  v can   no t   g rea t l y   exceed  w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
max  max zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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VI. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATURBULENT VORTICES 

6 . 1   I n t r o d u c t i o n  

F o r   t h e  vast major i ty   o f   appl icat ions  o f   conf ined  vor tex  f lows,   Reynolds 

numbers b f  p r a c t i c a l   i n t e r e s t   t o   e n g i n e e r s   e x c e e d   t h o s e   r e q u i r e d   f o r  

t r a n s i t i o n   t o   t u r b u l e n c e ,  a t  least, i n  some reg ion   o f   the   f low.  The  formal 

tu rbu len t   equat ions   o f   mot ion   can   be   ob ta ined  by   decompos ing   the   f lu id  

v e l o c i t y ,  as w e l l  as the   p ressu re ,   dens i t y ,   and   en tha lpy  a t  any   po in t ,   i n to  

an  average,  mean p a r t   a n d  a small p e r t u r b a t i o n   t h a t   f l u c t u a t e s   i r r e g u l a r l y  

w i th  t i m e .  The Navier -Stokes  equat ions  o f   mot ion may then  be  averaged  over  a 

time i n t e r v a l   t h a t  is long  compared  with  the t i m e  s c a l e   o f   t u r b u l e n t   f l u c -  

t u a t i o n s   b u t   s h o r t  compared  wi th  the t i m e  s c a l e   o f   t h e  mean motion.  The 

averages   o f   d i f fe ren t   f luc tua t ion   p roduc ts   then  fo rm  Reyno ld 's  stresses which 

must be   added  to   mo lecu la r  stresses i n   d e t e r m i n i n g   t h e  stress t enso r  T t h a t  

shou ld   be   used   i n  E q s .  1.1-1.3. For  example,   for   incompressible,   steady mean 

f low  the  Reynold 's stress t e n s o r   i n   C a r t e s i a n   c o o r d i n a t e s  may b e   w r i t t e n   a s  

where  the p r i m e  d e n o t e s   t h e   f l u c t u a t i n g   p a r t  and 

v e l o c i t y  component d i r e c t i o n  and the   ba r   deno tes  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- I  q;q; 
(6.1-1) 

t h e   s u b s c r i p t   d e n o t e s  

t h e  time average. L i t t l e  

success   has   been  ach ieved  in   dea l ing   w i th   the   genera l   tu rbu len t   equat ions  of 

mot ion   s ince   the   genera l   dependence  o f   the   Reyno ld 's   s t resses  on t h e  mean 

ve loc i ty   components  and  the i r   gradients   must   be  determined  before  the  system 

o f   equa t ions  is complete. 

Even i n   t u r b u l e n t   f l o w ,   s t r o n g   v o r t i c e s   c a n   b e   d i v i d e d   i n t o  two regimes 

depending upon w h e t h e r   a x i a l   o r   r a d i a l   s h e a r  stresses are more  important. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAS 

s e e n   i n   C h a p t e r  111, axial s h e a r  may be   expec ted   t o   be   impor tan t   on l y   i n   t he  

boundary  layers  imposed by ax ia l   boundary   cond i t ions   wh ich   fo rce  a s t r o n g  

ax ia l   gradient   on  the  f low,   e .g.   in   the  end-wal l   boundary  layers.   Outs ide 

of   these  layers,   which  can  best   be  t reated  by  boundary- layer   methods a quasi-  

cy l i nd r i ca l   app rox ima t ion  is appropr ia te   fo r   the   equat ions   o f   mot ion .   That  

i s ,  i t  is a p p r o p r i a t e   t o  assume t h a t   v a r i a t i o n s   o f  mean v a l u e s   i n   t h e   a x i a l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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d i r e c t i o n  are small compared w i t h   t h e   c o r r e s p o n d i n g   v a r i a t i o n s   i n   t h e   r a d i a l  

d i r e c t i o n .  It f o l l o w s   f r o m   t h e   c o n t i n u i t y   e q u a t i o n   t h a t   t h e  mean r a d i a l  

ve loc i t y   mus t   be  small. 

The quas i - cy l i nd r i ca l   equa t ions   f o r   compress ib le ,   t u rbu len t   f l ow  as 

given  by Hall (1966) are: 

Cont inu i t y   equa t ion ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 
a p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 arpu  1 a(rp 'u '1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI ~ P W  - - + -  - 
a t  r ar r ar + -  

az 

Momentum e q u a t i o n s ,  

- -p ar ( r   p u ' v ' )  - p ' u ' ( -  + -) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 a 2 -  - a v  
ar r 

p ( - + u - + w - )  aw = - J + - - ( r p - - )  a w  aw a l a  aw 
a t  ar az  az r ar ar 

l a  - - -  ( rpu'w')  - p'u '  - - a w  
r ar ar 

- 

and  the  energy  equat ion 

a H  a H   a H  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p ( - + + - " W " )  - J  a t  ar az a t  

r ar [E ar P r  
-" - a H  IJ av aw 

ar ar a ' r - + - ( P r - l ) r ( v  - + w -->-pv21 

" 

__ l a  
( rpu'H')  - p ' u '  - + ---[pr(-- + w' -)] - a H  5 1 a  v1   au l  a u l  

r ar ar zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 r ar r a e  a z  

(6.1-2) 

(6.1-3) 

(6.1-4) 

(6.1-5) 

(6.1-6) 

where 

H = h + - ( u 2 + v 2 + w 2 ) + ~ ( ~ + ~ + ~ )  1 2 

H '  = h '  + uu' + vv' + ww' 
and  Pr = P C  /k i s  t h e   P r a n d t l  number  which is assumed   no t   t o   f l uc tua te .  Even 

though mean v a l u e s   w i t h   r e s p e c t   t o  time h a v e   b e e n   t a k e n   i n   t h e   d e r i v a t i o n   o f  

t he   above   equa t ions ,   t he  time v a r i a t i o n s   o f   t h e  mean quan t i t i es   have   been  

r e t a i n e d ,   t o  a d m i t  mean mot ions  which  vary  s lowly  wi th time compared  wi th  the 

f luctuat ing  components.  

P 

For   incompress ib le   f low,   the  energy  equat ion may be  decoupled  from 
- 

E q s .  6.1-2 t o  6.1-5 and  the terms invo lv ing  p 'u '   and a p / a t  dropped. The 
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t a n g e n t i a l  component  of t h e   v o r t i c i t y   e q u a t i o n ,   a n a l o g o u s   t o  Eq. 3.1-7, may 

b e  formed  by  cross  d i f ferent ia t ing  Eqs.   6 .1-3  and 6.1-5 t o   g i v e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA?x2= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa aw aw aw a l a  
r az ar a t  ar az ar r ar ar [ " U " - W " - 1 + "  "[rv - aw - r ~ ]  (6.1-7) 

Thus the  arguments of S e c t i o n  3.1 d e d u c i n g   t h a t   t h e   t a n g e n t i a l   v e l o c i t y   t e n d s  

to   be   i ndependen t   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz when S2 >> 1 s t i l l  ho ld   f o r   t u rbu len t   f l ow .  Under 

t h e s e   c o n d i t i o n s   t h e   t a n g e n t i a l  momentum e q u a t i o n   l e a d s   t o  

(6.1-8) 

- 
Before zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  6.1-8  can  be  solved i t  is necessa ry   t o  relate u ' v '   i n  some 

manner t o   t h e  mean motion.  Ragsdale  (1961),  Donaldson  and  Snedeker  (1962) 

and  Kinney  (1966)  have  attempted  to  do  this  with a mixing  length  approach. 

However,  most a t tempts  a t  ana lyz ing   tu rbu len t   vor t i ces   have  used  an  "eddy" 

v iscos i ty   approach.   That  i s ,  an  eddy  v iscos i ty  is  de f ined   such   t ha t  - av v 
U ' V '  - ET zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(s - ;) (6.1-9) 

The s o l e   j u s t i f i c a t i o n   f o r   t h i s   a p p r o a c h  i s  t h a t  i t  reduces   t he   t u rbu len t  

equat ion   to   an   equ iva len t   laminar   p rob lem.   Th is   appears   to   be   adequate   jus t i -  

f i c a t i o n   u n t i l  some other   dependency  o f   u 'v '  is more f i r m l y   e s t a b l i s h e d .  

With the   eddy   v iscos i ty   approach i t  is st i l l  necessary   to   de termine  E a s  a 

func t ion   o f  time and  space. 

- 

T 

Numerous a t t e m p t s   t o  re la te to   t angen t ia l   Reyno lds  number have  been 

made. F i g u r e   6 . 1  i s  a summary of  some o f   t hese   a t tempts .  The s tandard  

procedure is  t o  compare  theory  and  experiment  and  determine  the  value  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 
T 

which r e s u l t s   i n   t h e   b e s t   a g r e e m e n t .   P a r t   o f   t h e   s c a t t e r   o f   c o r r e l a t i o n s   i n  

F ig .  6 . 1  may b e   a t t r i b u t e d   t o   d i f f e r e n c e s   i n   t h e   t h e o r i e s   t o   w h i c h   t h e  

exper iments were compared. Th-e c o r r e l a t i o n s   o f  Keyes  (1960) , Ragsdale  (1961) 

and  Donaldson  and  Snedeker  (1962)  compare  experiments  with Eq.  (3.3-17) 

w i thout   cons ider ing   boundary- layer   in f luences .   There fore   they   shou ld   be  

e x p e c t e d   t o   y i e l d   v a l u e s   o f  ET/v  which are h igh .  The l i n e  marked  Modified 

Ragsda le   shows  the   ad jus tment   wh ich   inc lud ing   the   e f fec t   o f   the   boundary  

l a y e r  makes i n   r e d u c i n g   t h e  same d a t a .  Thus  even when al lowances are made 

f o r   s u c h   d i f f e r e n c e s ,  i t  seems c l e a r   t h a t   s u c h  a simple  dependency  for  E T 
is inadequate.  
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3000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
30 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

E - T 
V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
100 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
30 

10 

3 

1 

Fig.  6 .1  The r a t i o  of  l aminar   rad ia l   Reyno lds  Number t o   " e f f e c t i v e "  
r a d i a l  Reynolds Number a s  a func t ion   o f   tangent ia l   Reyno lds  
Number. The modi f ied  Ragsdale  curve  shows  the  in f luence of 
boundary- layer   in te rac t ion .  (Newton, 1968) 

106 



Rodoni  (1969)  has  developed a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 p a r a m e t e r   c o r r e l a t i o n   f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE f v .  With T 
the  theory  of  Rosenzweig,  Lewellen  and  Ross  (1964)  used  to  compare  with  data 

obtained  f rom a number  of i n v e s t i g a t o r s ,   v a l u e s   o f   e f f e c t i v e  E f v  were 

determined. A computer  program was t hen   w r i t t en   t o   de te rm ine   wha t   va lues   o f  

x ,   y ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz would r e s u l t   i n   t h e  least zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsum of   the   squares  of t h e   d i f f e r e n c e s  

be tween  the   da ta   po in ts   and a s t r a i g h t   l i n e   c u r v e   f i t   f o r   I n  E / v  v s   I n  

[Rer(!L/D)XRetY]z.  (Here R e  i s  de f ined   t he  same as N i n   C h a p t e r  111.) The 

r e s u l t i n g   c o r r e l a t i o n  is g i v e n   i n   F i g .   6 . 2   A l t h o u g h   t h i s   c o r r e l a t i o n   r e s u l t s  

i n  a modest s c a t t e r  i t  canno t   be   cons ide red   pa r t i cu la r l y   use fu l .  As pointed 

o u t  by Rodoni  (1969) i t  may b e   i n t e r p r e t e d  as s i m p l y   i n d i c a t i n g   t h a t   t h e  

e f fec t i ve   rad ia l   Reyno lds  number  Rerv/ET  can e s s e n t i a l l y   b e   c o n s i d e r e d   t o  

f a l l  between 1 and 10 because   th i s  is the   range  o f   rad ia l   Reyno lds  number 

where  most of t h e   v a r i a t i o n   i n   v e l o c i t y   d i s t r i b u t i o n   o c c u r s   ( s e e   F i g .   3 . 1 0 ,  

for  example) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

T 

T 

r 

The quas i - cy l i nd r i ca l   equa t ions   have   a l so   been   used   t o   ana lyze   t he   decay  

of a t r a i l i n g   v o r t e x .  Owen (1970)   argues  that   ex is t ing  wind  tunnel   and  fu l l  

s c a l e   f l i g h t   d a t a  are c o n s i s t e n t   w i t h   t a k i n g  

(6.1-10) 

p rov ided  tha t   the   tu rbu lence  has   had time t o   r e a c h  a fu l l y   deve loped s ta te.  

This i s  a somewhat s impler  problem  wi th  fewer  d imensionless  parameters  to 

a f fec t   t he   f l ow   than   i n   t he   con f ined   vo r tex .  S t i l l  i t  appears   tha t   the   f low 

shou ld   depend  s t rong ly   on   the   ra t io   o f   convec t ive   ve loc i ty   to  maximum 

t a n g e n t i a l   v e l o c i t y ,  w/vmax. Owen a c c o u n t s   f o r   t h i s  by consider ing  the  ' 'age"  

o f   t he   vo r tex ,   w i th  Eq. 6 .1-10  on ly   appl icable  asymptot ica l ly .   Th is  

c o r r e s p o n d s   t o   r e q u i r i n g   t h a t  v /w  b e  much less than  one. max 

6.2  Turbulent  Shear  Measurements 

Kendall   (1962) made d i r e c t   m e a s u r e m e n t s   o f   t u r b u l e n t   f l u c t u a t i o n s   i n  a 

j e t - d r i v e n   v o r t e x   f o r   v a r i o u s   f l o w  rates a t  R e  from l o5  - 10 using a hot-  

wire anemometer. H e  found u' t o   b e   o f   t h e  same o r d e r  as v'  and to   vary   f rom 

2 t o  10% of v. H i s  measured  va lues   o f   u " /v2   cor respond  to  ET/v 

va r ia t i ons   f rom  25   t o  300. T h e s e   f l u c t u a t i n g   l e v e l s  are about a f a c t o r   o f  3 

below earl ier measurements of Schowalter  and  Johnstone  (1960)  for  a vor tex  

6 
t 
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IO3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

E 

V 

T - 

lo2 

3 

10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I 

I 

T T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 

T T T T -r T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I I 

3 10 3 l o2  3 3 

Fig.   6.2 The r a t i o  of  t h e   t u r b u l e n t  "eddy" v i s c o s i t y   t o   t h e   m o l e c u l a r  
v i s c o s i t y  as a func t i on  of k /D,  Rer,  Ret.  (Rodoni,  1969) 

d r i ven  by a s i n g l e   l a r g e  j e t .  Also Kendal l   found  that   us ing a r o t a t i n g  

porous wall t h e   t u r b u l e n t   s h e a r  stress cou ld   be   reduced   to   t he  same orde r   o f  

magnitude as t he   l am ina r  stress. 

Ross (1964) ,   in   an   a t tempt   to   measure   tu rbu len t   shear   w i thout   in t roduc ing  

probes  in to   the  f low,   developed a vortex  chamber  wi th  which i t  was p o s s i b l e  

to   measure   t he   angu la r  momentum exhausting  from  the  chamber by measur ing  the 

to rque  exer ted  on a c e n t r a l   p o r o u s   t u b e   t h a t   e x t r a c t e d   t h e   a n g u l a r  momentum 

from  the exi t  f l ow .   De te rm ina t ion   o f   t he   rad ia l   t angen t ia l   ve loc i t y   d i s -  

t r i b u t i o n   t h r u   d i f f e r e n t i a t i o n   o f   e n d  wall pressure  measurements  then made i t  
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p o s s i b l e   t o  estimate t h e   t u r b u l e n t   t a n g e n t i a l   s h e a r  stress on   any   cy l i nd r i ca l  

s u r f a c e   i n  the f low  by   app ly ing   an   angu lar  momentum b a l a n c e   t o  the c o n t r o l  

vo lume  de f i ned   by   t h i s   cy l i nd r i ca l   su r face ,   t he  two end walls and t h e   c e n t r a l  

porous  tube. The in f l uence   o f   t he   end  w a l l  boundary  layers was  i n c l u d e d   i n  

th i s   ba lance .   Va lues   o f  u ” / v 2  d e t e r m i n e d   i n   t h i s  way were o f   t h e  same 

order   o f   magn i tude as those  measured  by  Kendal l  at  similar t a n g e n t i a l  

Reynolds  numbers.  The  value of  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE f v  evaluated  by Ross i n   t h e   r e g i o n   o f   t h e  
T 

vor tex  where r is most   near ly   cons tan t  is i n c l u d e d   i n   F i g .   6 . 1 .  

These  repor ts  of l a r g e   t u r b u l e n t   f l u c t u a t i o n s   t e n d   t o   c o n f l i c t   w i t h  

o b s e r v a t i o n s   o f   a p p a r e n t l y   l a m i n a r   d y e   f r o n t s   i n  some v o r t i c e s  as s e e n   i n  

Fig.  6.3  from  Clark,  Johnson,  Kendall ,   Mensing  and Travers (1967).  These 

apparen t   con t rad i c t i ons   can   p robab ly   bes t   be   i n te rp re ted  as ev idence  o f   the 

complex na tu re   o f   t u rbu lence   i n   con f i ned   vo r t i ces .   Reg ions   o f   sha rp   pos i t i ve  

r a d i a l   g r a d i e n t s   o f   c i r c u l a t i o n   s h o u l d   h a v e  a s t r o n g  damping e f f e c t   ( s e e  

E q .  5.3-5) and  thus E ~ / V  shou ld   be   expec ted   to   be  a s t rong   f unc t i on   o f  

r a d i u s   i n   g e n e r a l .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Ret,j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 120,000, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARer - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA100 

F ig .   6 .3   Typ ica l   dye   pa t te rns   i n  water vo r tex   t ubes   w i th   rad ia l   i n f l ow .  The 
l a r g e  number o f   t a n g e n t i a l  jets used t o   d r i v e   t h e   f l o w  are v i s i b l e .  
Photograph w a s  taken  approximately 5 minutes af ter  pulses  o f   dye 
were i n j e c t e d  a t  the  end walls. (Clark ,  e t  a1 1967) 

D i rec t   t u rbu len t   shear   measuremen ts   i n   con f i ned   vo r t i ces  do not   appear  

adequate at  t h e   p r e s e n t  time t o   s u p p o r t  a d e t a i l e d   c o r r e l a t i o n   o f   t u r b u l e n c e  

w i t h   p o s i t i o n   i n  a conf ined  vor tex .  It appears   more   use fu l   t o   i nves t i ga te  

t h e   n a t u r e   o f   t u r b u l e n c e   n e a r   t h e  walls i n   t h e  chamber t o  see t o  what   extent  

t h e  w a l l  s h e a r  may be  decoupled f.rom t h e   g e n e r a l   t u r b u l e n c e   i n   t h e   v o r t e x  

core.  
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6 .3  End-Wall  Boundary  Layer 

The s i m p l i f i e d  momentum i n t e g r a l  method o u t l i n e d   i n   S e c t i o n  3.4 f o r   t h e  

s o l u t i o n  of the  laminar   end-wal l   boundary- layer   problem was a l s o   a p p l i e d   t o  

tu rbu len t   f low  by   Rot t   and  Lewel len   (1966) .  The wall s h e a r  laws assumed f o r  

t h i s   p u r p o s e  were 

and 

(6.3-1) 

(6.3-2) 

This   reduces  to   the  laminar   form when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1. F p r   t h e   t u r b u l e n t   c a s e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp may 

be  expec ted   to  l i e  be tween   114 ,   t he   va lue   f o r   t he   B las ius   shear  l a w  

- - 

(Sch l i ch t i ng ,   1968) ,   and  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ,  t h e   a p p r o p r i a t e   v a l u e   f o r  a rough  sur face.  

The on ly   o the r   change   necessa ry   f o r  Eqs. (3.4-11)  and  (3.4-12) t o   a p p l y   f o r  

t u rbu len t   f l ow  is t o  make a p p r o p r i a t e   c h a n g e s   i n   t h e   v e l o c i t y   p r o f i l e   s h a p e  

c o n s t a n t s .   I f   t h e   v e l o c i t y   p r o f i l e s   n e a r   t h e  wall are assumed t o   v a r y  as t h e  

117th power  of t h e   d i s t a n c e   f r o m   t h e  wal l ,  t h e   a p p r o p r i a t e   v a l u e s   t o   r e p l a c e  

t h o s e   g i v e n   i n  E q .  3.4-18 are 

A1 = 4.9,  X = 1.6  and X = 0.22 
2  3 (6.3-3) 

A comparison  between  the  117th  power l a w  and  some  measured r a d i a l   v e l o c i t y  

p r o f i l e s   o f  Owen, Hale, Johnson,  and Travers (1961) are g iven   i n   F ig .   6 .4 .  

F o l l o w i n g   t h e   p r o c e d u r e   o u t l i n e d   i n   S e c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 . 4 ,  t h e   g e n e r a l i z e d   s h e a r  

wi th  

and 

For  a p o t e n t i a l   v o r t e x ,  r = cons t ,   ove r  a f l a t  d i s k ,   d r / d s  = -1, 

Eq. 6.3-4  reduces  to 

(6.3-6) 

(6.3-7) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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SYMBOL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Re 

t o  Re r r / R  6, - I N .  PROBE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0.90 l o 5  114 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.425 0.224 PRESSURE 

0 0.90 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX 105 114  0.200 0.180 HOT WIRE 

V 1.03 X 105 317 0.425 0.214 PRESSURE 

A 1-03 X 105 317 0.200 0.275 HOT WIRE 

- - - P r o f i l e  assumed for p r o f i l e   c o n s t a n t s  of Eq. 6.3-3 

H 
n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 1.0 2.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.0 4.0  5.0 

RADIAL  VELOCITY U 

AVERAGE RADIAL  VELOCITY WITHIN BOUNDARY LAYER ' ; 
- 

Fig.  6 . 4  Rad ia l   ve loc i t y   p ro f i l es   measured  i n  a t u rbu len t   boundary   l aye r .  
(Owen, et.  al.  1961) 
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a n d   t h e   d e f i n i t i o n   o f   t h e   b o u n d a r y - l a y e r   i n t e r a c t i o n   p a r a m e t e r  may be  

g e n e r a l i z e d   t o  
~i r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 Rer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB = 2oaK - - t o  
(6.3-8) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A 

A s  d i s c u s s e d   i n   S e c t i o n   3 . 5 ,  a r a d i a l   s t a g n a t i o n   s u r f a c e ,  r ,  can  occur  

when a l l  o f   t he   f l ow   pass ing   t h ru  a vortex  chamber  reaches  the  end-wal l  

boundary  layers.   For  a chamber  with 2 equal ,   end-wal l   boundary  layers  th is  

can  occur when 

Equation  6.3-7 may be  combined  with Eq. 6.3-9 t o   g i v e  
A 

" 
r - l / o  a 

- [ l - B  ] 
r 

(6.3-9) 

(6.3-10) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L 
0 

The exper iments  of  Travers (1967)  d iscussed i n   S e c t i o n   5 . 5   p r o v i d e  a 

convenient   check  on  th is   turbulent   boundary- layer   theory.   F igure  6 .5  g ives 

a comparison  of Eq. 6.3-10 f o r  = 1 / 4   w i t h   h i s   o b s e r v e d   v a l u e s   o f  r. For 

t h e   c a s e   o f   t h e   r o t a t i n g   p e r i p h e r a l  wal l  where  the  exper imental   boundary 

cond i t ions   cor respond  c lose ly   to   those  assumed at  r = r i n   t h e   t h e o r y ,   t h e  

agreement i s  fa i r .  The  exper iment   wi th   the  je t -dr iven  vor tex  invo lves a 

coup l i ng   be tween   the   cy l i nd r i ca l   s i de  wal l  boundary  layer  and  the  end wal l  

l ayer   wh ich   apparent ly   causes  r t o   f a l l  w e l l  i n s i d e   o f   t h a t   p r e d i c t e d .  

A 

0 

A 

The u n c e r t a i n t y   s u r r o u n d i n g   t h e   p r o p e r   c o n s t a n t s   i n   t h e   s h e a r  l a w  of 

Eqs .  6.3-1  and  6.3-2  makes i t  a p p e a l i n g   t o   d e a l   w i t h  a s i m p l i f i e d   c o e f f i c i e n t  

o f   f r i c t i o n   a p p r o a c h ,  i .e.  p = 0 and C = Cf /2 .   Th is   leads   to  
- 

1 

and A 

r = 1 - 1/B 

(6.3-11) 

(6.3-12) 

The so l id   curve   on   F ig .  6.5 shows t h a t  Eq. 6 .3-12  agrees  very  wel l  w i t h  

t h e   e x p e r i m e n t   i f  C is de f ined  so  t h a t  B remains t h e  same f o r   bo th   cu rves .  
f 

Cf = 0 .054/Ret 1 / 5  (6.3-13) 

For r < r the   boundary   layer  may be   expec ted   to   dominate   the   core   f low.  

Anderson  (1961)  and  Rosenzweig,  Lewellen  and  Ross  (1964)  have  provided 

numer i ca l   so lu t i ons   o f   t he   i n te rac t i on   o f   t he   p resen t   t u rbu len t   boundary -  

l aye r   f l ow   w i th  a c o r e   f l o w   t h a t  i s  assumed  laminar .   Th is   in teract ion  can  be 

reduced  to  an a n a l y t i c   s o l u t i o n  when N -t m. I n   t h i s  case the  boundary- layer 
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t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - t  t l- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-I- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl - l - f - l  

/ 
/ 

/ 
Je-t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi n j e c t i o n  

dtit zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu. 

/ 
/ 

P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t 

+ 

+ 

+ 

~ e ~ /  3 
Rer  L 

t o  B = 0.26- - 

Fig .   6 .5  The no rma l i zed   rad ius   o f   s tagna t ion  as a f u n c t i o n  of t h e  
boundary- layer   in te rac t ion   parameter  (B) . 

flux must  remain 

e q u a t   ' o n   f o r   t h e  

T~ = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 p 7 and 
'f rz 

A 

e s s e n t i a l l y   c o n s t a n t   f o r  r < r a n d   t h e   t a n g e n t i a l  momentum 

b o u n d a r y   l a y e r   c a n   b e   i n v e r t e d   t o   s o l v e   f o r   r ( r ) .  For  

Q = c o n s t a n t ,  Eq. 3 .4-11  reduces  to  
- 

1 dT  27TACfP zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r' dr = 2i&-l) &-A1) 

- - 

I n  terms of B,  t h i s   c a n   b e   i n t e g r a t e d   t o   g i v e  

(6.3-14) 

I 

1/16 = - - + c o n s t  
B r  

1-XI r 
0 

(6  .3-15) 
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A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
With zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI(. = 1 a t  r = r t h i s   c o n s t a n t   c a n   b e   e v a l u a t e d  t o  g i v e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

x1 - 1 A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P =  A1-2+B(1-~) f o r  r < r = 1 - 1/B 

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

(6.3-16) 

Equat ion 6.3-16 is compared w i t h   t h e   n u m e r i c a l   s o l u t i o n s   i n   F i g .   6 . 6 .  It 

i n d i c a t e s   t h a t   t h e   r e s u l t   e x p r e s s e d   b y  Eq. 6 .3 -16   shou ld   su f f i ce   f o r  Rer zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 10. 

1 . C  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
O E  

0 6  

P . 
L 

0 4  

0 2  

0 

. ~. . ". - - " 

ANALYTIC. Re, - rn 
NUMERICAL,  Re, : IO 

NUMERICAL. Re. = 5 0  

Fig.  6.6 The c i r c u l a t i o n   d i s t r i b u t i o n  r i n  a d r i v e n   v o r t e x  
as a f u n c t i o n   o f   t h e   r a d i u s ,   f o r  two d i f f e r e n t  
cases of   s t rong  boundary- layer   in te rac t ion   (charac-  
t e r i z e d   b y   t h e   p a r a m e t e r  B ) .  Numerical s o l u t i o n s  
are taken  from  Rosenzweig,  Lewellen  and  Ross  (1964). 

Anderson  (1961)   worked  ou t   the   tu rbu len t   boundary- layer   in te rac t ion   in  

terms  of a parameter ,  B,, which is d i r e c t l y   p r o p o r t i o n a l   t o  B,  

B = 0 .13  8, (6.3-17) 

The so lut ions  o f   Anderson  and  that   o f   Rosenzweig,   Lewel len  and Ross are 

e s s e n t i a l l y  similar. The ma jo r   d i f f e rence  is the   t rea tment   o f   the   boundary  

cond i t i ons  a t  the  exhaust .   Rosenzweig,   Lewel len  and  Ross  permi t ted  an 

a r b i t r a r y   f r a c t i o n   o f   t h e   f l o w   i n   t h e   e n d - w a l l   b o u n d a r y   l a y e r  a t  the   edge  o f  

t h e   e x h a u s t   t o   b e   r e t u r n e d   t o   t h e   c o r e   f l o w   b e f o r e   e x h a u s t i n g   f r o m   t h e  

chamber,  while  Anderson  assumed a l l  o f   the  boundary- layer   f low  exhausted 

d i r e c t l y   t h r u   t h e   e x h a u s t   h o l e .   T h i s   d i f f e r e n c e   d o e s   n o t   a f f e c t   t h e   l a r g e  

Reynolds  number  solut ion  given by Eq. 6.3-16. 
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Wormley (1967)   a lso has o b t a i n e d   n u m e r i c a l   s o l u t i o n s   f o r   t h e   i n t e r a c t i o n  

pro5lem.  Based  on  observat ions  in a small zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALID chamber,   he  postu la ted a model 

w i t h  the c i r c u l a t i o n   c o n s t a n t   o u t s i d e  of a s tagna t ion   rad ius   and  a l l  of t h e  

r a d i a l  f low r e s t r i c t e d   t o   t h e   b o u n d a r y   l a y e r s   f o r  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< r. H i s  s o l u t i o n s  are 

g iven i n  terms o f  a parameter  BLC* which i s  c l o s e l y   r e l a t e d   t o  E. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn 

(6.3-18) 

w i th  f e q u a l   t o   t h e   f r i c t i o n   f a c t o r   w h i c h  would be  .0225 f o r   t h e   B l a s i u s  

shear   law.  H i s  r e s u l t s   f o r  r agree   w i th  Eq. (6.3-16) w i t h   t h e   r e l a t i o n s h i p  

between B and BLC* having a s l ight   dependency  on u /v . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 0  

Somewhat  more approximate  t reatments  of   the  turbulent  end-wal l ,   boundary- 

layer  problem  have  been made by  Schultz-Grunow  (1935) , Bauer  (1968)  and 

B ichara  and  Orner   (1969) .   These  approaches  are  essent ia l ly   equiva lent   to  a 

quas i -one-d imens iona l   ana lys is   in   wh ich   the   losses   caused  by   shear   to   the   end 

walls a r e   a v e r a g e d   o v e r   t h e   t o t a l   f l o w  a t  e a c h   r a d i a l   s t a t i o n .  The angu lar  

momentum equa t ion  may b e   w r i t t e n   i n   t h i s   a p p r o x i m a t i o n  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

(6.3-19) 

I n   g e n e r a l   t h i s   c a n   b e   e x p e c t e d   t o   g i v e  a  good a p p r o x i m a t i o n   f o r   t h e   r a d i a l  

v a r i a t i o n   o f  r when approp r ia te   cho ices   o f  C a r e  made s i n c e  i t  on ly   va r ies  

by  a p ropor t i ona l i t y   cons tan t   f rom Eq.  6.3-14.  Consequently  these  approaches 

s h o u l d   b e   v a l i d   f o r   d e t e r m i n i n g   t h e   r a d i a l   p r e s s u r e   d i s t r i b u t i o n   a c r o s s   t h e  

vo r tex   bu t   g i ve  no i nd i ca t i on   o f   t he   s t rong   e f fec t   o f   secondary   f l ows  on t h e  

s t r e a m l i n e   p a t t e r n s   w i t h i n   t h e   v o r t e x .  

f 

F igure   6 .5   can   be   taken  as   suppor t   fo r   the  C v a r i a t i o n   i n  Eq. 6.3-13 

f 

f 
when the   c i rcu la t ion   remains   cons tan t .   Determinat ion   o f   an   appropr ia te  C 

f o r   t h e  more g e n e r a l   c a s e  is st i l l  uncer ta in .   F igu re  6 .7  is a comparison 

of  Eq. 6 .3-13  wi th   in tegrated  torque  measurements by  Ross  (1964). It 

i n d i c a t e s   t h a t  a stronger  dependence  on R e  would  be  requi red  to   agree  wi th  

his  measurements.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA st ronger   dependence was a l s o   i n d i c a t e d  by t h e   c o r r e l a -  

t ion  obta ined  by  Rodoni   (1969)   by  compar ing  the  c i rcu la t ion  ra t io   between 

the   edge   o f   t he   exhaus t  and t h a t   n e a r   t h e   o u t e r   r a d i u s   o f   t h e   c h a m b e r ,  

t 
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0.01c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.00s 

0.0 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 

0.0 07 

0.0 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 

0.005 

u 1C-J W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I  0.004 

0.002 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I I I I l l -  

+ + + 
.. - 

+ 

+ 

++ 

+ 

Fig.  6.7  End-wall   shear stress coe f f i c i en t ,   c ,   vs   t angen t ia l   Reyno lds  number 
R e  based  on   the   p r inc ipa l   c i rcu la t ion   in   the   chamber .   (ROSS,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 9 6 4 )  

t 

T e / T o ,  r epo r ted  by a number of i nves t i ga to rs   w i th   t ha t   ob ta ined   by   i n teg ra t i ng  

Eq.  6.3-19. H i s  c o r r e l a t i o n  is  g i v e n   i n   F i g .   6 . 8 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA ra ther   unexpected  

strong  dependence  on L /D  is i n d i c a t e d .  

An even  stronger  Reynolds  number  dependence was needed  by  Bichara  and 

Orner  (1969)  to make t h e i r   n u m e r i c a l   r e s u l t s   a g r e e   w i t h   e x p e r i m e n t s .  They 

used 

Cf = 2.9/(Ret ) .405 
i 

(6.3-20) 
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10" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

cf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L 

h 
10- 

5 

2 

10" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

/ O 0  

r T T 

0 

0 

T 1 

0 

I 

R x=$ [ puvr2dz = 0.8 - 1.0 

-1 

Fig .   6 .8  The v a r i a t i o n   o f   t h e   e f f e c t i v e   e n d - w a l l   s k i n   f r i c t i o n  
c o e f f i c i e n t   w i t h  LID, v/u,   and Re . (Rodoni, 1969) 

t 

Another  view of  t h e  L/D dependence  observed by Rodoni i s  g i v e n   i n  

F ig .  6.9  which  compares Eq.  6.3-16  wi th   exper imenta l   va lues  o f  r / r  . The 

theo ry   i nd i ca tes   t ha t   t he   on l y   dependence  of r / r o  on L/D should  be  accounted 

f o r   i n   t h e   l i n e a r   v a r i a t i o n   o f  B w i t h  D/L, b u t   t h e   e x p e r i m e n t a l   v a r i a t i o n  is 

a much weaker  dependence  of r / r  on LID. I n   F ig .   6 .8   t h i s  shows up as a 

v a r i a t i o n   o f  C w i t h  L/D. Perhaps   t he   mos t   app rop r ia te   i n te rp re ta t i on  i s  

t h a t   t h e r e  is a coup l i ng   be tween   the   shear   l osses   on   t he   wa l l   and   t he  

genera l   t u rbu lence   i n   t he   chamber .  

e o  

e 

e o  

f 
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I 

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Thenret i .ca1  curve zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 

One exhaust  hole 

0.01 , , \ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA\I 

0.0 1.0 2.0 3.0 4 .O 5 -0 6.0 

Fig.  6.9 The c i r c u l a t i o n   r a t i o  as a func t i on   o f  LID, r / r  and  the 
boundary   layer   in te rac t ion   parameter   fo r   incompress ib le   f lows.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 0' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 . 4  C y l i n d r i c a l  Wall Boundary  Layer 

S ince   t he   con f ined   vo r tex  is u s u a l l y   d r i v e n   b y   t a n g e n t i a l   i n j e c t i o n  of 

f l u i d   n e a r   t h e   o u t e r  w a l l  i t  is necessa ry   t o   cons ide r   l osses   t ha t   occu r   due  

t o  s h e a r   o n   t h e   c y l i n d r i c a l  w a l l .  This  problem was cons idered  fo r   laminar  

f l o w   i n   S e c t i o n  3 . 8 .  Equation  3.8-1 may b e   a p p l i e d   t o   t u r b u l e n t   f l o w   i f  

T is i n t e r p r e t e d  as t h e   t u r b u l e n t  wall s h e a r  and p i n   t h e  last term is  

rep laced by E 

W 

T' . 2ro  
m r = rh r + 2. r r r2~r  - 27rr R E  - 

i 0 o w  o T r  
(6.4-1) 

0 

The d i f f i c u l t y   i n   a p p l y i n g   t h i s   e q u a t i o n ,   o f   c o u r s e ,  is i nvo lved  in   the   uncer -  

t a i n t y   i n   t h e s e  two parameters T and E Most a t tempts  at  semi-empir ical ly 
W T' 

determin ing   the  j e t  recove ry   f ac to r ,  To/ri, have  neg lec ted   the  last term 

i nvo lv ing  E Thus  imp ly ing   tha t   the  w a l l  boundary  layer   can  be  decoupled 

f rom  the   vor tex   core .  
T' 



Kendal l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1962)  es t ima ted   va lues   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATo from  end wall p r e s s u r e   d i s t r i b -  

ut ions  and  used zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq.  6.4-1 w i t h   t h e  l as t  term neg lec ted   t o   de te rm ine  T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. On 

t h i s   b a s i s   h e   f o u n d  T~ t o   b e   o n l y   a b o u t  10% above  that   which  would  be 

p r e d i c t e d   f o r   t u r b u l e n t   f l o w   o v e r  a f l a t   p l a t e  at  t h e  same Reynolds  number 

based  on   the   per iphera l   pa th   leng th ,   2ar   and  the  w a l l  v e l o c i t y ,  T o f r o .  

W 

cf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0' 

With T~ = - p o  vo2 and   the  last term neg lec ted ,  Eq. 6.4-1 may be 
2 

w r i t t e n  as 

(6 .4 -2)  

A l t e r n a t i v e l y  when a l l  o f   t he   f l ow  is i n t r o d u c e d   t a n g e n t i a l l y ,   w i t h  no com- 

p r e s s i b i l i t y   e f f e c t s  
v 2a r  R 
" 0" "" 

0 ro  

0 Ai 
ri r i  U 

- (6 .4 -3 )  

(6 .4 -4 )  

Equat ion 6.4-4 i s  p l o t t e d   i n   F i g .  6.10 w i th  a number o f  exper imenta l  

po ints   f rom  var ious  invest igators   rev iewed  by  Rodoni  ( 1 9 6 9 ) .  The genera l  

t rend  o f   the   curve  i s  suppor ted   bu t  a w i d e   v a r i a t i o n   i n  C is  r e q u i r e d   t o  

e x p l a i n   t h e   s c a t t e r   i n   t h e   c u r v e .  A c o r r e l a t i o n   o f  Cf as a f unc t i on  o f  

tangent ia l   Reynolds number based  on a comparison  between  th is  f igure  and 

Eq. 6.4-4 shows t h a t  i t  is  e q u i v a l e n t   t o   s e t t i n g  

f 

cf = 7 . 2 7 5  
0.29 

Ret 
(6 .4 -5)  

This  is  s u b s t a n t i a l l y   d i f f e r e n t   t h a n   t h a t   w h i c h  would  be  predic ted by t h e  

B l a s i u s   e x p r e s s i o n   f o r  a f l a t   p l a t e   o f   l e n g t h   2 a r  i . e .  
0.052 

0 ,  
- 

Cf - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 2  
t 

(6 .4 -6)  

The la rge   va lues   o f  Cf ob ta ined   canno t   be   exp la ined   i n  terms of   the  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 
T 

term which w a s  n e g l e c t e d   i n   r e d u c i n g  Eq.  6.4-1  t o  6.4-4.  I nc lud ing   t h i s   t e rm 

would  only serve t o   i n c r e a s e   t h e   e m p i r i c a l   v a l u e s   o f  C s i n c e  i t  r e p r e s e n t s  

angular  momentum which is t r a n s m i t t e d   b y   s h e a r   i n   t h e   f l u i d   r a d i a l l y   o u t w a r d  

t o   t h e   c y l i n d r i c a l  w a l l  l a y e r .  One r e a s o n   f o r   t h e   h i g h e r   v a l u e s   o f  Cf is 
t h a t   l o c a l  j e t  v e l o c i t i e s  may be  much h i g h e r   t h a n   t h e  v which is used i n   t h e  

f 

0 
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1.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.s zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.6 

V - W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
"Jet 

. L  

.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.3 

lo3 I n  4 

Fig.   6.10 The recove ry   f ac to r  as a f u n c t i o n  of A /A.  wi th  Cf as a 
parameter.  (Rodoni,  1969) 

w 1  

d e f i n i t i o n   o f  C A b e t t e r   c o r r e l a t i o n  i s  ob ta ined  i f  t h e  w a l l  v e l o c i t y  is 

assumed to   vary   f rom v t o  v i n  one  pass   a round  the   per iphery .  In t h i s  case 

(Felsing,  Mockenhaupt,  and  Lewellen,  1970) 

f' 

i 0 

-cf Adv = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp,  v2 27rRdr (6.4-7) 

which may b e   i n t e g r a t e d   t o   g i v e  

c v  
- [1 + f 2 1 - 1  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[I + - " CfAw ]-1 

'i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn uo 2 Ai 
(6.4-8) 

This  is e q u i v a l e n t   t o   s e t t i n g  T = - po v v i n  Eq. 6.4-1.  Equation  6.4-8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALf 
w 2  o i  
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is compared  with some exper imen ta l   po in ts   i n   F ig .   6 .11 .  The scatter i s  

reduced  f rom  that   in   F ig .   6 .10.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA va lue   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC given  by E q .  (6.4-6) may b e  

used i n   c o n j u n c t i o n   w i t h  E q .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 . 4 - 8  t o   g i v e  a reasonab le  estimate of  r /r  
o i' 

p a r t i c u l a r l y  at  moderate  va lues  o f  A /A 

f 

w i' 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 
r .  

0.1 

-8 " zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 
\ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
81 

0 

\ 0 

& 0 

Eq. 6.4-8 \ 
wi th  Cf = 0.005 \ 

0 

Data from  Rodoni,  1969 

\ 

Fig.   6.11 Jet r e c o v e r y   f a c t o r  as a f u n c t i o n   o f   v e l o c i t y   r a t i o ,   o r   e q u i v a -  
l e n t l y   t h e   r a t i o  of w a l l  area t o  j e t  i n j e c t i o n   a r e a .  

A s t r i c t l y   e m p i r i c a l   c o r r e l a t i o n   f o r   t h e   r e c o v e r y   f a c t o r   o b t a i n e d  by 

Rodoni  (1969) is g iven   i n   F ig .   6 .12 .  The d a t a   s c a t t e r  shows l i t t l e  improve- 

men t   ove r   t ha t   i n   F ig .   6 .11   cons ide r ing   t he   l a rge  number of exponents  which 

were al lowed to v a r y   i n   o b t a i n i n g   t h e   c o r r e l a t i o n .  It does  have  about  the 

same re la t i onsh ip   be tween  A /A .  and R e  which  would  be  predic ted  by  the 

preceeding  angular  momentum b a l a n c e .   I n   a d d i t i o n  i t  shows a dependence  on 

o v e r a l l  chamber  geometry  including  the  exhaust  geometry.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw 1  t 
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1.0 

.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

. 4  

.2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-:!?ol ,.1k2 1.0 '-6.234 2.0 2.8 3.2 
.11 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 

r 

r D 
- - - *v Ret zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 Ai 

Fig.  6.12 The recove ry   f ac to r  as a func t i on   o f  r / r  L/D, Aw/Ai, NH, and 
R e  (Rodoni,  1969). 

e 0' 

t 

The dependency  on  exhaust   geometry   can  best   be  in terpreted  in   l ight   o f  

the  argument  of   Sect ion  6.5.   I f   the  angular momentum p e r  uni t   mass  f low i s  

bounded  by the   exhaust   cons t ra in t ,   then   an   in jec t ion   a r rangement   wh ich  

i n t roduces   angu la r  momentum p e r   u n i t  mass f l o w   l a r g e r   t h a n   t h i s  bound  must 

n e c e s s a r i l y   r e s u l t   i n   l a r g e   d i s s i p a t i o n   o n  some of t h e   w a l l s   w i t h i n   t h e  

chamber. The r a t i o  of cy l i nd r i ca l -wa l l   l osses   t o   f l a t -end -wa l l   l osses  is 

determined by the   i n jec t i on   geomet ry  and t h e  L/D of  the  chamber.  

L i t t l e  is known abou t   t he   i n f l uence   o f   compress ib i l i t y  on the   recovery  

f a c t o r .  Keyes   (1960)   ind ica ted   tha t   the   recovery   fac to r  was a s t r o n g  

f u n c t i o n   o f   i n j e c t i o n  Mach number a s   s e e n   i n   F i g .   6 . 1 3 .  However, i n   h i s  

experiments Keyes he ld   t he   p roduc t   o f   t he  mass f low times t h e   s q u a r e  o f  t h e  

i n j e c t i o n  Mach number t o   b e   c o n s t a n t  by chang ing   t he   i n jec t i on  area, such 
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t h a t   t h e   v e l o c i t y   r a t i o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv/u is be ing   var ied .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThus Keyes v a r i a t i o n   w i t h  M 

i s  q u i t e   c o n s i s t e n t   w i t h  Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.4-8 and  no   d i rec t   conc lus ions   regard ing  

i n j e c t i o n  Mach number  dependence  can  be  drawn. 

t r r r r t r t r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.8 

.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.2  

T 

3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t 

t 

i 

i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 

-t 

1 

.o I 1 I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 1 I 1 
.4  .6 .8 1 .0  1.2 1 . 4  

I n j e c t i o n  Mach  Number 

Fig.  6 . 1 3  The r e c o v e r y   f a c t o r   a s  a func t i on  of t h e  Mach 
number  of i n j e c t i o n   w i t h  

6.5 Exhaust   Constra in t  

In   Chapters  2 and 3 the   ‘ s t rong  in f luence of swirl on t h e   r e l a t i o n s h i p  

between  f low  and  pressure  drop  for  a given  exhaust  geometry was d iscussed.  

To see how t h i s   r e l a t i o n s h i p  may be   coup led   w i th   tu rbu lence  in   the   chamber  i t  

is u s e f u l   t o   r e p l o t   F i g .  2 . 3  t o   p r e s e n t  mass  flow as a func t ion   o f   angu lar  

momentum as g i v e n   i n   F i g .  6.14 .  It may be  observed  tha t   angu lar  momentum 

flux is a m a x i m u m  f o r   i n t e r m e d i a t e   v a l u e s   o f  s w i r l .  The  shape  o f   th is   curve 

suggests   (Lewel len,  Burns and S t r i c k l a n d ,  1969) t h a t  i t  may be  imposs ib le   to  
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opera te   t he   exhaus t   f l ow   . s tab i l y  at  va lues   o f   t he  swirl parameter  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> w i t h  

a de f ined  as tha t   va lue   wh ich   cor responds t o  t h e  maximum va lue   o f   angu la r  

momentum. T h i s   s p e c u l a t i o n  i s  suppor ted   by   the   fo l low ing   s tab i l i t y   a rgument  

which  shows t h a t  a vo r tex  chamber w i l l  have an i n v i s c i d   i n s t a b i l i t y  when a i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

s l i g h t l y   l a r g e r   t h a n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.0 

0.4 

0.2 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

a. 

- P o t e n t i a l   f l o w  

”_ r a $ wi th  p = cons t .  
(from  Fig.  2.3) 

(from  Fig.  3?20) 

1 

0 .1  / r o  0 . 2  

)o pwvr2rrdr 
L =  

2nr’ ~p e 

Fig.  6 . 1 4  Dimensionless  exhaust  f low as a f u n c t i o n o f   a n g u l a r  
momentum f l u x  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A n e c e s s a r y   c o n d i t i o n   f o r   i n v i s c i d   s t a b i l i t y   c a n   b e   o b t a i n e d  by consid- 

ering  the  dependence  of  chamber  f low  on wal l  pressure .   For   smal l   d is tu rbances  

f rom  an   equ i l i b r i um  ope ra t i ng   po in t   t he   i ns tan taneous   ra te   o f   change   o f   wa l l  

p ressu re   w i th  time shou ld   be   p ropor t iona l  t o  the  d i f ference  befween  the  mass 

f l o w   i n t o   t h e  chamber  and t h e  mass f low  ou t ,  i . e . ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(6.5-1) 

where C is a pos i t i ve   cons tan t   wh ich  would b e  a funct ion  of   geometry  and  the 

equat ion   o f  s ta te  o f   t h e   f l u i d .   F o r  small changes m and m may be i n   o u t  
approximated as 

am 
n; = l h 0 )  + - i n  [Pw - Pw(O>I i n  

aPW 

and a; 

aPW 
m = m(0) + - ou t  

o u t  [P, - Pw(O>1 

(6 .5-2)  

( 6 . 5 - 3 )  
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Equat ions 6.5-1 t h r u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 may b e  combined t o   g i v e  

apW 
am  am zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[-"- o u t  

a t  aPW  aPW 1 [Pw - PW(O)1 
i n  

" (6 .5-4)  

I f  a p e r t u r b a t i o n   i n  p is t o  damp ou t   and   t he   f l ow   be   s tab le ,  i t  may b e  
W 

seen  from Eq.  6.5-4 t h a t  it is necessary t o  have 

(6 .5 -5 )  

The s t a b i l i t y   c r i t e r i o n   g i v e n   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. 6.5-5 may b e   r e l a t e d  t o  the   q (L)  

curve of  Fig.  6 .15  by f i r s t   n o r m a l i z i n g   w i t h   r e s p e c t   t o   t h e  mass f l ow   th ru  

the  chamber  which  would  exist a t  t h e  same wall pressure,   ambient   exhaust  

p ressu re ,   dens i t y   and   ex i t  area i f , t h e r e  were no swirl, i .e .  

and 

then by n o t i n g   t h a t   f o r   i n v i s c i d   f l o w   w i t h  no d i s s i p a t i o n   w i t h i n   t h e  chamber 

'e  Ae 'w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 2  
p i  Ai re L = [- - -]Qin (6.5-8) 

when a l l  o f   the  f low i s  i n j e c t e d   t a n g e n t i a l l y   i n t o   t h e  chamber a t  r a d i u s  r 
W 

at  a d e n s i t y  p t h r u   a n   i n j e c t i o n  area A A t  
i i' 

6.5-5 may  now b e   w r i t t e n   a s  - - 

aQout aQin 
aPW a P W  

> -  

t he   equ i l i b r i um  po in t  Eq. 

For a g i v e n   v o r t i c i t y   d i s t r i b u t i o n   i n   t h e  

L ,  t hus  Eq. 6.5-9 may b e   w r i t t e n   w i t h   t h e  

exhaust  , 
a i d  of Eq. 6.5-8 

- 
Qout is 

(6.5-9) 

a f unc t i on   on l y   o f  

as 

(6 .5-10)  

A l l  o f   t he   de r i va t i ves   w i th   respec t   t o  p 

s o  t h a t  i t  i s  e q u i v a l e n t   t o  
W 

i n  Eq.  6.5-10 shou ld   be   negat ive ,  

(6 .5 -11 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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E 
tl 0 .1  O S 3  (N=100) , 1 0 .3  

m j L  - l b j f t - s e c  

F ig.   6 .15 A p l o t   o f  vmax as a funct ion  o f  mass f low  (or  N )  f o r  
d i f f e r e n t   v a l u e s   o f  LID and re/rw (Data  taken 
from  Roschke , 1966) .  

From Fig.   6.14 i t  may be   obse rved   t ha t  dG/dL > 0 f o r  a > & and i n   f a c t  

dG/dL + + m as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc1 is  decreased  towards &. Thus t h e r e  w i l l  always  be a reg ion  

of c1 > & i n  wh ich   t he   cond i t i on   g i ven   i n  Eq.  6.5-11 i s  n o t   s a t i s f i e d .   F o r  

incompress ib le   f low  w i th   no   d iss ipa t ion   o f   angu lar  momentum w i t h i n   t h e  

c h a m b e r ,   t h e   c r i t e r i o n   g i v e n   i n  E q .  6.5-11  reduces  to  

(6.5-12) 

I t  i s  n o t   p o s s i b l e   t o   s a y   t h a t  a l l  opera t i ng   po in ts   on   F ig .   6 .14   w i th  a > 

a r e   n e c e s s a r i l y   u n s t a b l e   b u t   t h e r e   m u s t   b e  a reg ion  o f  CI > a which  corresponds 

t o   u n s t a b l e   o p e r a t i n g   p o i n t s .  A bound  on a imposes a bound  on v 

e l l u d e d   t o   i n   S e c t i o n   5 . 6 .  

A 

maxjwmax as 

Roschke  (1966)   has   care fu l l y   documented  f low  d is t r ibu t ions   in   an  incom- 

p r e s s i b l e   v o r t e x   f o r  a number o f   d i f f e r e n t   v a l u e s   o f  r / r  L ID ,  and N. 

The va lue  o f  a ,  based  on  the maximum value  o f  v and the   d i f fe rence  be tween 

t h e   t o t a l   p r e s s u r e  at t h e  w a l l  and  a tmospher ic   p ressure   to   wh ich   the   f low is 

exhaust ing ,  is  p l o t t e d   i n   F i g .   6 . 1 5  as a func t ion   o f  N. Al though  there i s  

some scat ter  t o   t h e   d a t a ,  a cons tan t   va lue  o f  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI: 0.6 i s  i n d i c a t e d .   I f  

c o n s t a n t   t o t a l   p r e s s u r e  i s  assumed, t h i s   c o r r e s p o n d s   t o  vjw = - a t  t h i s  

p o i n t .  

e w '  

max 3 
2 
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Kolf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1956)  developed  an 

o n   t h e   d i s c h a r g e   c o e f f i c i e n t ,  

t h i n - p l a t e   o r i f i c e .  He found 

e m p i r i c a l   r e l a t i o n s h i p   f o r   t h e  effect  of swirl 

CD, f o r   f ree -su r face   f l ow  of a l i q u i d   t h r u  a 

CD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.686 - 0.218 V' (6.5-13) 

where V '  is de f ined  as t h e   r a t i o   o f   t h e   c i r c u l a t i o n  (271rv) at  twice t h e  

o r i f i c e   r a d i u s   d i v i d e d   b y   t h e   p r o d u c t   o f  the or i f i ce   d iamete r   and   t he   ave rage  

t h r u   f l o w   v e l o c i t y   t h r u   t h e   e x h a u s t .   I n  terms o f   t h e   n o t a t i o n   o f  Eq. 6.5-13 

th i s   pa ramete r   wh ich   has   been   re fe r red   t o   by  some o f   h i s   c o l l e a g u e s   a s   t h e  

Kolf  number may b e   w r i t t e n  as 
v '  = 71r2rp - 

re Q 
- (6.5-14) 

A p l o t  of a 

i s  g i v e n   i n  

l a r g e  number o f   da ta   po in ts   f rom  Z ie l insk i   and  V i l lemonte  (1968) 

Fig.  6.16.  Since r / r e  must   a lways  be  greater   than  or   equal   to  
2re 

1, i t  may b e   s e e n   t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa/G was always less than 1 f o r   t h e   w i d e   v a r i e t y  

geometr ies  and  f lu ids  tested.   A l though  unre la ted  to   the  present   argument  i t  

is  a l s o   i n t e r e s t i n g   t o   n o t e   t h e   d e p a r t u r e  o f  t h e   d a t a   f r o m   t h e   c o r r e l a t i o n  

f o r   s m a l l  swirl. This  is probably a r e s u l t   o f   t h e  low CD f o r   t h e  no s w i r l  

c o n d i t i o n .   I n i t i a l l y   t h e  swirl can  reduce  the   separa t ion  o f  the  f low  f rom 

t h e   t h i n   o r i f i c e  enough t o   c o u n t e r b a l a n c e   t h e   e f f e c t   o f   r e d u c i n g   t h e   c e n t e r  

p ressu re .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A l i m i t  on swirl a n g l e   i n  the exhaust   shou ld   a lso  show up a s  a c o n s t r a i n t  

on  core  rad ius r / r  . The c o r e   p r e s e n t   i n   o u r   i d e a l i z e d   i n v i s c i d   e x h a u s t  

model is h i g h l y   d i s t o r t e d   b y  momentum d i f f u s i o n .  The r e a d i l y   o b s e r v a b l e  

exper imental   parameter  which is more c l o s e l y   r e l a t e d   t o  r is  t h e   r a d i a l  

pos i t i on   o f   t he  maximum t a n g e n t i a l   v e l o c i t y ,  r . For  shor t   chambers,  

!&/re = O ( 1 )  t hese  two s h o u l d   b e   c l o s e l y   r e l a t e d   w h i l e  a t  l a rge   va lues   o f  

.e/',, momentum d i f f u s i o n   s h o u l d  p e r m i t  the   angu lar  momentum t o   p e n e t r a t e   t o  

smal . le r   rad i i  a t  t he  chamber wa l l   oppos i te   t he   exhaus t .   F igu re  6.17 is  a 

p lo t   o f  re/rv as a f unc t i on  of  lljr f o r   a v a i l a b l e   i n c o m p r e s s i b l e   d a t a  

c e  

C 

V 
max 

e 

(Mt  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI" 

0.6yaX The c o r r e l a t i o n  i s  qu i te   reasonab le  when al lowances are made 
max 

f o r   t h e   d i f f i c u l t i e s   i n   o b t a i n i n g   a c c u r a t e   e x p e r i m e n t   v a l u e s  of r 

Note t h a t  r is  determined  f rom  end  wa l l   p ressure   d is t r ibu t ions  

and  thus is  be ing   measured   a t   t he   wa l l   oppos i te   t he   exhaus t .  

V 
max 

V 
max 
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max 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 

Fig.  6.16 Coef f i c ien t   o f   d ischarge  versus   Ko l f  number 
( Z i e l i n s k i  and  Vi l lemonte, 1968) .  

i 0 

t '1 + 0.014R/re 

t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

0 I 1 I I 1 1 
20 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA40 60 80 100 120 140 

Rlr, 

Fig.  6.17 Rad ia l   pos i t i on   o f   t he  maximum t a n g e n t i a l   v e l o c i t y  as a 
f u n c t i o n   o f   2 / r   f o r   v a r i o u s   v a l u e s  of N and re/rw. Data 
taken  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARoscEke, 1966. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The  exper imenta l   ev idence  for  a s t a b i l i t y  l i m i t  on swirl i n   t h e   e x h a u s t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
also is ev ident   fo r   compress ib le   f low.  In t h i s  case, a bound  on t h e  swirl 

a n g l e   i n   t h e   e x h a u s t   i m p l i e s  a bound  on t a n g e n t i a l  Mach number, Mt. Lewellen, 

Burns  and  Str ickland  (1969)  predicted a maximum Mt o f   1 . 2   f o r  y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1.4 .  

Severa l   i nves t i ga to rs   have   f ound   exper imen ta l l y   t ha t  M reaches a limit as 

t h e   p r e s s u r e   r a t i o   a c r o s s  a vortex  chamber is i nc reased  as i l l u s t r a t e d   i n  

F ig .  6.18. Roschke  and  P iv i ro t to   (1965)   repor ted   an  M = 1.05,  Toomre 

(1963) a v a l u e  of 1.03 and  Pinchak  and  Poplawski  (1965)  reported  an Mt max 

= 1.18 i n  a vor tex   chamber   des igned  espec ia l l y   to   c i rcumvent   the   d i f f i cu l t ies  

o f   end-wa l l   d iss ipa t ion .   There  are two r e p o r t e d   c a s e s   i n   t h e   l i t e r a t u r e   o f  

M exceed ing   t he   va lue   o f   1 .2 .  Keyes  (1960)  shows a t a n g e n t i a l  Mach number 

d i s t r i b u t i o n   o b t a i n e d   i n  a 1- inch-d iameter   tube  that   reaches a va lue   o f  1 .4  

near   the  center   and  Gyarmathy  (1969)   repor ts  a v a l u e   o f   1 . 6   f o r   e s s e n t i a l l y  

t h e  same set  up as used  by  Pinchak  and  Poplawski.  With  these  notable 

except ions   the   exper imenta l   ev idence  tends   to   con f i rm  the   specu la t ion   tha t  

f lows  wi th  M 1 . 2  would  be  unstable.  

t 

t m a x  

t 

t 

1 . 2  

1.0 

Mt max zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.8  

. 6  

0 All of the  f low  exhaust ing 
t h r u  t h e  c e n t r a l   e x i t  

V l / 2  the  f low  exhaust ing 
t h r u  a p e r i p h e r a l   e x i t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 
0 100 200 300 

In ject ion  Mani fo ld   Pressure  (PSig)  

Fig.  6.18 The v a r i a t i o n   o f   t h e  maximum  Mach number w i th  
the   i n jec t i on   man i fo ld   p ressu re   [Pop lawsk i   and  
Pinchak,  (1965) 3 .  
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How d o e s   t h i s  bound  on  angular momentum f l u x   t h r u   t h e   e x h a u s t   a f f e c t  

the tu rbu lence  genera ted   w i th in   the   chamber?  The comp le te   re la t i onsh ip  is 

unc lea r  a t  t h e   p r e s e n t  time. However, a recent  paper  by  Cassidy  and  Falvey 

(1970)  contains a p o s s i b l e   c l u e .  They  found t h a t   t h e   v o r t e x  becomes  unsteady 

w i th   t he   vo r tex   co re   mov ing   i n  a h e l i c a l   p a t t e r n  when t h e   a n g u l a r  momentum 

f l u x  is s u f f i c i e n t l y   l a r g e  relat ive t o   t h e   f l u x  of l i n e a r  momentum. F igure 

6.19 i s  a p lo t   o f   t he i r   obse rved   f requency  as a f u n c t i o n   o f   t h e  momentum 

parameter. The p r e s s u r e   f l u c u a t i o n s  were f e l t   t h r o u g h o u t   t h e  f low,  even i n  

the  upstream  plenum. The f r e q u e n c y   f a l l s   o f f   t o   z e r o  somewhere  around 

L/.rrG2 0.2.  The p ro f i l es   used   i n   ob ta in ing   F ig .   6 .14   l ead   t o  maximum va lues  

of L/nG2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.14   and  0 .23   fo r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAra$ and f o r   p o t e n t i a l   f l o w ,   r e s p e c t i v e l y .  Thus 

i t  appears   t ha t  when t h e  maximum va lues   o f  L i nd i ca ted   i n   F ig .   6 .14  are 

exceeded  the  f low  becomes  unsteady.  Addi t ional   angular momentum can  then  be 

c a r r i e d  by t h e   v o r t e x   c o r e   s p i r a l i n g   a r o u n d   t h e  axis o f  t he   f l ow .  It i s  

c l e a r   t h a t  a l l  of  t h e   a n g u l a r  momentum which  enters   the  chamber  must   e i ther  

b e   d i s s i p a t e d  as t o r q u e   o n   t h e   i n t e r n a l   s u r f a c e s   o f   t h e  chamber o r   f l o w   t h r u  

the   exhaus t .  Any upper   bound  on  the  f ract ion  o f   angular  momentum f l u x  

pass ing  thru  the  exhaust   then  must   imply  a lower   bound  on  the  f ract ion  o f  

angu la r  momentum d i s s i p a t e d  by  torque  on  the wall. I f   t h e   t o r q u e   o n   t h e  

wa l ls   wh ich   wou ld   be   ob ta ined  w i th   loca l  wal l  induced  turbulence is below 

th is   lower   bound,   then  the   uns tead iness   induced  by   the   exhaust   cons t ra in t  may 

a c t   t o   i n c r e a s e   t h e   g e n e r a l   i n t e n s i t y   o f   t u r b u l e n c e   w i t h i n   t h e  chamber t o  

r e s u l t   i n   a n   i n c r e a s e   i n  w a l l  t o rque .  

I f   t h e   d i s s i p a t i o n   i n  a vortex  chamber is t o  b e  comple te ly   con t ro l led  by 

the   exhaust   cons t ra in t ,   then   the   combina t ion   o f   Eqs .   6 .5 -13   and  6 .4 -3   wou ld  

g i v e   t h e   r a t i o   o f   t h e   c i r c u l a t i o n   o f   t h e   e d g e   o f   t h e   e x h a u s t   t o   t h e   i d e a l  

i n j e c t e d   c i r c u l a t i o n  as a funct ion  o f   geometry   on ly .  

‘e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa Ai 

ri Q w e  
- n r  r (6.5-15) 

F igure   6 .20   g ives  a c o r r e l a t i o n   o b t a i n e d  by  Rodoni  (1969) f o r  re/ri. 
A l t h o u g h   t h i s   c o r r e l a t i o n   d o e s   r e t a i n  a rather   s t rong  dependence  on R e  i t  

d o e s   i n d i c a t e   t h a t   t h e r e  is a f low  mechanism  coupl ing  the  in ter ior   f low  wi th  

the   f l ow   nea r   t he  walls. It a l s o   i n d i c a t e s   t h a t  i t  would  be  an  over 

s i m p l i f i c a t i o n   t o   s a y   t h a t   t h e   e x h a u s t   c o m p l e t e l y   c o n t r o l s   t h e   d i s s i p a t i o n  

w i t h i n   t h e  chamber. 

t 
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1.5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I .4 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.3 

1.2 

1.1 

X 

W 0.9 

0.7 

0.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

+ 

+ ' .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO 

" 

+ . 
+ +  

0.3 0.4 0.5 0.6 0.7 0.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.9 1 . 1  

2 LIT@ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.  6.19 Frequency, f , a s  a func t ion   o f   angu lar  momentum. 

(Cassidy  and  Falvey,  1970)  
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.7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOne zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAExhaust llole zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.3 

.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

.1 

.o 
.4 .s 1.2 .1.h 2.9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 . 9  

Fig.  6.20 The i d e a l   c i r c u l a t i o n   r a t i o  as a f u n c t i o n   o f   t h e   r a d i u s   r a t i o ,  
t h e  wall area   ra t i o ,   and   t he   t angen t ia l   Reyno lds   number .  

6.6 Empi r ica l   Cor re la t ions  

Since  an  adequate  knowledge  of  turbulence i n  a conf ined  vor tex  i s  no t  

c u r r e n t l y   a v a i l a b l e   t o   t h e o r e t i c a l l y   p r e d i c t  a l l  the   f low  parameters  i t  

appears  usefu l   to   determine  what   corre la t ions may be   ob ta ined by emp i r i ca l  

methods t o   p r e d i c t   t u r b u l e n t   r e s u l t s .  Such a s tudy   has   been  car r ied   ou t   by  

Newton (1968)  and  Rodoni  (1969). Data from some 29 d i f f e r e n t   r e p o r t s   i n   t h e  

l i t e r a t u r e  were used. A computer  program was w r i t t e n   t o   f i n d  optimum 

groupings  of   independent  f low  parameters  which  would  best  f i t   c e r t a i n  depend- 

en t   parameters   to  a given  curve. 

Using t h i s   c u r v e   f i t t i n g   m e t h o d ,   e m p i r i c a l   c o r r e l a t i o n s  were attempted 

f o r   t h e   r a t i o  of t h e   t a n g e n t i a l   v e l o c i t y  a t  t h e   p e r i p h e r a l  w a l l  to t h e  j e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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i n j e c t i o n   v e l o c i t y  (v /v zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>, t h e   r a t i o   o f   t h e   t a n g e n t i a l   t o   r a d i a l  

v e l o c i t i e s   ( v / u ) ,  the r a t i o   o f   t h e   c i r c u l a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(I' = v r )  a t  the   rad ius   o f  

the e x h a u s t   h o l e   t o   t h e   c i r c u l a t i o n   j u s t   o u t s i d e   o f   t h e   p e r i p h e r a l  wal l  

boundary  layer  (I? / ro) ,  the r a t i o  of the c i r c u l a t i o n  at  the r a d i u s  of the 

e x h a u s t   h o l e   t o   t h e  maximum a c h i e v a b l e   c i r c u l a t i o n ( r  /rideal >, t h e   r a t i o   o f  

t h e  mass f low  through the v o r t e x   t o  the ' lno-swirl l l  mass f low zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(io), and t h e  

maximum t a n g e n t i a l  Mach number i n   t h e   v o r t e x  (M ). Severa l   o f   t hese  

c o r r e l a t i o n s   h a v e   a l r e a d y   b e e n   p r e s e n t e d   i n   F i g s . c 2 ,   6 . 8 ,   6 . 9  , 6.10,  6.12 

and  6.20 

w j e t  

e 

e 

t m  

One o f   t h e   b e s t   c o r r e l a t i o n s   a c h i e v e d   i n   t h i s  work was €or  the  normal-  

i z e d  mass f l o w   r a t i o  (io). The e m p i r i c a l   c o r r e l a t i o n  shown i n   F i g .   6 . 2 1  

a l l ows   t he   p red ic t i on   o f   t he  mass f l o w   r a t i o  io f o r  a v o r t e x   i n  terms o f   t he  

parameters r / r  t h e   r a t i o   o f   t h e   e x h a u s t   h o l e   r a d i u s   t o   t h e   o u t e r  w a l l  

r a d i u s ;  Ai/Ae, t h e   r a t i o   o f   i n l e t   a r e a   t o   t h e   e x h a u s t   a r e a ;  2/D, the   leng th-  

to-d iameter   ra t io   o f   the  chamber;   and NH, t h e  number o f   exhausts .  I t  was 

found  tha t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAio was p r imar i l y  a func t ion   o f  r / r  and 2/D f o r  L/D 2 and 

p r imar i l y  a func t ion   o f  r / r  only  when 11/D < 2. 

e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0' 

e o  

e 0' 

The c o r r e l a t i o n s  shown i n   F i g s .   6 . 2 2  and 6 .23  show t h a t   t h e   v e l o c i t y  

r a t i o   ( v / u ) ,  is  a func t ion   o f   the   parameters  r / r  and L/D a s  w e l l  a s   t h e  

a r e a   r a t i o  A ; / A  p r e d i c t e d  by t h e  momentum ba lance  theory .  The  presence  of 

t hese   geomet r i ca l  terms no t   p red ic ted   by   t he  momentum ba lance  theory   tends  

t o   i n d i c a t e   t h e   c o u p l i n g   o f   t h e   e x h a u s t   c o n s t r a i n t   t o   t h e   w a l l   s h e a r   a s  

d i s c u s s e d   i n   t h e  l as t  s e c t i o n .   N o t e   t h a t   t h r u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  6.4-3  these two corre-  

l a t i o n s   f o r   ( v / u ) ,  may a l s o   b e   u s e d   t o  estimate recove ry   f ac to r ,  To/Ti .  

e o  

1 w  

No s a t i s f a c t o r y   c o r r e l a t i o n   f o r   t h e  maximum t a n g e n t i a l  Mach number  was 

ach ieved .   Th i s   f a i l u re  was p r i m a r i l y   d u e   t o   t h e   s c a r c i t y  o f  d a t a   p o i n t s  

a v a i l a b l e ,   b u t  may a l so   be   pa r t i a l l y   exp la ined   by   t he   a rgumen t   o f   t he  las t  

s e c t i o n   t h a t  M can  reach  an   abso lu te  maximum which i s  a func t ion   o f  y on ly .  

Most o f   t h e   d a t a   p o i n t s   a v a i l a b l e   o p e r a t e d  w e l l  below t h i s   u p p e r  bound  and 

thus  would  be  expected  to  show a geometry  and  pressure  rat io  dependence 

incompat ib le   w i th   those f e w  da ta   po in ts   wh ich  were o p e r a t i n g   n e a r   t h e  

maximum M . 

t 

t 

These  empi r i ca l   cor re la t ions   shou ld   p rove   he lp fu l   to   anyone  des ign ing  

a v o r t e x   t u b e   f o r  a pa r t i cu la r   pu rpose   bu t   t hey   appear   i nadequa te   t o   p rov ide  
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1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- 
wo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

at c u t o f f  
.4 

.o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT T 

For asDect ratios zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
less than 2, 
set L/D=2. -I 

-I 

-I 

-1 

.o .2 .4 .6 .8 1.0 

c 
Fig .   6 .21  The r a t i o   o f  the mass f low  through  the  vortex  chamber 

to   t he   t t no -sw i r l t t  mass f low as a func t i on   o f  re/r 
t h e   r a t i o   o f   t h e   e x h a u s t   h o l e   r a d i u s   t o   t h e   o u t e r  
wal l  r a d i u s ;  A . A  t h e   r a t i o  of t h e   i n l e t  area t o  
the   exhaus t  aria: LID,  t he   l eng th - to -d iamete r   ra t i o  
of  the  chamber  and N t he   nmber   o f   exhaus ts .  
(Rodoni,  1969) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 ’  

H’ 

t h e   b a s i s   f o r  a g e n e r a l   t h e o r y   o f   t u r b u l e n c e   i n  a conf ined  vor tex  f low.  An 

at tempt   to   de termine  a na tura l   Reyno lds  number f o r   c o n f i n e d   v o r t i c e s   h a s  

l e a d  R. N .  Kumar t o   t h e   c o r r e l a t i o n   g i v e n   i n   F i g .   6 . 2 4 .  The parameter most 

c l o s e l y   r e l a t e d   t o   d i s s i p a t i o n   i n   t h e  chamber  which is r e a d i l y   a v a i l a b l e  i s  

t h e   r a t i o   o f   t h e   c i r c u l a t i o n  a t  the   edge of t h e   e x h a u s t   t o   t h a t   i m p a r t e d   t o  

t h e   f l o w   b y   t h e   i n l e t   t a n g e n t i a l  jets.  Plo ts   o f  T e / T o  vs. a Reynolds  number 

based  on r ( n o t e   t h a t   t h e  unknown rv may be   de te rm ined   i n   t e rms   o f  

geometr ica l   parameters  f rom  F ig.  6.17) d e m o n s t r a t e d   t h a t   t h e   d a t a   f e l l  

i n  a number  of  bands. It was t h e n   p o s s i b l e   t o   c o l l a p s e   t h e s e   i n t o   o n e   b a n d  

V 
m a x  max 
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2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
lo3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I I I I I I  I I 

19 2 5 lo2 2 5 1.0 3 2  

Fig.  6.22  The v e l o c i t y   r a t i o  as a f u n c t i o n  of re/r Aw/Ai, L/D, 
and NH (Rodoni, 1969) .  

0 ’  

wi th   t he   comb ina t ion   g i ven   i n   F ig .  6 . 2 4 .  The a b s c i s s a  i s  the   p roduc t  o f  t h e  

in le t   tangent ia l   Reyno lds   number ,  R e  = p i  v r w / u ,  and r 
i 

/re. ‘The 
i V 

square   roo t   o f  Ae/Ai e n t e r s   t h e   o r d i n a t e .   T h i s   c o r r e l a t i o g a k o u l d   p r o v e  

more usefu l   to   anyone  des ign ing a v o r t e x   t u b e   t h a n   t h a t   g i v e n   i n   F i g .  6.20.  

However a g r e a t   d e a l  of work  remains  before a genera l   tu rbu len t   theory   can  

be  achieved.  
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7- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf 7- T T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C 

0 '  

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig .  6 . 2 3  The v e l o c i t y   r a t i o  as a func t i on   o f  r / r  Aw/Ai, L ID ,  
N H ,  and Re (Rodoni, 1 9 6 9 ) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0'  

t 
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I 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
10 100 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10000 

0.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL”-LA”-l- I I I 1 1  I l !  -1 ! 

Fig.  6 . 2 4  C o r r e l a t i o n  o f  d i s s i p a t i o n   i n  a vortex  chamber as a 
funct ion  geometry  and  in let   Reynolds  number.  Data taken 
from l i t e r a t u r e   s u r v e y  of Rodoni (1969) .  Points  marked 
by V have  high  enough Mach numbers f o r  compress ib i l i t y  
t o  be   impor tan t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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V I I .  THE VORTEX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAS A FLUIDIC DEVICE 

7 . 1  I n t r o d u c t i o n  

The  techno logy   o f   con t ro l l ing   f lu id   f low  w i thout   us ing   mechan ica l l y  

moving p a r t s   h a s  come t o   b e  known as f l u i d i c s .  The use of a small c o n t r o l  

f l o w   t o   i n t r o d u c e  swirl i n t o   t h e   f l o w   w h i c h   o n e   d e s i r e s   t o   c o n t r o l  is one 

popular  way of a c h i e v i n g   t h i s .   V o r t e x   d e v i c e s  may b e   u s e d   i n  a number  of 

d i f f e r e n t  ways  (Mayer  and  Taplin, 1965) bu t   t he   mos t   bas i c   o f   t hese  i s  as a 

f low  modulator.  The r e s i s t a n c e   f o r   f l o w   t h r u   a n   o r i f i c e   c a n   b e   i n c r e a s e d  by 

i n t roduc ing  swirl i n t o   t h e   f l o w .  The e f f e c t   o f  a small swirl can   be   g rea t l y  

amp l i f i ed  by a l l ow ing   t he   f l ow   to   conve rge   rad ia l l y   be fo re   pass ing   t h ru   t he  

o r i f i c e .  

I n   p rev ious   chap te rs ,   t he   i n f l uence  of swirl on   the   re la t ionsh ip   be tween 

p r e s s u r e   d r o p   a c r o s s   a n   o r i f i c e   a n d  the mass f l ow   th ru  i t  has  been  analyzed 

i n  terms of a swirl parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa. This   parameter   de f ined as t h e   r a t i o   o f   t h e  

swirl v e l o c i t y  a t  the   edge of t h e   e x h a u s t   t o   t h e   s q u a r e   r o o t   o f   t w i c e   t h e  

e n e r g y   a v a i l a b l e   t o   t h e   f l o w ,   m u s t   b e   r e l a t e d   t o   v a l v e   c h a r a c t e r i s t i c s   a n d  

g e o m e t r y   i n   o r d e r   t o   p r e d i c t  valve performance. A t y p i c a l  valve geometry is 

shown i n   F i g .  1 . 2 .  It is charac te r i zed   by  i t s  small l eng th- to -d iameter   ra t io  

( t o   m in im ize   i n te rna l   su r face  area f o r  a g i v e n   r a d i u s   r a t i o )   a n d   t h e  two types 

of i n le t s ;   one   wh ich   i n t roduces   t he   f l ow   i n to   t he   chamber   w i th   no   angu la r  

momentum, typ ica l l y   the   supp ly   por t ;   and  one  wh ich   in t roduces   angu lar  momen- 

tum i n to   t he   chamber ,   t yp i ca l l y   t he   con t ro l   po r t .  

The o u t l i n e   o f   t h i s   c h a p t e r  w i l l  b e  t o  f i rs t  analyze  va lve  per formance 

f o r   t h e   s i m p l e s t   p o s s i b l e  mode o f   opera t ion ,   incompress ib le   f low  w i th   the  

supp ly   p ressu re   and   t he   ou t l e t   p ressu re   he ld   cons tan t .  Then o t h e r  modes of  

o p e r a t i o n  w i l l  be   d i scussed .  

7.2 Incompress ib le  Valve with  Supply  and  Out let   Pressures  Held  Constant 

The r e s u l t s   o f   S e c t i o n  2 . 2  may be   used   t o   de te rm ine   f l ow   th ru   t he   va l ve  

as a func t i on   o f   con t ro l   f l ow   o r   con t ro l   p ressu re   f o r   t he   va l ve   geomet ry  

g i v e n   i n   F i g .  1 . 2 .  From Eq. (2.2-8) t h e  swirl parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACL was de f ined  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
re 

C L f  
re[2(ps - P ~ ) / P I ' ~  

(7.2-1) 
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and  the   d imens ion less   f low  th ru   the   chamber   f rom Eq. (2.2-9) as 

(7.2-2) 

Vortex valve performance may b e   c o n v e n i e n t l y   g i v e n   i n  terms of  the  dimension- 

less zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w =  

C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. .  
f l o w   t h r u   t h e  valve zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWo = mo/mo max and  the   d imens ion less   con t ro l   f low 

mc/mo m a x  
. .  . It c a n   b e   r e a d i l y   s e e n   t h a t  - 

Wo = 9 (7.2-3) 

The   ave rage   tangen t ia l   ve loc i t y ,  vw, a t  t h e   i n l e t  of t h e  valve, assuming 

conserva t ion   o f   angu lar  momentum i n   t h e   m i x i n g   p r o c e s s ,  may b e   w r i t t e n  as 

&cVc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlil2 C v = - -  - 
W 

(7.2-4) 
m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-0 P C  Ac i o  

where   t he   subsc r ip t  c denotes   the   va lue   assoc ia ted   w i th   the   con t ro l   f low  and 

A is  t h e   c o n t r o l   p o r t  area. Th is   permi ts   the  swirl parameter CI t o   b e   w r i t t e n  
C 

as 
'e r w  W: A. 

rw re '0 Ac zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa =  (7.2-5) 

w i th  A. t h e   o u t l e t   p o r t   a r e a .   F o r   t h e   i d e a l   c a s e   o f   n o   d i s s i p a t i o n   w i t h i n  

t h e   v a l v e  Te/rw = 1 and Eq. (7.2-5) may be   rear ranged  to   g ive  
r A  

re Ac 
wc [ 2 " ] 1 / 2  = [ a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 ] 1 / 2  (7.2-6) 

The t ransformat ion  g iven  by E q s .  (7.2-3)  and  (7.2-6) may be  used  to  

t r m s f o r m   F i g .   2 . 3   i n t o  a p lo t   o f  W vs.  Wc.  Such a curve is g i v e n   i n   F i g .  

7 . 1  f rom  St r ick land  (1963)   labeled  as K = =. A t yp ica l   exper imenta l   curve  

from Wormley (1967) a l s o  i s  inc luded  for   compar ison.  The  agreement  between 

theory  and  experiment is poor.  The compar ison  for  p a r t  of   the  curve  can  be 

i m p r o v e d   b y   i n c l u d i n g   t h e   e f f e c t s   o f   v o r t i c i t y   i n   t h e   o u t l e t   f l o w  as w a s  done 

in   Sec t ion   3 .6 .  The c u r v e   f o r   c i r c u l a t i o n   p r o p o r t i o n a l   t o   t h e  stream f u n c t i o n  

w i th   cons tan t   t o ta l   p ressu re   t rans fo rmed   f rom  F ig .  3.20 i s  g iven   he re  as 

K = 0. 

0 

The  two b a s i c   r e q u i r e m e n t s   f o r   t h i s   s i m p l e   t h e o r y   t o   b e   v a l i d  are (a )  

t h a t   t h e   v a l v e   o u t l e t  is t he   ma jo r   obs t ruc t i on   t o   t he   f l ow   and  (b)  t h a t  

d i s s i p a t i o n  by   shear ing   l osses   on   t he  walls b e   n e g l i g i b l e .  The f i r s t   o f   t h e s e  

is s a t i s f i e d  i f  k / r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2 a n d   t h e   r a t i o   o f   t h e   s u p p l y   p o r t   t o   t h e   o u t l e t  is 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 .  As long as 11 /D << 1, s h e a r   l o s s e s   o n   t h e  f l a t  end w a l l s  may be  expected 
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t o   b e  more   impor tan t   t han   t ha t   on   t he   cy l i nd r i ca l   s i de  wall. Losses   on   these 

end walls may be  convenient ly  measured i n  terms of   the   boundary- layer   in te r -  

ac t ion   parameter  B,  d e f i n e d   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq.  3.5-3 fo r   laminar   f low  and Eq.  6.3-11 f o r  

t u r b u l e n t   b o u n d a r y   l a y e r s .   I n  terms o f   t h e   v o r t e x  valve n o t a t i o n  this 

parameter may b e   w r i t t e n  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c 

wi th  NH zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 o r  2 depending  upon  whether  the  valve  has a s i n g l e   e x h a u s t   o r  

d u a l   e x h a u s t .   F o r   t h e   b o u n d a r y - l a y e r   e f f e - t   t o   b e   n e g l i g i b l e ,  B should  be 

less than  approximately 112 .  It i s  clear t h a t  as wo + 0 ,  B w i l l  exceed 1, 

and the   boundary - laye r   e f fec t  w i l l  become dominant. 

S i n c e   f l o w   i n   t h e  valve is  u s u a l l y   t u r b u l e n t   t h e   p o i n t   o n   t h e   c u r v e   i n  

Fig.  7 . 1  a t  which   the   boundary- layer   e f fec ts  become  important w i l l  be   de te r -  

mined p r i n c i p a l l y  by t h e   r a d i u s   r a t i o .   I f   t h e   r a d i u s   r a t i o  is s u f f i c i e n t l y  

l a r g e   t h e   s l o p e  of t h e   c u r v e  (aw / aw  ) rema ins   nega t i ve   and   t he   ope ra t i on   o f  

t h e   v a l v e  i s  termed  l 'proport ional ' ' .  On the  o ther   hand  for   more  modest   va lues 

o f  rw/re t h e r e  is a por t ion  o f   the  curve  where aW /aW > 0 as s e e n   i n   F i g .  

7 . 2 .  From Sec t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 . 5  i t  may be  deduced  that   the  f low i s  s t a t i c a l l y   u n s t a b l e  

a t  t he   po in ts   where  aW / a W  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa. When t h e   v a l v e  i s  be ing   tu rned down t h e  

f low  jumps  a long  the  dot ted  l ine (1) and as i t  i s  t u rned  up a long   t he   do t ted  

l i n e  ( 2 ) .  A v a l v e   w i t h   t h i s   t y p e  of performance  curve i s  termed  "bistable" 

due t o   t h e  two p o t e n t i a l l y   s t a b l e   o p e r a t i n g   p o i n t s   f o r  a s i n g l e   v a l u e   o f  W 

over a po r t i on   o f   t he   cu rve .  

o c  

o c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
o c  

C 

The performance  curve is terminated a t  the   po in t   where   the   supp ly   f low 

i s  shut   o f f   and w C  = w o .  The rec ip roca l   o f  w a t  c u t o f f  is termed  the  turn- 

down r a t i o ,  TDR. Theore t i ca l   p red ic t i on   o f   t he   t u rndown  ra t i o   ca l l s   f o r  a 

so lu t i on   t o   t he   t u rbu len t   exhaus t   p rob lem  fo r   cond i t i ons   under   wh ich   t he   f l ow  

i n   t h e  chamber is completely  dominated  by  the  end wall boundary  layers.  

B e f o r e   c o n s i d e r i n g   t h i s ,  i t  i s  d e s i r a b l e   t o  look a t  some exper imen ta l   resu l t s .  

A s  long as t h e   v a l v e  is proper ly  designed  and  the  Reynolds number i s  s u f f i -  

c i e n t l y   l a r g e ,  TDR shou ld   be  a func t i on   o f  r / r  and Ao/Ac on ly .   No te ,   i n  

p a r t i c u l a r ,   t h a t   n e i t h e r   t h e   i n v i s c i d   c u r v e   n o r   t h e   b o u n d a r y - l a y e r   i n t e r a c t i o n  

parameter  depends  on  the  length  of   the  chamber.   Since  only two p r i n c i p a l  

0 

w e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' 2  
0 
z 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
. 4  .8 1 . 2  1.6 2 . 0  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

NONDIMENSIONAL  CONTROL FLOW PARAMETER, Wc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[y- r ]  rw A 0  1 1 2  

e c  

Fig .  7 . 1  Vortex  va lve  output   f low as a func t i on   o f   con t ro l  
f low  and  geometry. o o exper imenta l   po in ts  from 
Fig.  4 . 5  of Wormley, 1967(C,, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= . 8 ) .  

'w'le 

A r I /*  
w [""I 

c A c  e 

F ig .  7 . 2  'Vor tex valve c h a r a c t e r i s t i c s   s h o w i n g  the d i f fe rence  be tween "Pro- 
por t iona l "   and  "b is tab le"   opera t ion .  
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parameters are i nvo l ved ,  a f a i r l y   s t r a i g h t f o r w a r d   e m p i r i c a l   c o r r e l a t i o n   f o r  

TDR as a f unc t i on   o f  r / r  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA /A shou ld   be   poss ib le .  Such a c o r r e l a t i o n  

i s ' g i v e n   i n   F i g .  7.3  from Wormley and  Richardson (1969). T h i s   f i g u r e   a l s o  

i n c l u d e s  two o t h e r   i m p o r t a n t   c h a r a c t e r i s t i c s   f o r   t h e  valve. One is t h e  

con t ro l   p ressu re   requ i red   t o   cu to f f   t he   supp ly   f l ow .   Th i s  is g i v e n   i n  terms 

o f   t h e   r a t i o   o f   t h e   c o n t r o l   p r e s s u r e  a t  c u t o f f   t o   t h e   s u p p l y   p r e s s u r e ,  

w i t h   b o t h   p r e s s u r e s   m e a s u r e d   r e l a t i v e   t o   t h e   e x h a u s t   p r e s s u r e .  The o t h e r  

f e a t u r e   i n d i c a t e d  i s  t h e   l i n e   a l o n g   w h i c h   t h e   v a l v e ' s   o u t l e t   f l o w  may be  

mu l t i p le   va lued .   A l though   no t   i nd i ca ted   i n   t he   f i gu re ,   t he   l i nes   €o r   cons tan t  

TDR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= l / W c c  shou ld   d rop   o f f  at  l a r g e  re/rv, s o  t h a t   f o r  any  given A / A  t h e r e  

i s  a r / r  which  maximizes T D R a s  seen  by Gebben (1967). They a lso   shou ld  

become v e r t i c a l  a t  small r / r  s o  t h a t  TDR is essen t ia l l y   i ndependen t   o f  

A / A  i n   t h i s   r e g i m e .  

w e  o c  

, 

c o  

e w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e w  

o c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 
H 

.. 0.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z 

l / T D R  = W - 

0.01 

l / T D R  = W - 

0.01 

0 0.1  0.2 0 . 3  0.4  

RADIUS RATIO, r e 
r 

W 

F ig .   7 .3   Vo r tex   amp l i f i e r   cu to f f   f l ow   cha rac te r i s t i cs  
(S ing le   exhaus t ) .  (Wormley and  Richardson,  1969) 
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A d i f f e ren t   emp i r i ca l   app roach  was used  by  Mayer  (1967,  1969). H e  

p l o t t e d  W as a func t ion   o f   the   ang le   be tween the f l ow   ve loc i t y   vec to r   and  

t h e  w a l l  a t  t h e   v a l v e   e n t r a n c e ,  i .e. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

t a n   ( U / V ) ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= tan [(r) - 2arwR 
-1  -1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwo 2 Ac ] 

C 

(7.2-8) 

From zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. 7.2-8, i t  may b e   s e e n   t h a t   t h e   a s s u m p t i o n   t h a t  W = Wo[tan ( U / V ) ~ ]  

is equ iva len t   to   assuming  tha t  W = F[Wc(rwR/Ac) . It is not   too 

s u r p r i s i n g   t h e n   t h a t  Mayer  found t h e   r e s u l t i n g   c u r v e   t o   b e   i n d e p e n d e n t  of A 

f o r  numerous c o n t r o l   p o r t   c o n f i g u r a t i o n s  as shown i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7.4 .  The i n v i s c i d  

cu rve   f o r  K = 0 from  Fig. 7 . 1  a l s o  is i nc luded  fo r   compar ison .  Mayer a l s o  

found h i s  W curve   to   be   approx imate ly   independent   o f   s ize ,   tempera ture ,   and 

exhaus t   p ressu re ,   bu t  i t  v a r i e d   w i t h  r / r  R and t h e  number  of o u t l e t s .  

-1 

1 / 2 ]  
0 

0 

C 

0 

w e'  

1.2 

1.C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.1 

wO 

0.a 

0.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.2 

0 
I ,.Ol 

Q o  

A n  

/ curve 
K = O  
from 

/ '  Fig.  7.1 
/ 

/ 
A 
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T h e o r e t i c a l   a n a l y s e s   o f   t h e   o p e r a t i o n   o f  a vo r tex   va l ve ,   e .g .   Tap l i n  

(1965) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, Wormley (1967)  and  Mayer (1967, 1969) ,   have  usua l ly   assumed  tha t   the  

exhaust   f low  can  be   adequate ly   descr ibed  by   the   d i f fe rence  be tween  the  

i n t e r n a l   s t a t i c   p r e s s u r e  at  t he   exhaus t   rad ius   and   t he   ex te rna l   exhaus t  

p r e s s u r e .  This is e q u i v a l e n t   t o   a s s u m i n g   t h a t  v goes   t o   ze ro   d i scon t inuous ly  

a t  the   edge  o f   the   exhaust   and  tha t  w is cons tan t   ac ross   t he   exhaus t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

compar i son   w i th   t he   de f i n i t i ons   o f   and  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc1 reveals t h a t   t h i s   c o r r e s p o n d s   t o  

s e t t i n g  

ij = [l - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa21 112 (7.2-9) 

Comparison  with  Fig. 3.20 shows t h a t   t h i s   f a l l s   o n l y  a l i t t l e  t o   t h e   r i g h t   o f  

t h e   c u r v e   f o r  r p r o p o r t i o n a l   t o  Y w i t h   c o n s t a n t   t o t a l   p r e s s u r e .   T h e r e f o r e ,  

E q .  7.2-9 is  more va l i d   t han   t he   phys i ca l   assumpt ions   l ead ing   t o  i t  might 

i n d i c a t e .   I f  Eq. (7.2-9) i s  used   the   equa t ion   f o r   i nv i sc id   va l ve   pe r fo rmance  

co r respond ing   t o   t he   cu rves   i n   F ig .  7 . 2  is given  by 

(7.2-10) 

as given by Wormley (1967). 

The Wo vs .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw curve  somet imes  shows  an  increase  in  W a s   t h e   c o n t r o l   f l o w  
C 0 

i s  turned  on.  (See  Fig.  7.5  from  Taplin,1965).  This  occurs when t h e   i n i t i a l  

d i s c h a r g e   c o e f f i c i e n t   o f   t h e   o u t l e t  is s i g n i f i c a n t l y   l e s s   t h a n  1 due t o  

convergence  o f   the   s t reaml ines   to  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa c r o s s   s e c t i o n a l   a r e a  less than   t he  

p h y s i c a l   o r i f i c e .   I n   t h i s   c a s e   t h e   a d d i t i o n   o f  swirl to   the   f low  can  encour -  

a g e   t h e   f l o w   t o   r e m a i n   a t t a c h e d   t o   t h e  walls and   i nc rease   t he   d i scha rge  

c o e f f i c i e n t   t o   i n i t i a l l y   o v e r   c o m p e n s a t e   f o r   t h e  loss i n   e f f e c t i v e   p r e s s u r e .  

(E f fec t   a l so   obse rved   i n   F ig .   6 .16 ) .  

7 .3   Theore t i ca l   P red ic t i ons   o f  Turndown Ra t io  

A s  s e e n   i n   t h e  last s e c t i o n ,  chamber  flow w i l l  be  dominated  by  end-wall 

boundary- layer   e f fec ts  when the  supply   f low i s  s h u t   o f f .  Thus i t  shou ld   be  

p o s s i b l e   t o   u s e   t h e   a n a l y s i s   o f   S e c t i o n   6 . 3  t o  p r e d i c t   t h e   p r e s s u r e   d r o p  

across  the  chamber  near  turndown  and  obtain  an estimate of  minimum flow. 

Near turndown t h e   t a n g e n t i a l   v e l o c i t y  component is much l a r g e r   t h a n  

e i t h e r   t h e   r a d i a l   o r   a x i a l  components  within  the  main  part  of  the  chamber 

f l ow .   The re fo re   t he   rad ia l  momentum equa t ion  may be   wr i t ten   approx imate ly  as 

a 
ar r (7.3-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.   7.5  Vortex  valve  performance  curve  showing  an  increase 
i n   d i s c h a r g e   c o e f f i c i e n t   w i t h   i n c r e a s i n g  swirl. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

,. 
With t h e   c i r c u l a t i o n  assumed  constant   for  r > r and  given  by E q .  6.3-16 f o r  

r r ,  E q .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7.3-1 may be   i n teg ra ted   be tween   the   exhaus t   and   t he   cy l i nd r i ca l  

wal l  t o   g i v e  

,. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A 

wi th  A = (B - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1)/ (X1 - 1) , and r = 1 - 1 / B .  A f t e r   i n t e g r a t i o n  E q .  7.3-2 

y i e l d s  
1 

(7.3-3) 

w i t h  

+ 2Al(l + A )[" - 11 + 3A1 2 Rn  [A1(? - 1) (7.3-4) 
re e 

,. A 

+ '1 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 3 (1 - [A  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(L - 1) + 
r 1 
e re r e 
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Cons is ten t   w i th   t he   app rox ima t ion   wh ich   l ead   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7.2-9, the   normal ized  

ou tpu t   f low may be  approximated as 

w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= (  - pe - 
Pw Pa zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

(7 .3 -5)  

With   the   a id   o f  Eq.  7.2-4 t h e   i d e a l   c i r c u l a t i o n   i n t r o d u c e d   i n t o   t h e  valve may 

b e   w r i t t e n  as 

(7 .3 -6)  

S i n c e   t h e  !LID of  the  valve  chamber i s  small i t  s h o u l d   b e   p o s s i b l e   t o   n e g l e c t  

s h e a r   l o s s e s  on t h e   c y l i n d r i c a l  w a l l  i n   compar ison   to   those  on   the  f l a t  end 

walls, s o  t h a t  i t  i s  c o n s i s t e n t   t o  assume t h a t  

ro - - r i  ( 7 . 3 - 7 )  

s - PC 
A t  turndown W = WCc and E q s .  7.3-3 t h r u  7.3-7 may be  combined  for  p - 
t o   g i v e  

0 
min 

WCc = 1 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ l  + 2 AtF/Ac] 
2 -112 

( 7 . 3 - 8 )  

T h i s   t h e o r e t i c a l   p r e d i c t i o n   o f   t u r n d o w n   r a t i o  is  p l o t t e d   i n   F i g .  7.6 .  

It g i v e s  a turndown r a t i o   w h i c h   i n c r e a s e s  as r a d i u s   r a t i o   d e c r e a s e s .  However, 

i f   t h e   c o n t r o l  

i n v i s c i d   c u r v e  

t h e   a i d  of Eq. 

f low  requ i red  at  c u t o f f  is less t h a n   t h e  maximum W i n   t h e  

the  turndown  po int  w i l l  be   an   uns tab le   po in t   (F ig .  7 . 2 ) .  With 

7.2-10 ,  t h i s   v a l u e  is given  by 

C 

wc = 0.595 [- A ]  
re Ac 112 
r 

m a x  w o  

which  gives a bound f o r   s t a b l e  TDR 
r A  

TDRmax = 1 . 6 8  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[FA] 
w 0 1 1 2  

e c  

(7 .3 -9)  

(7.3-10) 

T h i s   l i n e  is i nc luded  on   F ig .  7 . 6 .  The ach ievab le  TDR i s  governed  by Eq.  

7.3-10 f o r  low rw/re and  by E q .  7.3-8 f o r   l a r g e  rw/re w i t h   t h e  maximum va lue  

of TDR occu r r i ng  at  t h e   i n t e r s e c t i o n   o f   t h e  two curves.  

Wi th in   the   uncer ta in ty   sur round ing   the   p roper   va lue   o f   c f   d iscussed  in  

S e c t i o n  6 . 3 ,  t h e s e   t h e o r e t i c a l   p r e d i c t i o n s   a g r e e   w i t h   e x p e r i m e n t s .  The 

optimum r a d i u s   r a t i o s   f o r  maximum turndown are i n d i c a t e d  as i s  t h e   s i g n i f i c a n t  

g a i n   i n  turndown r a t i o   a c h i e v e d  by  using a d u a l   e x h a u s t   r a t h e r   t h a n  a s i n g l e  

exhaust .  From Eq. 7.2-7 ,  i t  may b e   s e e n   t h a t   g o i n g   t o  a dua l   exhaust  i s  l i k e  

c u t t i n g  c i n   h a l f .   T h i s  is eas i l y   unders tood   by   recogn iz ing   t ha t   t he  

minimum f l ow   cond i t i on  is set by t h e  mass f low  supported  by  the  end wall 
f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEq. 7.3-8, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN = 1, c = 0.01 
o r  N = 2 ,  c: = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.02 f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

H - " - Eq. 7.3-8, NH = 1, cf = 0.005-30 

- k c .  

" - 20 '- A o r  N = 2 ,  cf = 0.01 
H 

- . 
" - - - 

- 20 

- - - - TDR - 
""" 
""" 

10 

- - 

~- I- I 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 5 6 7 8 9 10 

'wire 
Fig .   7 .6   Theore t ica l   p red ic t ion   o f  TDR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas a func t ion   o f   rad ius  

ra t i o .   Ach ievab le  TDR governed  by  the  lower  of   the 
two curves.  

boundary  layer.   For a g iven  exhaust   rad ius  i t  is independent  of   whether  the 

chamber has  a d u a l   o r  a s i n g l e   e x h a u s t .  However t h e  maximum f l ow   fo r  a g iven  

exhaust   rad ius  is doub le   f o r   dua l   exhaus t   o f   t ha t   f o r  a s ing le   exhaus t .  

Thus t h e   r a t i o   o f  maximum f l o w   t o  minimum flow  which i s  the   tu rndown  ra t io  

should  be  approximately twice as much €or  a dua l   exhaust   va lve .  

Computer  programs  have  been  writ ten  to  predict  incompressible  valve  per- 

formance  by  Bichara  and  Orner  (1969)  and  for   e i ther  compressible  or  incom- 

p r e s s i b l e   b y   F e l s i n g ,  Mockenhaupt  and  Lewellen  (1970).  Bauer  (1968)  has 

programmed t h e  case of a choked o u t l e t .  The boundary- layer   t rea tment   fo r  a l l  

of   these  analyses is e s s e n t i a l l y   s i m i l a r   t o   t h a t   g i v e n   h e r e i n   a n d   t h u s   a l s o  

suf fers  f rom  incomplete  knowledge  of   the  dependence  of  cf on Ret  and 

geometry . 

I 

7 .4  Other  Nodes  of   Operat ion  for  a F lu id i c   Vo r tex  

The b a s i c   f e a t u r e s   o f   t h e   v o r t e x   v a l v e   c a n   b e   u s e d   i n  several ways t o  

su i t   d i f f e ren t   pu rposes   o the r   t han   t he   p r imary   pu rpose   o f   f l ow   modu la t i on .  

An i n d i c a t i o n   o f   t h e   p o s s i b l e   v a r i a t i o n  is g iven  by   the   fo l low ing  l ist .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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a)   S igna l   Amp l i f i e r  

F igu re  7.7 is a schematic  of  a f i v e   p o r t   v o r t e x   a m p l i f i e r   d e v e l o p e d  

by  Bendix  Research  Laborator ies,   Tapl in (1969). One mode o f   ope ra t i on  is t o  

ampl i fy a cont ro l   p ressure   change  by   connect ing   the   ex te rna l   por t  as t h e  

s i g n a l   r e c e i v e r   w i t h   t h e   e x h a u s t   p o r t   a c t i n g  as a v e n t   a n d   t h e   i n t e r n a l   p o r t  

b locked.   Large  changes  in  P can   be   ob ta ined   w i th  small changes   i n  p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. With 

th is   a r rangement  i t  is e v e n   p o s s i b l e   t o   r e v e r s e   t h e   f l o w   i n   t h e   e x t e r n a l   p o r t .  
0 C 

Fig.  7.7 F i v e   p o r t   v o r t e x   a m p l i f i e r   ( T a p l i n ,  1969) .  

I f  i t  is d e s i r e d   t o   a m p l i f y   t h e   a b s o l u t e   p r e s s u r e   r a t h e r   t h a n   t h e  

p r e s s u r e   c h a n g e ,   t h e   i n t e r n a l   p o r t  may be  used as t h e   s i g n a l   i n p u t   w i t h   t h e  

supp ly   por t  as t h e   s i g n a l   o u t p u t .  

b )   Pressure   Regu la to r   w i th   Var iab le  Flow Rate 

I f   t h e   c o n t r o l   p r e s s u r e  is he ld   cons tan t ,   t he   supp ly   p ressu re  i s  

e s s e n t i a l l y   c o n s t a n t   o v e r  a range  o f   output   f low as shown i n   F i g .  7.8.  

c)  Diode zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A two p o r t   v a l v e ,  as ske tched   i n   F ig .  7.9 may be  used  to   p rov ide  a 

much h i g h e r   r e s i s t a n c e   t o   f l o w   i n   o n e   d i r e c t i o n   t h a n   t h e   o t h e r .   F o r   a n  incom- 

p r e s s i b l e   d i o d e   t h e   r a t i o   o f   p r e s s u r e   d r o p   r e q u i r e d   f o r   f l o w   i n   t h e  reverse 

d i r e c t i o n   t o   t h a t   r e q u i r e d   f o r   t h e  same f low i n   t h e   f o r w a r d   d i r e c t i o n  i s  equa l  

t o   t h e   s q u a r e   o f   t h e  turndown r a t i o   o f   t h e   e q u i v a l e n t   v o r t e x   v a l v e .  Thus w i t h  

p roper   des ign   th is   can   be   o f   the   o rder   o f  100 t o  1, which i s  a much h i g h e r  

r a t i o   t h a n   c a n   b e   o b t a i n e d   w i t h   a n y   o t h e r   t y p e   f l u i d   d i o d e   ( P a u l ,  1968). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Max zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFlow zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Exi t  Orifice 
C h a r a c t e r i s t i  

m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
s 

Supply 
Flow 

ps 
Supply   Pressure 

F ig.  7 . 8  Vor tex   chamber   charac ter is t i c   curves   w i th  
r e g u l a t e d   c o n t r o l .  

F ig .  7.9 Schematic of vor tex   d iode.   There  is a 
l a r g e   p r e s s u r e   d r o p   r e q u i r e d  f o r  f low 
i n   d i r e c t i o n  (1) and a low drop  fo r   f low 
i n  d i r e c t i o n  ( 2 ) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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d )   S i g n a l  Summation 

By us ing  a number o f   con t ro l   po r t s   a round   the   pe r iphe ry   s igna ls  may 

be   added   o r ,   us ing   oppos ing   con t ro l   po r t s ,   sub t rac ted .   Bend ix   (Tap l i n   and  

Mc Fa l l ,   1969)   has   demonst ra ted  the process ing  of as many as 1 6   s e p a r a t e  

c o n t r o l   p o r t s   o n  a s i n g l e  1 i nch   d iameter   ampl i f ie r .  

e )   O s c i l l a t o r  

A s  demons t ra ted   i n   Sec t i on   7 .2  a vor tex   va lve   can   be  made t o   o p e r a t e  

i n   reg ions   where  i t  b e h a v e s   a s   i f   t o   p r o v i d e   n e g a t i v e   r e s i s t a n c e   t o   t h e   f l o w  

t h r u  i t .  T h i s   p r o v i d e s   t h e   p o s s i b i l i t y  of o p e r a t i n g   t h e   v o r t e x  as an   osc i l -  

l a t o r .  An arrangement  which i s  p a r t i c u l a r l y   c o n d u c i v e   t o  a smooth o s c i l l a t o r  

is s k e t c h e d   i n   F i g .   7 . 1 0 ( a ) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA r e s e r v o i r  i s  added t o   t h e   s u p p l y   i n l e t   t o  ac t  

as a c a p a c i t o r .  The quas i - s teady   ope ra t i ng   cu rve   f o r   such  a va l ve  is  sketched 

i n   F i g .   7 . 1 0 ( b )   f o r   t h e   c o n t r o l   p r e s s u r e   h e l d   c o n s t a n t .  The frequency of 

o s c i l l a t i o n  may be  set by  varying  the  volume of t h e   c a p a c i t o r s .  The range  of 

o s c i l l a t i o n  may be improved  by  b ias ing  the  supply   f low  to   in t roduce swirl i n t o  

t h e   v o r t e x   i n  a d i r e c t i o n   o p p o s i t e   t o   t h e   c o n t r o l .  Such a n   o s c i l l a t o r   p r o -  

v ides   the   p romise  o f  becoming  an   accura te   tempera ture   sensor .   (Be l l ,  1966;  

Hart, 1969) .  

RESISTIVE 
L I N E  WITH 
VOLUME zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@ 

(a )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASCHEMATIC (b) OPERATING  RANGE 

F i g .   7 . 1 0   N e g a t i v e   r e s i s t a n c e   o s c i l l a t o r  
(Tap l in ,   1965) .  

f )  Flow Meter 

If t h e   r a d i u s   r a t i o   b e t w e e n   t h e   a n n u l a r   i n l e t  and t h e   c e n t e r   o u t l e t  

i n   F i g .   7 . 9  i s  reduced  to   approach 1 so  t h e r e  i s  l i t t l e  d i s s i p a t i o n   w i t h i n  

t h e   v a l v e ,   t h e r e  w i l l  b e   a n   o s c i l l a t i o n   a s s o c i a t e d   w i t h   t h e   o u t l e t .  When t h e  

normal ized  angular  momentum flux i s  grea te r   t han   t ha t   wh ich   can   pass   t h ru   t he  

e x h a u s t   i n   s t e a d y   f l o w   ( s e e   S e c t i o n  6.5) the   f low  th ru   the   exhaust  is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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unsteady.  For a f i x e d   g e o m e t r y   t h e   f r e q u e n c y   o f   t h i s   o s c i l l a t i o n  varies 

l i n e a r l y   w i t h   f l o w  ra te (Ryan,  1969) t o   p r o v i d e   t h e   b a s i s   f o r  a flowmeter 

w i th  a d i g i t a l   r e a d o u t .  

g)   Fluid  Gyroscope 

F o r   l a r g e   r a d i u s   r a t i o s ,   a n d   l o w   v a l u e s   o f  swirl, small angular  

v e l o c i t i e s  may b e   g r e a t l y   a m p l i f i e d  as t he   f l ow   converges   t o   t he   exhaus t .  

Thus a pressure  measurement   near   the axis o f   t h e  chamber i n   F i g .  1 . 2  would be  

s e n s i t i v e   t o  small ro ta t ions   o f   the   porous   r ing .   F ieb ig   (1966)   and  Sarpkaya 

(1968)  show t h a t   s u c h  a dev ice   can   be  a s e n s i t i v e   a n g u l a r - r a t e   s e n s o r   o v e r  a 

wide  frequency  band. 

h )   V o r t i c i t y  Meter 

If an  independent  measurement  of  thru  f low is a v a i l a b l e   t h e   p r e s s u r e  

d r o p   r e q u i r e d   t o   d r i v e  a s w i r l i n g   f l o w   t h r u   a n   o r i f i c e  may be   used  to   de ter -  

m i n e   t h e   v o r t i c i t y   f l o w i n g   i n t o   t h e   o r i f i c e .   P o s s i b l e   a r r a n g e m e n t s   f o r   s u c h  

a f l u i d i c   v o r t i c i t y  meter have  been  analyzed  by  Guenette  (1970). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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V I I I .  ADVANCED NUCLEAR ROCKET CONCEPTS  EMPLOYING VORTEX CONTAINMENT 

8.1 I n t r o d u c t i o n  

S ince   t he   adven t  of the   space  p rogram many concepts  have  been  proposed 

fo r   u t i l i z i ng   nuc lea r   ene rgy   f o r   space   p ropu ls ion .   The   h igh   ene rgy   dens i t y  

o f  n u c l e a r   f u e l  ( 2  x 10 kca l /gm  fo r   the   f i ss ion   reac t ion   compared  w i th  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

kca l /gm  fo r  a t yp i ca l   chemica l   reac t i on )  makes n u c l e a r   e n e r g y   v e r y   a t t r a c t i v e  

as an energy   source   fo r   space  sys tems.  However, n u c l e a r   f u e l  i s  both  expen- 

s i v e  and  has a high  molecular   weight ,   hence i t  i s  n e c e s s a r y   t o   t r a n s f e r  a 

l a r g e   p o r t i o n   o f   t h e   e n e r g y   g e n e r a t e d   i n   t h e   n u c l e a r   f u e l   t o  a gas  which i s  

more s u i t a b l e   f o r   u s e  as a p r o p e l l a n t .  The easiest way o f   a c h i e v i n g   t h i s  ap- 

Pears t o   be  b y  c o n t a i n i n g   t h e   n u c l e a r   f u e l   i n  a so l id   core   heat   exchanger   and 

a l low ing  t h e  prope l l an t   gas   t o   f l ow   th ru   t he   hea t   exchanger   t o   rece ive   ene rgy  

from t h e  h G t  n u c l e a r   f u e l   r o d s   b e f o r e   t h e   p r o p e l l a n t  i s  expanded  th ru   the   rocke t  

nozz le .   Th is  i s  t h e   b a s i s   f o r   t h e  XERVA nuc lea r   rocke t .  Such a rocke t   has   been 

success fu l l y   des igned ,   bu i l t , and   g round   tes ted   and   has   p roven   t ha t  i t  i s  poss- 

i b l e  f o r  a nuc lea r   rocke t   t o   ach ieve  a prope l lan t   exhaust   ve loc i ty   wh ich  i s  about 

twice  that  which  can  be  achieved  by  any  chemical  rocket.  This  means  twice as 

much t o t a l   i m p u l s e   c a n   b e   d e l i v e r e d   t o  a space   veh ic le   f rom  the  same amount o f  

p r o p e l l a n t .  

7 

The performance  of   the NERVA n u c l e a r   r o c k e t  i s  l im i ted   by  material con- 

s t r a i n t s  on the   tempera ture .  The  per formance  can  be  increased  in  3 g e n e r a l  

ways. (1) I t  may b e   p o s s i b l e   t o   o b t a i n   b e t t e r  materials which are capable  o f  

ope ra t i ng  a t  h igher   t empera tu res .  ( 2 )  It may b e   p o s s i b l e   t o   a c c e l e r a t e   t h e  

p r o p e l l a n t  t o  h igher   exhaus t   ve loc i t i es   w i thou t   i nc reas ing  i ts  s t a t i c  temper- 

a t u r e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 )  It may b e   p o s s i b l e   t o   c o n t a i n   t h e   n u c l e a r   f u e l   i n   t h e   g a s e o u s   p h a s e  

to   c i rcumvent   the   tempera ture  limit on t h e   n u c l e a r   f u e l .  A l l  th ree   approaches 

are being  pursued. The  most  promising  approach  to  the  second  method i s  t o  

f i r s t   c o n v e r t   t h e   t h e r m a l   e n e r g y   f r o m   t h e   n u c l e a r   r e a c t i o n   i n t o   e l e c t r i c a l  

ene.rgy  and  then t o   u s e  some t y p e   o f   e l e c t r i c   t h r u s t e r   t o   a c c e l e r a t e   t h e   p r o -  

p e l l a n t .  The  major   d isadvantage  o f   such  nuc lear-e lect r ic   propuls ion  systems 

i s  t h e   l a r g e  mass o f   t h e  e lec t r i c  power genera to r   wh ich   f o rces   t he   sys tem  to  

have a r e l a t i v e l y  low  thrust- to-weight  rat io.   HcLafferty  (1967)  and  Ragsdale 

(1968)  have  rcviewed some o f   the   concepts   p roposed  fo l low ing   the   th i rd   approach.  

I n   t h i s   r e v i e w  w e  are p r i m a r i l y   i n t e r e s t e d   i n   c o n s i d e r i n g   t o   w h a t   e x t e n t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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vor tex   f lows may b e   u s e f u l   i n   r e a l i z i n g  more o f   t he   po ten t i a l   o f   nuc lea r   p ro -  

puls ion  systems.  Kerrebrock  and  Meghrebl ian  (1961)  proposed  vortex  contain- 

ment f o r  a g a s e o u s   f i s s i o n   r o c k e t   i n  a c lass i f i ed   repo r t   i n   1958 .   Grey   (1959)  

pub l i shed the same i d e a   i n  the u n c l a s s i f i e d   l i t e r a t u r e .   T h e   i d e a  is t o   s u s -  

pend  an   annu lus   o f   f i ss ion ing   fue l   by   ma in ta in ing   an   equ i l ib r ium  be tween  the  

cent r i fuga l   fo rce   on   the   ro ta t ing   fue l   and  the   hydrodynamic   fo rce   o f   hydrogen 

f l o w i n g   r a d i a l l y   i n w a r d   t h r u   t h e   f i s s i o n i n g   f u e l .   A n a l y s i s   i n d i c a t e d   p r o m i s i n g  

p o s s i b i l i t i e s .   T h i s   l e d   t o  a number o f   expe r imen ta l   and   t heo re t i ca l   i nves t i -  

gat ions  o f   vor tex  conta inment   and  to  a g e n e r a l   e v o l u t i o n   o f   o t h e r  ways o f   u t i l i -  

z ing   vor tex   f lows  fo r   con ta inment .   Rather   than  fo l low a h i s t o r i c a l   a p p r o a c h   t o  

t h e s e   i n v e s t i g a t i o n s ,  l e t  us f i r s t   l o o k  a t  the   genera l   requ i rements   o f  a gas- 

eous  core  nuclear  rocket  and  then  determine  to  what  extent  these  requirements 

can  be m e t  with  vor tex  conta inment .  

8 . 2  Design  Requirements  for a Gaseous  Nuclear  Rocket 

To ma in ta in   t he   s tab le ,   con t i nuous   f i ss ion   reac t i on   needed   fo r  a nuc lea r  

r e e c t o r  i t  i s  necessa ry   t o   have  a c r i t i c a l  mass of f u e l .   T h i s   c r i t i c a l  mass 

depends  strongly  on  geometry  and  on  the  other materials p r e s e n t   i n   t h e   r e a c t o r .  

The smallest va lues  are achieved when m a t e r i a l s   a r e   p r e s e n t   t o   m o d e r a t e   t h e   h i g h  

speed  neutrons  generated by the   f i ss ion   reac t i on   w i thou t   abso rb ing   t hem.   I n  t h e  

case of a gaseous   nuc lea r   rocke t   a lmos t   a l l  o f  the   modera t ing   mater ia l  w i l l  be 

loca ted   a round   the   cav i t y   con ta in ing   t he   f ue l   as   seen   i n   F ig .  (8 .1)  C r i t i c a l  

exper iments on such a c a v i t y   r e a c t o r   h a v e   b e e n   r u n  by Pincock  and Kunze  (1967 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 
1969).  Most o f   the i r   exper iments  have  used s t r ips  of  m e t a l   f o i l   t o   s i m u l a t e  a 

gaseous   f ue l   bu t  a check  has  been made us ing UF g a s   t o   a s c e r t a i n   t h a t   t h e   f o i l  

s t r i p s  do adequa te l y   s imu la te   t he   gas   cond i t i ons   t o  a 10% accuracy.   F igure ( 8 . 2 )  

shows some o f   t h e i r   r e s u l t s   b o t h   i n  terms o f   t h e   c r i t i c a l  mass  and the   concent ra -  

t i o n   o f  Uranium - 235 requ i red  as a func t i on  of t h e   f r a c t i o n  of t h e   r a d i u s   t o  

wh ich   the   fue l  i s  r e s t r i c t e d .  The va lue  o f  9 kg f o r   t h e  U235 d i s t r i b u t e d   o v e r  

the   who le   cav i ty  is  about  the minimum tha t   can   be   ach ieved  fo r   any   geomet ry .  

The a c t u a l   c r i t i c a l  mass r e q u i r e d   i n  a gaseous  core  rocket  may be  from 2 t o  5 

times g r e a t e r   t h a n   t h i s   d u e   t o   s u c h   e f f e c t s  as t h e   r e s t r i c t i o n   o f   t h e   f u e l  away 

f rom  the wal ls,  l eakage  o f   neut rons   ou t   the   rocke t   nozz le ,   and  neut ron   absorp-  

t i o n   i n   t h e   s t r u c t u r a l  members o f   t he   rocke t .  

6 

It is p o s s i b l e   t o   r e d u c e   t h e  amount o f   f u e l   r e q u i r e d   i n  the gaseous state 

i f  some s o l i d   f u e l  is i nc luded  in   the   modera tor   bu t   th is   degrades   the   per fo rmance zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Thick neutron reflector 

Pressure shell zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
\ \ Propellant zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAide i  

Fissionable- 
fuel idet  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Gaseous fission plasma 

Fig.  8.1 Direct gaseous-heater   rocket  
reactor-basic  concept.  
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Fig.  8.2 E f f e c t   o f   r a t i o   o f   f u e l   r a d i u s   t o   c a v i t y   r a d i u s  on c r i t i c a l  mass and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U235 density  (Pincock  and  Kunze,  1967-69). 
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poten t ia l   o f   the   sys tem.   Th is   can   be   demonst ra ted   by   an   energy   ba lance  o f  

the   sys tem  wh ich   a lso   g ives   an   idea   o f   des ign   tempera tures .  Even i n  a gas- 

eous  core  system there is  still a temperature l i m i t  imposed  on   the   so l id  corn- 

ponents   o f   the   rocke t .  If these  so l id   components  are t o   b e   c o o l e d   b y   t h e   p r o -  

pe l l an t   f l ow   be fo re  i t  e n t e r s   t h e   c a v i t y ,   a n   e n e r g y   b a l a n c e  for the p r o p e l l a n t  

shows t h a t  

h /h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 + (1 - K )  (1 - X)/[K + x (1  - K)] g s  
(8.2-1) 

where h is t h e   f i n a l   e n t h a l p y  of t h e   p r o p e l l a n t  after p a s s i n g   t h r u   t h e  

c a v i t y ,  h is t he   en tha lpy   o f   t he   p rope l l an t   l eav ing   t he   so l i d   componen ts ,  
g zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

s 
is t h e   f r a c t i o n   o f   t h e   t o t a l   e n e r g y   w h i c h  is g e n e r a t e d   b y   f u e l   i n   t h e   s o l i d  

components a n d x i s   t h e   f r a c t i o n   o f   t h e   e n e r g y   g e n e r a t e d   i n   t h e   g a s   w h i c h  is 

d e p o s i t e d   i n   t h e  walls. The r a t i o   o f   p r o p e l l a n t   e x h a u s t   v e l o c i t y   o b t a i n a b l e  

i n  a g a s e o u s   c o r e   n u c l e a r   r o c k e t   t o   t h a t   i n  a s o l i d   c o r e   l i m i t e d   t o   t h e  same 

maximum tempera ture   in   the   so l id   components  is given  by 

(8.2-2) 

About  12%  of t h e   e n e r g y   a v a i l a b l e   f r o m   t h e   f i s s i o n   o f  U235 is i n v e s t e d   i n  

y and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB rays   and  in   h igh   energy   neut rons .   Energy   o f   th is   fo rm  cannot   be  

e f f i c i e n t l y   t r a n s f e r r e d   d i r e c t l y   t o   t h e   g a s ,   i n s t e a d  i t  w i l l  b e   d e p o s i t e d   i n  

t h e   s o l i d  components of t h e   r e a c t o r .  Thus a lower  bound  on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx is approxi-  

mately 0.1. This  would  be  increased  by  any  convect ive  or   radiat ive  heat 

t r a n s f e r  from the   gas   to   the   so l id   components   and  by   any   secondary   nuc lear  

r e a c t i o n s .  The upper   bound  on  the  exhaust   ve loc i ty   corresponding t o  x = 0 . 1  

and IC = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  (8.2-2) i s  

(8 .2 -3)  

This  bound  on  performance is rap id l y   dec reased  as K i n c r e a s e s .   I f   1 1 2   t h e  

f u e l  is p l a c e d   i n   t h e   s o l i d   c o m p o n e n t s   t h a n   t h i s   p o t e n t i a l   b o o s t   i n   e x h a u s t  

v e l o c i t y  is c u t   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1 .35 .  

The limits on  the  performance  of  a gaseous  core  nuc lear   rocket   imposed  by 

the   above  energy   cons idera t ions   can ,   o f   course ,   be   c i rcumvented   by   us ing  a 

r a d i a t o r   t o   p r o v i d e   a d d i t i o n a l   c o o l i n g .   T h i s   i n   t u r n   f o r c e s  a t rade   o f f   be -  

tween   i nc reas ing   exhaus t   ve loc i t y   and   dec reas ing   t h rus t - to -we igh t   ra t i o   wh ich  
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makes i t  d i f f i c u l t   t o   i m p r o v e   o v e r a l l   p e r f o r m a n c e   i n   t h i s   m a n n e r .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A p l o t  of idea l   exhaust   ve loc i ty   versus   chamber   tempera ture  is p l o t t e d   i n  

F igure   (8 .3 )   fo r   hydrogen a t  va r ious   p ressu res .   These   cu rves  assume t h a t  es- 

s e n t i a l l y  a l l  the   thermal   energy  of t h e   p r o p e l l a n t  is c o n v e r t e d   i n t o   d i r e c t e d  

k ine t i c   ene rgy   by   t he   rocke t   nozz le .  The NERVA eng ine  is des igned  fo r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

2500'K. Figure  (8.3)  and  Equation  (8.2-3) show t h a t   t h e   a v e r a g e   s t a g n a t i o n  

tempera tu re   o f   t he   hyd rogen   p rope l l an t   i n  a gaseous  core  system w i l l  be  

10,000"K. 

The f u e l   p r e s s u r e   r e q u i r e d   f o r   c r i t i c a l i t y   c a n  b e  determined  from  the  den- 
19 s i t y   i n   F i g .   ( 8 . 2 )  when the   t empera tu re  is  s p e c i f i e d .  A concen t ra t i on  of 10 

atoms/cm a t  a temperature  of   10,000"K  would  y ie ld a uranium  pressure of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(IO1' atoms/cm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) ( 1 . 3 8 ~ 1 0 - ~ ~  Kg-m / s e c  - O K )  (10,000"K) 

3 2 2  

pU 

pU 

= nkT 

: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14 atm. 
i . e .  m3/cm3> (1.013 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx l o5  Kg m/sec atm. ) 2 

(8.2-4) 

The p r e s s u r e  of  the  uranium  gas  just   computed  should  not   be  confused  wi th  

t h e  chamber p ressu re .  Most  of t h e   f i s s i o n   e n e r g y   m u s t   b e   t r a n s f e r r e d   t o  a 

l i g h t   p r o p e l l a n t   g a s   s u c h  as hydrogen i f  a h igh   exhaus t   ve loc i t y  is t o   b e  a- 

chieved. The d e g r a d a t i o n   i n   p e r f o r m a n c e   d u e   t o   t h e   i n c r e a s e   i n   m o l e c u l a r  

weight ,  c y  o f  an  exhaust   mix ture a t  a f i xed   s tagna t ion   t empera tu re  is  g iven 

by 

V 
e 

e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI mix tu re  I 

H7 

- 
V 

- 
This  may b e   w r i t t e n  as 

and when p <i. p 
U H2 

V I 

e P 
-112 

mixture ~ - 
V 
e 
H2 [?tal + < o t a l k ]  

V 
e -112 

- mixture ~ 

V e 
H 2  

(8.2-5) 

(8.2-6) 

(8.2-7) 
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3500 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Fig.  8 . 3  Effect of s tagnat ion   tempera ture   and  p ressure   on  vacuum s p e c i f i c  
impu lse   ach ieved  by   an   equ i l ib r ium  expans ion   o f  Hydrogen t h r u  
a p r e s s u r e   r a t i o   o f  lo5.  (Roback, 1966) 
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From Equation  8.2-7, i t  may b e   s e e n   t h a t  90% o f   t he   i dea l   hyd rogen   exhaus t  

v e l o c i t y  may b e   a c h i e v a b l e   i f  m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ < 0.2. 
. .  

% 
The mass f l o w   r a t i o   o f   f u e l   t o   p r o p e l l a n t   a r r i v e d  at  i n   t h e  last para- 

graph  can  be  used  to   determine a p ressu re   f o r   t he   hyd rogen  i f  a gaseous  core  

system is t o   o p e r a t e   w i t h  a un i fo rm  mix tu re ,  i .e .  wi th   no   separa t ion   be tween 

f u e l   a n d   p r o p e l l a n t .  

SO t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 (5) (,) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14 a t m  8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX l o 3  atrn 

235 
pH2 

(8.2-8) 

(8.2-9) 

The p rope l l an t   wou ld   have   t o   be   i n jec ted   i n to   t he   chamber  a t  some s t i l l  

h igher   p ressure .   Th is   appears   to   be   beyond  the   cur ren t  s ta te  o f  t h e  ar t  of 

pump design.  

Even i f  i t  were p o s s i b l e   t o   o p e r a t e  a t  t h e   h i g h   p r e s s u r e s   j u s t   a r r i v e d  

a t ,  the  rocket   would  prove  uneconomical   for  a l l  b u t  a few very  ambi t ious 

m i s s i o n s ,   s i n c e   n u c l e a r   f u e l   c o s t s   i n   t h e   n e i g h b o r h o o d   o f  $14,000 p e r   k i l o -  

gram. Some m i s s i o n   a n a l y s i s   m u s t   b e   p e r f o r m e d   t o   a r r i v e  a t  a mass f l o w   r a t i o  

O f  m ~ 2  I m ~ 2  3 5 t h a t  w i l l  g ive   the   gaseous  core   sys tem a s i g n i f i c a n t  im- 

provement  over a so l id   core   nuc lear   rocke t .   Ragsda le   (1963)   p roposed  tha t  

t h i s  may be  as low a s  rh /%235 2 35  based  on  the  assumpt ion  that   the  h igher  

exhaust   ve loc i ty   o f   the   gaseous  nuc lear   rocke t  w i l l  g i v e  i t  an  advantage 

as long as t h e   t o t a l   f u e l   c o s t  i s  less t h a n   t h e   c o s t   o f   t h e   p r o p e l l a n t .  The 

f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof 35 is based  on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa p r o p e l l a n t   c o s t  of $400/kg, the   approx imate   cos t  

o f   p l a c i n g   a n y t h i n g   i n   e a r t h   o r b i t   w i t h   S a t u r n  V rocke t .  I f  t h e   c u r r e n t   p l a n  

f o r   a n   e a r t h - o r b i t   s h u t t l e   s y s t e m   p r o v e s   s u c c e s s f u l   i n  i ts goal   o f   reducing 

o r b i t   c o s t   a n   o r d e r  o f  magnitude  (Chako,  1969)  this w i l l  a l s o   i n c r e a s e   t h e  

. .  

H2 

requ i red  %2 /%2 3 5 
. .  

fo r   an   economica l   rocke t   an   o rder   o f   magn i tude  to  

something  between zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlo2 amd lo3. Although  the exact mass f l o w   r a t i o  limit i s  

u n c l e a r  i t  i s  e v i d e n t   t h a t  some degree   o f   separa t i on   be tween   the   f ue l   and  

propel lant   must   be  achieved  ra ther   than  depending  upon  increas ing  pressure  to  

i n c r e a s e  m /%235 . . .  
H2 

One way o f   e x p r e s s i n g   t h e   s e p a r a t i o n   b e t w e e n   f u e l   a n d   p r o p e l l a n t  is i n  

. . ... ..... 



terms of  a "containment time'', zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, de f ined  as a r a t i o   o f   t h e   d w e l l  t i m e  

o f   f u e l   i n   t h e   c a v i t y   t o   t h e   d w e l l  t i m e  o f   t h e   p r o p e l l a n t ,  i .e.,  
C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(8.2-10) 

This  containment time may b e   e x p r e s s e d   i n  terms of c a v i t y   p r e s s u r e  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(8.2-11) 

With P cri.t s p e c i f i e d   b y   t h e   c r i t i c a l i t y   c o n d i t i o n  as approximately 0.005 

gm/cm , m H 2 / 5 2 3 5  set a t  approximately 10' as demanded  by economics, set  

a t  10,000"K to   ach ieve   an   I sp   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1: 2500 seconds,  and p set a t  1,000 atmos- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  

TH2 

pheres   (a   p ressu re   t ha t   appears   w i th in   t he  s ta te  o f   t h e   a r t   o f  pump design 

Duke and  Houghton, 1966), and = 1 s ince  hydrogen is d i s s o c i a t e d  a t  t h i s  

temperature  and  pressure , then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

2 

T z 400 
C 

(8.2-12) 

I n  summary, a successfu l   f low  conta inment   scheme  for  a gaseous  nuc lear  

r o c k e t   c a l l s   f o r   h y d r o g e n   t o   f l o w   t h r u   t h e   c a v i t y   a t  least 400 t i m e s   t h e   r a t e  

a t  which U235 f l ows   t h ru   t he   cav i t y .  

8.3 Conta inment   by  Pressure  Di f fus ion 

P r e s s u r e   d i f f u s i o n   i n  a b ina ry   gas   m ix tu re   w i th in  a vor tex  f low  has  been 

considered  by many au tho rs .  No at tempt  i s  made h e r e   t o   g i v e  a h i s t o r i c a l  re- 

v iew  o f   th is   work .   Rather ,   the   in ten t ion  i s  t o  review t h e   p e r t i n e n t   f a c t s  

a n d   t o  see what  conclusions  can  be  drawn. 

Based  on a one-dimensional ,   inviscid  model,   Kerrebrock  and  Meghrebl ian 

(1961) have shown t h a t   i n   o r d e r   t o   h a v e   s i g n i f i c a n t   c o n t a i n m e n t  i t  is neces- 

sa ry   t o   have  
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wi th in   t he   vo r tex .   I n   Equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(8.3-1) t h e   s u b s c r i p t s  1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 refer t o   t h e  

l i g h t   a n d   h e a v y   g a s   r e s p e c t i v e l y ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM is t he   mo lecu la r   we igh t ,  Y t h e   r a t i o  

o f   s p e c i f i c   h e a t s ,  M t h e   t a n g e n t i a l  Mach number,  and D t h e   b i n a r y   d i f f u s i o n  
t 1 2  

c o e f f i c i e n t .  

E s s e n t i a l l y   t h e  same conc lus ion  w a s  also  reached  by  Lewel len,  Ross, and 

Rosenzweig (1966) using a qu i te   d i f f e ren t   t h ree -d imens iona l ,   v i scous   mode l  

for   the  vortex  f low.  The  3-dimensional   model  they  assumed i s  g i v e n   i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 8 . 4 ) .  It c a l l s   € o r   n u l l i f y i n g   t h e   s e c o n d a r y  f low on the   end  wal l  through 

Fig.  8 .4  Secondary   f low  pa t te rn   mod i f ied   to  
control   boundary- layer  f low  and  thus 
enhance   separa t i on .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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which  the  f low w i l l  f inal ly  exhaust.   Pinchak  and  Poplawski   (1965)  and Ross 

(1964)   have  shown'   that   th is  is poss ib le   by   t angen t ia l   b low ing   i n   t he   end  

w a l l .  The  model a l s o  cal ls f o r   t h e   r a d i a l   s t a g n a t i o n   s u r f a c e ,  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, d iscussed  

i n  earlier c h a p t e r s   t o   o c c u r   s l i g h t l y   o u t s i d e   t h e   r a d i u s   o f   t h e   e x h a u s t .  If 

the  f low  across  the  chamber  f rom  the  end w a l l  boundary   l aye r   ou t   t he   exhaus t  

is modelled as a f low  wi th   un i form axial v e l o c i t y ,   w i t h   t h e  M p r o p o r t i o n a l  

t o  r and   the   concen t ra t i on   ra t i o   o f   l i gh t   t o   heavy   spec ies   assumed  a f u n c t i o n  

of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz only ,   then i t   is  p o s s i b l e   t o  show t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A 

t 

- = (- exp(-Oz/L) 
(8.3-2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A s  d i s c u s s e d   i n   t h e  l as t  s e c t i o n ,   t h e   r a t i o   o f  uranium  densi ty   to   hydro-  

gen   dens i t y   i n   t he   exhaus t   shou ld   be  less than  to   have  an  economical  

rocke t .   Bu t ,   t he   dens i t y   ra t i o   mus t   be   o f   t he   o rde r   o f  1 i n   t h e  main  par t  

o f   the   chamber   to   ach ieve   c r i t i ca l i t y   wh i le   ho ld ing   the   chamber   p ressure   to  

less than 1000 atmospheres.  These two c o n d i t i o n s   c a n   b e   s a t i s f i e d   i f  

0 2  5 
(8.3-3) 

Equation  (8.3-3  or  Equation  (8.3-1) as observed  by  Kerrebrock  and  Meghre- 

b l ian  (1961) ,   imposes a s e v e r e   r e s t r i c t i o n  on t h e  mass f l ow   pe r   un i t   l eng th  

of t he   vo r tex   and   l eads   t o   t he   concep t   o f  a l a r g e  number  of small diameter  

v o r t i c e s   t o  form a mat r ix   reac tor .   For   example ,   w i th  M 2 / M 1  = 235,  corres- 

ponding t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU and  d issoc ia ted  H 2 ;  wi th  M 1, wi th  y1 1.3;   and  wi th  

P1Dl2 gm/cm - s e c  as est imated  by  Schneiderman  (1964);   the  mass  f low  per 

u n i t   l e n g t h  is  l i m i t e d   t o  

235 t l  max 

A/L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0.5 gm/cm - s e c  
(8.3-4) 

For a rocke t   t h rus t   o f  50,000 kg at  an  Isp  = 2500 s e c ,  i t  would  be  necessary 

to   have  A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 20 kg/sec  which  impl ies a t o t a l   v o r t e x   l e n g t h   o f  400 m. 

An estimate o f   t h e   r e q u i r e d   v o r t e x   t u b e   r a d i u s   c a n   b e   o b t a i n e d   f r o m  

c r i t i c a l i t y   c o n d i t i o n s .   T o t a l   r e a c t o r  volume f o r  a minimum c r i t i c a l  mass 

reac to r   shou ld   be   o f   t he   o rde r   o f  1 m . This   can  be  achieved  over  a t o t a l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 
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l e n g t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA400 m ,  i f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr 1 cm. A poss ib le   reac to r   geomet ry   wou ld   appear   t o  

b e  a matrix of 400 t u b e s   w i t h  L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA’ 1 m and r 1 cm packed t o  form a 

c y l i n d r i c a l   r e a c t o r .  

0 

0 

The c r i t i ca l  q u e s t i o n  is whether   such  h igh   tangent ia l  Mach numbers  can 

be   ach ieved a t  t h e  low mass f low rates a v a i l a b l e   t o   d r i v e   t h e   v o r t i c e s .  

Assuming a Schmidt  number of  o r d e r  1 (Sc = lJ/p1D12 ) , Equat ion 8.3-3 i m p l i e s  

M / N  5 0.02 
t~ max 

(8 .3 -5 )  

Table ( 8 . 1 )  s u m m a r i z e s   t h e   r e s u l t s   o f   v a r i o u s   a t t e m p t s   t h a t   h a v e   b e e n  made zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n 

t o  maximize M / N  i n   vor tex   chambers .  The m a x i m u m  v a l u e   t h a t   h a s   b e e n   o b t a i n e d  

w a s  a va lue   o f  0.01 by  Lewel len,  Ross, Rosenzweig  (1966).  Although  this l a te r  

v a l u e   a p p e a r s   c l o s e   t o   t h a t   r e q u i r e d ,  i t  shou ld   be   no ted   t ha t  i t  was ob ta ined  

a t  Ret 5,000  which is at  least  two orders  o f   magni tude smaller Reynolds 

number than  what   would  be  expected  for   des ign  condi t ions.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L 

t 

Table 8 . 1  

Values  of  M /N o b t a i n e d   i n   v a r i o u s   e x p e r i m e n t s  
t m a x  

Mt max 

Ragsdale  (1960)  .6 

Keyes  (1961) .7 

Poplawski  and  Pinchak  (1965) 1 . 2  

Roschke  and  P iv i r ro t to   (1965)  1.0 

P i v i r r o t t o  (1966) .7 

Lewellen,  Ross  and  Rosenzweig  (1966) .45 

Nakamura  (1966) .75 

N M max/N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 
t 

4000 

75  .007 

4700 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 x 

330 .003 

240 .002 

20 .01 

200 .003 

The p r i n c i p a l   o b s t a c l e   t o   o b t a i n i n g   l a r g e   v a l u e s   o f  M / N  i n  a j e t - d r i v e n  
2 
t 

vo r tex  i s  t h e   a n g u l a r  momentum l o s s e s   d u e   t o   s h e a r   o n   t h e   i n n e r   s u r f a c e s   o f  

t h e  chamber w a l l .  An upper  bound  on  the Mach number at t h e   e d g e   o f   t h e  ex- 

h a u s t  may be   g i ven  as 

a r  

Mt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA‘7 Mt a r 
i i  

e 1 i e  e 

” (8 .3 -6)  
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where   t he   subsc r ip t  i denotes the va lue  a t  i n j e c t i o n ,  e t h e   v a l u e  at  the  edge 

of the   exhaust ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr0 is the   co re   va lue   o f   c i r cu la t i on ,   and  a is t h e   l o c a l  

speed  of   sound.  The  speed  of   sound  rat io ae/ai c o r r e s p o n d s   t o   t h e   d e s i r e d   i n -  

crease i n   I s p   f o r   t h e   r o c k e t ,  i .e. ae/ai zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 3 .  The i n j e c t i o n  Mach number cannot 

b e  much g r e a t e r   t h a n  1 wi thout   impos ing   la rge   p ressure   d rops   and  shock   losses .  

The c i r c u l a t i o n   r a t i o  ro/r i  can  be  est imated  f rom  an  angular momentum b a l -  

ance as given  in   Equat ion  (6 .4-8)  

ri 
Cf  vi -1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

" - ( l + - - )  
"w 

which   leads   to  

- =  [1+ Cf  
r o  

ri 

(8.3-7) 

(8.3-8) 

With m/L given  from  Equation  (8.3-4), a s o n i c   i n j e c t i o n   v e l o c i t y   o f   a p p r o x i -  

mately 4 x 10' m/sec  (corresponding  to  hydrogen a t  2500"IC) , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp of  approximately 

0.005 gm/cm3 t o  meet t h e   c r i t i c a l i t y   c o n d i t i o n ,  and r o f  approximately 1 cm 

t h i s   l e a d s   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

i 

I 
-0 ;L 

1 
r i  1 + 471 x m j c f  (8.3-9) 

A s  seen  from  Chapter V I ,  C is  r a t h e r   u n c e r t a i n ,   b u t   f o r  R e  between l o 5  and 

10 i t  is n o t   l i k e l y  t o  be less than 0.002. Thus 
7 f t: 

I 
0 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 0 . 0 4  

(8.3-10) 

Under these  c i rcumstances  a r a d i u s   r a t i o ,  rW/re, of t he   o rde r   o f  75  would  be 

requ i red   accord ing   to   Equat ion   (8 .3 -6)   be fore   there  i s  a n y   p o s s i b i l i t y  of 

reaching M = 1. 
t e  

The r a d i u s   r a t i o  is l im i ted   by   t he   requ i remen t   t ha t  a l l  of   the  f low  must 

f low  th ru   the   exhaust .  The l a r g e r   t h e   r a d i u s   r a t i o ,   t h e  smaller the   exhaust  

and t h e  smaller t h e   t o t a l   f l o w   t h r u   t h e  chamber.  This i n   t u r n   f i x e s   t h e   l e n g t h  

o f   the  chamber  according  to  Equat ion  8.3-4.   But  shortening  the  length of t h e  

chamber   can   fo rce   the   losses   in   the   end-wa l l   boundary   layers   to   a lso  become more 
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impor tant .   The  length- to-d iameter   ra t io   can  be  est imated  by  another  con- 

s i d e r a t i o n .  I f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA; is t o   o c c u r   i n   t h e   p o s i t i o n   i n d i c a t e d   i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 . 4 ) ,  i t  

is n e c e s s a r y   t o   h a v e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB : 1. From Equa t ion   6 .3 -11 ,   t h i s   l eads   t o  

(8.3-11) 

Which f o r  small va lues  o f   ro / r i leads  in   combinat ion  wi th   Equat ion  (8 .3-8)   to  

R 2 h r w  ' 10 cm 

which i s  t h e  same order   o f   magni tude as t h e  1 m length  assumed ear l ier  f o r  

t he   reac to r   ma t r i x   geomet ry .   Th i s  means t h a t   t h e  mass f low p e r  tube  must  be 

o f  t h e   o r d e r   o f  5 g m / s e c .   I f   t h e   e f f e c t i v e   t o t a l   p r e s s u r e   d r i v i n g   t h e   f l o w  

out   the   exhaust  is o f   t h e   o r d e r  of 200 atmospheres a f te r  c o n s i d e r i n g   t h e  swirl, 

then  Roback  (1967)  shows t h a t  

- = 7 5 +  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A* cm -sec 

which c a l l s   f o r  

nr2  .07 cm 2 
e 

(8.3-12) 

(8.3-13) 

o r  

r 0.15 cm 
e 

(8.3-14) 

This   corresponds  to  r / r  7 ,  over   an   o rder   o f   magn i tude  lower   than  the  re- 

qu i red   va lue   o f  75 ob ta ined  ear l ier .  O r  viewed  f rom  another  prospect ive,   an 

r /re 75  would l e a d   t o   l a r g e   v a l u e s   o f  B and  consequent ly   in to lerable  end 

wall s h e a r   l o s s e s .  

w e  

W 

The conc lus ion  is t h a t   i n   o r d e r   t o  make t h i s   t y p e   o f   r e a c t o r  work i t  is 

n e c e s s a r y   t o   e i t h e r   f i n d  some  method  of  adding  angular momentum t o   t h e   v o r t e x  

o r  some way o f   c u t t i n g  wal l  s h e a r   l o s s e s .  Both  methods  have  been  t r ied  in 

t h e   l i t e r a t u r e .  Methods  o f   dr iv ing  the  vor tex  us ing  e lect romagnet ic   body 

forces  have  been  analyzed  by  Lewel len  (1960) ,   Gross  and  Kessey  (1964) ,  Romero 

(1964)  and  Johnson  (1964).  There st i l l  r e m a i n s   t h e   p o s s i b i l i t y   t h a t  enough 

angu la r  momentum can   be   added   to   t he   f l ow   to  make such a system  work. How- 

ever ,   such a magnetohydrodynamical ly  dr iven  vortex  would s t i l l  b e   s u b j e c t   t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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t h e  l i m i t  on mass f l ow   g i ven   i n   Equa t ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 . 3 - 4 ) .  Thus i t  would st i l l  c a l l  

f o r  a l a r g e  number zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo f  v o r t i c e s   p a c k e d   i n  some type  of  matrix arrangement. No 

a n a l y s i s  of a reac tor   based  on  a matr ix   o f   magnetohydrodynamical ly   dr iven  vor-  

t ices is a v a i l a b l e   i n   t h e   l i t e r a t u r e .  

Rosenzweig (1961) p r e s e n t e d   a n   i d e a  of forming a vo r tex   ma t r i x   w i thou t  

t h e   i n t e r v e n i n g  walls t o   r e d u c e  w a l l  s h e a r   l o s s e s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn end view schemat ic  of 

such  an  arrangement i s  g i v e n   i n   F i g .  (8.5). Subsequent  exper imental  tests 

have shown tha t   approx imate ly  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA112 o f   t h e   i n t e r n a l  wal l  s t r u c t u r e  i s  needed t o  

s tab i l i ze   the   vor tex   a r rangement   g iven   here   (Rosenzweig   and  Lewel len ,   in   Cooper  

1965). Thus t h e  maximm p o s s i b l e   i n c r e a s e   i n  M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ N  us ing   t h i s   app roach  

as opposed t o   t h e   i n d i v i d u a l   v o r t e x   t u b e s  would be  approx imate ly  2 which  would 

s t i l l  not   be   adequate .  To make th i s   ma t r i x   app roach   workab le   f o r  a r e a c t o r ,  

i t  appears   necessa ry   t o   f i nd  some vor tex   a r rangement   tha t  is i n h e r e n t l y   s t a b l e  

so  t ha t   t he   i n te rna l   su r faces   be tween   the   vo r t i ces   cou ld   be   nea r l y   comp le te l y  

removed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A recent  numerical   study  by  Murty  and Rao (1970)  i n d i c a t e s   t h a t  a 

l a r g e   a r r a y   o f   p a r a l l e l   l i n e   v o r t i c e s  may b e   s t a b i l i z e d  by  al lowing them t o  

ro ta te   un i fo rmly   about   the   cen t ro id   o f   the   a r ray . )  

t max zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

/ / / / / / / / / x / / / / / /  
INJECTION TUBE EIHIUST HOLE 

IN EN0 PL4Tf 

Fig. 8.5 Cross-sect ion of v -> r tex   ma t r i x   des igned   to   suppor t  a l a r g e  
number of vo r t i ces   w i thou t   i n te rven ing  walls (Rosenzweig, 1961) 

165 



8 . 4  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAContainment  by  Secondary  Flows 

The  c losed cel ls e v i d e n t   i n   F i g s .  ( 3 . 1 3  and 3 . 1 4 )  prov ide   ano the r  means 

of   containment.  One f l u i d  may b e   c o n t a i n e d   i n   t h e   c l o s e d  cel ls w h i l e   t h e   o t h e r  

f l u id   rema ins   separa te   f rom it and  passes   th ru  the boundary  layers.   The  only 

l o s s e s  of t h e   c o n t a i n e d   f l u i d  would b e   d u e   t o   d i f f u s i o n  a t  the  boundar ies  be-  

tween  the two f l u ids .   Th i s   t ype   o f   con ta inmen t   has   been   i n tens i ve l y   s tud ied  

a t  Un i ted   A i r c ra f t   Research   Labora to r ies   and   t o  a lesser e x t e n t  a t  Aerospace 

Corporat ion  and a t  Cathol ic   Univers i ty   o f   Amer ica.  A nuc lea r   rocke t   based  on 

th i s   t ype   con ta inmen t  i s  ske tched   i n   F ig .  (8 .6 ) .  I n   t h i s   c o n c e p t ,   a x i a l   f l o w  

has  been  added  to   enhance  the mass f l o w   r a t i o  of p r o p e l l a n t   t o   f u e l .   S i n c e  

success fu l   con ta inment  of t h i s   t y p e   r e q u i r e s   t h a t   t h e   f u e l  and  p rope l lan t  

never  mix i t  i s  n e c e s s a r y   t o   r e l y   o n   t h e r m a l   r a d i a t i o n   t o   t r a n s f e r   e n e r g y  

from t h e   f i s s i o n i n g  f u e l  t o   t he   hyd rogen   p rope l l an t .  A small amount zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo f  seed 

m a t e r i a l   s u c h  as submicron-s ize   tungs ten   par t i c les   wou ld   be   added  to   the  

hydrogen  to   inc rease i t s  a b s o r p t i v i t y  a t  low  temperatures  and  complete  the 

e f f e c t i v e   t r a n s f e r   o f   e n e r g y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CAVITY  PROPELLANT  INJECTION 
ALONG W 4 L L  

THERMAL  RADIATION 

Fig.  8.6 Open c y c l e   v o r t e x   s t a b i l i z e d   g a s e o u s   n u c l e a r   r o c k e t   e n g i n e   c o n c e p t  
(McLafferty, 1961) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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A demonst ra t ion   o f   s ign i f i can t   con ta inment  is shown i n   F i g .  (8.7) which 

is a p l o t   o f   t h e   r a d i a l   d i s t r i b u t i o n   o f   t h e   d e n s i t y   r a t i o   o f  two d i f f e r e n t  

gases .  The c o n f i g u r a t i o n   u s e d   t o   o b t a i n   t h i s   r e s u l t  i s  .shown i n   F i g .  (8.8). 

Annular  exhausts were prov ided   t o  perm i t  axia l   bypass  f low.  The r a d i a l   d i s t -  

r i bu t i on   o f   t he   con ta ined   spe ' c ies  was de termined  op t ica l l y   th rough windows 

i n   t h e  end walls. The "s imulated  buf fer   gas"  was i n j e c t e d   t h r u   t h e   w a l l  jets 

d i s t r i b u t e d   a r o u n d   t h e   p e r i p h e r y  of the  chamber.   The  contained  " fuel"  was zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CONSTANTS: Ro, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 107 , PERCENT BYPASS = 90%, 

Ws = 0.240 LB/SEC , Rof,j = 272,000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB = 54, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1°F 29 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.20 1' ""I - "  - r~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

t- 
t- 

0.16 1 
*I Q!! 

UPPER TRAVERSE 
RADIUS RATIO, r/rl 

LOWER TRAVERSE 

Fig. 8.7 R a d i a l   d i s t r i b u t i o n s   o f   s i m u l a t e d   f u e l   o b t a i n e d   w i t h   n i t r o g e n /  
i o d i n e   m i x t u r e   a s   s i m u l a t e d   f u e l   i n   a n  air  vor tex .  A i r  i s  
denoted  as  the  buf fer   gas.   (Kendal l ,   1967)  
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r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.0-IN.-ID THRU-FLOW  PORTS  (BOTH  END WALLS) 

TYPICAL WALL JETS: 15 O R 3 0  

SECTION A-A 
TS PER  AXIAL ROW 

DIRECTED-WALL-JET INSERTS; 0.125-IN.-WIDE ANNULllS  FOR 

5 AXIAL ROWS EQUALLY  SPACED REMOVAL OF AXIAL BYPASS  FLOW 

AROUND PERIPHERY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.   8 .8   Di rected-wal l - je t   vor tex  tube  wi th  axial bypass   i n   wh ich   t he  

d i s t r i bu t i ons   o f   F ig .   8 .7  were obta ined.  

i n jec ted   ax ia l l y   t h ru   one   o f   t he   end  walls. I n   s p i t e   o f   t h e   r a t h e r   d i s t i n c t  

i n te r face   be tween   the  two spec ies   ev iden t   i n   F ig .   (8 .7 ) ,   t he   con ta inmen t  as 

measured  by  the  containment t i m e  , def ined  in   Equat ion   8 .2 -10  is disap-  

po int ing ly   low,   approx imate ly  2 f o r   t h i s   p a r t i c u l a r  set  of  exper iments.  Two 

d i f f e r e n t  mechan isms  appear   respons ib le   fo r   th is   re la t i ve ly   poor   con ta inment .  

There i s  the  problem  of   turbulence a t  t h e   i n t e r f a c e  of  t h e  two g a s e s ,  par t i -  

c u l a r l y   i n   t h e  end wall boundary  layer ,   and  second  the  problem  of   d isrupt ion 

o f   t he   c losed   ce l l   by   t he   con t inuous   i n jec t i on   o f   t he   ' bon ta ined"   gas .  

C 

I n  a low  Reynolds  number, t rans ien t   expe r imen t ,   wh ich   e l im ina tes   bo th   o f  

the  above  fundamental  problems,  Chang,  Chi,  and Chen (1968)  achieved  contain- 

ment times approach ing   those  requ i red  by Equation  8.2-12. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA summary o f   t h e i r  

r e s u l t s  is g iven   i n   F ig .   (8 .9 )  as a f u n c t i o n  of  the a v e r a g e   d e n s i t y   r a t i o   o f  

conta ined  "heavy"   gas  to   the  l ight   gas  pass ing  thru  the  chamber.  It may .be 

Hellurn Fbw Rots 

Fig.  8.9  Residence time r a t i o  a t  va r ious  
c o n c e n t r a t i o n   r a t i o  and  helium 
f low rates, hel ium  f low rates 
are g i v e n   i n   c a v i t y  volume p e r  
second.  Chang,  Chi  and  Chen, 
1968. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 005 010 OIL 020 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOLS 

iEEHf& 
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poss ib le   t o   ove rcome the prob lem  o f   rep len ish ing   the   s low  losses  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof conta ined 

gas   w i thout   undu ly   d is tu rb ing   the   c losed cel ls w i t h   c l e v e r   i n j e c t i o n   s c h e m e s ,  

b u t   t h e r e  is no  apparent way o f   c i r c u m v e n t i n g   t h e   t u r b u l e n t   d i f f u s i o n   a t   t h e  

i n t e r f a c e   o f   t h e  two gases  at   the  large  Reynolds  numbers  which  would  be 

r e q u i r e d   i n  a f u l l  scale r e a c t o r .  Compounding t h e   d i f f i c u l t y  of s t a b i l i z i n g  

t h e   i n t e r f a c e  is t h e  fact  t ha t   t he   ave rage   dens i t y   o f   t he   f ue l  , if div ided  by 

t h e   p r o p e l l a n t   d e n s i t y  a t  the  per iphery  o f   the  chamber,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp would  have t o   b e  

g r e a t e r   t h a n  1 t o   a c h i e v e   c r i t i c a l i t y .  The nega t i ve  a p / a r  r e q u i r e d   f o r   t h i s  

w i l l  have a d e s t a b i l i z i n g   i n f l u e n c e   a c c o r d i n g   t o   S e c t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 . 3 .  Some r e s u l t s  

o f   Un i ted   A i rc ra f t   Corpora t ion   [C la rk ,  e t  a1 (1968)l  show  that  containment i s  

sharp ly   reduced when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 /p is increased  above 0.2. T y p i c a l   r e s u l t s  are 

shown in   F ig .   8 .10.   Over  two thousand  d i f fe ren t   f low  cond i t ions   have  been 

P1' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Typ ica l  results of containment tests fo r   bas i c   vo r tex   t ube   w i th  
rad ia l   i n f l ow   [C la rk ,   Johnson ,  Kendall,  and  Mensing,  19671 
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t r i e d   ( S e e   t h e  work  of   Clark,   Johnson,  Kendal l ,   Mensing  and  Travers)  in 

a t t e m p t s   t o   i n c r e a s e   b o t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT and p f / p p l .  S i n c e   t h e i r  w o r k   o n   s t a b i l i t y  (see 

Chapter V) i n d i c a t e d   t h a t   l a r g e r   n e g a t i v e   d e n s i t y   g r a d i e n t s   s h o u l d   b e   s t a b l e  

w i t h   t h e   l a r g e   c i r c u l a t i o n   g r a d i e n t s   p r e d i c t e d   f o r   v o r t i c e s   w i t h   r a d i a l   o u t -  

f l ow   then   f o r   rad ia l   i n f l ow ,  much of t h e i r  work has   concent ra ted   on   th is   con-  

f iguration  [Johnson  (1967)  and  Kendall ,   Mensing  and  Johnson  (1967)'J. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

summary o f   t h e i r   r e s u l t s   f o r   r a d i a l   o u t f l o w  i s  g i v e n   i n   F i g .  8.11. Although 

t h e r e  is a s l i g h t   g a i n   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT a t   t h e   l a r g e r   v a l u e s   o f   d e n s i t y   r a t i o ,   t h e   b e s t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 

C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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H E A V Y - G A S   I N J E C T I O N  AT CENTER OF N 3 N A X I A L - F L O W   E N D   W A L L  

Kendall,  Mensing  and  Johnson,  1967 
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Fig.  8.11 Summary of  p r i n c i p a l  resul ts  of  containment tests fo r   ax ia l - f l ow  
vo r tex   t ubes   w i th   rad ia l   ou t f l ow .  
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combination  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT and p f / p p l  f a l l s  far s h o r t  of t h e   c o n d i t i o n s   n e c e s s a r y  fo r  

open  cycle  containment. As p r e v i o u s l y   n o t e d   i n   S e c t i o n  5.7 r a d i a l   o u t f l o w  

does   no t   s tab i l i ze   t he   f l ow .   Th i s   t ype   o f   con ta inmen t   f o r   t he   gaseous   nuc lea r  

rocket  must  apparent ly  be  abandoned  unless some way o f   s t a b i l i z i n g   t h e  nega- 

t ive rad ia l   dens i t y   g rad ien t   can   be   d i scove red .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 

C 

The re la t i ve ly   poor   con ta inment   ach ieved  has   lead  UAC t o   d i r e c t  i ts 

a t ten t i on   t oward   t he   c losed   cyc le   "Nuc lea r   L igh t  Bulb"  concept  shown i n   F i g .  

8.12. I n   t h e   n u c l e a r   l i g h t   b u l b   e n g i n e   a n   i n t e r n a l l y   c o o l e d   t r a n s p a r e n t  w a l l  

INTERNALLY COOLED 
TRANSPARENT WALL 

COOLANT  INJECTION 
ALONG WALL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 

\ \  NEON  COOLANT 

SEEDED  HYDROGEN 
PROPELLANT 

Fig.  8.12 Nuclear   l ight   bu lb  concept   (McLaf fer ty ,  1 9 6 7 ) .  

(macle o f   f u s e d   s i l i c a   o r   b e r y l l i u m   o x i d e )  i s  u s e d   t o   s e p a r a t e   t h e   f u e l   a n d   t h e  

p rope l l an t   wh i l e   a l l ow ing   t he rma l   rad ia t i on   t o   pass   t h ru  i t .  Neon coo lan t  

gas is i n j e c t e d   t a n g e n t   t o   t h e   i n n e r   s u r f a c e   o f  the t r a n s p a r e n t  w a l l  t o   d r i v e  

the  vor tex  which i s  used   to   i so la te   t he   gaseous   nuc lea r   f ue l   f r om  the   t rans -  

p a r e n t  w a l l .  The major   f lu id   dynamic   advantage  o f   th is   concept  i s  t h a t   t h e  

cool   neon  has a much h ighe r   dens i t y   t han   t he   p rope l l an t   hyd rogen   and   pos i t i ve  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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rad ia l   dens i t y   g rad ien ts   can   be   ma in ta ined   t h roughou t  the v o r t e x   t o   p r o v i d e  

a s t r o n g   s t a b i l i z i n g   i n f l u e n c e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA d e n s i t y   d i s c o n t i n u i t y   ( b u t   n o   p r e s s u r e  

d i s c o n t i n u i t y )  is main ta ined   ac ross   t he   t ransparen t  wall between  the   ou ter ,  

low  dens i ty   hydrogen  and  the   inner ,   h igh   dens i ty   neon.   McLaf fe r ty   (1967)  

estimates t h a t   t h e   e n e r g y   d e p o s i t e d   i n   t h e   t r a n s p a r e n t  w a l l  by  small, b u t  

f i n i t e   t h e r m a l   r a d i a t i o w a n d  by  convect ion,   can  be  removed  by  the  coolant  

f low  p rov ided  the  walls are s u f f i c i e n t l y   t h i n  (on   the   o rder   o f  0.005 i n . ) .  

The on ly   s t rength   requ i rement   on   the  w a l l  i s  t h a t  i t  be  capab le  of s t a b i l i z i n g  

the  boundary.  A pre l im ina ry   ana lys i s  by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATam, Goracke,  and  Lewellen  (1970) 

i n d i c a t e s   t h a t   s u c h   t h i n  walls are, at  least, c a p a b l e   o f   s t a b i l i z i n g   t h e  

e lementary  Kelv in-Helmbotz  instab i l i ty  at  t h e   i n t e r f a c e .  

The requi rements  on  the  vor tex are q u i t e   d i f f e r e n t   f o r   t h i s   c l o s e d  

cyc le   sys tem  than  fo r   the   p rev ious   open  cyc le   sys tem.  A l a rge   va lue   o f  T 

is no  longer   requi red  s ince  what   uranium  f lows  thru  the  vor tex  can  be  cooled,  

separa ted   f rom  the   neon,   and  recyc led   to   the   reac tor .  The containment 

requirement is r e p l a c e d   b y   t h e   c o n d i t i o n   t h a t   t h e   p a r t i a l   p r e s s u r e   o f   u r a n i u m  

a t  t h e   i n n e r   s u r f a c e   o f   t h e   t r a n s p a r e n t  w a l l  must  be  low  to  prevent  conden- 

s a t i o n  on t h e  wall. Condensat ion  o f   uranium  on  the  t ransparent  wal l  would 

b lock   t he   t ransmiss ion   o f   t he rma l   rad ia t i on   and   g rea t l y   i nc rease   t he   ene rgy  

d e p o s i t e d   i n   t h e  w a l l .  The conceptual   des ign  g iven by McLafferty  (1969) 

c a l l s  f o r  a t r a n s p a r e n t  wall temperature of t h e   o r d e r   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1000'K. The vapor 

p ressu re   o f  U235 a t  t h i s   t e m p e r a t u r e   a c c o r d i n g   t o   t h e   e x t r a p o l a t i o n   o f   t h e  

curves  given  by  Ragsdale,  Kascak  and  Donovan  (1967) is of   the   o rder   o f  10 -15 

atmospheres. When i t  i s  n o t e d   t h a t   t h e   c e n t e r   l i n e  U235 pressure   must   be  of 

t h e   o r d e r  of 100 atm., t h i s   i i np l i es   t ha t   an   ex t reme ly  low v a l u e   o f   t h e   r a t i o  

o f   t h e   p a r t i a l   p r e s s u r e  a t  t h e  wal l  t o   t he   ave rage   pa r t i a l   p ressu re   (p f   /G f )  

must  be  maintained.  However, i t  appears   p robab le   t ha t  a uranium  vapor 

p r e s s u r e   f a r   a b o v e   e q u i l i b r i u m   p r e s s u r e   c a n   b e   m a i n t a i n e d   i n   t h e   p r e s e n c e   o f  

t he   ve ry   l a rge   t he rma l   rad ia t i on  flux assoc ia ted   w i th   t he   concep t .  I t  then 

becomes a quest ion   o f   de termin ing  how l a r g e   t h e   p a r t i a l   p r e s s u r e   o f   u r a n i u m  

at  t h e  wall can  become  wi thout   unduly   increas ing  the  energy  t ransfer   to   the 

wall. This does  no t   appear   to   have  been  f i rm ly   es tab l i shed.   Va lues   o f  

pf wall/pf as low as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 .04  have  been  achieved  in   an  unheated  vor tex 

(McLafferty,  1970). Tests (Mensing  and  Jaminet,  1969)  have  also  been  con- 

ducted  wi th  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- f h e a t e d   v o r t i c e s   t o   s i m u l a t e   t h e   r a d i a l   t e m p e r a t u r e  

C 

W 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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g r a d i e n t s   e x p e c t e d   n e a r   t h e   o u t e r   p e r i p h e r y .  This has  a s t r o n g   s t a b i l i z i n g  

e f f e c t  and r e s u l t s   i n  a s t r o n g   d e c r e a s e   i n   s i m u l a t e d   f u e l   p a r t i a l   p r e s s u r e  

n e a r   t h e  w a l l .  Whether th is   degree  o f   con ta inment  is adequate   €or   the   nuc lear  

l i gh t   bu lb   o r   no t   canno t   be   answered  until a b e t t e r  estimate of the a l lowab le  

p a r t i a l   p r e s s u r e   o f   u r a n i u m  at  t h e   i n n e r   s u r f a c e  of  the t r a n s p a r e n t  w a l l  is 

obta ined.  

8.5 Other  Types  of  Containment 

Other   ar rangements zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQT c l o s e d   s t r e a m l i n e   p a t t e r n s  may be  imagined  such 

a s  a two-dimensional   forced  vortex  of   the  type  which may be  found i n   t h e  

separa ted  wake of  a b l u f f  body (Eward ,   1965) .  However a l l  of   these  conf ig-  

u ra t ions   wh ich   cons is t   o f  a heavy   ro ta t i ng   f l u id   con ta ined   i ns ide  a l i g h t e r  

one a re   p lagued   w i th   s tab i l i t y   p rob lems .  The na tu re   o f   t he   s tab i l i t y   p rob lem 

assoc ia ted   w i th   Ewards   p roposa l  is d iscussed  by  Reshotko  and Monnin (1965). 

A somewhat d i f f e ren t   app roach  is taken  by Moore  and Leibovich  (1970). 

They considered  f lows  wi th  c losed  bubbles  which  could  have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzero v e l o c i t y  

i n s i d e  t9e conta ined  bubb le   w i th   the   expec ta t ion   tha t   such a cons tan t   p ressu re  

bubble  would  be  more  stable. They have shown that   such  f lows  can  be  theor-  

e t i c a l l y   o b t a i n e d   i n   a t   l e a s t  two ways e i t h e r  by producing a s p e c i a l   t y p e   o f  

vor tex   b reakdown  (see  Sec t ion   5 .6 )   in  a sw i r l i ng   f l ow   o r   by   us ing   t angen t ia l  

v o r t i c i t y   w i t h o u t  any sw i r l i ng   ve loc i t y .   Pe rhaps   t he  s i m p l e s t  way of  viewing 

both  f lows i s  as a separat ion  bubble.   I f   an  ax isymmetr ic   f low  wi th  a s u f f i -  

c i e n t l y   s t r o n g ,   p o s i t i v e ,   r a d i a l   g r a d i e n t   i n   t o t a l   p r e s s u r e  is  dece le ra ted  i t  

w i l l  separa te   f rom i ts  ax is .   Subsequent   reacce le ra t ion  w i l l  f o r c e   t h e  

s e p a r a t i o n   b u b b l e   t o   c l o s e .  The r a d i a l   g r a d i e n t   i n   t o t a l   p r e s s u r e   f o r   a n   a x i -  

symmetric flow may b e   c a u s e d   b y   e i t h e r   a x i a l   v o r t i c i t y  (a sw i r l i ng   f l ow)   o r  

t angen t ia l   vo r t i c i t y   (a   bund le   o f   coax ia l   " smoke- r i ngs "   i n   ax ia l   mo t ion ) .  

A l though  the  c losed  bubble  (see  F ig .  5.10) msy be  formed  by a wide  c lass  o f  

f l ows ,   on l y   ve ry   spec ia l   cond i t i ons  may b e   e x p e c t e d   t o   l e a d   t o   t h e   c o n d i t i o n  

o f   ze ro   ve loc i t y ,   cons tan t   p ressu re ,   w i th in   t he   separa ted   bubb le .  The ques- 

t i o n   o f   t h e   s t a b i l i t y   o f   s u c h  a b u b b l e   f i l l e d   w i t h  a h e a v i e r   f l u i d  is  st i l l  a 

m a t t e r   f o r   s p e c u l a t i o n .  

8.6 Part ic le or  Droplet   Containment 

S ince  conta inment   for  a gaseous  core  nuc lear   rocket   has  proven so  

e l u s i v e ,  i t  appears   use fu l   t o   reexamine   t he   l i qu id   co re   concep t .  The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 
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temperature limit of   such a concept is imposed  by  fue l   vapor izat ion.   Nelson,  

Grey,  and Williams (1965)   a rgue   t ha t   spec i f i c   impu lses  as h i g h  as 1500  seconds 

may be  achieved i f  t he   u ran ium  fue l  i s  h i g h l y   d i l u t e d  with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa low  vapor 

p ressure   modera tor   such as z i rconium  carb ide.  This is n o t  fa r  below  the 1800 

seconds  es t imated   by   McLaf fe r ty   (1970)   fo r   the   nuc lear   l igh t   bu lb   concept .  

Is t h e   p o s s i b i l i t y   o f   c o n t a i n i n g  a l i q u i d   f u e l   s u f f i c i e n t l y   c l o s e r   t o   t h e  

state o f   t h e  a r t  than   t ha t   o f   con ta in ing  a g a s e o u s   f u e l   t o  more  than compen- 

sate fo r   the   poorer   per fo rmance? 

The p r o b l e m   o f   p a r t i c l e   o r   d r o p l e t   c o n t a i n m e n t  is v e r y   c l o s e   t o   t h a t  

o f   c e n t r i f u g a l l y   s e p a r a t i n g   p a r t i c l e s   f r o m  a p a r t i c l e   l a d e n   f l u i d .  The engin- 

e e r i n g   a r t   o f   c y c l o n e   s e p a r a t o r s   u s e d   f o r   t h i s   p u r p o s e  is w e l l  developed  (see 

Sect ion  9 .1) .   Equat ion  9 .1-13 may b e   u s e d   t o  estimate the  lower  bound  on 

p a r t i c l e   s i z e  which may be   read i l y   separa ted   f rom a hot  hydrogen  f low.  For a 

Z r C  p a r t i c l e   i n  a hydrogen stream at  100 a t m .  pressure   and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5,000°K, 

p p / p  l o 4 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv 1 cm f s e c  and a 3 X l o 5  c m j s e c .   F o r   c r i t i c a l i t y  R needs 

to   be   o f   t he   o rde r   o f  1 m and re, t h e   t h r o a t   r a d i u s ,  is  determined by t h e  

t h r u s t   l e v e l ;  r 4 cm cor responds  to   rough ly   10 ,000  lb .   th rus t .  When these  

va lues  are used i n  Eq. 9.1-13 i t  shows t h a t   p a r t i c l e s   w i t h  a d i a m e t e r   l a r g e r  

than 0 .1  microns   shou ld   be   read i l y   separa ted   f rom  the   f low.  Thus  contain- 

ment f o r  a l i q u i d   c o r e   r o c k e t   s h o u l d   b e   w i t h i n   t h e  state o f   t he  art.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 

e 

e 

Perhaps a more d i f f i c u l t   p r o b l e m   f o r   a n y   l i q u i d   c o r e   c o n c e p t  i s  t h e  

l i qu id -so l i d   boundary .   I f  swirl is provided  by a ro ta t i ng   po rous   cy l i nde r  

as i n   t he   Ne lson ,Grey   and  Williams concep t ,   f l ow   th ru   t he   cy l i nde r ,   w i th  a 

h e a v y   f l u i d   o n   t h e   i n s i d e   o f   t h e   c y l i n d e r   a n d  a l i g h t   f l u i d  on   t he   ou ts ide ,  

l e a d s   t o  a Ray le igh -Tay lo r   t ype   i ns tab i l i t y .   Th i s   has   been   exper imen ta l l y  

demonstrated  by McQuirk  and  Parks  (1969). I f  swirl i s  prov ided  by   tangent ia l  

jets as i n  a cyc lone  separa tor ,   the   p rob lem  reduces   to   m in imiz ing   the   in te r -  

a c t i o n   b e t w e e n   t h e   l i q u i d   a n d   t h e  w a l l .  This  problem  has two f a c e t s :   f i r s t  

t he   shear   be tween   the   f l u id   m ix tu re   and   t he  wall w i l l  reduce   t he  swirl 

i n j e c t e d   i n t o   t h e  chamber  and u l t i m a t e l y  limit t h e   d e n s i t y   r a t i o   o f   c o n t a i n e d  

f l u id   m ix tu re   t o   t h ru   f l ow ;   and   second   the   hea t   t rans fe r   t o   t he  wall must  not  

exceed  114  to  1 1 2  o f   t he   ene rgy   genera ted   i n   t he   l i qu id   o r   t he   I sp   o f   t he  

system w i l l  be  compromised  (see Eq. 8.2-2)  by t h e   e n e r g y   b a l a n c e   i n   t h e  w a l l .  

Using   the   doub le   cy l inder   a r rangement  shown in   F ig .   8 .13 ,   exper iments  

at  the  Aerospace  Research  Laborator ies  o f   Wr ight -Pat terson A i r  Force Base 
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(Jackomis  and  von  Ohain,  1970)  have  been  able  to  achieve  extremely  high 

p a r t i c l e   c o n c e n t r a t i o n s   w i t h i n   t h e  chamber   w i thou t   pa r t i c l e   depos i t i on  a t  t h e  

c a v i t y  walls. R a t i o s   o f   p a r t i c l e  mass t o   t h e  mass o f   t h e  carrier gas 

(corresponding  to  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) of t h e   o r d e r  of 100  have  been  demonstrated.  This 

prov ides  adequate  cont .a inment   . for   an  a t t ract ive  reactor   concept   (Tang,  

Stefanko,  Dickson  and  Drawbaugh,  1970). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA schemat i c   o f   t he   reac to r  i s  given 

i n  Fig.  8.13. The ques t ion   o f   whe the r   t he   i n te rac t i ons   be tween   the   ca r r i e r  

gas ,   t he   con ta ined   pa r t i c l es   and   t he  wall are adequa te   f o r   p roper   hea t  

f P1 

t r a n s   f e r  i s  y e t   t o  be  determined. 

I I"---- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"1 

P€CIIONS: 

I .  PRIIAARY SEPAXAIION 

2. A N N K A P  FULL PCGION 
3. S[COI-IUAhY 5 1 P / ~ k A l I O N  

4. RLfICClOR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5. W U I A I  LINLP. 

CHAt.'.BEK 

AND zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr.10711[ kLGION 
PUMP 

Fig. 8.17 Schematic  of a c o l l o i d   f u e l e d ,   c a v i t y   r e a c t o r  
con f igura t ion   [Tang,  e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa1 (197011. 
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IX. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOTHER VORTEX TUBES 

9 .1  Cyclone  Separator 

The  most  wide  spread  appl icat ion  of  a conf ined  vor tex   f low i s  t h a t   o f  

a cyc lone  separa tor .  The popular  arrangement  shown i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.4 is on ly  

s l i g h t l y   d i f f e r e n t   f r o m   t h a t   g i v e n   i n  a German p a t e n t   g r a n t e d   i n  1855. 

Des ign   mod i f i ca t ions   over   the  l as t  century   have  proceeded  on  an  empir ica l  

b a s i s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATwo books,  one  edi ted  by Rietema and  Verver (1961) and  another 

w r i t t e n  by  Bradley (1965), g ive   de ta i led   in fo rmat ion   on   d imens ions   and  per -  

f o rmance   o f   cyc lones   f o r   d i f f e ren t   app l i ca t i ons .  What i s  i n t e n d e d   i n   t h i s  

chap te r  is t o   p r e s e n t  a s imp le   theory   fo r   th is   s tandard   cyc lone  and  then  to  

compare   t he   resu l t s   o f   t he   t heo ry   w i th  some o f   the   empi r i ca l   des ign  para- 

meters. 

The f l ow   pa t te rn   ske tched   i n   F ig .  1.4 i m p l i e s   t h a t   t h e   r a d i a l   v e l o c i t y  

thru  the  main  par t   o f   the  chamber i s  e s s e n t i a l l y   z e r o   w i t h  a l l  o f   t h e   t h r u  

f l ow   pass ing   t h ru   t he   boundary   l aye r .  The con ica l   shape  o f   the   cyc lone  in -  

su res   t ha t   t he   boundary - laye r   f l ow   towards   t he   t i p   w i th  i ts a t t a c h e d   c o l l e c t o r  

w i l l  be much la rge r   t han   t he   boundary   l aye r   f l ow   on   t he   f l a t   end   o f   t he  

chamber.  The ex tens ion  of  the   exhaust   p ipe   in to   the   chamber   to   fo rm a so- 

c a l l e d   ' ' v o r t e x   f i n d e r "   e n s u e s   t h a t   e v e n   t h e  small boundary-layer  f low  on 

t h e   f l a t  end wall w i l l  be   fo rced   t o   nego t ia te   an   ex t reme ly   sha rp   t u rn   and  

have   mos t   o f   t he   pa r t i c l es   t ha t  are c a r r i e d   t h r u  i t  separa ted   f rom  the  ex- 

haust   f low.  Most o f   t h e   s e p a r a t i o n   t a k e s   p l a c e  as t he   ma jo r i t y   o f   t he   f l ow  

passes   f rom  the   t ip   o f   the   cone,   ac ross   the   chamber ,   to   the   exhaust .  

To analyze  th is   model   o f  a cyc lone   separa to r ,  i t  is c o n v e n i e n t   t o   f i r s t  

cons ider  a much s imp le r   i dea l   p rob lem  o f   cen t r i f uga l   separa t i on .   Cons ide r  

the   un i fo rm  ro ta t i on   o f  a one-dimensional  f low  of a f l u i d   l a d e n   w i t h   p a r t i -  

c l es   o f  a uni form  diameter d and  densi ty  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. Assume t h e   f l u i d   v e l o c i t y   t o  

be  a cons tan t  w i n   t h e   a x i a l   d i r e c t i o n  x wi th  a un i fo rm  angu la r   ro ta t i on  s2 

about   the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz a x i s .  The r a d i a l   v e l o c i t y   o f   t h e   p a r t i c l e s , ~  may be   ob ta ined  

from a ba lance  be tween  d rag   fo rces   on   the   par t i c le   and  cen t r i fuga l   fo rces ,  

w i t h   t h e   i n e r t i a   o f   t h e   p a r t i c l e s  assumed neg l i g ib le .   Fo r   S tokes   d rag  l a w  

t h i s   g i v e s  

P 

P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 7 

(9.1-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The d i s t r i b u t i o n   o f   p a r t i c l e s   i n   t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz d i r e c t i o n   n ( z )  may be  obtained  f rom 

t h e   c o n t i n u i t y   e q u a t i o n   € o r   t h e   p a r t i c l e s  

anwr  anur zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-+ -=  0 az az (9.1-2) 

I f  t h e   p a r t i c l e s  are assumed t o   b e  removed  from t h e   f l o w  when they  reach  some 

r a d i u s  r t hen  i t  is c o n s i s t e n t   w i t h  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEqs. 9.1-1  and  9.1-2 t o  assume t h a t  n is  

a func t i on   o f  z o n l y .   S u b s t i t u t i o n   o f  Eq. 9.1-1 i n t o  9.1-2 g i v e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

1 dn n2 
n dz W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1  IJ 

which   can   be   in tegra ted   to   g ive  

(9.1-3) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(9 .1 -4)  

Thiss imp le   mode l   o f   separa t ion   can   be   used  to  estimate t h e   s e p a r a t i o n  

o b t a i n e d   i n   t h e   c y c l o n e   m o d e l   g i v e n   i n   F i g .  1 . 4 .  The f low  f rom  the   t ip  of 

t he   cone   t o   t he   exhaus t  i s  n o t  much d i f f e r e n t  from t h a t  assumed i n   t h i s  

s imple  model.  The p r i m a r y   r e q u i r e m e n t   i n   r e l a t i n g  Eq. 9.1-4 to   cyc lone  per -  

formance i s  t o  relate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR and w t o   p ressu re   d rop   and   f l ow   capac i t y   s ince   t hese  

are t h e   q u a n t i t i e s  most   conven ien t ly   measured.   I f   essent ia l l y  a l l  of the   f low 

passes   th ru   the   con ica l   boundary   layer   and  then  across   the   chamber  

L 
w i / n r e  P (9.1-5) 

and   t he   re la t i onsh ip   be tween   p ressu re   d rop  Ap and   ro ta t i on  C2 i s  given  by 

t h e  swirl parameter   a f rom Eq.  2.2-8 

Eqs. 9.1-5  and  9.1-6 may be   used  to   reduce Eq.  9.1-4 t o  

o r ,   r e a r r a n g i n g  

(9.1-6) 

(9.1-7) 

(9.1-8) 

I n   o r d e r   t o   o p t i m i z e   s e p a r a t i o n ,  i t  is clear from Eq. 9.1-8 t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd 

should  be  maximized.   In   Sect ion 6.5 i t  w a s  a r g u e d   t h a t   t h e  maximum s t a b l e  
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va lue   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa co r responds   t o  the v a l u e   o f  a that  maximizes  the  f low  o f   angular  

momentum. Th is   occu rs   f o r  a 0.5.  Thus f o r  a proper ly   des igned  cyc lone 

i t  shou ld   be   poss ib le   t o   have  

(9.1-9) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A convenient  measure  of  a cyc lone 's   per formance is t o   d e t e r m i n e   t h e   p a r t i c l e  

s i ze   wh ich  i s  o n l y   5 0 %   s e p a r a t e d   o u t .   I f   t h i s   s i z e   p a r t i c l e  is denoted  by 

d50 then Eq. 9.1-9 g i v e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P 

(9.1-10) 

F igure  9 . 1  is a p lo t   o f   t he   d imens ion less   g roup ing   g i ven   i n  Eq.  9.1-10 

fo r   va r ious   va lues   o f   t he   d imens iona l   quan t i t i es   f o r   wha t  Rietema and  Verver 

( 1 9 6 1 )   r e f e r   t o  as " w e l l  designed"  cyclones. The  agreement  with E q .  9 .l-10 

i s  even  be t te r   then  the   s imp le   theory   wou ld   appear   to   war ran t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 1  0 0 0 0 

F i g .   9 . 1   C o r r e l a t i o n   o f   p a r t i c l e   s i z e   s e p a r a t e d   o u t  a t  d i f f e r e n t   p r e s s u r e  
d rops   f o r   d i f f e ren t   f l u ids .   (R ie tema  and   Ve rve r ,~ .  53).  

why i s n ' t  i t  n e c e s s a r y   t o   i n c l u d e   a n y   i n f l u e n c e   o f   t u r b u l e n c e   i n   d e t e r -  

m i n i n g   t h e   c o n c e n t r a t i o n   d i s t r i b t u i o n   o f   p a r t i c l e s ?  The d i s t r i b u t i o n   g i v e n  

i n  Eq. 9.1-4 i s  no t   i n f l uenced   by   any   concen t ra t i on   d i f f us ion .   Sma l l  random 

v e l o c i t y   f l u c t u a t i o n s   s h o u l d   a v e r a g e   o u t  and leave t h i s   d i s t r i b u t i o n   u n a f f e c t e d .  

Equat ion  9 .1-10  should  not   be  expected  to   remain  va l id  as l a r g e   p r e s s u r e  

drops are appl ied  across  the  chamber  and  the  f low  chokes  sonica l ly .  To de te r -  

m ine   t he   l ower   bound   on   pa r t i c l e   s i ze   t ha t  may be   expec ted   t o   be   separa ted   ou t  

i n  a cyclone i t  i s  more c o n v e n i e n t   t o   w o r k   i n  terms of w and a .  The m a x i m u m  



va lue   o f   can   be   es t imated   f rom  the   upper   bound  on   tangent ia l  Mach number 

g i v e n   i n   S e c t i o n  6.5 
a 

r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ Mt - a e 
e 1: 1.2 - 

m a x  r e 
e 

m a x  (9.1-11) 

The average  va lue  of w is given  approximately  by 
e 

w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ * ( l , a )  ae ae/2 e (9.1-12) 

When Eqs.  9.1-11  and  9.1-12 are s u b s t i t u t e d   i n t o  Eq. 9.1-4 i t  l e a d s   t o  
2 

(9.1-13) 

F o r   d i r t   i n  a i r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp / p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 2 x lo3, v 0.2 cm /set and ae = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 X 10 cm/sec 2 4 
P 

and for  Rietema  and  Verver 's ' ' w e l l  designed"  cyclone r /!L z 0.03.  This  g ives 
e 

ds0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzz 1 . 4  x 10 r 
-5 1 1 2  

e 

w i th   bo th  d50  and r i n  cm. O r  f o r  d50 in   m ic rons   and r i n  cm. e e 

d50 :: 0 .1  re 1 1 2  

(9.1-14) 

(9.1-15) 

Thus p a r t i c l e s   o f   t h e   o r d e r   o f  0 .1  p c a n   b e   s e p a r a t e d   o u t   i n  a small cyclone 

s e p a r a t o r .  

I t  i s  evident   f rom  both E q s .  9.1-10 and  9.1-15 t h a t   t h e   s m a l l e r   t h e  

c y c l o n e   t h e   b e t t e r  i t  w i l l  perform as a separa to r .   I n   des ign ing  a s e p a r t i o n  

system i t  is w e l l  t o  set t h e   s i z e   o f   t h e   c y c l o n e s  by  the  requirement  on  part-  

i c l e   s i z e   t o   b e   s e p a r a t e d   o u t  a t  a g iven  pressure  drop,   and  then  determine 

t h e  number requ i red   t o   ob ta in   t he   des i red   f l ow   capac i t y .  

What a b o u t   t h e   g e o m e t r i c a l   r a t i o s   o f  a w e l l  des igned  cyc lone?  I f   the  

f l ow   pa t te rn   assumed   i n   t he   separa t i on   mode l  is t o   be   ach ieved   w i th  minimum 

d i s s i p a t i o n   w i t h i n   t h e  chamber i t  is  d e s i r a b l e   t o   h a v e   t h e   r a d i a l   s t a g n a t i o n  

s u r f a c e ,  r ,  o c c u r   j u s t   o u t s i d e   t h e   r a d i u s  of t he   exhaus t .  The r e s u l t s  of 

S e c t i o n   6 . 3  may b e   a p p l i e d   t o  estimate t he   l eng th   o f   t he   cone   requ i red   t o  do 

t h i s .  When bo th  r and  dr /ds are assumed   cons tan t   i n  Eq. 6.3-4 i t  is p o s s i b l e  

t o   g e n e r a l i z e   t h e   d e f i n i t i o n   o f  B t o   i n c l u d e   t h e   e f f e c t  of t h e   c o n i c a l  wall.  

Assuming a l l  t he   f l ow   to   pass   t h ru   t he   boundary   l aye r   on   t he   con ica l  w a l l  

t h e   a p p r o p r i a t e   g e n e r a l i z a t i o n  is 

.-. 
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2 a ~ r ~ r ~ A ~ C ~  

d r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(- /ds )  i~ 

(9.1-16) 

,. 
To have r = r then  Eqs.  6.3-12  and  9.1-16  lead t o  

e 

(- I d s )  h d r  
r = 1 -  
e 4.9 cf 2 ~ p r  r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 0  

For a s lender   cone 

d r  
ds  

r -r r 
”- 

~e - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 OIL 
,-I c) 112 

(9.1-17) 

(9.1-18) 

[ L ~  + ( r o - r e ) L ~  

The r a t i o   i / 2 n p r o r o  may b e   w r i t t e n   i n  terms of   d imensionless  exhaust  

parameters as 

(9.1-19) 

Equations  9.1-19  and  9.1-18 may  now be  combined  with Eq. 9.1-17 t o   g i v e  

r r 9.8aCf 

L r 
-%( I  - 2) - - (9.1-20) 

0 9  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In o r d e r   t o   h a v e   t h e   p r e s s u r e   d r o p   a s s o c i a t e d   w i t h   t h e   i n l e t  small i n  

c o m p a r i s o n   t o   t h e   p r e s s u r e   d r o p   a c r o s s   t h e   e x i t  i t  is d e s i r a b l e   t o   h a v e  

( r e / r o ) 2  <<  1. On t h e   o t h e r   h a n d   m a k i n g   t h i s   r a d i u s   r a t i o   t o o  small would 

unduly restr ict  t he   f l ow   capac i t y   o f  a g i v e n   s i z e   d e v i c e .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA good  compromise 

a p p e a r s  t o   b e  r / r  2 113. 
e o  

From Sec t ion  6.5 t h e  maximum va lue   o f  a/< is o f   t h e   o r d e r   o f  1, so  from 

E q .  9.1-20 
r 

L 
-ex 7 Cf  (9.1-21) 

Rietema and Verver g i v e   v a l u e s   o f  a / r  = 10 and r / r  = 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas optimum  dimensions 

f o r  a cyc lone.   Equat ion  9 .1-21  would  predic t   the i r   va lue  o f  r / a  = 0.03 

f o r  C = 0.004, a reasonab le   va lue  of C f o r  R e  between l o 5  and l o6 .  Thus 

t he   p resen t   mode l   appears   cons i s ten t   w i th   t he   exper imen ta l l y   obse rved  optimum 

geometry. 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo e  

e 

f f t 

Other arrangements  of   vortex  chambers may b e   u s e d   f o r   p a r t i c l e   s e p a r a t i o n .  

In   par t i cu la r ,   the   a r rangement   used  by   F le tcher ,   Gyarmathy   and  Has inger   (1966)  
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is noteworthy  s ince i t  comp le te l y   e l im ina tes   any   poss ib le   pa r t i c l e   l osses   t h ru  

the  boundary  layer   on  the  chamber wall th ru   wh ich   the   f low  exhausts .   Th is  

arrangement  suggested  by H. von  Ohain is shown i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 . 2 .  High momentum 

f l u i d  is used   to  reverse t he   secondary   f l ow   pa t te rns .  However, s i n c e   t h e  s o  

c a l l e d   v o r t e x   f i n d e r   w o r k s   f a i r l y   s a t i s f a c t o r y   i n   s e p a r a t i n g   p a r t i c l e s  from 

the   boundary   layer   by   fo rc ing  a s h a r p   t u r n   i n   t h i s   f l o w   t h e   s o p h i s t i c a t i o n   o f  

t h e  reverse flow  chamber is no t   war ran ted   f o r   mos t   app l i ca t i ons .  More impor- 

t a n t   g a i n s   i n   s e p a r a t i o n   e f f i c i e n c i e s  are l i k e l y   t o   b e   g a i n e d  by  novel  arrange- 

ments t o   u s e   a n   a r r a y   o f  small chambers i n   p l a c e   o f  a s i n g l e   l a r g e  chamber. 

The s e p a r a t i o n   f o r m u l a e   o f   t h i s   s e c t i o n  are a l l  based  on  Stokes  drag  law. 

The v a l i d i t y   o f   t h i s   d r a g  l a w  is bounded f o r   l a r g e   p a r t i c l e s  by the   need   to  

keep  the   par t i c le   Reyno lds  number small and f o r  small p a r t i c l e s   t h e   n e e d   t o  

keep  the mean f r e e   p a t h   o f   t h e   f l u i d  less t han   t he   pa r t i c l e   d iamete r .   These  

limits can  be somewhat extended by app ly ing   t he   Oseen   co r rec t i on   f o r   t he  

Reynolds  number e f f e c t  and  the Cunningham c o r r e c t i o n   f o r   e f f e c t s   o f  s l i p  f low. 

I n   t h i s   c a s e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 + -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 3 pud 

16 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALJ 

1 i- 2.5X/d 
Drag = 3.rrpdu 

where A i s  t h e  mean free pa th   o f   t he   f l u id .  

, -  - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGAS F t  O W  
- A  

PATTER\ 
I 

“CLEAN” G A  

EXIT O F  PARTICLE 

PATTERN ENRICHED F L O l  

(9.1-22) 

O F  

# S  
SECTION A- A 

Fig.  9 . 2  Simpl i f ied  f low  d iagram  of  a s w i r l  cnamber wi th   reversed 
secondary  f low  (Fletcher,  Gyarmathy  and  Hasinger, 1966).  
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9.2  Ranque-Hilsch  Tube 

Ranque a p p l i e d   f o r  a French   pa ten t  i n  1931   fo r   "an   appara tus   f o r   ob ta in -  

ing  f rom a f l u i d   u n d e r   p r e s s u r e  two c u r r e n t s   o f   f l u i d s  a t  d i f fe ren t   tempera-  

tures".   Ranque's  device was similar t o   t h a t   s k e t c h e d   i n   F i g .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 . 3 .  It re- 

ceived l i t t l e  a t t e n t i o n  until H i l s c h   i n   1 9 4 4   t r i e d   t o   d e v e l o p  i t  t o  cool  under- 

ground  mines.  Hi lsch  (1947)  gave  performance  data  and optimum d imens ions   fo r  

t he   vo r tex   t ube .  The p o s s i b i l i t y   o f   a n   e x t r e m e l y   s i m p l e   d e v i c e   r e p l a c i n g  

many o f   the  more   compl ica ted   re f r igera t ion   app l iances   s t imu la ted  a l a r g e  

number o f   i n v e s t i g a t i o n s   i n   t h e   n e x t  few yea rs .  By 1950, i t  had  become clear 

t h a t   t h e   v o r t e x   t u b e  made a v e r y   i n e f f i c i e n t   r e f r i g e r a t o r .   F u l t o n   ( 1 9 5 0 )  

quo tes   an   e f f i c i ency   o f   t he   o rde r   o f  1%. Over t h e   p a s t  20 yea rs   t he   dev i ce  

has  remained  an  in t r igu ing  subject   for   s tudy.   West ley  (1954)  l is ts 116 refer- 

ences   re la ted   to   the   Ranque-Hi lsch  Tube.  The  more e a s i l y   a c c e s s i b l e   r e f e r e n c e s  

p u b l i s h e d   i n   t h e  last 10  yea rs  are i n c l u d e d   i n   t h e   p r e s e n t   b i b l i o g r a p h y .  The 

p u r p o s e   o f   t h i s   s e c t i o n  i s  t o  summarize  the  experimental  performance  and  give 

a rough  ana lys is .  

One o f   t he   bes t   sou rces   o f   da ta   f o r   de te rm in ing  optimum  performance o f  

the   tube is Westley  (1957). H e  f ound   tha t   t he  maximum tempera tu re   d rop   ra t i o  

(To i n  To c o l d ) / T o   i n  

0 .4 times t h a t   o f   t h e   t u b e   r a d i u s   a n d   t h e   r a t i o   o f   i n l e t   a r e a - t o - t u b e   c r o s s  

s e c t i o n a l  area approximately 0 . 2 .  No optimum L/D was repo r ted .  The only  re- 

qu i rement   appears   to   be   tha t  L /D  exceed  approximately 10 .  The maximum temper- 

a tu re   d rop   occu rs   f o r  a ra t i o   o f   co ld   f l ow   to   t o ta l   f l ow   be tween   0 .15  and 0.35. 

Figure   9 .3  is  West ley 's   curve  o f  maximum tempera ture   d rop   as  a funct ion  o f  

p r e s s u r e   r a t i o   f o r   h i s  optimum  geometry. 

occuri-ed when t h e   c o l d   o u t l e t   r a d i u s  was approx imate ly  

A s  seen   i n   Chap te r  6 t h e   d e t a i l e d   p r e d i c t i o n   o f   t h e   t h r e e - d i m e n s i o n a l  

f l ow   pa t te rn  i n  a h igh l y   t u rbu len t   vo r tex   t ube  i s  s t i l l  beyond  the s ta te  of 

t h e  a r t .  S ince   the   energy   separa t ion   depends upon t h i s   f l o w   p a t t e r n  i t  i s  t o  

b e   e x p e c t e d   t h a t   t h e  numerous a t tempts   t o   p red ic t   t he   pe r fo rmance   o f  a Ranque- 

Hi lsch  tube  (e.g.   Kassner  and  Knoernschi ld,   1947;  Ful ton,   1950; Deissler and 

Per lmutter,   1960;  Lay,   1959;  Sibulk in,   1961;  and  Linderstrom-Lang,  1970),  

a l though  each  cont r ibu t ing   to   the   unders tand ing   o f   tube,   have  no t  m e t  wi th  

complete  success.  Rather  than  pursue a c r i t i q u e   o f   t h e s e   p a p e r s  a semi- 

q u a n t i t a t i v e   a n a l y s i s   o f   t h e  mechanism w i l l  be  g iven   here   by   c i rcumvent ing  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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I 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 5 0 7 P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F ig .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 . 3  Var ia t i on   o f   t empera tu re   d rop   e f f i c i ency   w i th  

p r e s s u r e   r a t i o  a t  optimum  cold o u t l e t  s i z e ,  
op t imum  va l ve   se t t i ng   and   f i xed   i n le t  diameter 
(West ley,  1 9 5 2 ) .  

m O S t  Of t h e  flow d e t a i l s   w i t h i n   t h e  chamber. 

F i r s t ,  i t  i s  impor tan t   t o   no te   t he   i n te rna l   coun te r   f l ow   pa t te rn  

ske tched   i n   F ig .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 . 4 .  A s  s e e n   i n   C h a p t e r  111 t h i s   p a t t e r n  is a consequence 

of   the  tendency  of   the  swir l ing  f low  towards  two-dimensional i ty.   However,  

t h e   t u b e  is made long  enough  that   two-dimensional i ty  cannot  be  preserved  due 

t o   t o r q u e  on t h e   i n t e r n a l   c y l i n d r i c a l  w a l l .  I f   t h e   t u b e   l e n g t h  i s  extended 

beyond  the  counterf low cel l  the   f low  pa t te rn   in   the   co ld   end  shou ld   be   unaf fec-  

ted.  Thus as long as t h e   t u b e  wall i s  i nsu la ted   t he   t empera tu re   separa t i on  
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i n  the t ube   shou ld   be   una f fec ted   by  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALID as l ong  as some minimum is  exceeded. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As a consequence  of  the coun te r f l ow   pa t te rn  the r a d i . a l   v e l o c i t y  i s  very  small 

w i t h i n  a f e w  d iameters  of  the c o l d   o u t l e t .  

High P ressu re  
T a n g e n t i a l   I n l e t  

F ig .   9 .4   Ske tch   o f   f l ow   s t reaml ines   nea r   t he   co ld   ou t l e t   o f  a Ranque- 
H i l sch  Tube. 

Second ,   t he   i n te rna l   t o rque   exe r ted   be tween   concen t r i c   r i ngs  of f l u i d  

produces a r a d i a l   t r a n s p o r t   o f   e n e r g y  as o r i g i n a l l y   p o i n t e d   o u t   b y  Ranque 

(1933).  A s  long as the   angu la r   ve loc i t y   dec reases   w i th   i nc reas ing   rad ius  

th is   t rans fer   o f   energy   due  to   work   done on t h e   f l u i d  w i l l  be   d i rec ted   ou t -  

ward.  This w i l l  be  counterba lanced  by   an   energy   f low  inward   due  to   heat  

t r a n s f e r .  A s  po in ted   ou t   by   Fu l ton   (1950)   the   f low  o f   energy   in  a laminar  

i r r o t a t i o n a l   v o r t e x   d u e   t o   t h e  work term should  exceed  the  f low  due  to   heat  

t r a n s f e r  as long as P r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> 112. This  can  be  seen  f rom  Mack's  solut ion  g iven 

i n  E q .  4.1-8. I n   f a c t ,  i t  s h o u l d   b e   p o s s i b l e   t o  estimate a bound  on t h e  

energy   separa t i on   f rom  th i s   exp ress ion   i f   t he   assumpt ion  is made tha t   t u rbu -  

l e n t   t r a n s p o r t   c a n   b e   r e l a t e d   t o   l a m i n a r   s i m p l y  by us ing a t u r b u l e n t   P r a n d t l  

number. (l'his assumpt ion  has as y e t   n o t   b e e n   j u s t i f i e d . )  The maximum tan- 

g e n t i a l  Mach number i n   t h e   t u b e  may be   expec ted   t o   occu r   nea r   t he   d i v id ing  

l i n e   b e t w e e n   t h e   c o u n t e r   f l o w s   i n   t h e   v i c i n i t y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof t h e   c o l d   o u t l e t .   I f   t h i s  

reve rse   f l ow   has   pe rs i s ted   l ong   enough   i n   t he   ax ia l   d i rec t i on   t o   pe rm i t   t he  

r a d i a l   t r a n s f e r   o f   e n e r g y   t o   r e a c h   t h e  same equ i l i b r i um i t  would f o r  w = 0 ,  

then Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4.1-8 may b e   u s e d   d i r e c t l y   t o  re la te t o t a l   t e m p e r a t u r e   d r o p   t o  maxi- 

mum t a n g e n t i a l  Mach number. 

(9.2-1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 8 4  



In zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASec t ion  6.5 it w a s  a r g u e d   t h a t  Mt w i l l  i n c r e a s e  as the p r e s s u r e   r a t i o  

a c r o s s   t h e   v o r t e x   t u b e  is i nc reased  un t i l   an   upper   bound of approximately 1 . 2  

is reacheddue   to  an i n s t a b i l i t y   i n   t h e  exhaust f low. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA v a l u e  of Mt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1.2 

and  an  assumed  turbulent  Prandt l  number  of 1 i n  Eq. 9.2-1  g ives 
m a x  

(9.2-2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 
i n  

A l though  th is  is somewhat  lower  than  West ley 's  asymptot ic  value  of   0.22 i t  is 

c l o s e  enough t o   s u g g e s t   t h a t   t h e   m o d e l  is bas ica l l y   sound .   I n  fact agreement 

can  be  achieved  by a 10% change i n   e i t h e r  M o r p r   n e i t h e r   o f   w h i c h  are 

known to   t ha t   accu racy .  
tmax 

The p r e s s u r e   r a t i o   r e q u i r e d   t o   r e a c h   t h i s  m a x i m u m  separat ion  depends up- 

on   d i ss ipa t i on   i n   t he   t ube ,   and   t hus   wou ld   be  more d i f f i c u l t   t o   p r e d i c t ,  

but   F ig .   6 .18  shows  that  a p r e s s u r e   r a t i o   o f  7 t o  8 w a s  r e q u i r e d   t o   r e a c h  

th is   asympto t ic   va lue   o f  M . Since  the  Ranque-Hilsch  tube may be   expec ted   to  

have  la rger   wa l l   d iss ipa t ion   than  the   a r rangement   used  by   Pop lawsk i   and 

Pinchak i t  is  expec ted   t ha t  a somewhat l a r g e r   p r e s s u r e   r a t i o  would  be  required. 

t 

9.3  Miscel laneous  Vortex  Tubes 

The app l i ca t i ons   cons ide red   i n   Chap te rs  V I I ,   V I I I ,  and   i n   Sec t i ons  9 . 1  

and 9 . 2  do no t   exhaust  a l l  t h e   p o s s i b i l i t i e s   f o r   c o n f i n e d   v o r t e x   f l o w s .  Many 

o ther   dev ices   invo lv ing   such a f low are r e f e r r e d   t o   i n   t h e   a t t a c h e d   b i b l i o g -  

rapny .   In   compi l ing   the   b ib l iography   an   a t tempt  w a s  made t o   i n c l u d e   t h e  

l i t e r a t u r e   d i r e c t l y   c o n c e r n e d   w i t h   c o n f i n e d   v o r t i c e s   w h i c h   h a s   b e e n   p u b l i s h e d  

i n   t h e  l as t  10 years. O lde r   re fe rences  were inc luded  on ly  when they  were 

deemed impor tan t   enough  to   be   re fe r red   to   in   the   body   o f   the   rev iew.  

Although  somewhat ou ts ide   the   scope  o f   th is   rev iew  o f   con f ined  vor tex  

dev i ces ,  i t  seems u s e f u l   t o   r e f e r   t o  two d i f f e r e n t   f l o w s   c l o s e l y   r e l a t e d   t o   t h e  

vor tex   tube,   gas   cen t r i fuges   and  meteoro log ica l   vor t i ces .  Gas c e n t r i f u g e s  

s h a r e  many o f   t he   secondary   f l ow   fea tu res   o f   t he   vo r tex   t ube .  They d i f f e r   i n  

t h a t  swirl is s u p p l i e d   b y   r o t a t i n g  walls and  f low  pa t te rns   wh ich   ho ld   rad ia l  

f l o w   t o  a minimum are chosen   to   max im ize   t he   d i f f us ion   pa ramete r   i n  Eq. 8.3-1. 

The bas i c   t heo ry   o f   cen t r i f uges  as a p p l i e d   t o   i s o t o p e   s e p a r a t i o n  was given  by 

Cohen (1951)   and   re fe rence   t o   more   recen t   l i t e ra tu re  may be  found i n  Wensel 

(1967)  and  Krauze  (1970).  Meteorological  vort ices are o f t e n  modeled i n   t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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l a b o r a t o r y   a s   c o n f i n e d   v o r t i c e s ,   b u t   t h e   b o u n d a r y   c o n d i t i o n s   a p p e a r   t o   d i f f e r  

i n  a t  l e a s t  two e s s e n t i a l  ways.  The d e n s i t y   g r a d i e n t  with' a l t i t u d e   p l a y s   a n  

impor tan t   ro le   i n   t he   dynamics  of both   the   to rnado  and  the   hur r i cane  and  the  

ho r i zon ta l   ex ten t   o f   an   a tmospher i c   vo r tex  is set by s t a b i l i t y   c o n d i t i o n s  

r a t h e r   t h a n   c o n f i n i n g  walls. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA review of meteoro log i ca l   vo r t i ces  was g iven 

by  Morton  (1966). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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