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Abstract All numerical calculations will fail to provide a reliable answer unless the con-
tinuous problem under consideration is well posed. Well-posedness depends in most cases
only on the choice of boundary conditions. In this paper we will highlight this fact, and
exemplify by discussing well-posedness of a prototype problem: the time-dependent com-
pressible Navier—Stokes equations. We do not deal with discontinuous problems, smooth
solutions with smooth and compatible data are considered. In particular, we will discuss
how many boundary conditions are required, where to impose them and which form they
should have in order to obtain a well posed problem. Once the boundary conditions are
known, one issue remains; they can be imposed weakly or strongly. It is shown that the weak
and strong boundary procedures produce similar continuous energy estimates. We conclude
by relating the well-posedness results to energy-stability of a numerical approximation on
summation-by-parts form. It is shown that the results obtained for weak boundary conditions
in the well-posedness analysis lead directly to corresponding stability results for the discrete
problem, if schemes on summation-by-parts form and weak boundary conditions are used.
The analysis in this paper is general and can without difficulty be extended to any coupled
system of partial differential equations posed as an initial boundary value problem coupled
with a numerical method on summation-by parts form with weak boundary conditions. Our
ambition in this paper is to give a general roadmap for how to construct a well posed con-
tinuous problem and a stable numerical approximation, not to give exact answers to specific
problems.
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1 Introduction

Initial boundary value problems are essential components for analysis in many areas of com-
putational mechanics and physics. The examples that we have in mind in this paper include:
the compressible and incompressible Navier—Stokes and Euler equations, the elastic wave
equations, the Dirac equations, the Schrodinger equation, the heat equation, the advection—
diffusion equation etc. In these examples, the equations themselves are given, and well posed
for smooth Cauchy or smooth periodic problems. However, for initial boundary value prob-
lems, boundary conditions are needed, and they can be poorly chosen, leading to ill-posed
problems.

To obtain a well posed initial boundary value problem, one needs to know: (i) how many
boundary conditions are required, (ii) where to impose them and (iii) which form they should
have. There are essentially two different methods available, namely the energy method and
the Laplace transform method [1,2]. The number of boundary conditions and where to place
them can be determined using the Laplace transform method [3,4]. However, the exact form
of the boundary conditions cannot be obtained; information regarding that must come from
other sources. The energy method, on the other hand, provides information on all the items
(iii).

Throughout this paper we assume that we have unlimited access to accurate boundary data.
We do not consider non-reflecting or absorbing boundary conditions [5,6] even though we
expect that the derived boundary conditions will perform reasonably well, provided that
the corresponding data is known. As our prototype problem we consider the linearized
time-dependent compressible Navier—Stokes equations. Due to its complicated incompletely
parabolic character, it serves as a good example of how a roadmap to a well-posed and stable
problem can be constructed.

It has been shown previously that a weak imposition of well-posed boundary condi-
tions for finite difference [7,8], finite volume [9,10], spectral element [11,12], discontinuous
Galerkin [13,14] and flux reconstruction schemes [15,16] on summation-by-parts (SBP)
form can lead to energy stability. We will show that the continuous analysis of well posed
boundary conditions implemented with weak boundary procedures together with schemes on
Summation-by-parts (SBP) form automatically leads to stability. A minimal additional analy-
sis of the semi-discrete problem is necessary. The analysis in this paper is general and can
without difficulty be extended to any coupled system of partial differential equations posed
as an initial boundary value problem coupled with a numerical method on summation-by
parts form with weak boundary conditions.

Note that this paper is not about deriving well posed boundary conditions for the time-
dependent compressible Navier—Stokes equations, that is essentially covered in [1]. Instead
we are aiming for a complete description leading to a well posed problem and a stable
approximation, i.e. a roadmap for the whole computational chain. In order not to be tangled
up in technical and yet unresolved theoretical difficulties, we do not deal with discontinuous
problems, such as for example in [12,17,18], only sufficiently smooth solutions with related
smooth and compatible data are considered.

2 The Governing Equations for the Prototype Problem

As our prototype problem, we consider the linearized frozen coefficient compressible Navier—
Stokes equations in non-dimensional form
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Vi+AVy + BVy +CV, = F, + G, + H, 2.1)
where
F=DyVy+ 1512Vy + D13V,
G = D21 Vx + D Vy + D3V, (2.2)
H = D31 Vy + D3pVy + D33 V..

The subscripts ¢, x, y, z denotes partial differentiation with respect to time and space. In (2.1),
V = (p,u,v,w, T)T is the perturbation from the constant state (denoted by an overbar)
around which we linearize.

The dependent variables are the density p, the velocity components u, v, w in the x, y, z
directions and the temperature 7". The equations are written in non-dimensional form using
the free stream density poo, the free stream velocity U, and the free stream temperature 7.
The shear and second viscosity coefficients p, A as well as the coefficient of heat conduction k
are non-dimensionalized with the free stream viscosity (~. The pressure in non-dimensional
form becomes, p/(pooUozo) = pT/(yMgo). Also used later on are

go= U°2° , Pr=LOOCp, Re=7p°°UooL, y=&, <,0=ﬁ 2.3)
Y RT Koo Moo Cy Pr
where L is a length scale and M, Pr, Re = 1/e and y are the Mach, Prandtl and Reynolds
numbers and ratio of specific heats respectively. The time scale is L/ Ux.

The first component in the viscous fluxes F R G and H are zero, since there are no second
derivatives in the continuity equation. This renders the system (2.1) incompletely parabolic
[4], and suitable as a prototype problem. All matrices [),3,- are proportional to € and hence
we can easily include hyperbolic problems by letting ¢ = 0 in the same type of analysis.

Remark 2.1 To include the incompressible Navier—Stokes and Euler equations directly in
the analysis, would require that we multiply the time-derivative in (2.1) with a singular mass
matrix. For clarity and simplicity, we refrain from that complication.

3 Preliminaries

For ease of reading, we start with a brief outline of the main content.

3.1 The Roadmap

The step-by-step procedure leading to a well posed problem and a stable approximation
involve the following steps.

1. Symmetrization (Sect. 3.2) Unless an appropriate energy is known a priori (typically based
on physical reasoning, see for example [19]), the energy method requires symmetric
matrices, such that integration by parts can be performed.

2. The Continuous Energy Method (Sect. 4.1) By multiplying with the solution and inte-
grating over the domain, the energy rate consisting of a dissipative volume term and an
indefinite quadratic boundary term is derived.

3. The Number of Boundary Conditions (Sect. 4.2) The quadratic boundary term is rotated
into diagonal form and divided up into positive and negative parts corresponding to the
sign of the eigenvalues. The number of boundary conditions is equal to the number of
negative eigenvalues in the quadratic form.
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4. The Form of the Boundary Conditions (Sect. 4.3) The characteristic variables that cor-
respond to the negative eigenvalues are specified in terms of the corresponding positive
ones together with boundary data.

5. The Weak Implementation (Sect. 4.4) The boundary conditions are imposed weakly using
a penalty formulation which is determined such that the boundary term becomes negative
semi-definite for zero boundary data.

6. The Discrete Approximation (Sect. 5.1) The continuous problem is discretized using SBP
operators and weak boundary conditions with the same (except for obvious modifications)
penalty matrices that were found in the continuous problem.

7. The Discrete Energy Method (Sect. 5.2) Finally, stability is shown by applying the discrete
energy method. The final form of the penalty terms are decided and it is shown that the
discrete energy rate mimics the continuous one.

3.2 Symmetrization

The matrices related to the hyperbolic terms in (2.1) must be symmetric for the energy method
to be applicable [1]. We choose the symmetrizer

s~ =di EP— p
1ag | —, pc, pc, p¢, ————oo—oo-— |,
JY Vy(y — HME

where c is the speed of sound at the constant state.

3.1)

Remark 3.1 The three-dimensional compressible Navier—Stokes equations with 12 matrices
involved [see (2.1) and (2.2)], can be symmetrized by a single matrix [20]. This remarkable
fact was complemented by the observation that there exist at least two different symmetrizers,
based on either the hyperbolic or the parabolic terms. The symmetrizer (3.1) is related to the
parabolic terms.

After symmetrizing (2.1) by multiplying it from the left with S~!, we obtain

U+ AUy + BUy + CU, = F, + Gy + H; 3.2)
where
i < 00 0
o : 0 0 000
_C_ 7 - Jr=1L = N
] & oa oooe/mr 0 02343000
A=10 0 a0 O Dy=—-|0 0 200 (3.3)
0 0 0a 0 Plo o o0po
0 &/ o0 @ 0 0 00¢
50 < 0 0
vt 00 0 00
] 05 0 0 0 oz 0 o0
B=|<0 v o0&/ | Dp=S]002a+700 (3.4)
NG 4 0 _
00 0 & 0 00 0 /0
00&/10 @ 00 0 09
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i} -
w 00 T 0 000 0 0
0 w0 0 0 0G0 0 0
c=| 00w 0 0 b5 _Sfoox o o (3.5)
500 @ ¢ %# P100022+20
0008/ @ 000 0 ¢
00000 00000
i i . |00%00 i i c[000%0
Dp=Dl==101000 D;=Dl,==]00000 (3.6)
P1o0000 Plozooo
00000 00000
00000 YN
) ) . [00000 pcu
Dyy=DL=—-]10002%0 U= pev (3.7
P100200 pcw

00000 AT/y(y — HME,.
In(32)-3.7),U=8"V,A=5"148,B=S5""'BS,C =S"'CSand D;; = S~'D;;$.
3.3 Well Posed Problems and Stability

In this section, we define the concepts needed in the rest of the paper, and most of the
material can be found in [2,21,22]. Roughly speaking, an initial boundary value problem is
well posed if a unique solution that depends continuously on the initial and boundary data
exists. Consider the following general linear initial boundary value problem

Wi+ 2W=F, xe€82, t>0
LW =g x€d2, t>0
W=f1f xe£2, t=0 (3.8)
where W is the solution, % is the spatial differential operator and . is the boundary operator.
In this paper, & and .& are linear operators, F is a forcing function, and g and f are boundary
and initial functions, respectively. F, g and f are the known data of the problem. In this paper
we consider smooth and compatible data leading to sufficiently smooth solutions. The initial

boundary value problem (3.8) is posed on the domain £2 with boundary 952.
We introduce the scalar product and norm as

WU, Ve =/ UTHV dxdydz, UG, 0lg = U, U)e, (3.9
2

for real valued vector functions U, V and a positive definite symmetric matrix H.

Definition 3.1 Let be ¥ be the space of differentiable functions satisfying the boundary
conditions .£W = 0 on x € 9S2. The differential operator & is semi-bounded if for all
W e 7 the inequality

(W, 2W)g = —a|W(. D5 (3.10)

holds, where the constant « is independent of W.

If a solution to (3.8) exist, semi-boundedness of & leads directly to well-posedness. How-
ever, with too many boundary conditions, existence is not guaranteed. Consequently, a more
restrictive definition is required.
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Definition 3.2 The differential operator .22 is maximally semi-bounded if it is semi-bounded
in the function space ¥ but not semi-bounded in any space with fewer boundary conditions.

The energy method (which we will describe in detail in Sect. 4.1 below) and maximally
semi-bounded operators lead directly to well-posed problems.

Definition 3.3 The initial boundary value problem (3.8) with F = g = 0 is well posed if for
every f € C* that vanishes in a neighborhood of 92, a unique smooth solution exists that
satisfies the estimate

WG 0l% < Kie® )% G.11)

where the constants K{ and c, are bounded independently of f.

For certain classes of problems with specific types of boundary conditions, the energy
method in combination with maximally semi-boundedness operators lead to even stronger
estimates, and so called strongly well-posed problems.

Definition 3.4 The initial boundary value problem (3.8) is strongly well posed, if it is well-
posed and

t
WG DIG < K5() (ufu?z + / (IFC.DIE + ||g(r)||§g)dr) (3.12)
0
holds. The function K3 (¢) for limited time is bounded independently of f, F and g.

Remark 3.2 Well-posedness of (3.8) requires that an appropriate number of boundary con-
ditions (number of linearly independent rows in .¢’) with the correct form of . (the rows in
% have appropriate elements) is used. Too many boundary conditions means that existence
is not possible (the differential operator is not maximally semi-bounded), and too few that
neither the estimates (3.11)—(3.12) nor uniqueness can be obtained.

Remark 3.3 Generally speaking, the linear theory for well-posedness is complete. The the-
ory for smooth nonlinear problems can be extended by the linearization and localisation
principles, see [23],[24] for details. The fully nonlinear theory, necessary for problems with
discontinuities, is incomplete. Entropy estimates can be used to bound the solution, see for
example [12,17,18], but neither uniqueness nor existence follows. In this paper we do not
consider problems with discontinuities.

Closely related to well-posedness is the concept of stability. The semi-discrete version of
(3.8)is

W) +2W; =F;, x; €2, t>0
MW; =g;, Xje€d2, t=>0
W=t x;€82, 1=0. (3.13)

The difference operator 2 approximates the differential operator &7 and the discrete boundary
operator .# approximates .#. F;, g; and f; are the known smooth compatible data of the
problem (3.8) injected on the grid x; = (x}, y;, z;). The difference approximation (3.13) is
a consistent approximation of (3.8).

We now define semi-bounded discrete operators in analogy with differential operators.
Let the volume element corresponding to the jth node be A£2;. The discrete scalar product
and norm are defined by
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j=N
U, V)g, = D UHV;AQj, UG DG, = U, Ug, (3.14)
j=1
for real valued vector functions U, V; and positive definite symmetric matrices H;.

Definition 3.5 Let be ¥}, be the space of grid vector functions satisfying the boundary con-
ditions .#ZW = 0 onx; € 052. The discrete operator 2 is semi-bounded if for all W € ¥,
the inequality

W, 2W)g, = —a|W(, 0, (3.15)

holds, where the constant « is independent of W and h = min;«;|x; — x;|.

Unlike in the continuous case, the problem with existence and uniqueness related to the
number of boundary conditions does not exist in the discrete case. The number of boundary
conditions (including numerical ones) is simply equal to the number of linearly independent
conditions in .#ZW; = g; that are required for the semi-discrete system to have a unique
solution. Different numerical boundary conditions can lead to different solutions on coarse
grids. However, for sufficiently fine meshes and stable approximations, the numerical solution
will converge to the continuous unique solution. Hence we need not restrict semi-boundedness
to maximal semi-boundedness as was done for the continuous case above.

The discrete energy method (which we will describe in detail in Sect. 5.2 below) and
semi-bounded operators lead directly to stability.

Definition 3.6 The semi-discrete approximation (3.13) with F; = g; = Ois stable for every
projection f; of f € C*° that vanishes in a neighborhood of 942, if the solution W; satisfies
the estimate

IW; 0%, < K™ |13, (3.16)

where the constants K {l and oy are bounded independently of f; and & = min;.;|x; — x;|.

As in the continuous case, for certain classes of problems with specific types of boundary
conditions, the energy method in combination with semi-bounded operators can lead to even
stronger estimates, and so called strongly stable problems.

Definition 3.7 The semi-discrete approximation (3.13) is strongly stable, if it is stable and
2 d 2 ! 2 2
IW; 0113, < K&(0) (uf,- 13, + /0 (IF; (01, + ||g,-<r>||m,,>dr) (3.17)

holds. The function Kg (¢) for a limited time is bounded independently of f;, F;, g; and
h = mil’li#ﬂXj — X,’|.

The definitions of well-posedness and stability above are strikingly similar. However,
the bounds in the corresponding estimates need not be the same. The following definition
connects the growth rates of the continuous and semi-discrete solutions.

Definition 3.8 Assume that (3.8) is well-posed with «, in (3.11) and that the semi-discrete
approximation (3.13) is stable with oy in (3.16). If oy < a. + O(h) for h < ho we say that
the approximation is strictly stable.

Remark 3.4 The norms in Definitions 3.3-3.7 can be quite general but in this paper we use
gl = [o @" pdxdydz ~ ¢"Hp = ||¢l5, and [9ll5, = §,o ¢ dds ~ ¢TK¢ =
||¢||§Qh. The matrices H and K define appropriate quadrature rules and ¢ is a smooth
function. More details on the definitions above are given in [2,21].
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4 The Continuous Problem

The initial boundary value problem we will consider in this paper is obtained by adding the
boundary and initial conditions to (3.2)

U+ AUy +BUy+ CU, = F, + Gy + H,, (x,y,2) €2, t>0
HU =g, (x,y,2) €82,1>0 (4.1)
U=t (x,y,20€ R, t=0.

The solution and the matrices in (4.1) are given by (2.2)—(3.7). The data g and f are smooth
compatible boundary and initial data respectively. The formulation (4.1) is used for strong
imposition of boundary conditions.

When imposing the boundary conditions weakly, consider

Ui+ AUy + BUy + CU; = Fy + Gy + H, + L(Z(HU — @), (x,y,2) € 2,120
U =f, (x,y,20€8,t=0
4.2)
which should be interpreted in a weak sense. In (4.2), L is a lifting operator [25,26] defined
by [ ¢T L(¥)dx dydz = §,,¢" ds for smooth vector functions ¢, v and ¥ is an appro-
priate penalty matrix. The lifting operator adds a boundary term that can be chosen in order
to get an energy estimate.
The first task now is to determine the boundary operator H such that the problem (4.1)
using strong boundary conditions is well posed.

4.1 The Energy Method

The energy method is applied to (4.1) by multiplying with U7 and integrating over the domain
§2. Gauss’ theorem and integration by parts leads to

\|lU|? +2DI, = BT 4.3)
where
- - -
Ux D1y D12 D13 | | Ux
DI, :/ Uy l_)z] 1222 l_)23 Uy dxdydz 4.4
2| u; D31 D3 D33 | | U
and

BT = —]f UTAU - 2UT Fds. 4.5)
982

In (4.5), ds = \/dx2 + dy? + dz? is the surface element, 2 = (n1, na, n3)7 is the outward
pointing unit normal on 9£2, and

A=mA+nmB+nC, F=mF+nG+nsH. 4.6)

Due to the incompletely parabolic character of the problem, we consider the following block
structure of vectors and matrices in (4.5)

U, 0 An A
U= , F= , A= . 4.7
[Uz] [Fz] [Asz Azz] ¢

In (4.7), U is a scalar, U and F> are four components long, Ay is a scalar, Ajpisal x 4
matrix and Ay is a 4 x 4 matrix. With these notations we can write the quadratic form in
(4.5) as
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U1 TAL A 0 Ui
UTAU —2UTF = | U, Al Ay —1| | Ua |, 4.8)
F 0 —1 0 F

where [ is the 4 x 4 identity matrix.

Itis straightforward [27] to show that the dissipation term (4.4) on the left-hand-side in (4.3)
is positive semi-definite. Consequently, for maximal semi-boundedness and well-posedness
itremains to bound BT on the right-hand-side with a minimal number of boundary conditions
[2,21]. One needs to know (i) how many boundary conditions are required, (ii) where on 92
to impose them and (iii) which form they should have.

4.2 The Number and Position of the Boundary Conditions

By rotating the boundary matrix in (4.5) to block diagonal form [1] we obtain

[wy ] ’ Al A O wi
BT=—}§ wy | TT AT, Ay —1 | T | w) | ds
882 | w3 | 0 —71 0 w3
_wl_ T A]] 0 0 w1
=— ?f w) 0 Ax 0 ws | ds, (4.9)
842 L W3 | 0 O —(Azz)fl w3

where Ay = Ay — AT, (A1) A,

1 Ty Tis 1 —Al_llA]z —A1_11~A12A~2_21
T=|01Ts|=|0 I Ay (4.10)
00 I 0 0 I
and
w1 Ui U + (All)flAlez
w | =T " |=| U—@An) 'K |. (4.11)

w3 P F

Note that the rotation above requires that A1 is non-zero and Azz is non-singular.

Since Ay = AL, we can write Ay = X A2 X" where Ay = diag(AS,, A,) and X =
[X 4, X_] contain the positive and negative eigenvalues and the corresponding eigenvectors
respectively. By using this eigen-decomposition of A, we obtain

wi 1"TAnL 0 0 0 0 wy
XTw, 0 A5, 0 0 0 XTw,
BT:—?! XTw, 0 0 A, 0 0 XTw, | ds. (4.12)
521 XTw; 0 0 0 —(A5)™" 0 XTw;
XTws 0 0 0 0 —(Ap ] [ xTw;

We are now ready to answer the questions (i) and (ii) posed above.

For the compressible Navier—Stokes equations, it can be shown the variables wy, X _{ wy,
XTw,, XTws, XTws are linearly independent. The number of boundary terms in the
quadratic form (4.12) that can cause growth is hence equal to the sum of negative entries in
A11, Ay, and —(A3,) ™!, which in turn is equal to the minimal number of boundary condi-
tions. The number of negative entries vary only with A along the boundary §52 since the
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total number of negative entries in A5, and —(A;rz)’l are constant and equal to the number
of eigenvalues in Azz.

In the general case, the situation is similar. The energy method leds to a boundary term
of quadratic nature, that cannot be limited by other terms in the energy rate. The minimal
number of boundary conditions is given by the number of negative entries in the diago-
nalized boundary matrix provided that the corresponding transformed variables are linearly
independent. With a minimal number of boundary conditions used to bound the solution, a
maximally semi-bounded operator and well-posedness is obtained [2,21]. Consequently, the
quadratic form must be reduced in such a way that the new transformed variables are linearly
independent.

Remark 4.1 We use the energy method and a minimal number of boundary conditions to
obtain maximally semi-bounded operators and well-posedness. The classical way to deter-
mine the number of boundary conditions, is based on the Laplace transform method [2—4].
For an illustrative example of the relation between the Laplace transform and energy method
regarding the number of boundary conditions for the incompressible Navier—Stokes equa-
tions, see [28].

Remark 4.2 In the compressible Navier-Stokes equations, A1 = (i, v, w) - 1 = u,, where
u, is the outward pointing normal velocity on the boundary. Consequently, the compressible
Navier—Stokes equations require five boundary conditions at an inflow boundary (u#,, < 0)
and four at an outflow boundary (#,, > 0). This holds independently of whether the flow is
subsonic or supersonic. The fact that the number of boundary conditions for the compressible
Navier—Stokes equations is independent of the speed of the flow (whether it is subsonic or
supersonic), and only depends on the direction relative to the outward pointing normal, is
quite different from the situation for the Euler equations. See Fig. 1 for an illustration.

Remark 4.3 In the limit of vanishing viscosity € — 0 and formally w3z = F» = €eF, > 0in
(4.12) and we are left with the number of boundary conditions for the Euler equations [1].
However, F» contains gradients [see (2.2),(4.6)] and, this limit is not known. An analysis of
the scalar viscous advection equation indicate that in fact € 2 # 0ase — 0. Ifthis holds also
for the Navier—Stokes equations, it means that the Euler equations are not the high Reynolds
number approximation of the Navier—Stokes equations as commonly perceived.

4.3 The Form of the Boundary Conditions

We proceed by splitting (4.12) into one positive and one negative part respectively

LiyHw ] [yt O 0 Li(yHw
BT = —7{ XTw, 0 435 0 XTwy | ds
882 T —\—1 T
X?il)3 0_ 0 (A5) X?il}j; 4.13)
1_(yw vy 0 0 1_(yw
—7{ XTw, 0 A, 0 XTw, ds.
82 1 xTws 0 0 —(Ap)™! XTw;

In (4.13), 14 (x) and 1_(x) are indicator functions which are 1 if x is positive or negative
respectively, and zero otherwise. We have also used y™ = (A + |A1])/2 and y~ =
(A —[Anh/2.
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Fig. 1 A schematic showing the y
relation between the background
velocity and the outward pointing
normal vector which decides the
sign of (it, v, w) - n = uy

W, v)

SN
7

outflow

To simplify the notation we introduce

Li(yHw yt o 0
Wt=| XTw, |, 4t=|0 4], 0 ,
xT 0 0 —(Ay)7!
-3 g (42) (4.14)
1_(yw y~ 0 0
W=| Xlwy, |, A"=]|0 45 0
XTw; 0 0 —(Ap)!

Given the notations in (4.14), we rewrite (4.3) as

w1  [a+t o J[w+
IUN? +2DI. = —]gﬂ [W_] [ 0 A_] [W_} ds. (4.15)

We are now ready to answer the question (iii) posed above. Together with the previous
answers to (i—ii) we summarize the result in the following proposition.

Proposition 4.1 The general form of the boundary condition in (4.1) that bound the right
hand side of (4.15) (as well as (4.12)) and lead to a maximally semi-bounded operator, well-
posedness for zero boundary data and strong well-posedness for non-zero boundary data
is

W™ —RWT =g. (4.16)
R is a matrix with the number of rows equal to the number of boundary conditions and g is
given boundary data. The number of rows in R is equal to the sum of negative entries in Ay,
Ay, and —(A;'z)_1 in (4.12) and vary only with the sign of Aj;.

Proof The number of negative entries in the matrix vary only with Aj; since the total number
of positive entries in A5, and —(AQLZ)’l is constant and equal to the number of eigenvalues
in Azz. The sign of Aj; vary with the direction of the normal n = (n1, na, n3)T along the
boundary 42 and the background velocity due to (4.6). The part of the proof showing that
(4.16) bounds (4.15) will be given below. ]

Remark 4.4 Note the close similarity of (4.16) with the way one imposes boundary conditions
for hyperbolic problems, where the ingoing characteristic variables are given by the outgoing
ones together with boundary data.
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4.4 Weak and Strong Boundary Conditions

The boundary conditions in terms of (i—iii) are now known and only one issue remains; they
can be imposed weakly or strongly.

4.4.1 Strongly Imposed Homogeneous Boundary Conditions
The homogeneous version of the boundary condition (4.16) strongly imposed in (4.15) gives
IUI? +2DI, = —ng(WﬂT(RTA*RJrA*)(W*). (4.17)
To get a bound on the right-hand-side of (4.17), the matrix R must satisfy
RTA"R+ AT >0. (4.18)

Remark 4.5 Time-integration of (4.17) completes the proof of Proposition 4.1 for strongly
imposed homogeneous boundary conditions and shows that the problem (4.1) is well posed
(see Definition 3.3).

The general boundary operators used in (4.16) leading to an energy estimate and a well
posed problem are

HU = (H™ — RHHU. (4.19)
The operators H+ and H™ are decomposed as
H+ _ H+ H+ 0 H+ d H+ 0 _ +
U=\Hy + Do, 5 T Doy@"‘ 0. 57 U=w
_ _ _ 0 _ 0 _ 0 _
where
(D) L.y DA A [1-(y) 1-(r (A1) A
Hf = 0 xT , Hy = 0 xT
0 0 0 0
[0 0 7 0 0 7
Hgox =10 —XI(Azz)_lDl ) Hp, =10 —XT(An)~'D,
0 X' D, 0 XTD,
- - - - 4.21)
0 0 0 0
HZ)Loy =0 -XL(An)™'Dy |, Hpy, = |0 =XT(An)~' Dy
K XD, 0 XD,
[0 0 T [0 0 ]
Hpo = |0 =X (A2)"'Ds |, Hpo = |0 =X (A0)~'Ds
K XTI Ds 0 XTI D3

In (4.21), we used
Dy = nDyy + nyDyy + n3D3;
Dy =ni D> +nyD +n3D3) (4.22)
D3 = n1Di3 +nyDa3 + n3D3.

The boundary operators in (4.19)—(4.21) are obtained by combining (4.11), (4.14) and (4.16).

@ Springer



J Sci Comput

Remark 4.6 Strongly imposed boundary conditions are characterized by the fact that some
of the variables in the boundary terms are replaced by others. In (4.17) for example, only
W is present.

4.4.2 Weakly Imposed Homogeneous Boundary Conditions

By imposing the homogeneous boundary condition (4.16) weakly using (4.2), we obtain

T
5 . w1 [at o [wt
wiz+2oi=—§ LT[ 2[00 ]as

+7{ Urs(w——=RWH+WTzwW— —rwt)Tds. (4.23)
882

By introducing ¥~ such that UT ¥ = (W~)T £, (4.23) becomes

T T y—T
[W*] [A* R ][W] ds. (424)

2 —_— =
Wi + 2Dl = f W | |[Z"RA- - — ()T ||wW™

882

Remark 4.7 Weakly imposed boundary conditions are characterized by the fact that all vari-
ables are present in the boundary terms. In (4.24) for example, both W+ and W~ are present.

The choice ¥~ = A~ leadsto UT ¥ = (W™)T A~ and the final penalty matrix
ry=H)HTa". (4.25)

By using (4.18), the energy rate (4.24) can now be written as

w1 T A+ RTA-T[W+
2 —
lUI; +2DI. = ]gﬂ [W‘} [A*R A= | lw- ds
= —f WHTRTATR+ AT (W) ds
52
+1T 1_pT A— T A— +
+% Wﬁ R _A R R A_ Wﬁ ds (4.26)
o LW AR —A ||W
= _% WHTRTA"R+ AW ds
2
+ ; (W™ —RWHTA=(W™ — RWh)ds,
592
where the right-hand-side is negative semi-definite if (4.18) holds.

Remark 4.8 Time-integration of (4.26) completes the proof of Proposition 4.1 for weakly
imposed homogeneous boundary conditions and shows that the problem (4.2) is well posed
(see Definition 3.3).

Remark 4.9 The energy estimate (4.26) shows that a weak imposition of well-posed homo-
geneous boundary conditions produces the strong energy rate with an additional term
$50(W™ — RWHTA=(W~ — RWT)ds that is proportional to the boundary condition.
A similar, dissipative term will appear in the discrete approximation.
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4.4.3 Strongly Imposed Non-homogeneous Boundary Conditions

The boundary conditions (4.16) strongly imposed in (4.15) leads to

T T 1— T A—
|:W+:| [R AR+ AT RTA ][W+] ds. @27)

2 _ _
||U||,+2ch—]f ] R

882

We can now add and subtract g7 Gg where G is a positive semi-definite bounded matrix [29]

to obtain
T rpT A— + pT A— +
) . WH] ' [RTA"R+ AT RTAT|[W
wisapi - f [V [RA R R AT,
+% g1 (G + A g ds. (4.28)
582
The choice

G>ARMRIATR+ AN AR)T, (4.29)

bounds the right-hand-side of (4.28). In order for condition (4.29) to make sense, we need to
sharpen (4.18) to
RTA R+ AT >0. (4.30)

Remark 4.10 Time-integration of (4.28) completes the proof of Proposition 4.1 for strongly
imposed non-homogeneous boundary conditions and show that the problem (4.1) is strongly
well posed (see Definition 3.4).

Remark 4.11 1f (4.30) holds, then the choice (4.29) can always be made, and we can estimate
the solution in terms of the boundary data which leads to a strongly well-posed problem. If
condition (4.18) holds, but not (4.30), we get an energy estimate for zero boundary data and
we have a well posed problem [2]. Note also that even if A™ is singular, which is the case
for the Navier—Stokes equations at a solid boundary, G can be chosen in a similar way as in
(4.29) by separating out the zero eigenvalue.

Remark 4.12 The general form (4.16) can be used to formulate common standard boundary
conditions for initial boundary value problems, such as for example the no-slip conditions
for the compressible and incompressible Navier—Stokes equations and the specification of
electric and magnetic fields for the Maxwells equations. The formulation (4.16) can also be
used to check if the boundary conditions in a practical case leads to a well posed or strongly
well posed problem by identifying R and verify that it satisfies conditions (4.18) and (4.30)
respectively. Finally, (4.16), (4.18) and (4.30) can be used to find previously unknown well
posed boundary conditions.

4.4.4 Weakly Imposed Non-homogeneous Boundary Conditions

The boundary conditions (4.16) imposed weakly using (4.2) yields

T
2 . w1 [at o J[w+
|U|? +2DI, = ]gg [W_] [0 A | s 4.31)

+7§ UlTsSW™ —RWT —g9)+ W (W~ — RW* — g)7 ds,
5§82
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where X is the penalty matrix. Following the analysis above, we choose X such that UT X =
(W)T A~, and insert this into (4.31) to find

wt1T [ At RTA- 0 [w+

||U||,2+2DIL-:—7{ w=| | AR —A= A= || w | as. 4.32)
| g 0 A= 0 g
M

The matrix M in (4.32) can be divided into three parts and rewritten as

—RTARRTA= —RTA- RTA-R+ AT ORTA- 00 0
M= AR  —A~ A” + 0 0 0 +100 0
—A"R A~ —A" A™R 0 G 00-G+ A~

The second matrix above is positive semi-definite by the choice of G in (4.29), while the
third matrix leads to a bound in terms of the data. These two matrices correspond exactly to
the result obtained for strong boundary conditions in (4.28).

The first matrix in M, which is due to the use of weak boundary conditions, can be rewritten
as

Ro0]" ROO —1+1 -1
010| (Co®A)|010]|, Co=|+1—-1+1], (4.33)
001 001 —1 41 -1

where ® denotes the Kronecker product [30]. The matrix Cy is negative semi-definite with
eigenvalues —3, 0, 0 and hence the right-hand-side of (4.32) is bounded by data.

The difference between the estimate (4.28) obtained by strong imposition of boundary
conditions and the estimate (4.32) obtained by a weak imposition is the term

T

~ w1 TROO ROO] W+
R=—j§ w-| |0r10| C®a)|o10| W |ds, (4.34)
2] ¢ 001 001 g

on the right-hand-side in (4.32). We can expand the term R by using

—1 +1 +1 -300
Co=XI'X", X=—|+141-1|, I'=|000], (4.35)
V3|10 22 000
and find
) TRw+] T RW+
R=—7{ W= | XIrxT@A~)| w- |ds
39_ g g
W —RWt—g " [=100 W — RW+ —g
:_7{ RWT + W~ 000({®A™ RWT + W~ ds
82 | RWT — W™ +2¢ 000 RWT — W~ +2g
=+7§ W™ =RWH—g)TA~ (W™ —=RW*t —g)ds <0. (4.36)
8§82

Remark 4.13 Time-integration of (4.32) completes the proof of Proposition 4.1 for weakly
imposed non-homogeneous boundary conditions and show that the problem (4.2) is strongly
well posed (see Definition 3.4).
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Remark 4.14 Just as in the case for homogeneous boundary conditions, the additional term
R=¢o(W™ —RWF —g)T A=(W™ — RWT — g) in the weak energy rate is proportional
to the boundary condition. A similar non-zero dissipative term will appear in the discrete
approximation.

5 The Semi-discrete Approximation

To exemplify the straightforward way to stability once the analysis for the continuous problem
is done, we employ a finite difference approximation on summation-by-parts (SBP) form with
weakly imposed boundary conditions using the simultaneous approximation term (SAT)
technique [22].

Remark 5.1 The specific discretization technique used here is not important, it is chosen as
an example. We stress that any discretization technique that can be formulated on SBP form
such as for example finite difference [7,8], finite volume [9,10], spectral element [11,12],
discontinuous Galerkin [13, 14] and flux reconstruction schemes [15,16] will lead to the same
analysis and principal results.

5.1 The Numerical Scheme

The semi-discrete SBP-SAT approximation of (4.1) on a cubic domain with weakly imposed
boundary conditions is

Vi+ Dy @@L, QL QA)V+ Uy @Dy, B)V+ U, ®1,8 D, ®C)V
=Dy L, QL RIHNF+ U, @Dy, RI; ®15)G+ (I, ® 1, ® D, ® Is)H

+>_ PEN,
n

V() = f. 5.

The weak penalty terms >, P EN, sum over all six faces of the cube. The discrete solution
Vijk(®) =~ U(xi, yj, zk, 1) is arranged as

Vo] [ Vio ] [ Vijo
Vi Vi Vij1 Vi
: : : V2
V= Vi Vi = v, Vij = Vie | Vijk = 53 ~U(Xi, yj, 2k, 1).
. . 4
: : : Vs Jijk
L VN L Vim L VijL |

There are N 4+ 1, M + 1, L + 1 gridpoints in the x, y, z direction respectively. The matrices
A, B and C are matrices given in (4.1).

Out of the six penalty terms P E N, [corresponding to the lifting operator L in (4.2)] on
each side of the cube, only the boundary condition at x = 1 of the form

PENy = (ExP]'Y QL @ L ® Is)(H™ — RHN)V —ey ® g) (5.2)
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is considered. The discrete representation of the vectors F, G and H in (2.2) are
F=(I®DiVi+U®D)V, + (U ®Di3)V,
G=(®Dy)Vy+(I®Dpn)Vy+(®Dx3)V, (5.3)
H=(I®D3)Vy + (I ® D3p)Vy + (I ® D33) Vs,
where we, with a slight abuse of notation, have used I=U® I, ® I,) and
Vi=e(DxQLQL,®L)V, Vi=U,0D,1;,15)V, V.=U;®1,8D;®I5)V.
The difference operators are on summation-by-parts form (SBP) [22], i.e. Dy y . =

P} Oxy; where Poy o = Pl > 0,00+ OF = diag(~1,0..,0,+1). Ey

X, 9,2
is a matrix where the only non-zero element (N + 1,N + 1) is one. I, I, I, and I5 are

identity matrices of appropriate sizes and ey = [0, ...0, 1]is of length N + 1.

The continuous boundary operator in (4.19) is H~ — RH™ where both H™ and H ™~ are
partioned matrix operators of Robin type, see (4.21). To construct the corresponding discrete
operators we use the same partitioning and define the discrete versions of H™ and H ™~ as

At =L, @ L, ®L®H) +(D:®1,® I, ® Hy)

+ (L ®Dy® L ® Hpy ) + (I ® I, ® D; ® Hfy.).
H =(L®L,®L®H))+(D:®1, ®I, ® Hpy,)

+ (L®Dy® L, ® Hp ) + (I ® Iy ® D; ® Hpy).

54

5.2 The Energy Method

We mimic the analysis of the continuous problem above, but limit ourselves to weak boundary
conditions.

5.2.1 Weakly Imposed Homogeneous Boundary Conditions

The discrete energy method (multiply with V7 (P, ® Py ® P; ® Is) from the left and add
the transpose) applied to (5.1) with g = 0 gives

d -
T WVIE, +2Dl ==V (EN® Py ® P.@ AV + VI (Ex® Py ® P @ I5)F

+F(Ey® Py® P, ® I5)V
+VIS(Ey®Py®P.®Is)(H  — RHY)V

+VIH —RANH(Ey®@Py@P.@ X"V, (5.5)
where
Vi r i@@lli@@lz{@@n Ve
DIy =|Vy Pyy; {® QZ] {® sz {® l_)23 Vy
V2 I®D31 I®Dyp @Dz | | Vs
T - - (5.6)
Vi Dyy Dip Dis| Vi
= |Vy| Po: (9" || D2 DDy |@T|W||Vy|>0.
Vz D3y D3; D33 V:

In (5.6), we have used that the Kronecker product [30] is even permutation similar (with the
permutation matrix ¥ ) for square matrices. Note that D /; mimics the continuous dissipation
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D1, and is positive semi-definite. We have also used the notation Pyy, = (Py® Py ® P, ®I5)
and R = (I @ R).

Recall that (H~ — RHY)U = W~ — RW™ in the continuous case. The corresponding
discrete relation, see (5.4) reads

(H-—RHHV =W~ —RWT™. (5.7)

By expanding the fluxes defined in (5.3) and subsequently diagonalizing the resulting matrix,
we obtain
~ T

+ + 7+
g W AT 0 ][W
LWV, +2Dls = - [W]NPym[ | )

- - - (5.8)
+ VIZ(Ey ® Py® P, ®Is)(W~ —RW™)

+ (W —RWHT(EN®P,®P.®I5)ZTV,

which is the discrete version of (4.23). In (5.8), Py denotes Py ® P, and only the contribution
at x = 1 is considered.

_To mimic the continuous setting we let vIY = (WH)TE~ which implies £ =
(H7)T ¥~ The additional choice ¥~ = (I ® X ™) gives
~ T - -
d wt At RT X~ wt
— VI3 +2DIj=—|~ | P = " ) ) 5.9
ar 1V ley. +2D1d [W—L 7 ® [(2—)TR Am=E T W], )

which corresponds to (4.24) in the continuous case. As in the continuous case we let ¥~ =
A~ which yields ~ ~
S=H)HTTeA) (5.10)

corresponding to (4.25) and the energy rate

d 2 T v
Ly 2DI; = —(WH T (Py. @ (RTA™R+ AT) (WY
27 Wk, +2Dla = —(Wy)" (Py: ® ( +ATWy) (5.11)

+ (Wy — RWiHT(Py, ® A™)(Wy — RW)

which correspond to (4.26). The second term in (5.11) adds a small amount of dissipation.
We summarize the result in the following Proposition.

Proposition 5.1 The semi-discrete approximation (5.1) of (4.1) with homogeneous weak
boundary conditions and penalty matrix (5.10) lead to a semi-bounded operator and a stable
approximation.

Proof Time-integration of (5.11) lead to an estimate of the form (3.16). O

Since the semi-discrete energy rate (5.11) mimics the continuous energy rate (4.26) term
by term and will converge to the continuous solution, we can also state

Proposition 5.2 The semi-discrete approximation (5.1) of (4.1) with the penalty matrix
(5.10) is strictly stable.

Remark 5.2 The derivation in this section is completely analogous to the continuous one
above. In fact, the boundary conditions and penalty matrices are already derived in the
analysis of the continuous problem.
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5.2.2 Weakly Imposed Non-homogeneous Boundary Conditions

By using the same procedure as for the homogeneous case but with non-zero data, we end
up with

w+" AT RTA= 0 [Wt
WYL 42Dl =— | W | Pp®|A R —A~ A~ || W~
xyz - (5.12)
g Iy 0 A 0 g Iy
M

where M in (5.12) is exactly the same matrix as in (4.32). Consequently, the continuous analy-
sis leads directly to strong stability. The discrete energy estimate is similar to the continuous
one, but the additional term

! —RTA=R RT A= —RT A= [W+
Ri=|W~| P:®| AR —-A" A W
g8 1y —A"R AT —A" g dy (5.13)

=—(Wy — RWY =T (Py. ® AT)(Wy, — RyW — &)

corresponding to R in (4.36) adds a small amount of dissipation.
We summarize the result in the following Proposition.

Proposition 5.3 The semi-discrete approximation (5.1) of (4.1) with non-homogeneous
weak boundary conditions and penalty matrix (5.10) is strongly stable.

Proof Time-integration of (5.12) lead to an estimate of the form (3.17). O

Remark 5.3 Just as in the preceding section on weak homogeneous boundary conditions, the
derivation in the semi-discrete case is analogous to the continuous one.

6 Conclusions

A complete roadmap for how to obtain well posed initial boundary value problems and
related stable approximations for smooth problems have been presented. The procedure was
exemplified by the time-dependent compressible Navier—Stokes equations. The number of
boundary conditions, where to impose them and their form have been derived. The procedure
is based on the energy method and generalize the characteristic boundary procedure for the
Euler equations.

The derived boundary conditions can be imposed weakly or strongly and they lead to
well posed or strongly well posed problems if the conditions (4.18) and (4.30) are satisfied
respectively. These conditions can be used to verify if the choice of boundary conditions in a
practical case leads to a well posed or strongly well posed problem, and later to the possibility
of a stable scheme.

It has also been shown that the weak boundary procedures in the well-posedness analysis
lead directly to stability, strong stability and strict stability of the numerical approximation
if schemes on SBP form are used. The same conditions as in the continuous problem are
required. The boundary conditions and penalty matrices were derived in the analysis of the
continuous problem. Almost no additional derivations are necessary.
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The analysis of the time-dependent compressible Navier—Stokes equations in this paper
is completely general and can without difficulty be extended to any coupled system of partial
differential equations posed as an initial boundary value problem coupled with a numerical
method on summation-by parts form.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.
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