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Abstract— A crucial part in biped walking motion generation
is to ensure dynamic feasibility, which takes the form of a
nonlinear constraint in the general case. Our proposition is to
bound the nonlinear part of the dynamic feasibility constraint
between some properly chosen extreme values. Making sure
that this constraint is satisfied for the extreme values guarantees
its satisfaction for all possible values in between. This follows
a classical approach from robust nonlinear control theory,
which is to consider a nonlinear dynamical system as a specific
selection of a time-invariant Linear Differential Inclusion. As a
result, dynamic feasibility can be imposed by using only linear
constraints, which can be included in an efficient linear MPC
scheme, to generate 3D walking motions online. Our simulation
results show two major achievements: 1) walking motions over
uneven ground such as stairs can be generated online, with
guaranteed kinematic and dynamic feasibility, 2) walking on
flat ground is significantly improved, with a 3D motion of the
CoM closely resembling the one observed in humans.

I. INTRODUCTION

Online generation of biped walking motions in three

dimensions, because the ground is not flat, or simply to

introduce some desired vertical motion of the body, is

still largely an open problem in humanoid robotics today.

When approaching this problem, the following questions

need to be answered: how can we make sure to generate

dynamically and kinematically feasible motions, and then,

what are desirable characteristics and objectives for a 3D

biped walking motion?

A crucial part in biped walking motion generation is to en-

sure dynamic feasibility, which takes the form of a nonlinear

constraint in the general case. While it is possible to account

for this nonlinear constraint in online computations [1],

[2], this requires expensive computations which would be

better avoided with the limited CPU resources embedded in

robots. As a result, various options have been proposed to

circumvent this nonlinearity.

The most common approach is to consider the Center of

Mass (CoM) of the robot moving on a horizontal plane [3],

since in this case, the dynamic feasibility constraint turns

into a linear constraint, which can be included then in a

linear Model Predictive Control (MPC) scheme to generate

walking motions online [4], [5]. However, imposing the

CoM to move on a horizontal plane typically leads to

unnatural walking motions, with low trunk and bent knees,

that require greatly increased torques and excessive speeds

in knee joints [6], both impacting negatively the efficiency of

the resulting motion in terms of amplitude, speed and energy

consumption.

In case the vertical motion of the CoM can be decided

before-hand, different linear approaches are possible [7], [8],

[9], [10], [11], [12], [13], but having to generate the vertical

and horizontal motions of the CoM independently necessarily

limits the capacity to deal with 3D objectives and constraints,

such as kinematic constraints. We aim here at generating the

whole 3D motion in a unified approach.

Our proposition is to bound the nonlinear part of the

dynamic feasibility constraint between some adequate ex-

treme values. Making sure that this constraint is satisfied

for these extreme values guarantees, as a result, that it is

satisfied for all possible values between them. And this

involves only linear constraints, which can be included

therefore in an efficient linear MPC scheme, to generate 3D

walking motions online. This follows a classical approach

from robust nonlinear control theory, which is to consider a

nonlinear dynamical system as a specific selection of a time-

invariant Linear Differential Inclusion [14], [15]. This will

be discussed in Section II.

Concerning kinematic feasibility, many issues such as

collision avoidance between the robot and its environment, or

between the different parts of the robot, are important but not

specific to the problem of walking motion generation, and

will not be discussed here. One issue that has to be addressed

though, especially in the case of 3D walking motions, is

the limits of the maximal reachable region of the CoM of

the robot with respect to the support foot. This maximal

reachable region usually has a nonlinear shape, but this shape

can be very well approximated by a convex polyhedron,

leading to linear constraints that can be included then directly

in a linear MPC scheme [11]. This will be briefly discussed

in Section III.

By lack of a well-established theory, it is still very unclear

today what are exactly desirable characteristics of a 3D

biped walking motion, which might depend moreover on

the specific mechatronic structure of each robot, and how

these characteristics should be formulated within an online

motion generation scheme. A popular approach is to follow

a mechanical template such as the Spring-Loaded Inverted

Pendulum (SLIP) model, originally based on the observation



of leg stiffness in running animals [16], and later adapted

to biped walking on level ground [17]. It is nonlinear

and requires complex tuning when generating 3D walking

motions [18], but it can also be approximated linearly by

considering the spring effect only in the vertical direction [9],

[19].

We propose here to follow a much more practical ap-

proach. The motivation behind introducing a vertical motion

of the CoM is to improve the efficiency of the walking

motion in terms of amplitude, speed and energy consumption

over potentially uneven terrain. This is mostly done by

stretching knees as much as possible, and we will approach

this by simply trying to stay as high as possible above

the ground, within kinematic constraints [20]. This will be

discussed in Section IV.

The complete walking motion generation scheme will be

presented in Section V, extending the MPC scheme presented

previously in [21]. Finally, simulation results in Section VI

will show two major achievements:

1. Walking motions over uneven ground such as stairs

can be generated online, with guaranteed kinematic and

dynamic feasibility.

2. Walking on flat ground is also significantly improved,

with a 3D motion of the CoM closely resembling the

one observed in humans.

II. DYNAMIC FEASIBILITY CONSTRAINTS

The most direct approach to the dynamics of robot loco-

motion starts with the Newton and Euler equations of motion

of the whole robot:

m(c̈+ g) =
∑

fi, (1)

L̇ =
∑

(pi − c)× fi, (2)

which relate the contact forces fi acting on the robot at points

pi and the gravity −g to the motion of the CoM of the robot

c and its angular momentum L around c, with m the mass

of the robot. They can be combined in a very standard way

(see [22] for details) to obtain:

mc× (c̈+ g) + L̇

m(c̈z + gz)
=

∑

pi × fi
∑

fz
i

, (3)

where the superscript z indicates the vertical coordinate of a

3D vector. We are going to neglect the angular momentum L

in the following, as usual when generating standard walking

motions [22]. Considering then only the x and y coordinates

of the previous equation, we obtain:

cx,y −
cz

c̈z + gz
(c̈x,y + gx,y) =

∑

p
x,y
i fz

i − pzi f
x,y
i

∑

fz
i

. (4)

In the MPC scheme proposed in Section V, dynamic

feasibility needs to be checked only every 100 ms. By

synchronizing this sampling period with the single support

phases, we can reasonably assume that, even when walking

on uneven ground, dynamic feasibility needs to be checked

only at time instances where all contact points are coplanar.

Hence, we can choose a different frame for each contact

surface in such a way that all the corresponding contact

points pi have the same height pz . In this case, the previous

equation can be rewritten as:

cx,y −
cz − pz

c̈z + gz
(c̈x,y + gx,y) =

∑

p
x,y
i fz

i
∑

fz
i

, (5)

where the right hand side appears to be the Center of Pressure

(CoP) of the normal contact forces fz
i on the support plane.

In the usual case of unilateral contact, with forces fz
i ≥ 0,

we end up with the standard constraint that the CoP must lie

in the convex hull of contact points (see [22] for details):

cx,y −
cz − pz

c̈z + gz
c̈x,y ∈ conv{pi}. (6)

Here and later, we assume without loss of generality the

gravity vector to be aligned with the z axis of the frame,

i.e., gx,y = 0. This means that we will consider stepping

only on horizontal surfaces here, but this is not a limitation

of the proposed approach.

The constraint (6) is linear with respect to the horizontal

motion of the CoM (cx,y and c̈x,y), but nonlinear with respect

to its vertical motion (cz and c̈z). Taking into account this

nonlinear model in online computations is possible [1], but

this requires more expensive computations, which would be

better avoided with the limited CPU resources embedded

in robots. As a result, various options have been proposed

to circumvent this nonlinearity when generating walking

motions online. The most common approach is to consider

a CoM moving on a horizontal plane, so that the nonlinear

term

ζ =
cz − pz

c̈z + gz
(7)

is constant. In this case, the dynamic feasibility constraint (6)

is a constant linear constraint on the horizontal motion of

the CoM, which can be included then in a linear MPC

scheme [5] to generate walking motions online. The problem

is, imposing the CoM to move on a horizontal plane leads

to very inefficient motions in terms of amplitude, speed and

energy consumption [6].

Another approach is with a vertical motion of the CoM

decided before-hand as a function of time. In this case,

we obtain a time-varying linear constraint on the horizontal

motion of the CoM, which can be considered in a linear

MPC scheme [11], in computations based on the Divergent

Component of Motion [12], or solved analytically in some

limited cases [8]. Another option is to refer to the previous

model, with a CoM moving on a horizontal plane, and simply

compensate for the difference by iterating the corresponding

linear MPC scheme [9], [10]. But having to generate the

vertical and horizontal motions of the CoM independently

necessarily limits the capacity to deal with 3D objectives

and constraints, such as the kinematic constraints discussed

in the next Section. We aim here at generating the whole 3D

motion in a single computation.

One option then is to resort to the previous model, with a

CoM moving on a horizontal plane, and bound the difference



cx,y − ζ c̈x,y

cx,y − ζ c̈x,y

cx,y − ζ c̈x,y

Fig. 1. If we make sure that cx,y − ζ c̈x,y and cx,y − ζ c̈x,y are in the
convex hull of the contact points (here the dashed rectangle), then we know
that the CoP cx,y − ζ c̈x,y , which lies somewhere in-between, also lies in
this convex hull, and dynamic feasibility is guaranteed.

with the case when the CoM is moving vertically. This

difference would be equal to

δ =

(

cz − pz

c̈z + gz
−

czconst − pz

gz

)

c̈x,y, (8)

what can be bounded by considering adequate limits on c̈x,y ,

c̈z and cz , as proposed in [23].

Our proposition here is slightly different. We start by refor-

mulating the dynamic feasibility constraint (6), emphasizing

the role of ζ:

cx,y − ζ c̈x,y ∈ conv{pi}. (9)

We consider then that variations of ζ can be reasonably

bounded during normal walking motions, as will be verified

in the simulations of Section VI:

ζ ≤ ζ ≤ ζ. (10)

As a result, the CoP appears to always lie on a line segment,

between the points cx,y − ζ c̈x,y and cx,y − ζ c̈x,y (see

Figure 1). If we make sure that these two points lie in the

convex hull of contact points:

{cx,y − ζ c̈x,y, cx,y − ζ c̈x,y} ∈ conv{pi}, (11)

then we know that the CoP also lies in this convex hull, and

dynamic feasibility is guaranteed. Note that the bounds (10)

can be enforced as a linear constraint on the vertical motion

of the CoM with a simple reformulation:

ζ (c̈z + gz) ≤ cz − pz ≤ ζ (c̈z + gz) (12)

(c̈z + gz = 1

m

∑

fz
i > 0 as long as the robot is not free-

falling).

The constraints (11) and (12) are linear constraints on

the motion of the CoM, which can be included therefore

in a linear MPC scheme, to generate 3D walking motions

online. They constrain independently the horizontal and the

vertical motions of the CoM, but together, they ensure that

the nonlinear dynamic feasibility constraint (6) is satisfied.

We will see in the simulations of Section VI, that these

constraints provide much tighter bounds on the CoP than (8),

and therefore a much more precise evaluation of the dynamic

feasibility of 3D walking motions.

Fig. 2. The maximal reachable region of the CoM of the robot c (blue
dot) with respect to the center of the support foot p (red dot) usually has a
nonlinear shape, but this shape can be very well approximated by a convex
polyhedron, here in gray.

III. KINEMATIC FEASIBILITY CONSTRAINTS

In the previous Section, discussing the dynamic feasibility

of 3D walking motions, the focus was on the motion of

the CoM c with respect to contact points pi. Generating the

corresponding joint motions is mostly a question of Inverse

Kinematics, which introduces usual kinematic feasibility

constraints. Many issues such as collision avoidance between

the robot and its environment, or between the different parts

of the robot, are important but not specific to the problem of

walking motion generation, and will not be discussed here.

One issue that has to be addressed though, especially in the

case of 3D walking motions is the limits of the maximal

reachable region with fully extended legs.

In situations where the CoM is assumed to move on a

horizontal plane, this question is usually approached under

the sole view of maximal distance between footprints [21],

since in this particular case, stable walking motions do not

allow the distance between the CoM and contact points

to grow unchecked. This results in satisfying kinematic

feasibility constraints implicitly. Note also that tackling this

kinematic limit indirectly requires introducing very conser-

vative approximations.

But when considering vertical motions of the CoM, one of

the main objectives is to walk with straighter knees, closer

to kinematic limits, which need therefore to be addressed

explicitly and precisely. The maximal reachable region of

the CoM of the robot c with respect to the center of the

support foot p usually has a nonlinear shape, but this shape

can be very well approximated by a convex polyhedron (see

Figure 2), leading to linear constraints :

A(c− p) ≤ b, (13)



with some fixed matrix A and vector b. This constraint can

be included then directly in a linear MPC scheme [11].

IV. 3D WALKING OBJECTIVES

Walking is a complex task, that needs to satisfy var-

ious, potentially conflicting objectives. Unfortunately, by

lack of a well-established theory, it is still very unclear

today what are exactly the desirable characteristics of a

3D biped walking motion, which might depend moreover

on the specific mechatronic structure of each robot, and

how these characteristics should be formulated within an

online motion generation scheme. A popular approach is

to follow a mechanical template such as the Spring-Loaded

Inverted Pendulum (SLIP) model, originally based on the

observation of leg stiffness in running animals [16], and

later adapted to biped walking on level ground [17]. It

is nonlinear and requires complex tuning when generating

3D walking motions [18], but it can also be approximated

linearly by considering the spring effect only in the vertical

direction [9], [19]. We propose here to follow a much more

practical approach, simple and robust enough to not require

any particularly complex tuning.

The motivation behind introducing a vertical motion of

the CoM is to improve the efficiency of the walking motion

in terms of amplitude, speed and energy consumption over

potentially uneven terrain. This is mostly done by stretching

knees as much as possible, what can be approached by sim-

ply trying to stay as high as possible above the ground [20],

or as close as possible to a high enough reference href ,

minimizing for example the deviation

d1 = ‖cz − (pz + href )‖
2
. (14)

Regarding the locomotion objective itself, we propose to

simply consider following a reference horizontal speed of

the CoM ċ
x,y
ref , minimizing for example [21] the deviation

d2 =
∥

∥

∥
ċx,y − ċ

x,y
ref

∥

∥

∥

2

. (15)

Robustness of the walking motion with respect to distur-

bances can be greatly improved by keeping the CoP close

to the center p of the support foot [4], [24]. In our case, the

CoP is lying somewhere between the two bounds introduced

in (11). We propose therefore to keep the middle of this line

segment close to the center of the support foot, minimizing

the deviation

d3 =

∥

∥

∥

∥

cx,y −
1

2
(ζ + ζ)c̈x,y − px,y

∥

∥

∥

∥

2

. (16)

Naturally, it is also important that the generated walking

motion is smooth enough to be compatible with the general

mechatronic structure of the robot. A usual choice in this

respect is to consider that the motion follows a third order

dynamics [4], [25], and keep the third derivative small,

minimizing for example

d4 = ‖
...
c ‖2. (17)

V. A LINEAR MPC SCHEME TO GENERATE WALKING

MOTIONS ONLINE

Generating walking motions online naturally implies

avoiding to fall in the first place (when possible). This can

be modeled as a viability condition [26], [27], and one way

to fullfil it is through Model Predictive Control [28]. This is

a standard approach to generating walking motions, which

can take various forms [22]. Here, since the constraints

introduced in the previous Sections are all formulated as

linear functions of the motion of the CoM of the robot, and

the objectives d1...4 are all formulated as quadratic functions

to minimize, we can consider using a linear MPC scheme,

such as the one proposed in [21].

In this MPC scheme, the acceleration c̈ of the CoM

is considered to be continuous, piecewise linear (the third

derivative
...
c is therefore piecewise constant) over time

intervals of constant duration tk+1 − tk = 100 ms. At each

sampling time tk, the constraints and objectives are sampled

over the next N = 16 time intervals, and the following

optimization problem is solved:

minimize
∑

j

α1d1(c
z
j ) + α2d2(ċ

x,y
j )

+ α3d3(c
x,y
j , c̈

x,y
j , p

x,y
j ) + α4d4(

...
c j)

subject to (11)–(13) for all tj ,

(18)

with decision variables
...
c j and p

x,y
j , j = k, . . . , k + N ,

and positive scalar gains α1...4 assigned to the different

objectives. The third derivative of the CoM
...
c j , and the

footstep placement p
x,y
j obtained as a solution to this prob-

lem, are applied to the robot during the next time interval,

and the problem is solved again at the next sampling time,

following a standard MPC procedure [29]. Details on how

this optimization problem can be formulated and solved as

a standard Quadratic Program can be found in [21].

In this control scheme, the placement of the footsteps p
x,y
j

is decided automatically by the optimization process [21].

Note however that on uneven ground, foot placement will

be a nonlinear problem in general, even discontinuous when

considering certain obstacles or terrain such as stairs. In

order to keep a linear formulation, we limit the approach

here to automatic placement within predefined horizontal

surfaces. Planning automatically which horizontal surface to

use is possible with Mixed Integer Programming [30], but

we will consider here that the assignment of each footstep

to a specific horizontal surface is decided independently.

The automatic footstep placement is allowed then exclusively

within the assigned horizontal surfaces. For example, when

facing stairs, the automatic footstep placement is allowed

only within the limits of the pre-assigned steps.

VI. SIMULATION RESULTS

The proposed linear MPC scheme has been tested on a

simulated HRP-2 robot [31]. Based on the motion of the

CoM and footsteps computed with this scheme, the whole

body motion is obtained with the standard inverse dynamics

approach and hierarchical optimization [32], [33]. To be
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Fig. 3. Trajectory of the CoM of the robot in the sagittal plane when walking on a flat, even ground, transitioning from a speed of 0.2 m.s−1 (dark blue)
to a speed of 0.6 m.s−1 (light blue). The dotted curve is the kinematic limit due to maximal leg length. When the step length increases with speed, the
maximal CoM height during the double support phase lowers significantly, resulting in a more pronounced vertical motion of the CoM.
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Fig. 4. Trajectory of the CoM of the robot in the frontal plane when
walking on a flat, even ground, starting from rest and reaching a speed of
0.2 m.s−1 (dark blue), then transitioning to a speed of 0.6 m.s−1 (light
blue). The typical butterfly shape and how it changes with walking speed
matches what is measured in human walking [34].

more precise, the generated trajectories of the CoM and

feet are tracked by PD-controllers subject to the constraints

due to dynamics of the robot, friction, and mechanical

limits of the robot, in addition to this, motions of redundant

degrees of freedom are damped. Two different simulations

are presented.

The first simulation is designed to validate how the pro-

posed scheme behaves on a flat, even ground. It involves

starting from rest, walking straight at a (low) speed of

0.2 m.s−1 for a few steps, then accelerating to a (normal)

speed of 0.6 m.s−1. In the proposed scheme, the timing of

the steps is imposed, with a constant period of 0.8 s. As a

result, the only way to vary speed is to vary step length, with

a direct impact on the kinematic constraints (13) affecting the

motion of the CoM.

We can observe in Figure 3 how these kinematic con-

straints evolve during this simulation, and how the motion

of the CoM is adapted accordingly in the sagittal plane.

This figure focuses on the transition in walking speed, and

includes a few steps before and after. Clearly, when the step

length increases with speed, the maximal CoM height during

the double support phase lowers significantly, resulting in a

more pronounced vertical motion of the CoM. This increase

0.1 0.15 0.2 0.25 0.3 0.35 0.4

-0.1

-0.05

0

0.05

0.1

x (m)

y
 (

m
)

Fig. 5. Trajectories of the CoP (black curve) and CoM of the robot (blue
curve), footprints (dashed rectangles), and bounds introduced in Section II
(red segments), shown here every 100 ms. We can check that the CoP always
stays within these bounds, and that these bounds always stay within the
footprints, as desired, guaranteeing the dynamic feasibility of the generated
3D walking motion.

in vertical amplitude is even clearer in the frontal plane,

shown in Figure 4. Here, the trajectory of the CoM presents a

typical shape of a butterfly, similar to what can be observed in

human walking [34]. We can clearly observe how this curve

changes with walking speed, once again similarly to what

is measured in human walking [34]. Note also the seamless

transitions, from rest, and between walking speeds.

Figure 5 shows the corresponding trajectory of the CoP

on the ground during one step. We can verify (here every

100 ms) that, as recognized in Section II, the CoP always

lies somewhere within the line segment introduced in (11).

We can also verify that this line segment stays within the

support polygon as desired, satisfying the constraint (11)

and guaranteeing as a result the dynamic feasibility of the

generated motion.

The largest horizontal and vertical accelerations of the

CoM during this walking motion are respectively 2.4 and

4.7 m.s−2, with the height of the CoM varying between

0.80 and 0.86 m. Under these conditions, the difference (8)

between the approximate model with a constant height of



0.80 m and the real position of the CoP can be as large as

6.3 cm, larger than the half-width of the feet (5 cm). As a

result, it is impossible to guarantee with the criterion pro-

posed in [23] the dynamic feasibility of this rather standard

motion (which would be discarded on this single account),

whereas we can obtain this guarantee here with the much

more precise criterion (11).

The second simulation involves climbing up and down

stairs, as a typical example of uneven ground. The position

and size of the stairs is supposed perfectly known, and the

assignment of each footstep to a given stair is supposed de-

cided beforehand (automatic footstep placement is enabled,

but within the boundaries of each stair). We can observe in

Figure 6 how the vertical motion of the CoM is automatically

generated (online) together with its horizontal motion, in

order to fit well within kinematic constraints, while ensuring

dynamic feasibility throughout the whole motion.

VII. CONCLUSION

We have proposed a linear MPC scheme for online gen-

eration of 3D biped walking motions over flat and uneven

ground (assuming that the configuration of the ground is

known). It is built on the observation that dynamic feasibility,

which takes the form of a nonlinear constraint in the general

case, can be ensured with a combination of linear constraints

on the horizontal and vertical motions of the CoM of the

robot. Simulation results show two major achievements: 1)

walking motions over uneven ground such as stairs can be

generated online, with guaranteed kinematic and dynamic

feasibility, 2) walking on flat ground is also significantly

improved, with a 3D motion of the CoM closely resembling

the one observed in humans. Experiments with real robots

should follow soon.

Note that some important aspects of whole body motion

generation have not been approached here. One is the gen-

eration of the motion of the feet above the ground, espe-

cially avoiding undesired collisions with the environment, as

discussed in [10]. Another is a robust Inverse Kinematics

scheme, as discussed in [35], since the walking motion

generated here approaches kinematic limits, and therefore

kinematic singularities. These are necessary additions to the

proposed motion generation scheme.

We can also observe that when the robot is walking at

0.6 m.s−1, the amplitude of the vertical motion of the CoM

appears in Figure 4 to be twice as much as the amplitude

observed in humans with similar step length and frequency,

and similar kinematic structure [34]. Since this amplitude is

directly related to kinematic constraints, a possible explana-

tion of this mismatch is the use of toe flexion by humans,

which is not mirrored by the proposed motion generation

scheme. Toe flexion significantly expands the maximal reach-

able region obtained with extended legs [6], [11], and could

be a promising addition to the proposed scheme, to further

improve the general efficiency of the generated walking

motion. Another option to expand the maximal reachable

region with extended legs, not approached yet in biped

robotics, would be to include rotations of the pelvis [36].
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