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Abstract

In this paper we consider numerical approximations of a constraint minimization problem,
where the object function is a quadratic Dirichlet functional for vector fields and where the
interior constraint is given by a convex function. The solutions of this problem are usually re-
ferred to as harmonic maps. Minimization problems of the form studied here arise for example
in liquid crystal and superconductor simulations. The solution is characterized by a nonlinear
saddle point problem, and we show that the corresponding linearized problem is well-posed
near the exact solution. The main result of this paper is to establish a corresponding result
for a proper finite element discretization of the harmonic map problem. Iterative schemes
for the discrete nonlinear saddle point problems are investigated. Some mesh independent
preconditioners for the iterative methods are also proposed.
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1 Introduction

For a bounded Lipschitz domain 2 € R? we shall consider the problem of finding local minima of
a constrained minimization problem of the form:

. 1 2
= - . 1.1
veHH};(lsrll;M)g(v) 2/9\Vv\ dx (1.1)

Here Hé(Q; M) is the set of vector fields with values in a smooth, compact manifold M in R?,
with function values and first derivatives in L*(£2), and such that the elements v of HE (€ M)
satisfies v]pn = g for fixed vector field g defined on the boundary 9. We will further assume
that M is implicitly given on the form

M={veR!F(v)=0},

where the function F' : R¢ — R¥ is a smooth function, and it will be assumed that the compatibility
condition F(g) = 0 holds. More specific assumptions on F' and the boundary data g will be
given below. Problems of the form (1.1) arise for example in liquid crystal and superconductor
simulations. The solutions of the problem (1.1) are frequently referred as harmonic maps, [3]. In
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the present paper we will restrict our study to the case d = 2 and £ = 1. We will focus on a
nonlinear saddle point approach to compute the solutions of the problem (1.1).

For a review of results on the continuous harmonic map problem we refer to [3, 17]. The
purpose of the present paper is to discuss a finite element method for approximating the constraint
minimization problem (1.1). For the simplest case of (1.1), with interior constraint given by
|[v| = 1, several numerical approaches have been discussed, cf. for example [1], [2], [9], [10], [12],
[13] and [19]. Variants of the projection method are proposed and analyzed in [1], [2] and [9].
However, the standard projection method applies only to the simplest model. Moreover, it was
illustrated in [2] that the projection method converges only for very special regular and quasi-
uniform triangulations for the discretized harmonic map problem. The relaxation method of [12]
is using point relaxation with the constraint required at each grid point. Both convergence analysis
and numerical experiments are supplied in [12]. A common approach for constrained minimzation
problems, adopted for example in [10], is the penalty method. However, in general it may be hard
to design an efficient iterative method for solving the discrete variational problem in this case,
since it is difficult to resolve the penalty term accurately.

The main contribution of the present paper is to use a saddle point approach for the construc-
tion of numerical methods for the constraint minimization problem (1.1). We shall prove that the
corresponding saddle point problem is stable near the exact solution. This is achieved by verifying
standard stability conditions for linear saddle point problems. This verification has the extra diffi-
culty that the coercivity condition will not hold in general, but only on the kernel of the linearized
constraint. Using the standard stability conditions for the corresponding discrete saddle point
problem we will construct finite element methods such that the corresponding discrete solutions
admit an optimal error estimate in the energy norm. We will also study Newton’s method for the
discrete nonlinear saddle point problem, and propose a simple and efficient preconditioner for the
linear systems arising during the iterations. Numerical tests will be given to show the efficiency
of the proposed method.

The outline of the paper is as follows. In Section 2, the notations and assumption will be
specified. In Section 3, the continuous problem is studied. The problem (1.1) is formally trans-
formed to a saddle point problem, and stability results will be proved for the continuous model. In
Section 4 we first describe a finite element discretization for (1.1), and then the discrete stability
conditions are established. Using these stability conditions, the existence, local uniqueness and
the error estimates are derived in Section 5. Iterative methods are analyzed in Section 6, while
numerical experiments are presented in Section 7.

2 Notation and preliminaries

Throughout this paper we will use ¢ and C' to denote generic positive constants, not necessarily
the same at different occurrences. It is assumed that the constants are independent of the mesh
size h which will be introduced later. For vectors v,w € R? we use v - w to denote the Euclidian
inner product, while the notation A : B is used to denote the Frobenius inner product of two
matrices A,B € R%*?4. The corresponding norms are given by |v| and |A|, respectively. For a
vector v = (v1,v2) € R?, v+ = (—wvy,v1) is the vector obtained by a rotation of 90 degrees. For a
vector or matrix A, A’ is the transpose of A.

For m > 0 we will use H™ = H™(K) to denote the real valued L%~ based Sobolev spaces on
domain K C R?, the corresponding norm by || - |[m.x, and | - | r is the semi norm involving only
the mth order derivatives. The subspace H{" is the closure in H™ of C§°(K), while H~™ is the
dual of H* with respect to an extension of the L? inner product (-,-). The corresponding L>°—
based Sobolev spaces are denoted W >°(K), with associated norm || - ||;s,00, k- For all the Sobolev
norms, we will omit K in case K = 2. In general we will use boldface symbols for vector or matrix
valued functions. The gradient operator with respect to the spatial variable x = (z1, z2) is denoted
V = (0/0z1,0/0z2)t. Furthermore, the gradient of a vector valued function v = (v, v9)t, Vv, is
the matrix valued function obtained by taking the gradient row—wise, i.e. (Vv);; = 0v;/0z;.

In order to specify the properties of the constraint functional F : R?> — R, defining the con-



straint manifold M, we will use DF to denote the gradient of F, i.e. DF(v) = (0F/dvy,0F/dvs)
and the corresponding Hessian by D?F(v) = (82F/8vi(%j)§,j:1. Throughout this paper we will
assume that the constraint functional F' satisfies:

(i) F is convex and smooth. Furthermore, there exist constants ¢y and ¢; such that

colv]? <D?*F(E)v-v <c|vf?}, & veR? (2.1)

(ii) F(0) <0 and DF(0) = 0;
(ili) There exists an £ > 0 such that the matrix function D?F satisfies

ID’F(&) - D*F(&)| < U — &, &,& € R (2.2)

The analysis below will still hold if the assumptions (2.1) and (2.2) are only valid for all £,&;, &,
in a neighborhood of a continuous solution.

For the boundary function g of (1.1) we assume that it has been extended into the interior of
Q such that g € H*(Q). Corresponding to g, we let

1 _ 1 o —
H, () ={veH () :v=gon N}
If v : Q — R? is a smooth vector field then it follows from the chain rule that
VF(v) = (Vv)'DF(v), (2.3)

where the product on the right hand side is the ordinary matrix—vector product. Furthermore, we

have
VDF(v) = D*F(v)Vv. (2.4)

From assumption (i)-(ii) and the Taylor expansion we obtain the following estimate:
2e7H|F(0) < [v(%)]? <26, [F(0)], x€Q,
for any v satistying F'(v) = 0 on . Similarly, we derive
IDF(v)| = colv|

for any v, and hence |DF(v(x))| > 0 if v(x) € M.

Let us note that the interior constraint in (1.1), given by v(x) € M, implies that a local
minimum of (1.1) satisfies u € H(Q) NL>(Q). In fact, if the boundary 99 and the boundary
data g are sufficiently regular, and M is the unit circle S, then there is a unique smooth solution
of (1.1), cf. [3, Theorem 12].

We will consider the more general problem of approximating any critical point of the functional
& over HL(€; M). A vector field u € HL(€; M) is such a critical point if it satisfies

(Vu,Vv) =0 (2.5)

for any v in the tangent space of H(Q; M) at u, i.e. for any v € Hy(Q) such that DF(u) v = 0.
In the saddle point approach which we shall consider here we will view the critical points u as
elements of the larger space Hé(ﬂ) Assume that u has the extra regularity property that

u e Hy(Q) NnWHe(Q). (2.6)

Then any such u is a critical point if and only if there is a A € L?*() such that the pair (u,\)
satisfies the first order conditions

(Vu,Vv) + (DF(u)-v,\) = 0, veHQ),

(2.7)
<F(u)7M> = 0, pe LQ(Q)



To see this assume that u is a critical point satisfying (2.6), and let z = DF'(u)/|DF(u)|. For any
v e H{(Q) let v, =v — (v -2z)z. As a consequence DF(u) - v, = 0, and by (2.5),

0= (Vu,Vv,;) = (Vu,Vv) — (Vu, V(v - 2)z).

However, by using (2.3) the constraint implies that (Vu)'z = 0 and therefore the final inner
product above can be rewritten as

(Vu,V(v-2)z) = (Vu:Vz,v-z).
Hence the system (2.7) is satisfied with
A= —-Vu:Vz/|DF(u)| = —Vu: VDF(u)/|DF(u)|?, (2.8)

where the last identity again is a consequence of the constraint. Note that it follows from (2.6)
that the multiplier X is actually in L>°(12).

The variational problem (2.7) is the Euler-Lagrangian equation for the constrained minimiza-
tion problem (1.1), and the system is a weak formulation of the problem

—Au+ ADF(u) = 0, inQ,
(2.9)
Fu) = 0, inQ.
In the simplest case when M = S!, we have A = —|Vu|? and

—Au—|Vu’u=0, inQ, u=gondQ.

This equation is frequently referred as the harmonic map equation [3].

We would like to point out a relationship between the saddle point approach and the penalty
method. In the commonly used penalty approach, c.f. [10], one is seeking a minimizer of the
following regularized problem:

1
. - F 2
verﬁlﬁmg(sze Q\ (v)["dx,

where the penalty parameter € > 0 is small. Formally, the necessary equilibrium condition for this
problem is that

/ Vu® - Vvdx + %/ F(u“)DF(uf) -vdx =0, v & Hj(Q).
Q Q
A difficulty with this approach is that the penalty parameter € needs to be chosen sufficiently
small in order to resolve the constraint, and usually it also needs to be related to the discretization
parameter. However, for small penalty parameters, numerical instabilities may occur.

In order to see the relation between the penalty method and the saddle point system (2.7) we
introduce A* = 1 F'(u°). The above system then reduces to

(Vus, Vv) + (DF(u°) - v, ) = 0, ve&HQ),
(F(a), pu) — €<)‘67:u> = 0, pe LQ(Q)'

If ¢ — 0, we see that the above system formally converges to the saddle point system (2.7), i.e.
the saddle point approach can be regarded as the limit case of the penalty system. The advantage
of the saddle point approach is that the standard mixed finite element theory, cf. [5], tells us how
to choose the finite element spaces properly to avoid possible instabilities. Furthermore, there is
no need to choose a penalty parameter.



3 Stability of the linearized problem

Throughout this paper we will assume that the pair (u, A) is a solution of (2.7) with the additional
regularity property that
ue Hé(Q) NWL>(Q), \e L®(Q). (3.1)

In particular, u and A are related by (2.8). For the analysis below it will be useful to consider
linearization of the saddle point system (2.7). More precisely, we consider systems of the form:
Find (v, ) € H{(Q) x H~1(2) such that
a(u, \; v,v) + (DF(u)-v,p) = (f,v), veH}Q),

(3.2)
(DF(w)-v, i) = (op), feH (),

where (u, A) is the exact solution of (2.9) satisfying (3.1), and the bilinear form a(u, ;- ) is given
by
a(u,\;v, V) = (Vv,Vv) + (D*F(u)v - ¥, \).

Here f € H1(Q) and 0 € HZ () represents data. Our goal is to show that this linear system
is well-posed by verifying the standard stability conditions for saddle points systems, cf. [4] or
[5]. It should be noted that the bilinear form a(u, };-,-) is in general not coercive on H}(€2). For
example, in the simplest case, when M = S!, we have

alu Aiv,v) = [ (V¥ = [Vulv?)dx
Q

However, as we shall show below, the bilinear form a(u, A;-,-) is coercive on the proper subspace
of H}(2).
Associated with the solution (u, A) satisfying (3.1), we define
Zu = {veHYQ): (DF(u)-v,j) =0, jie LAQ)}.
We shall also frequently use the following estimate often

a(u, \;v,v) < C(u, \)|[v]1|[¥]1 v,v € H}(Q) (3.3)

where the constant C(u, A) depends on the norms of u and A indicated by (3.1).
A key property for the analysis below is that the bilinear form a(u, A;-,-) is coercive on the
linearized constraint space Z,. This is stated in the following theorem.

Theorem 3.1 Let (u,\) satisfy (3.1) and be related by (2.8). Then there is a positive constant
(81, depending on u, such that

a(u,\;v,v) = (Vv,Vv) + (D*F(u)v - v,\) > B1|vI3, v € Zy. (3.4)
Before we give the proof of the theorem we will establish an auxiliary result.
Lemma 3.1 Let (u,\) be as in Theorem 3.1 and define w = (w1, wz)" = DF(u). Then,

wi|Vws|? + wi|Vw: |2 — 2wywaVwy - Vws

AD?F(u)wt -wt = —

wl?
Proof. 1t follows from (2.4) and (2.8) that the multiplier A\ can be expressed as A = —Vu :
Vw/|w|?. Hence,
'V
AD2F(w)wt - wt = V1|1w7|2w(ang + Fopw? — 2F 10wy ws), (3.5)



where F;; = 0>F/0u;0u;. Furthermore, since VF(u) = 0 we have from (2.3) that
w1Vu1 + ’wQVUQ = 0,

while (2.4) implies that
Vwi = FﬂVul + FiQV’LLQ.

By combining these identities we obtain
(F11w§ + Fggwf — 2F2wiwa)Vug - Vg
= w3 (F11Vuy + FioVug) - Vwy, — wiws(FaoVug + F1oVuy) - Vg
= w§|Vw1|2 — wiwaVwy - Vws.
A similar argument shows that
(Friw2 + Fypw? — 2F10wiws) Vg - Vwy = w? | Vws|* — wiweVuwy - Vws,

and hence the desired identity follows from (3.5). O
Proof of Theorem 3.1. As above we let w = DF(u). For any v € Z,,, there exists a a € HJ ()
such that v = aw™. The key identity we will use is the pointwise relation

|Vv|? + AD?*F(u)v - v = |[V(a|w|)|* (3.6)

In order to verify this identity note that
@

V(ialw|) = |[w|Va + m(quwl + waVws).
Hence,
2
@
VW) = WVl + {2 Vo + w0V

+ 2a(wi1Va - Vwg + waVa - Vws).
On the other hand,
IVv|? = |w|?|Val? + o?|Vw|? + 2a(wi Va - Vwy + waVa - Vws).

Therefore,

\Y Voo |2
|Vv|2 _ |V(a|w|)|2 — 062(|VW‘2 _ |w1 w1 + wo w2| )

|wl?
o, 2 2 2
= W(w1|Vw2| + w3|Vw |* — 2wywe Vw, Vws)
= —AD?F(u)v - v,
where the last identity follows from Lemma 3.1. Hence, we have verified (3.6).
On the other hand, if 4 = a|w| then v = u(%ll) and hence
1

1
Vv = —wb. Vutuv(
(W W

Therefore, since u satisfies (3.1), Poincaré’s inequality implies that

IVvllo < e(Villo + llullo) < el V(alwl)llo,

).

where the constant ¢ depends on u. Together with (3.6) this implies the desired inequality of the
theorem. [

Theorem 3.1 is one of the two required stability properties for a linear saddle point problem
of the form (3.2). The second property is the so—called inf-sup condition established in the next
theorem.



Theorem 3.2 Let (u,\) satisfy (3.1) and be related by (2.8). Then there is a positive constant
B2, depending on u, such that

DF(u)-
inf sup (DF(W) v, 1) > fo. (3.7)
neH- @) vermpo) VIl

Proof. For any p € H~1(Q), there exists a ¢ € H(Q) such that

{m,p) _

Define v = gp#, where as above w = DF(u). Then, by Leibniz’ rule there exists a ¢ > 0,
depending on u, such that
[Vvllo < clle]s-

Furthermore,
(DE() v, 1) = (o, 1) = llellflpll-1.

Hence, the desired inequality holds with 8y = 1/¢. O

4 A stable discretization

In the rest of the paper we assume that 2 is a polygonal domain. Given a shape regular and
quasi—uniform family of triangulation {7} of ©Q with a mesh size h < 1, let NV}, denote the set of
nodes associated with 7;,. We use V}, to denote the space of continuous piecewise linear functions
and Vi, 0 = Vi, N HF(Q). The notation Vj, and Vo will be used for the vector version of the
corresponding spaces. We will use 7, to denote the usual nodal interpolation operators onto the
spaces V;, and V. Standard approximation properties of spaces of piecewise linear functions will
be used below. In particular, we will use the estimates

(I —mn)vly < Chlvla, ve H*(R), (4.1)

and
I(I = Pu)vl—1 < Chllvllo, v e L*(). (4.2)

Here, P, : L*(Q) — Vj is the L? projection. Due to the quasi-uniformity of the mesh, the
operator P, can be extended to a uniformly bounded operator on H~!. Moreover, the following
inverse inequalities hold:

[v]leo < Clog(h™ Mol lvlls < Ch M vllo, v € V. (4.3)

Set g, = mrg (on 9N2). We define
Vig={vEVy: vlsa =gn}.
We will consider the following discretized minimization problem:

min &(v) subject to F(v) =0 on N,. (4.4)

veVy g

The Lagrange functional L : Vi, g X Vj, 0 — R is

L(v,p) =E&(v) +/Q/uth(V)dx (Vi) € Vg X Vio. (4.5)

The first order condition defining the critical points of L leads to the following discrete counter
part of the nonlinear saddle point problem (2.7):



Find (up, Ap) € Vi g X Vi, o such that

(Vuh, VV> + <7rh[DF(uh) -V], )\h> =0, ve Vh70, (4 6)
<WhF(uh),ﬂ> =0, ne Vh,0~

However, we shall first analyse the discrete counter part of the linearized system (3.2). For a given
(4, A) € Vi g X Vi 0, let us define the bilinear form ap (1, A; -, ) to be

an (0, X v, V) = (Vv, VV) + (m,[D2F(a)v - ¥], \).

Similarly as in (3.2) for the continuous problem, the linearized problem for (4.6) is to find (v, u) €
Vh,[) X Vh,() such that

an(t, X; v, V) + (mu[DF (@) - ¥],
(mh[DF (1) - v],

<>

=

Yy = (£,9), VEVuo (4.7)
y = (o), (€ Vo

=

For a given G € V}, g, define
Zhvﬁ = {V € Vh,O : DF(ﬁ) -v=0o0n Nh}

Lemma 4.1 Let ® : R? x R?2 x --- x R = R? be a smooth function. Then we have the following
estimates for all vi,va, -+ , v € Vj:

k
[Th®(vi,va, Vi)l < CZ Dy, ®|l0,00|Vil1; (4.8)
=1
k
[(7n = D)®(v1,va, -+, vi)llo < Ch Y Dy, @00l vil1- (4.9)
=1

Above, the constant C' is independent of h, ® and v;. The norm ||Dy, ®||o - stands for
HDVz‘(I)(Vh Vo, 7Vk)||0’06'

Proof. For clarity, we shall only give the proof for £ = 2. The extension of the proof for general
cases is straight forward.

For an element e € 7, let p;,;i = 1,2,3 be the vertexes of e. Under the condition that the
finite element mesh 7, is regular and quasi-uniform, then we have the following equivalent H*
norms for v € Vy,

3
Ve Y [v(p) = v, VEVheeT. (4.10)
i,j=1
In particular,
3
TR @(vi,va)[fe < Y |R(vi(pi), va(i)) — D(vi(py), va(py))I*-
i,j=1

Thus, we get (4.8) from the following estimate:

3
I (vi, vo)f. <2 ) (I@(Vl(pi),w(pi)) = ®(va(p;), va(pi))I®

ij=1

181 (py). valp)) — ‘I’(Vl(pj)avz(pj))|2>

3
<2y (||Dvl<1>||3,oo,e|v1<pi> ) + D va(ps) — w(pj)?).
ij=1



Next, we estimate (4.9). By the definition of the interpolation operator 7y, we have:
3

(7 — D)®(v1,v2)(p) = >_[@(v1(pi), va(pi) — @(vi(p), v2(p)xi(p) P E e,
=1

where {x;}7_; are the barycentric coordinates on e. From this, we see that

3
[(mn = D®(v1,v2)l§ . < CZ/\(<I>(V1(pi),V2(p¢)) — ®(vy,v2))xil®

3
<cy /(||DV1<1>|
ij=1

(&

3,oo,e|v2(pi) 7V2|2) (411)

G ool Vi(Pi) — Vi[> + ||Dy, @

3
< Ch2 Z (|DV1(I)|(2),oo,e|v1|%,e + |DV2(I)|(%,oo,e|v2|ie)'

ij=1

Thus, estimate (4.9) is verified. O
For the lemma above, it is essential that the functions v; are finite element functions. If
vi € WL (Q) and vo € V3, then we obtain:

[ = D (v, va)llo < Ch([[Dv, @flo,c0[Vi]1,00 + Dy, @llo,00 V2]1)- (4.12)

The next results, which is essential for our analysis, is a discrete version of Theorem 3.1. As
in the previous section (u, A) is a solution of (2.7) satisfying (3.1).

Theorem 4.1 There exists positive constants o and hg such that, for (4, A) € Vi X Vi satis-
fying

1 = maufly + A = Pudll—1 < 7/log®(h™") (4.13)
with h < hg and v < 79, we have
an(, A v, v) > B3| V|2, v E Zna. (4.14)

Here the constants o, ho, B3 depend on u.

In order to prove the above theorem, we need to derive some auxiliary results. The main idea
is to relate (4.14) to the continuous problem, and then use Theorem 3.1 and some approximate
properties of the operators m;, and P,. As before, we shall use w = DF(u) with u being the true
solution, see (3.1). Given a (1, \) satisfying (4.13), we define w = DF(11). For any v € Zp g, let
us define
v(pi) - W (pi)

a(p;) =

From the above definition, it is clear that
1

VW
o=mp| ——=

W > €Vho, v= ﬂ'h(avAvJ‘).

We have used the relation w - v = 0 on N}, in getting the last equality. Corresponding to the true
solution u and a given G € Zj, 4, let ¢}, € H}(Q) be the function given by &), = aw® —v. We see

clearly that
En+V E Zy. (4.16)

For a given u satisfying (4.13), one can verify by assumption (i), c¢f. (2.1), and the inverse
estimate (4.3) that

Iw(p) —w(p)| = [DF(a(p)) - DF(mpu(p))| < 1y, p € N
Thus, by choosing v small enough, one can guarantee that

0 <clw(p)l < W(p)| < Clw(p)l, pENn. (4.17)



Lemma 4.2 Let (01, \) € Ve X Vi satisfy (4.13). Then we have the estimate

W
T\

where the constant C' depends on u.

S C|90|17 SD € Vh,Oa
1

Proof. Let ¢ = my, (gpv‘;"lg> Using (4.10), we see that

Wi < CiZj |¢(M)% - @(PJ)W\Q

N o(pa)]2 w(p (4.18)
< OTIERESL + o) I e — il
It follows from (4.10) and (4.17) that
|on( pz wh (p))I?
Z = < Cloli (4.19)
On the other hand, we have by (4.17) and assumption (iii), c.f. (2.2),
e, — )12 < Clw(py) — Wipy)? < Cla(p) — a(py)P
< Cl(a = mpu)(ps) — (@ — mpu)(py)* + [mnu(ps) — mnu(p;)[.
Thus, we get by the inverse estimate (4.3) and (4.13) that
wpi) W)
le@)l? - 1= - %]
D o T
< Cllel soe - 10— mnuli o + ol - | (4.20)

<CO* + ullf o il e

Substituting (4.19)-(4.20) into (4.18), we obtain the desired bound. O

Remark 4.1 If we apply Lemma 4.1 on the function v defined by v = 7y, (apl‘g’Q), we will get

that
[¥[1 < Clog(h™ )|l

The results we are getting here is better. We have removed the factor log(h™1).

Lemma 4.3 Let (1, 5\) € Vi g X Vi satisfy (4.13). Then, there exist a hy and vy depending on
u such that the following estimate holds for h < hg and v < g

S

a(u, \;v,v) > |v|1, v € Zp .

Proof. For any v € Zj g4, let a and €, be as defined in (4.15) and (4.16). From m(am,wt) =
7n(aw™), we have
en = (I — ) (awr) + mam, (w — W)t (4.21)

From (4.12) and also using the inverse inequality (4.3), we get that

(1 =) (aw D)} < CR2 (WG sclerlf + lallf sollw 17 o)
< Ch?log?(h™ ") ull? oot (4.22)

10



Note that there exists a & such that
malam(w — W)L = [omh (mhD2F(€) (mpu — a))ﬂ
A repeated application of (4.8) and (4.3) gives
o (w — %) ]2 < Clog! (bl f2[mu — a2 (4.23)

From Lemma 4.2, we see that
lalr < Cvls. (4.24)

Combining (4.22)-(4.24) with (4.13), we see that
lenl? < C(h*1og? (W) |[ullf o +7)lalf < C(h*log? (W) ul? o +77)IVIE. (4.25)
The following estimate follows from (3.3) and (3.4)
a(u, \;v,v) =alu,\;v+ep,v+ep) —alu,\;v,ep) +alu, Ajep, en)

(4.26)
> OB|v +enl? — [VIilenls — lenl?.

Choosing h and 7 small enough, we obtain the desired result from (4.25) and (4.26). O
Proof of Theorem 4.1. In the proof, we always assume that h and  are small. Note that

ah(ﬁa /\; v, V) - a(ua )‘; v, V) = <7rh [D2F(ﬁ)v : V]7 ;\> - <D2F(U)V "V, )‘>
= (mp[D2F (@) - v], A = A) + (5, — D[D2F(Q)v - v], \) (4.27)
+ ((D?F(a) = D?*F(u))v-v,\) = I, + I + I.
The meaning of I; is self explainable. Since A € L*(Q), we get by (4.13)

1A, = M- 1AL = PrA] -1+ [1PRA = Al

v/log? (k") + Chl|Allo.

IAIA

Using Lemma 4.1, we see that
[ma[D2F(@)v - vl < CID*F(@) - Vo, v]1 + IVIIE oo ID*F(@)lo,oc |l < Clog?(h™ IVl
For a small h, a combination of the above two inequalities leads to
11| = [(ma[D*F(@)v - v], A = N)| < Clog?(h ™) |[vVI[3(v/1og?(h ™) + Ch||Allo) < C|v]3-
Again, we use Lemma 4.1 to prove that
Lo = |((m — I)[D*F(@)v - v], )|
< |l(m — DD*F(@)v - vlllo - [Allo < Chlog?(h~Y)|IvII3,
and
|I3] = [(D*F (@) —- D*F(u))v - v, \)|
< [(D*F () = D*F(w)v - vijo - [INllo < C[[vI[3-

Choosing h and 7 small enough, we obtain the desired result from Lemma 4.3 and the estimates
above of the three terms appearing in (4.27). O

Theorem 4.2 Assume that (ﬁ,;\) € Vi e X Vi o satisfies the condition (4.13). There exists a
constant B4, which depends on u, such that

DF(q) -
it s (DE) V)
netoveva TV

> fa. (4.28)
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Proof. For the ¢ given in (3.8), let ¢, = Prp. Then, we see that

[t
(i 80) 5 g 1.

lenlla
Define vy, = m, [cphDDIf((él))lz] . Then,

(mh[DF (@) - Vi, pn) = (pn, n)-

From Lemma 4.2, one gets that |vp|y < C|onli. By collecting these estimates the theorem is
established. OJ

Recall from the saddle point theory given [4] or [5], the two theorems, i.e. Theorems 4.1 and
4.2, assure existence, stability and uniqueness of the solution of the linearized saddle point system

(4.7) when (0, A) satisfies (4.13). In the next section, we shall use these properties to prove some
results for the corresponding nonlinear systems.

Remark 4.2 If replacing Vi, o by Vi, in (4.28), the inf-sup condition (4.28) may not be satisfied.
This is why we use the Vy, o, instead of Vi, as finite element space for the Lagrange multiplier.

5 The discrete nonlinear problem

The main purpose of this section is to establish existence and uniqueness of solutions of the
discretized nonlinear saddle point problem (4.6) in a neighborhood of a continuous solution (u, \)
of the system (2.7) satisfying the regularity assumption (3.1). Furthermore, we will show that the
discrete solutions converge to the continuous solution with a linear rate with respect to the mesh
parameter h. However, we start by summarizing some properties for the linearized saddle point
systems.

For notational simplicity, we shall use X, X}, and Xj ¢ defined by X = H}(Q) x H~1(9Q),
Xn = Vio X Vi, and Xp g = Vg x Vi o. Let || - ||x denote the norm on the product space
H{(Q) x H=1(Q), and let || - || x~ denote the norm on the dual space X* = H™1(Q) x H}(Q). The
norm || - ||z(x,x=) will be used to denote the norm of a bounded linear operator from X to X*.
The spaces X}, and X}, ¢ are equipped with the norm of X, while X} is equal to X}, as a set, but
equipped with the dual norm of X with respect to the L? inner products. Similarly, the norm
| - [l2(x,.x;) is the associated oprator norm.

Let z = (u, A) be a solution of (2.7). Corresponding to x, let G(z) € X* to be given by

<G($),y> = <Vu’ VV> + <DF(U-) 'V>M> + <F(u)a/~”>7 Yy = (V’M) €X,

As usual, (-,-) is the duality pairing which extends the standard L? inner product. Associated
with G, we define a mapping G'(z) : X — X* by

(G'(x) - y,9) = alu, X;v, V) + (DF(u) - ¥, ) + (DF(u) - v, f1), (5.1)

for all y = (v, pu),9 = (v, 1) € X = H{(Q) x H71(2). The operator G’(z) is formally the Fréchet
differential of G at x.

Recall from the saddle point theory given in [4, 5] that Theorems 3.1-3.2 implies that the
system (3.2) has a unique solution (v, u) which depends continuously on (f,0) € X*. Thus we
have the following result.

Theorem 5.1 If (u,)\) satisfies the regularity assumption (3.1) then the map G'(x) defined by
(5.1) is an isomorphism from X = H () x H~1(Q) to X* = H () x H}(Q).

For the discretized saddle point problem, we define G}, : X}, g — X} to be the map defined by
(4.6). For any & = (4, A) € X}, g, Gi(&) is the operator that satisfies

<Gh(j)7g> = <Vﬁ7 V‘7> + <7Th[DF(ﬁ) 0]75‘» + <7ThF(ﬁ)’ A>7 9= (‘77[1’) € Xp.-
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Thus, problem (4.6) is in fact to find x, = (up, An) € X}, ¢ such that
<Gh(xh)7y> = 0) Y= (‘}7[}’) € Xh' (52>
Let G, (2) be the Fréchet derivative of Gj, at & = (@, A) € X g. Then, G (%) : X;, — X is the
linear operator given by
(Gh(@)y,9) = an(@, X v, ¥) + (ma[DF (@) - V], ) + (ma[DF (@) - V], 1),
y=(,p) €Xp, §=(0)€Xp (53)

By Theorem 4.1-4.2, the following result is a consequence of the theory of [4, 5]:

Theorem 5.2 Assume that & = (0, A) € X, g satisfies the condition (4.13). For sufficiently small
h and vy, the map G} (%) is an isomorphism from X, to X;. Moreover,

1GH(#)  loixsx,) < M, (5.4)
where M is a constant independent of h and & = (1, 5\)

Define z. = (mpu, PpA), and set y,. = Gp(z.). We can use similar techniques as for Theorems 4.1
to prove the following lemma.

Lemma 5.1 For any & = (0, \) € X}, g satisfying(4.13), we have
I1G3(&) = Gl x,,xp) < Clog?(B™Y)[|2 — 2. x

Proof. By the definition of G}, we have for any y = (v, ) € Xj, and § = (V, 1) € X,

From Lemma 4.1, (4.13) and (4.3), we see that

(T [D2F(Q)v - V], A — PuA) < Cjmn[D?F(a)v - ¥]||1 |A — PuA| -1
< Clog* (k™Y [[af1|[v]1 V]l A = Pudll=1 < Cyl[v]l1 ][9]

Similarly, we have

(mp[(D?F(0) — D*F(mpu))v - V], PuA)
< Cllmn[(D*F () — D*F(mpu))v - V[l | PuA] -1
< Cllmn[(D*F(€) (& — mpw)v - V][l Al 1
< Clog (h™Y)lgllul[a = muully [v][1 [Vl Al -1
< Oylog?(h™ Y |[v )1 |1¥r.
Estimating the last two terms in (5.5) similarly using Lemma 4.1, (4.3) and (4.13), we get the
result. The constants C in the estimates depend on (u, A). O

At this point, we need to recall the implicit function theorem as for example given in Lemma
1 of [6]. From the implicit function theorem, we can conclude that if there is a § > 0 such that

R R N R 1
&€ Xp, ||& —2.|x <6 implies |G}, (%) — G, (2) [l L(xn.x; (5.6)

< —
W= o
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then the equation
Gr(@) =19

has a unique solution for all g satisfying

0 — Yell xr < ——.
19—yl x S5

Here M > 0 is the positive constant appearing in Theorem 5.2. From Lemma 5.1, we see that
the implication (5.6) is fulfilled if we choose § = 1/(2MC'log*(h™')). Hence, we have that the

equation (5.7) has a unique solution & satisfying

1

AT S
l# = .llx < 2MClog?(h-1)

for all § such that
1

4M?2C log*(h=1)"

Furthermore, we can conclude from Lemma 1 of [6] that

19— ysllx- <

12— .| x < 2M|[§ — yullx--

Note that our desired equation is G, (z) = 0. Thus, if we can verify that

1

Gh@)lxs = yul|xr € —————
[Grte )l = Il < przeaa

3

(5.8)

(5.9)

we can conclude existence and uniqueness of solution of this equation. If we assume more smooth-

ness on u, this is a consequence of the following lemma.
Lemma 5.2 Assume that u € H2(Q) N W1°°(Q). Then we have
|IGr(z)|lx- < Ch with x. = (mpu, PpA).
Proof. 1t suffices to prove that
(Gi.),3)| < Chllillx, &= (v,n) € X
We have by (2.7) and the definition of Gy,
(Gh(xs),2) = (V(mu —u), Vv) + (mn F(mpu), p) — (F(u), i)
+(mp[DF (mpu) - v], PobA) — (DF(u) - v, A).

It is clear that
[(V(mpu —u), Vv)| < [mpu—uly - [v[1 < Chljullz - [v]i.

Note that since 7, F'(mpu) = 7, F(u) we obtain from (4.1) that
[(mn (), p) = (F(a), )| = [(mn — DF(w), )|
< (mn = DE@)[1 - f[pll-1 < CRIE @)z - [|ul] -1-
Furthermore, by the assumptions on F' and the estimates (4.1), (4.2) and (4.12) we get
[(mn[DF (mpu) - v], PuA) — (DF(u) - v, \)|

< [(mn = DIDF(a) - v], BuA)| + [(DF(u) - v, PyA = A)|

<(mn = DIDF() - viflo - [PaAllo + [IDF(w) - vi[1 - [[PhA = Al

< ChIDFE(u) - vall1 - [Allo < CAIDE)[1,00 - [[Allo - [V]]3-
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Substituting (5.12)-(5.14) into (5.11), gives (5.10). O

From this lemma, we see that y. satisfies (5.9) for small h. Thus, there exists a unique solution
for equation (4.6). Moreover, the solution satisfies the estimate (5.8). We state this conclusion
more clearly in the following theorem.

Theorem 5.3 Assume that u € H2(Q) N W (Q). Then, for sufficiently small h, there exists a
unique saddle point (up, A\p) € Xy, for (4.6) in a small neighborhood of (mpu, PyA\). Moreover, the
following error estimate holds:

lup —ully + [|An = A -1 < Ch.

6 Preconditioned iterative methods

We shall propose two iterative methods to solve the nonlinear saddle point problem (4.6). The
first one is the classical Newton’s method, cf. for example [15, chapter 7]. Let zo = (ug, Ag) € X
be a suitable initial guess. The Newton iteration is given by

Tn+1 :xn_G%(xn)_lGh(:En)a n:0a1>"' . (61)

Assume that the initial guess (ug, \o) satisfies (4.13) with a small . Using Theorem 5.2, combined
with Lemma 5.1, and the standard properties of Newton’s method, it follows that all (u,, Ay,)
satisfy (4.13) with the same ~, and all G}, (u,,, A\,,) are invertible. Moreover, the sequence {(u,, A,)}
converges with almost order 2, i.e.

a1 = anlls + [Anss = Anll—1 < Clog?(h™ ) ([lun — wnlly + [IAn = Anll-1)*.
For the iteration (6.1), we need to invert G} (z,), i.e. we need to solve the system
G (@) (Tnt1 — Tn) = —G(2n). (6.2)

From Theorem 5.2, we obtain that G} (z,) is an isomorphism from X} to Xj;. Moreover,
[G7 (20)lL(x, . x;) is bounded and the bound is independent of h and n if the initial value is chosen
close enough to the true solution. This property can be utilized to construct good preconditioners
for system (6.2). Let A, and Ay be the finite element discretizations for the vector and scalar
Laplacian operators A and A on Vo and Vo respectively. To be precise, Ay : Vi, o —= Vi o is
the mapping defined by
(Ahuh,v) = —(Vuh, VV), Vv E Vh70.
Then the operator
-1
T, A 0 7
0 Ay,

is an isomorphism from X} to X with associated operator norm bounded independently of h.
Thus, T, can be used as a preconditioner to solve system (6.2). However, to simplify the com-
putation we replace A;l by another spectral equivalent operator, i.e. by a preconditioner for
the discrete Laplacian. The system (6.2) is then solved by the preconditioned minimum residual
method, with the modified T}, operator as the preconditioner, cf. [16].

A disadvantage with Newton’s method is that the linear system (6.2) has to be solved for
each iteration. As an alternative approach for the nonlinear saddle point problem (4.6), we will
consider a preconditioned fixed—point iteration, which can be seen as another nonlinear version of
the minimum residual method. This method is described in a general setting in the Appendix.
For the problem (4.6) we will apply this method to the preconditioned equation

N(x) = ThGh(JZ) = 0,

15



but where the operator Agl in T}, is replaced by a spectral equivalent operator. For the algorithm
given in (8.2) let us take H = X, N(z) = T},G1(z) and use the following inner product for H:

<$7y>H = <T];1$,y>. (63)

Then N'(z) = T;,G),(x) and N'(z)* = T, G}, (z)*. Here N'(x)* is the adjoint of N’(z) with respect
to the inner product (6.3), while G} (x)* is the adjoint operator of G} (z) with respect to the L?
inner product. The iteration (8.2) will then take the form

Tnt+l = Tp — enThG%(mn)*ThGh(l’n)a n= Oa 17 ) (64)
where the relaxation factor 6,, is given by

0. — ”ThG/h(xn)*ThGh(xn)||%1
b TG () TG (wn ) TnGr(@n )|

From Lemma 8.1 given in the Appendix, together with Theorem 5.2 and Lemma 5.1, we conclude
that there exists a positive number 7y such that, when the initial guess z( satisfies

IThGi (o) |1 < Ao/ log?(h™), (6.5)

the iteration converges linearly with a rate independent of h for the error ||7},Gp(xn)| 1 -

7 Numerical experiments

Numerical experiments for the harmonic map problem with M = S!, i.e. the unit circle, will be
done. The domain € is always a square. The sequence of grids is made as a refinements of a 2 x 2
partition of 2 , which is further divided into triangles by the diagonal with a negative slope. When
refining the mesh, each triangle is divided into four equal smaller triangles. The finite element
problem (4.6) is to find (up, An) € Vi g X Vi 0 such that

(Vuh, V\A/h> -+ <7rh(uh . \A’h), >\h> = 0, vy, € th(), (7 1)
(mn(up|®> = 1), ) = 0, jn € Vh,0-

For the finite element method, we need to integrate over each element e € 7. If we use the
three vertices of e as the integration points, then the mass matrix reduces to a diagonal matrix.
Correspondingly, the system (7.1) is reduced to:

—Lpup + Apu, =0 on Nh,
lup>—=1=0 onNj.

Above Lj, is the standard five-point finite difference discrete Laplacian approximation. For the
Newton iteration (6.1), we need to solve:

—Ly + Aqn diag(un) Up41 — Up Lnhu, — A\yu, (7 2)
diag(u,)! 0 st = An (1~ Jual?)/2 '

on N;,. Here, A, and diag(u,,) are the matrix representations of the operators v — 7, (\,v) and
u — 7 (puy,) respectively. From Theorem 5.2, it is interesting to observe that the block-diagonal
matrix 7}, = diag(L; ', Ly,) is a uniform preconditioner for the matrix of system (7.2).

For the preconditioned iterative solver (6.4) and the Newton iteration (6.2), the matrix L;l
in T} replaced by an spectrally equivalent operator again. In our simulations, L,:l is replaced
by the domain decomposition or multigrid preconditioners for Ly, based on the theory of [18, 20].
For the multigrid case, the preconditioner for Lj is composed of one multigrid sweep with one
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pre- and post smoothing sweeps with symmetric Gauss-Seidel. The matrix Ly, is simply a discrete
Laplacian with homogeneous Dirichlet boundary conditions. Thus, the iteration (6.4) is rather
inexpensive to compute. By doing so, no matrix needs to be inverted during the iterations. The
cost per iteration is O(N), where N is the degree of freedom for the discretization.

In the following, we compare the behavior of three different nonlinear iterative solvers:

e The exact Newton solver: this refers to the scheme where we solve the linear system (6.2)
with a preconditioned Minimum Residual method which is terminated when the residual is
reduced by a factor of 101°.

e The inexact Newton solver: this refers to the scheme where the Newton iterations (6.2) are
terminated when the residual is reduced by a factor of 102.

e The iterative solver (6.4).

In the tables, we show the numerical errors e, versus the iteration number n, where e,, is
defined as
n = [y —anllmy + AR = Anllg s (7.3)

where Hxh”%—li = (’/Thil'h) (I Lh)whxh and ”thH_l = (ﬂ'hyh) (I Lh) ThYh-

7.1 A smooth harmonic map

In the first example we consider a smooth harmonic map

u = (sin(0(z,y)),cos(d(x,)))

with 0 = klog(y/(z —a)2 + (y—b)2) and A = —|Vul? on Q = [0,1] x [0,1]. We have used
a=0b=—0.1 and k = 3. The initial guess was up = 2(m,u + €), where € is a random noise vector
field with values between -0.3 and 0.3, and Ag = 0.

When using the inexact Newton solver the stop criteria is obtained in less than 20 iterations,
with a few exceptions in the first nonlinear iterations where the maximum was 80. For the exact
Newton solver the stop criteria is obtained in less than 50 iterations with a few exceptions in the
first nonlinear iterations where as much as 300 iterations were required on the finest mesh. Hence,
except for the first iterations the required number of iterations seems to be bounded independent
of the mesh size. This is due to the property of the preconditioner.

In Table 1 we estimate the L? and H' error of u—uy in terms of h. We have linear convergence
in H' and quadratic convergence in Lo, respectively. This is in accordance with the error estimate
of Theorem 5.3. Also A — \j, seems to converge more than linearly in Ls.

h 272 273 274 | 275 | 276
lu —upllo || 6.7e-1 | 3.6e-2 | 9.4e-3 | 2.4e-3 | 6.0e-4
[lu —upl1 4.6 1.1 | 5.7e-1 | 2.9¢-1 | 1.4e-1
IAN=Anllo [ 4.2e-1 | 2202 | 1.6e-3 | 1.5e-4 | 1.2e-5

Table 1: The Ly and H; error of u and the Lo of A\ with respect to h.

A comparison of the exact Newton and inexact Newton solvers is shown in Table 2 for mesh
size h = 2%, The convergence for other mesh sizes is similar. These tests indicate that the inexact
Newton solver is nearly as efficient as the exact Newton solver. In Table 3, the convergence of
the inexact Newton solver with different mesh sizes are shown. It shows the mesh independence
property of the iterative solver and the preconditioner.

The iteration (6.4) seems to be more unstable (i.e. the domain of attraction is smaller) than
for both Newton variants and the convergence is slower, see Table 4. The results with the other
mesh sizes shows that the convergence rate is bounded independent of the mesh size.
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€1 €9 €3 €4 €5 €g er €g
FEzxact 3.2e+1 | 9.3 | 1.7 | 2.3e-1 | 4.0e-3 | 3.4e-6 | 2.6e-9 -
Inexact || 3.2e+1 | 9.5 | 1.7 | 2.4e-1 | 3.5e-3 | 1.1e-5 | 1.0e-7 | 2.7e-9

Table 2: Convergence for the exact Newton solver with h = 274,

h\it. el € es3 €4 es €6 er es

272 9.2 2.6 4.7e-1 | 2.8¢-2 | 1.9e-4 | 9.9e-7 | 7.7e-9 | 7.6e-10
273 1.6e+1 4.7 9.1e-1 | 7.6e-2 | 8.8e-4 | 4.0e-6 | 7.9e-8 | 1.4e-9
24 3.2e+1 9.5 1.7 2.4e-1 | 3.5e-3 | 1.1e-5 | 1.0e-7 | 2.7e-9
270 6.4e+1 | 2.4e+1 3.6 9.6e-1 | 1.5e-2 | 4.7e-5 | 1.5e-6 | 6.6e-9

Table 3: Convergence for the the Inexact Newton solver

7.2 A harmonic map with singularity

Here, we test a non-smooth problem with a solution that has a singularity, i.e. u = (x/r,y/r)
with r = ky/22 + 92 and A = —|Vu/? on Q = [-0.5,0.5] x [0.5,0.5]. For this example, we have
|lul[y = co. The Dirichlet boundary conditions are obtained from the analytical solution, while
the start value for X is A\g = 0 everywhere except in (0,0) where A = 1. The initial value for u is
shown in Figure 1.a. The numerical errors are shown in Table 5. The errors indicate that both
uy, and A, converge linearly to the solution when measured in Ly. The H' norm of the u — uy, is
fixed independent of h, but this is reasonable since ||u||; = co. The computed solution is shown
in Figure 1.b.

For this example, the Newton solvers are unstable and do not always converge. Thus, we have
used the following iteration to produce the initial value for the Newton solvers:

—Ly diag(un) Up+1 — Up Lnhu, — A\pu, (7 4)
diag(u,)? 0 Ant1 — An (1= |unl?)/2 ’ .

Compared with (7.2), the matrix A, has been dropped. This iterative scheme is globally con-
vergent and is normally slower than the Newton solvers. Its convergence will be analyzed and
discussed elsewhere. We do ten iterations of (7.4) and the inexact Newton solver is then turned
on. The results are shown in Table 6 for h = 274, where it is clear that we have quadratic
convergence in the last iterations.

For the smooth problem tested in Section 7.1, it seems that the iterative solution always
converges to the same solution no matter what kind of initial solution we use. For the problem
here, we have noticed that the saddle point problem may have multiple solutions. With another
initial solution as shown in Figure 1.c, we get another solution which is shown in Figure 1.d.

8 Appendix
Consider a general nonlinear equation of the form
N(z) =0, (8.1)

where N is a (locally) Fréchet differentiable map of a real Hilbert space H into itself. We let |- ||
and (-,-)y be the corresponding norm and inner product, and L£L(H) the set of bounded linear
operators mapping H into itself.
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€o €10 €20 €30 €40 €50 €60 €70 €80

5.3 | 2.2e-1 | 1.9e-2 | 5.3e-3 | 2.2e-3 | 1.1e-3 | 5.3e-4 | 2.7e-4 | 1.4e-4

Table 4: Convergence for iterative solver (6.4) with h = 274

h 23 214 2-5 26

lu—upllo || 2.2e-1 | 1.3e-1 | 7.4e-2 | 4.0e-2
[lu —upl1 3.8 3.8 3.8 3.9
IN=Anllo || 8:3e-1 | 4.1e-1 | 2.1e-1 | 1.0e-1

Table 5: The Ly and H; error of u and the Ly of A\ with respect to h.

A disadvantage with Newton methods for such equations is that for each iteration the Fréchet
derivative, N'(z) € L(H), has to be recomputed, and a linear system has to be solved. There-
fore, sometimes a simple fixed—point iteration is more effective, even if the converenge is slower.
Throughout this appendix we will consider an iteration of the form

Tp+1 = Ty — ean(xn)*N(wn)a (82)

where N'(z,,)* is the adjoint operator of N'(x,,) for the inner product (-, -) z and the real parameter

0,, will be chosen as
) N NI, 53
b IV (@n) N (@) "N (@) I3 '
This method can be seen as a variant of the steepest descent method, where the functional to be
minimized is the norm of the residual. We will make the following assumptions on the map V:
The equation (8.1) has a solution € H and there is a ball B around z, and positive constants
L and & such that

IN"(y) = N'(?)|lemy < Llly = 2lw y,2€ B (84)
Cond(N'(y)*N'(y)) <k y € B. (8.5)

Here Cond(N'(y)*N'(y)) denotes the spectral condition number of the operator N'(y)*N'(y).
Note that it follows from part (8.4) that if y and y 4+ z both are in B then

Nly+2) =N =Nz = [ GNw+ e d—N):

1
— / (N'(y + =) — N'(y))z dt,
0
and as a Consequence
L
ING+2) ~ N(&) = Nzl < 5 <l (8.6)

The main convergence result for iteration (8.2)—(8.3) can now be derived from the following
lemma.

Lemma 8.1 If x,1 and x,, both are in B then we have

4 SN ) IN Gl

N(z, <
L
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€1 €5 €10 €11 €12 €13 €14

l1.1e+1 | 6.4e-1 | 1.1e-1 | 8.1e-2 | 9.Te-4 | 2.4e-7 | 1.2e-8

Table 6: Convergence for the Inexact Newton solver for the singular problem.

Proof. By using (8.2) we have
N(zpy1) = N(zp) — 0, N'(2,) N (2,)*N(20) + R
where the error term R, is given by
R, = N(z, — 0,N'(x,)*N(x,,)) — N(zn) + 0o N'(x0) N’ (z0)* N ().

Hence, it follows from (8.3) and (8.6) that

A

L *
”RnHH > EeszN,(xn)N/(xn) N(xn)H%I

L |[N'(zn)*N(zn)|h
-2 HN,(xn)Nl(xn)*N(xn)

%
which gives
L

1Ballir < 2N ) 87)
It remains to bound ||N(xy,) — 0, N'(2n)N'(2n)*N(zp)||m. A direct computation, using (8.3),
shows that

I(Z=0n N () N" () )N (a3 = IN ()17
= 200N () "N (@) I + O |IN' (@0 )N () "N () I

(1 IV NG ol
= (1 N N T T ) Y e

However, for any positive definite self-adjoint operator A € L£L(H) we have

4)\min (A)Amax(A) ||x||4}{
< <1 H.
Domim(A) + Amax(A))2 = Az, pg Aoy = 0 °F

The left inequality here is usually referred to as the Kantorovich inequality, cf. [21], while the
right inequality is just Cauchy—Schwarz inequality. Hence, we obtain that

K

(I — ean(xn)N,(xn)*)N(xn)||H <

-1
N .
L IN Gl

However, together with (8.7) this implies the desired bound. O
Note that if the initial value x¢ is chosen such that

k—1
Kk+1

L
+ SN (o)l < 1

then the sequence {||N(xy,)||z} will converge at least linearly to 0.

Acknowledgement: The author are grateful to Kent Mardal who has supplied the numerical
experiments for this work.
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Figure 1: Plot of the initial solutions and the computed solutions. a) The first initial solution. b)
The solution for a). ¢) The second initial solution. d) The solution for c).
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