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A Saint-Venant Type Principle for Dirichlet Forms
on Discontinuous Media (¥).

M. BiroLI - U. Mosco

Abstract. — We consider certain families of Dirichlet forms of diffusion type that describe the
variational behaviour of possibly highly nonhomogeneous and nowisotropic bodies and we
prove a structural Harnack inequality and Saint Venant type energy decays for their local
solution. Estimates for the Green functions are also considered.

Sunto. - Si considerano certe famiglie di forme di Dirichlet di tipo diffusione che descrivono il
comportamento di corpi fortemente non omogenei e non isotropi e si provano per le relative
soluzione locali una diseguaglionza di Harnack strutturale e stime tipo Saint Venant della
decrescita dell’energia. Si studiano inoltre stime per la funzione di Green.

1. - Introduction and results.

We consider a body X with a very irregular internal structure, highly nonhomoge-
neous and possibly nonisotropic. We suppose that u: X — R deseribes a physical state
of X, whose equilibrium is subjected to a variational principle of a suitable
nature.

In order to formulate such a principle with very few requirements about the inter-
nal structure of X, we shall assume that the energy functional to be minimized can be
written as the quadratic functional associated with a Dirichlet form a(u, v) in the
Hilbert space

H=L*X,m),

for a suitable choice of a locally compact Hausdorff topology on X and of a positive
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Radon measure m on X, with supp m = X. The inner product of H will be denoted by
¢, ")

We recall that a Dirichlet form on H is a closed, non-negative definite, symmetrie
bilinear form a(u, v) defined on a dense linear subspace D[a] of H, which has in addi-
tion the following Markovianity property: if w e Dial, vi=0V u A 1, then ve D[a]
and a(v, v) < a{u, u).

We shall restrict our study to Dirichlet forms of diffusion type, that is to forms a
that have the following strong local property: a(u, v) = 0 for every u, v € D[a] with v
constant on supp u.

Furthermore, we shall assume that the form a is regular in H, that is, there exists
a subset C of Dla] N Cy(X) which is both dense in Cy(X) with the uniform norm and
dense in D[a] for the intrinsic norm (a(u, w) + (u, )2 (Cy(X) denotes the space of
continuous functions with compact support in X). Such a set C, that without restrie-
tion can be assumed to be a subalgebra of D[a] N Cy(X), is called a core of a in H. The
functions that belong to C play the role of test functions in our variational
theory.

From the physical point of view the choice of the class of regular Dirichlet forms
in order to state our variational principle for X is motivated by the fact that any such
form can be given the following integral expression

(L) a(u, v) = J u(w, v)(da)
X

for every u, v € D[a], where ¢ is a Radon-measure-valued nonnegative-definite bilin-
ear form on D[al, uniquely associated with a, called the energy measure of a[18],
p. 152, [24].

One of the most important properties of u is its local character, which is a conse-
quence of the analogous property of the form a: the restriction of the measure u(u, v)
to any open subset of A of X depends only on the restriction of % and v to A. This
property entitles us to interpret « as a measure valued description of the physical
characteristics of the body X. Moreover, it enables us to define in a natural way the
space of functions % that belong locally to the domain of the form on a given open sub-
set A of X (see Section 2). We shall denote this space by Dy [a, A] and simply by
Dy la] if A =X We may suppress the explicit reference to the form a in our nota-
tion, if we are dealing with forms whose common domain has been previously
specified.

By the local character of » we can define a function « to be a local minimizer of the
energy functional

Elu]l= —;—a(u, %)

in a given arbitrary open subset X, of X, if u is a function on X that satisfies the mini-
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mality condition

1.2) wueDgla, X1 —é— Jy(u, u)(de) < —21— J'f.l.(’l,l/ + 9, u + ¢)(dx)
XO X()

for every ¢ e C with suppocX,.

Clearly u is a solution of (1.2) if and only if % is a solution of the problem

(1.3) e Dyla, Xpl: f;;(u, v)(de) =0 for every ve Dyla, Xy,

Xy

where by Dgy[a, X;] we denote the closure of D[a] N Cy(X,) in D[a] with its intrinsic
norm. We will refer to any solution of (1.3) as to a local solution in X, of the equation
formally written as

(14) Lu =10,

where L is the self-adjoint operator in H associated with the form ¢ according to the
representation formula

a(u, v) = (VLu, VLv), u,veDlal.

Before going on, let us point out that our present interpretation of x as measure
valued characteristics of the body is further motivated by the special coordinate-in-
variant expression that is taken by the form a, whenever we are ready to introduce in
X, or in some open portion of it, the additional structure of a (orientable) differen-
tiable manifold. In this case, in fact, if there exist coordinate functions #, ..., , that
belong locally to D[a] on there domain of definition, then any differentiable function %
on X belongs locally to D[a] and the energy measure u(u, v) for every u, ve C'(X)
can be written in local coordinate as

n
_ u v i
{L(u, V) MEﬂ( axi(xl’xfb "'7xn))(axj(wlx2; axn) vy,

where
Vij:fo((miy m]); Z.,j=1,...,’ﬂ,

defines a non-negative definite symmetric tensor v on X (see the chain rule in Section
2). The form a, for every u, v € C} (X), takes now the following more familiar invari-
ant integral expression

7

a(u, v) = f 2@y, s s 2| [ 2, 2, ey )| v (),
SRS ou; ox;

where the integral at the right hand side has to be intended as reduced to coordinate
domains by means of a partition of unit in C and the following (degenerate) ellipticity
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condition is satisfied in the sense of measures on X:

n
0s 2 &&v¥  for every EeR",

,j=1
see e.g. [26].

Let us now come back to our general setting. Our aim is to deseribe the behaviour
of an arbitrary local solution of (1.4) in X, in a neighborhood of an arbitrary given
point x, of X,. Moreover, we want our theory and estimates have a structural charac-
ter. By this we mean that the properties we will establish have to hold uniformly for a
whole family of equivalent Dirichlet forms of diffusion type, in a sense that will be
made precise below.

We will suppose that we are given a whole family of regular Dirichlet forms of dif-
fusion type defined on a common domain D c L%(X, m), which are mutually equiva-
lent in the following sense: however we choose a form b in the family, there exist two
constants 0 < A < A, depending on b but whose ratio A/A is independent of b, such
that any other form a of the family is related to b by the condition

1.5) 2b(u, w) < alu, u) < Ab(u, u)

for every u € D = D[a] = D[b]. We remark that by a well known comparison princi-
ple (see for instance [26]) condition (1.5) is equivalent to the condition

(1.6) Map(u, u) < g (u, w) € App(u, u),

where u, and u, are the energy measures of a, b, respectively.

We will develop our theory under the assumption that the set of all test functions
¢ € C, whose energy measures have a bounded density with respect to the measure
m, is rich enough to separate the points of X. More precisely, we suppose that there is
a form in the family, say b, that admits a m-separating core, that is, a core C that has
the following separating property:

(1.7 for every x,yeX, x#y, JpeC with u;(p, ) <m on X,
such that ¢(x) # o(y).

Clearly, if a set C is a core of b, then C is also a core for any other form o of the family;
moreover, in view of (1.6), if in addition C has the separating property (1.7) with re-
spect to a given form b, then C has the same property with respect to any other form
ain the family.

We are now in a position to introduce the basic notion that is a the heart of our
theory, that is, a family of (equivalent) metrics induced on the space X by the forms of
the family. For related metric notions we refer to the fundamental paper {29] and
to[18,33]. Given a form a we define the distance function d =d,: X —[0, + =]
by

(1.8) d(x, y) = sup {p(x) — o(y): o€ C, u(p, ) Sm on X}.
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It is easy to verify that d(x, y) satisfies the following properties: d(x, y) = 0 if and
only if « =y, d(z, y) = d(y, x), d(z, y) < d(x, 2) + d(z, y), with the usual convention
on infinity. By B = B, we denote the metric balls given by the distance d = d, associ-
ated with the form a:

(1.9) Bx,ry={yeX, dlx,y)<r}, r>0.

It follows from (1.6) that the distance functions associated with two arbitrary forms of
the family are mutually equivalent.

We point out that, while the energy measures in (1.1) are intrinsically defined in
terms of the form itself, their densities occurring in the definition (1.8) of the distance
are affected by the initial choice of the measure m. In any case, the metric balls
B, (z, r) of a given form a in the family single out special regions of the space X, on
which the form a, as well as its local solutions, should be expected to enjoy special
properties that might not hold on other regions of X.

When taken up to the metric equivalence pointed out before, the intrinsic balls
B(x, ) play a basic role in two main regards. From one side, they allow us to formu-
late a compatibility condition, relating the whole family (1.5) to the initial topology
on X and to the measure m initially chosen on X. This compatibility condition is ex-
pressed by Assumption I below. From the other side, the system of balls B(x, r) al-
lows us to formulate special sealing and embedding properties of the forms and their
domains, that also have a structural character for the family (1.5). These properties,
in the form of suitably scaled Poincaré inequalities, are expressed by Assumption I1
below.

AssuMPTION 1. — The forms in (1.5) admit a common m-separating core C in the
space L%(X, m) and the following two properties hold:

(i) the metric topology induced by the distance (1.8) on X is equivalent to the
initial topology of X;

(i) the measure m is doubling with respect to the balls (1.9), that is, there
exists a constant c, > 0 such that 0 < m(B(z, 27)) < ¢ym(B(z, r)) < + » for every
xeXand 0<r<w,.

We remark that under this assumption the space X with the distance d acquires
the structure of a homogeneous space, according to[8], Ch. III, Sect. 1. We observe
that (i) implies that m(B(z, 7)) < 2m(B(x, $))(r/s), 0<s<r<rty/2. Where
v =1g(co)/Ig 2.

AssumPpTION II. — Given a relatively compact open subset X, of X, there exist a
constant ¢; > 0, and an integer x = 1, such that for every x e X, and every » > 0 with
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B(x, r) c X, the following inequalities hold:

M [ lu — %) 2m(dz) < ¢ 7? j w(u, w)(dz)
B(x, r/x) Bz, r)

for every u e Dy, [X,], where u = 1/(m(B(x, t/x))) [ wm(d).
B(w, t/x)

REMARK. — We observe that if we suppose that X is connected and B(x, 27) c X,
Agsumptions I and II imply that the following inequality holds

1/2
() j s, u)(dx)) ,

1
m(B(zx, 1)) m(B(z, )
Bz Bz, )

L)

1 1/s
J |lu|*m(dx)| <ecpr

with constants s = 2v/(v — 2) if v > 2, arbitrary s > 2 if v < 2 and ¢, depending only on
¢y, €1, see[3] and [32]. Moreover from (k) it follows that

f || m(dx) < cpr? J w(w, u)(da)
Bz, r) B(x, )

Vu € Dy [ X,] with supp » c B(x, r); this implies that our bilinear form a is coercive on
Dyla, B(x, )] for the intrinsic norm.

It is easily checked that if Assumption I and II are satisfied by a given form of the
family (1.5) with some constants ¢, 7y, ¢;, k, then they are also satisfied by any other
form of the family, with possibly new constants ¢g, 7y, ¢/, ¥’ depending on the initial
Co» %o, C1, k& and on the ratio A/A. This observation allows us to check Assumption I and
Assumption II for an arbitrary form in the family (1.5).

We can now state our main results. By X; we denote below a connected relatively
compact open subset of X and by % an arbitrary solution of (1.3), where @ is any form
of a given family (1.5) for which Assumption I and Assumption II hold. We can also
suppose, without loss of generality, that X, is contained in an intrinsic ball of radius
less than R,.

The structural constants c, possibly different ones, and the constants «, 2 in the
estimates below only depend on A/2 and on the constants ¢, g, ¢y, k occurring in As-
sumptions I and IL

TueorEM 1.1 (Harnack inequality). — If u is positive then

sup % <c¢ inf u
B(z, =) Bz, 7)

for B(x, r)c B(x, kr) cc Xy, k = 1 depending on x.

A standard consequence of Theorem 1.1 is the following
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COROLLARY 1.2. — There exists o > 0 such that

/r a
os¢c usc|l—| osec u
B(x, 7) R ) Ba B

for every 0 <r < R/4 <k 'Ry, B(xy, Ry) cc X,.

Therefore, since % is bounded, « is Holder continuous with respect to the intrinsic
distance of X, hence % is continuous with respect to the initial topology of X.
By taking into account the following L *-estimate:
(1.10) sup |u] < cR*m(B(x, B) || fller @, &, m»
B(z, R)
that holds in B(x, R)cR, with p > max{v/2,2} for every solution u of the
equation

1.11) wueDyla, Bz, B)]: alu, v) = f fom{dx), VwveDyla, B(z, R)],
Bz, R)

Corollary 1.2 (see also Theorem 5.13) enables us to define the Green function Ggy, g),
for xz,e B(x, R), as the unique function G e L (B(x, R), m) N C(B(z, B)\ {x}),
1/p+1/p" =1, such that

w(zg) = j Gfim(de)

B(z, R)

for every fe L?(B(x, R), m) and u = u, solution of (1.11).

THEOREM 1.3 (Size of the Green function). — For every B(x,, R) c B(xy20R) cc X,
and every 0 < r < R/16, the following estimate holds for all x € dB(x,, 7):

R

R
1 s? ds _ J' s* ds
= = <G} S¢| ————— —.
¢ J m(B(x,, 8)) 3 Bea, 20 (@) cr m(B(@,, 8)) $

The structural estimates in Theorem 1.4 and in Corollary 1.5 below are the ana-
logue in our present setting of the Saint-Venant principle for the energy decay in lin-

ear elasticity.

THEOREM 1.4 (Saint-Venant principle). — Let u be as in Theorem 1.1; there exists
B> 0 such that

[ GBluy, g0 u(u, w)(dae)

B(xg, 7) < (

= C
[ GBluy g rm(u, w)(de)
B(xg, R)

)ﬁ

for every 0 <r < q?R < ¢®R,, B(xy, 20R,) cc X, and for every q (0, ¢y], for some

=
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fized qy <1 depending on x and some structural constant ¢ depending also on q.
Furthermore

1
m(B(xy, Ry))

2
GBlay, g1 ryi(tty w)(do) < c l[alfZ 2 e, o1 -

B(xg, )

From Theorem 1.3 we obtain the more explicit special estimate:

COROLLARY 1.5. — For r, R, Ry as in Theorem 14, we have

2

»
. , w)(d
M(B(xm T))B(wo ) H(u u)( x) ( r )B
. Sefl—=1.
i (e, u)(da) E

m(B(xO ’ R))B(wo,fR)

From the point of view of partial differential equations the theory discussed so far
finds its main motivation in the study of the structural properties of second order de-
generate elliptic operators. Existence, uniqueness and regularity in Sobolev spaces
for such a type of PDE are studied in [14], [15], [22], [30], moreover in [5] regularity
properties and maximum principles are studied in connection with the type of degen-
eration and the different axiomatic potential theoretic setting. We bound ourselves to
illustrate our results by referring below to two important classes of operators on R":
(a) Weighted uniformly elliptic operators in divergence form with measurable coeffi-
cients, (b) Uniformly subelliptic (selfadjoint) second order operators with bounded
measurable coefficients.

{¢) We consider the form

a(u, v) = J > 2% ) (2)ab (z) de
i,j=1 axi 89@
R’VL
on C3 (R"), where the (Lebesgue) measurable coefficients o = /%, 4,5 =1, ..., n, sat-
isfy the condition

Ae2w@y < 2 &0l (@) < A|EPw@)  ae. in R
5 5=1

for every £e R". Here w is a weight in the Muckenhoupt class A,, or a weight w(x) =
= |det F' |*~2/* associated with a quasi-conformal transformation F in R”. The domain
D[a] of this form is obtained by completion of C{(R") with respect to the norm
(a(u, u) + (u, w))'/?, where (-, -) is taken to be the inner product of the Hilbert space
H=1L? (R*, w(x)dx). This class of operators, that generalizes previous examples
studied in [28], has been considered in [10], [11], where Theorem 1.1 and Theorem 1.2
were first obtained. Here X = R", the ball B(x, ») are the usual euclidean balls and
m(dx) = w(x) dx. The doubling property of our Assumption I is a well known proper-
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ty of the weights considered above and the scaled Poincaré inequalities are given
in[11].

(b) In the space H = L%(R", dx) we consider a family (1.5) of forms, where b is
a given selfadjoint subelliptic form with smooth coefficients in R, that is, b is given
on CHR™) by

b, v) = j 15—() ()b () do
i, j=

where b = b%,4,j=1, ..., n, are smooth functions that satisfy the degenerate ellip-
ticity condition

n

0s X &£5bi(x) iR, VieR"

L,j=1

and b satisfies the following subellipticity estimate for some ¢ e (0, 1):

cllule < bu, u) + lujff:  for every ue C}H(R™),

where H* denotes the usual fractional Sobolev space of order ¢ e (0, 1). The form « is
any form of the following type

a(u,v)zj 2 g)u gv a¥(x)de, u, veC}R")
=1

R"

with measurable coefficients a® = o’ that satisfy the uniform subellipticity condi-
tion

7

i, j=1 1]» i, j=1

for some given constants 0 < 4 < A.

The distance d on R" induced by the form & according to our definition (1.8) turns
out to be equal to the distance d* associated with the form b according to [12], [13]
(see [21]). The distance d* is known to satisfy the condition

(1.12) %lx-y! <d*(x, y) <clx -yl

By noting that m(dz) = de, it is shown in [29] that Assumption I (i) holds. The scaled
Poincaré inequalities on the intrinsic balls for the form b have been proved in[20]
and [21]. These authors also provide examples that show that Poincaré inequality
may not hold on regions that do not coincide with an intrinsic ball, what may serve as
illustration of a remark we made before.

The main example of uniform subelliptic operators to which the results above
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apply is that of an operator of uniform Hormander type
LzXf(ahk(x)Xh); ﬂ’,‘ERn,

where X, h =1, ..., m are m smooth vector fields in R" that satisfy the Hérmander
condition and « = («™) is any symmetlric m X m matrix of measurable functions on
R", such that A|n|% < a(®)n-n < A|n?| for every ne R™, a.e. on R".

Theorems 1.1 and 1.3 above seem to be new in this uniform subelliptic setting
even for Hormander’s square operators. Moreover the estimate on the energy decay
of Theorem 1.4 is new also in the case of classical Hérmander’s square operators with
smooth coefficients, o = ¢,

For related results see [23] and [16] and for a particular case of this setting, with
dx replaced by w(x)dx, w as in (@), see[1T].

(¢) We now give an example of a form a in R? whose local solutions are Holder
continuous with respect to the intrinsic distance of a, and only continuous with re-
spect to the euclidean metric of R?. In the space L2?(B, m(dxdy)), where B =
= {(z, y) e R%;1/(log |x|)? + |y|* < 1/4} and m(da dy) = (1 /(x| (log |x|)?)) da dy, we
consider the form

Su dv ou v 1
a(u, v)=[ z2(og x| )t = =— + = Tl = dady,
Jiroos1e0t 52 52+ 5 5 e

where u, v are in the set

— i 2y, Sw 2 1,1
el og (o] 0w = 0ED)s B e G®Y), weWR (B

C= {w e Cy(R?):
We still denote by a(u, v) the closure of this form in L2(B, m). Assumptions I and II
can be easily checked, by suitably rescaling the form on a euclidean ball of R?. The in-
trinsic balls shrinks to {0} as exp(—1/7) in the x-direction as »— 0.

We finally mention that any family of forms satisfying a condition like (1.5) enjoys
special variational compactness properties, that can be expressed in terms of I'-con-
vergence of the functionals a(u, ), now defined on the whole H by extending them to
+ o outside their domain. In case the domains D[a] are uniformly compactly injected
in H, as for instance in example (a) as well as in the subelliptic case (b), these conver-
gence properties can be expressed in terms of the resolvent operators associated with
the forms and are thus related to convergence of spectra and semigroups. These com-
pactness properties play an important role in homogenization theory and, more gen-
erally, in the asymptotic variational approach to composite media, see [26]. The struc-
tural estimates presented before describe some properties of local solutions that are
kept in the variational limit. This is of particular relevance in the asymptotic theory,
due to the fact that the explicit expression of the limit energy form in terms of the ef-
fective characteristics of the composite body may not always be easily deter-
mined.
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Finally we will remark that the results in this paper have been announced
in [2].

We now give the plan of the paper. In Section 2 we recall some properties of
Dirichlet forms which are used in the following. In Section 3 we construct a funda-
mental tool for our proofs, namely, cut-off functions between intrinsic balls or anuli.
In Section 4 we obtain an L © global estimate for solutions of a Dirichlet problem with
homogeneous boundary condition. In Section 5 we prove Theorem 1.1. The proof,
which uses an L~ local estimate, is obtained by De Giorgi-Stampacchia’s truncation
method [36], adapted to the metric structure of the homogeneous space X and by a
simplified version of Moser’s technique [27], which relies on an extension of John-
Nirenberg’s lemma to homogeneous spaces [6]. We notice that Corollary 1.2 can be
obtained from Theorem 1.1 by standard methods, see for ex.[19]. In Section 6 we
first estimate the relative size of Green functions, on homotetic balls, then we derive
Theorem 1.3 as in [10]. Section 7 is devoted to the proof of Theorem 1.4. The Saint-
Venant principle is proved by applying a modified version of the «hole filling argu-
ment», as in [4], which allows us to use the Poincaré inequality only on balls (and not
on anuli).
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Applications at the University of Minnesota in Minneapolis; the second author also
from Sonderforschungsbereich 256 at the Institut fiir Angewandte Mathematik of the
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zionali irregolari. Strutture discontinue» of the Consiglio Nazionale delle Ricerche,
Italy.

2. — Preliminaries on Dirichlet forms.

We shall denote by X a locally compact separable Hausdorff topological space and
by m a positive Radon measure on X with suppm = X.
Let us collect below a few relevant definitions and properties.

{a) Dirichlet forms of diffusion type. A Dirichlet form a, with domain D[a] in
the space L%(X, m), is a real valued nonnegative definite, symmetrie, bilinear form
a(u, v), defined on a dense linear subspace D[a] of L2(X, m), which has in addition
the following properties: (i) a is closed in L2(X, m), i.e., D[a] is complete under the
inner product (intrinsic metric) (u, v), = a(u, v) + (u, v), where (u, v) denotes the
usual inner product of the space L%(X, m); (ii) @ is Markovian, i.e., Tou € D[a] and
a(Tou, Tou) < alu, u) whenever € D[a] and T: R—>R, T(0) =0, |Tx — Ty| <
< |x — y| for every x, y e R.

If a is a Dirichlet form in L? (X, m) with domain D[a], then D[a] N L~ (X, m) is an
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algebra and we have:
(v, u) < 2ol ox, ma @, ) + ol o a0t )

for every u, ve Dla] N L™ (X, m) (see[18], Theorem 1.4.2).
A Dirichlet form a with domain D[a] c L%(X, m) is said of diffusion type of the fol-
lowing property holds

ofu,v)=0, if u,veDlal, v = constant m-a.e. on a neighborhood of supp « .

By supp % we mean {compact) support of the measure % m in X. We note that the dif-
fusion property as stated above is a stronger property than the locality of the form a,
where a is said to be local if a(u, v) = 0 whenever u, » € D[a] have disjoint supports
in X.

A Dirichlet form is said regular in L2(X, m) if it possesses a core in L2(X, m), a
core of o in L2(X, m) being any subalgebra C of D[a] N Cy(X) which is dense both in
Cy(X) for the uniform norm and in D[a] for the intrinsic norm |ull, = (a(u, u) +
+ |lulBex, m)'2. By Co(X) we denote the space of all continuous functions with compact
support in X. Note that a form o is regular in L%*(X,m) if and only if C=
= D[a] N Cy(X) is a core in L2(X, m).

(b) The intrinsic capacity. Associated with a regular Dirichlet form of diffusion
type in L%(X, m), a capacity set-function can be defined, in the Choquet sense, [18]
Theorem 3.1.1. Related to this (intrinsic) capacity notion are the notions of null sets,
i.e., subsets of X of capacity zero, quasi-continuous functions and sets, for which we
refer to[18], Ch.8. Every function % e D{a] admits a quasi-continuous modification
W, Le., there exists a quasi-continuous function % on X, unique up to q.e. equality,
such that u = #% m-a.e. on X[18], Theorem 3.1.4. Two quasi continuous function
which are equal (<) m-q.e. on an open subset of X are equal (<) q.e. on that set, [18]
Lemma 3.1.4.

(¢) The energy measures. According to the fundamental theory of BEURLING-
DENnY[1],[9], and its extension due to SILVERSTEIN [34],[35], FUukusHIMA [18], LE-
JEAN [24], any regular Dirichlet form of diffusion type can be expressed on its domain
D[a] by an integral representation formula

(%, v) = fpt(u, v)de), u,veDlal,
X

where u(u, v) is a Radon-measure-valued symmetric bilinear form on D[a], called the
energy measure of a. For every u, ve D[a] N L~ (X, m) the signed Radon measure
w(u, v) is obtained by polarization from the positive Radon measure u(u, u), uniquely
defined for every w e Dla] N L (X, m) by the identity

(2.1) Iqo(x)y(u, w)(dx) = alu, pu) — %a(uz, ¢) for every peC,
£
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C being a core of a, ([34],[85],[18], p. 152). This identity is equivalent, in terms of the

transition function p;(x, dy) associated with the form a,[18] p. 27, to
(2.2) J (@) w(u, u)(dx) = El{ré Elt' () @(y) — u(@)) py(x, dy) m(de),
X XxX~d

where d is the diagonal in X X X, # the quasicontinuous modification of # and
p € Cy(X). The definition of u(u, u) is extended to arbitrary « e D[a] as the increasing
limit of the measures w(%,, u,), where u, = max{—n, min{u, n}} as n— + ,[24]
Prop. 1.14.1. The measure x(u, v) is then defined by polarization:

@3 pu, o) = Slau+ v, ut0) —uw, W) -~ p@, )],  u,veDlal.

The bilinear form wp(u, v) is nonnegative definite, that is
w(u, u) =0 for every u e Dial],

in the sense of measures on X. Moreover from (2.2) we have:

(2.4) f o(x) u(u, v)(de) = ylng 51; j o(x)(@(y) — w(x)(W(y) — v(x)) p; (2, dy) m{de)
X XxX~d

for every u, ve Dla]l N L~ (X, m), ¢ € Cy(X).
From the characterization (2.4) and Lemma 5.4.3 in[18], we have the following
Schwarz rule:

For every u, v e D[a] N L= (X, m), if fe L*(X, w(u, w)) and g e L*(X, u(v, v)),
then f-¢ is integrable with respect to the absolute variation of u(u, v) and

[ o Lo, o)) d2) < ( [r2utu, u)(dx))” 2( [g2uto, v)(dx))"z,
X X X

moreover

2.5) 2|fg| o, v)| < fPulu, w) + g% p(v, v)

in the sense of measures on X. By approximation we can extend (25) to every
u, ve Dlal

The measures u(u, v), u, v € D[a], do not charge sets of capacity zero in X and
have a local character in X, that is, the restriction of the measure u(u, v) to any open
subset A of X depends only on the restrictions of » and v to A. More precisely if
Uy, Uy € D[a] are such that u, = u, m-a.e. on A (then also q.e. on A), then

Loy, wy) = Lap(us, uz)

as measures on X, where 1, denote the characteristic funetion of A in X. Further-
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more, we have
1AH‘(/M’, T)) =0

for every u € D[a] which is constant m-a.e. on A and for every v e D[a]. For these
properties we refer to[24] Prop. 1.5.2 and [18] Lemma 5.4.6.

By Dyfa, A] we denote the closure of D{a] N Cy(A) in D[a] for the intrinsic norm
(a(m, u) + JJul22x, my)%. By Dyla] we denote the space of m-measurable functions
on X, such that for every relatively compact open subset A of X there exists a fune-
tion w e D[a] such that u = w m-a.e. on A. The measure p(u, %) for w e D.[a] is de-
fined on X by putting on every A

Taelu, u) = Lyu(w, w).
By Dy e, A], or simply by Di.[A], we denote the space of the functions  on A, such
that there exists w e Dy, [a] with gu = gw for every ¢ e C with supp ¢ c A.
(d) The comparison principle. Let a and b be two regular Dirichlet forms of dif-
fusion type with same domain D, such that

Ablu, u) < alu, u) < Ab(u, uw), VYueD

for some constants 0 < A <A. Then, an analogous inequality holds for the energy
measures, that is,

My u) S pg(u, w) 2 Apy(u, u), VYueD

in the sense of measures on X, where u, and p, are the energy measures of the forms
a and b,[24],[26].

(e) The Leibnitz rule. If a is any regular Dirichlet form of diffusion type and u its
energy meagure, then

wluy, w) = up(v, w) + vy, w)

for every %, ve Dla] N L™ (X, m), we Dlal, see[24] 1.5.2, [18] Lemma 5.4.2.

(f) The chain rule. For any regular Dirichlet form of diffusion type a the follow-
ing property holds:

For every ve D[a] N L~ (X, m) and every u,, ..., %, € D, la]l N L* (X, m) and
for energy ne C'(R™), we have n(u, ..., %) € Dp.[a]l N L= (X, m) and

k1
5}
wptr, ey U)y V) = D —él(ul, ooy ) iy V).
i=1 oWy
The formula extends to arbitrary #,, ..., %,, € Di.[a], provided Ov/dx; are in addition
uniformly bounded in R™ and then »n(u,, ..., ,,) € Dy [a], see[24] 2.1 (a), [18] Theo-
rem 5.4.3. Note that, since the measure n does not charge sets of capacity zero in X,
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the pointwise version of the functions occurring in the argument of dn/dx; can be tak-
en equivalently in the m-a.e. sense or in the q.e. sense in X.

(¢) The truncation lemma. Let a be a regular Dirichlet form of diffusion type
and u its energy measure. Then,

(2.6) ™, v) = 1o oy plu, v)

for every u € D[a] and every ve D[a] N L~ (X, m), where % is the quasi continuous
version of u,[26]. From (2.6) we have easily

2.7 wu ™, u") =1y, w), VueDlal.

We recall that ke Dy.[a], VkeR. Therefore, for every ueDy.la]l and every
ve Dyla]l N L~ (X, m), we have

2.38) W — k)", v) = 1z gy mlu, v),

(2.9) (= k)" (u = k)" ) = Lz ipalu, ).

Moreover, if %, s € D[a] (or € Dy.[o]) and ve Dla]l N L~ (X, m), then
2.10) p(max (uy, Uz), V) = Liz, > gy (tn, V) + 1iz, 5 5,y 2 (uz, v).

(h) The space Dy[0O). Let a be a given regular form of diffusion type in X and let ©
be an open subset of X. By Dy[©] we denote the space Dyla, O], as defined in (c)
above. By Theorem 4.4.2(i) of [18],

Dy[0]={ueDla) %=0 qe on X—0O}.

We remark that, if © is relatively compact in X, if € Dy,.[a] and supp » c O, then
u € Dy[0]. In particular Dy[©] coincides with the closure in D[a] of the set if all
v e D[a] with support in ©.

(@) Maximum principles. Let a be a form that satisfies Assumptions I and II.
Let © be an open subset of some intrinsic ball B ¢ X;. Let u € Dy [a] N C(O) be such
that

fy(u, v)de) <0, WYoeDy[0], v=0 mae inO.
@]

Then,
y<maxu4 in Q.
ER)

In fact, let M := maxwu and ¢ > 0. Then, (u — M — e)* vanishes on a neighborhood of
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90, hence, by (h), (u — M — ¢)* € Dy[©]. Therefore,

[pt(u,(u ~ M - &)t )dx) <0,

Q

thus, by the truncation lemma

fy((u—M—s)*,(u—M~s)+)(dx)$O.
(o]

By Poincaré’s inequality, (u — M — &) = 0, m-a.e. in O. Therefore < M m-a.e. in O,
hence the conclusion.

By a similar argument we prove that if » e Dy[Bg] N C(Bg — B,), where B,CBj
are two concentric intrinsic balls in X;, and % satisfies:

f ww, v)(dx) <0, VveD,[Br—B,], v=0 mae on B,
Bg

then

w<maxwu in Bgp— B,.
.

7.

We also need a deeper maximum principle, for local subsolutions which may not be
continuous up to the boundary. Let u e D[ X], such that

Jy(u, v)(dx) <0, VveDy[0}, v=0 m-ae in O.
(9}

Then,

#(x) < sup % q.e. xe0,
X-0

where % is a g.c. version of % and the supremum on the (closed) subset X — © is taken
in the essential capacity sense.

1t suffiees to prove that u < M m-a.e. on © whenever % < M g.e. on X — O, for an
arbitrary constant M e R. Now, the function (& — M)* vanishes q.e. on X — O, hence,
by (h), (u — M)* € Dy[©]. Therefore,

[, (u = 3)* Yy < 0

(9]

thus, by the truncation lemma and Poincaré inequality in D,[O], v < M m-a.e. in O,
hence also 4 < M q.e. in O.
Similar minimum principles hold for local supersolutions in ©.
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3. = Cut-off functions.

In this Section we consider a regular Dirichlet form of diffusion type a, with en-
ergy measure u and separating core C, that satisfies Assumption I of Section 1. We
observe that, due to the truncation lemma, if d is the distance defined by (1.8) we
have

d(z, y) = sup {p(x) — o(y): p € C*, u(¢, p) Sm on X} =
=sup{o®) — oy o+cel,ceR, ulp, p) <m on X},

where C* denotes the set of all bounded continuous functions ¢ on X that in a neighor-
hood of their support coincide with the supremum or infimum of a finite number of
funetions belonging to C up to an additive constant. Clearly C*cDy[a] and
C*N Cy(X) is a core. We recall that, due to Assumption I, X with the distance d is a
space of homogeneous type, [8], in particular the following covering lemma holds
(see[8] Ch. 3, Lemma 1.1). Below, we simply denote D[a] by D.

LEMMA 3.1. — For every ¢ € (0, 1), the ball B(x, r), x e X, 0 < r < 7y, can be covered
by the union of balls B(y;, er) with y; € B(x, v), for i =1, 2, ..., l such that | < c/<* for
suitable constants ¢ > 0 and « > 0. The constants ¢ and « are independent of x, r and
¢ and depend only on c,. :

Our construction of cut-off functions will be based on the following lemma:
LEMMA 3.2. - Given B(x, rycc X, 0 <r <y, and 8> 1, there exists a function

peD[al N Cy(X), ¢ e C*, such that p(x) =1, =0 0n X —B(x,7), 0sps1lon X,
moreover

é
wlp, p) < sz on X.

PROOF. — Let ¢ > 0 be such that (1 — 3¢)~! < 812, Let B(y;, r) with y; € B(x, 27),
1=1, ..., 1 be the family of balls of a covering of B(x, 2r) given by the Lemma 3.1.
Let B(y/,er), j=1,...,1', be the subfamily of all B(y,, er) such that

B(y;, er) N Bz, 27) # @. Since d(y; , x) 2 r — er, there exists ¢;, ¢; + ce C for some
ce R, with u(e,, ;) < m, such that

o;j(@) — (/) Z2(1—e)r—er.

As already remarked, any such ¢; can be modified by an arbitrary constant, so it is no
restriction to assume in addition ¢,(x) = (1 — ¢)7, hence ¢;(y;) < er. Therefore, for
every y € B(y; , er) we have

o;(y) S dly, ¥ ) + 9y ) < 2er.
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We now define
g=min{p;: j=1,..,1'}.

We have g e C*, g(x) = (1 — &)r, ¢(y) < 2¢r for every point y in dB(x, r). Since 7 is
continuous on X and B(w, r) is relatively compact in X, there exists a relatively com-
pact neighborhood U of B(x, ), such that ¢ <2¢r on U — B(x, 7).

Let e DN Cy(X),a =0, be suchthat « =1 on Bz, 7), « = 0 on X — U ([17] Lem-
ma 1.4.2), and let

% =(%—2r)a.

We have e DN Cy(X), p(2)=(1-3e)7, <0 in U~B(x,7), p=01in X- U,
o(y) <0 for every y e OB(x, v). We now define

O
g"‘((1—3s)r§°v°

We have ¢ e D N Cy(X), o(x) =1, o(y) = 0 for every y € X — B(x, 7). By the trunca-
tion lemma,

Al

Oz

1 = = 1 - = 1
(@) S ooy 500, @) Sy =83, S ———S—5m= =1
e, P {3 >0} 1—38)2’}”2‘“’@ ® B(x, r) 1_3€)2T2#¢ ¢

( ( (1—3elr? g
on X. Moreover, the support of ¢ is contained in B(x, ) and ¢ coincides on B(x, )
with {[(1 —8¢)7]71(3 — 2er) V 0} A 1, therefore ¢ e C*.

PropoSITION 3.3. - Given B(x, v) c B(x, 2r)cc X, 0 < r < ry, ¢ € (0, 1), there exists
¢ € C* with the properties: 9 =1 on B(x, qr), =0 on X ~B(x,7), 0 o<1 and
we, 9) < (10/(1 — g¥*r*)m on X.

ProoF. — Let ¢ be the function associated, according to Lemma 3.2, with B(x, r)
and let ¢ > 1 to be chosen later. Let

- 2
gp—l__q¢'
Then
R 42
(3,9) € ———=—m on X,
e, ¢ (l—q)zrz
hence
1-— 1-
A-gr. A-or_ %

# DYV YNV
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Moreover (((1 — q)r)/zal/z);a e C*. Therefore, for every y € B(z, qr) we have

_ _ 281/2
= o(x) — ————-gr.
o(y) = o(2) A-gpr?
Since g(x) =2/(1 — q), this implies
_ 2 ~ 2¢o/?
> >
o(y) T—¢ 1

. provided we choose ¢/ e (1,(1 + ¢)/2q), what is allowed because ¢ e (0, 1). Since
(1 + ¢)/2q decreases from + ® to 1 as g increase from 0 to 1, we can additionally chose
¢=4(q) in the above range such that, for example, 48 < 10 for every qe (0, 1).
Thus

10

———m on X.
(1 _ q)2,r.2

w(p, ) <

We now take a € D N Cy(X) such that « =1 on a neighborhood of B(x, ), « = 0, and
we define

p=¢Na.

Sinee supp ¢ ¢ B(x, r), we have ¢ = 2 /A 1 on a neighborhood of supp ¢, hence ¢ e C*.
Since ¢ = 1 on B(z, qr), we have ¢ = 1 on B(x, gqr). Moreover, ¢ = 0 on X — B(x, r) and
0<9<1 on B(x, r) hence on X. Finally, by the trunecation lemma

10

——m on X.
(1-gqPr* .

w, @) = 1o oy 2le, 9) S (3, @) S

We will refer to the function ¢ of Proposition 3.3 as to the cut-off function of the
ball B(x, gr) in the ball B(x, r).

COROLLARY 3.4. — Given B(x, sr)c Bz, 2trycc X, 0< 2ir <7y, 0 <s <t, there
exists a function o € C*, such that o =1 on B(x, sr), p=00n X — Bz, tr),0< ¢ <1
on X, and moreover

10
(¢, p) S ———=—m on X.
e, (t — s)r?
To prove the result it is enough to apply Proposition 3.3, with » replaced by tr and
q =s/t.

COROLLARY 38.5. — Given B(x,2(2t—s)r)cc X and the anuli Bz, tr) —
— B(x, sr) c B, (2t — s)r) — Blx,(s2/t)7),0 < 4tr < 1.0 < s < t, there exists a func-
tion € C*— C* such that ¢ =1 on Bz, tr), ¢ =0 on B(z,(s®/t)r) and on X —
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—B,2t-8)r),0<o<1on X and

g X.
Mo DS G-

ProoF. — Let ¢ be the cut-off function of B(x, tr) with respect to B(x,(2t — s)7)
and let ¢ be the cut-off function of B(x,(s®/t)r) with respect to B(x, sr). We
have

wG < —% m  on X,

(t — s)?r?
as well as
(e, @) < S on X.

~ 2 (8/DR(t — s)Pr? "

We define 9 =% — 9. We have ¢ =0 on B(x,(s2/t)r) and on X — B(x,(2t — s)7),
moreover -

wo, 9) =@, @) + ple, 9)
because ¢ =1 on a neighborhood of supp ¢. Therefore,

20
() § ———————m on X.
8= IR - spr?
As an application of a cut-off function argument we give the following generaliza-
tion of the Sobolev-Poincaré inequality (k) of Section 1:

PROPOSITION 3.6. — Let w be in Dy [X;] and B(x, 2tr) cc X;. Then,

1/s 1/2 1/2

|lul*m(dz)| <elr ][ wln, w)(dz)| + (tis) ][ u?m(dz) ,

B(z, sr) ) B(w, tr) B(x, tr)

0<sy<s<t<]l, where c is a constant depending only on sy, ¢, and c,.
Here and in the following of the paper we use the notation

[~

B

for every open subset B of X,

ProOF. - It is not restrictive to assume u e L * (X, m). Moreover, we approximate
u in the intrinsic norm with a sequence u e C, n =1, 2, .... Let ¢ be the cut-off func-
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tion of B(x, sr) with respect to B(z, tr). From the Sobolev-Poincaré inequality (k) of
Section 1, we obtain by the Leibnitz rule and by (2.5):

1/s 1/2

|u, | mda) | < cpr )[ Uy @, U @) M(d) | <
Bla, tr) )
12
S ¢ }[ (02t , 1, (A) + 204, pua(thy, 9)(d2) + ui (e, pX(di)) | <
Bz, tr)
1/2
< 2¢r { ;ozp.(un, u,, dx) + J: u,%‘u(go, p)de) [ <
B(z, tr) Bz, tr)
1/2
< 2¢7 ][ 02ty , u, )(dx) + ———1—0———5 uZm(dx)
(t—s)r
Bz, tr) Bz, tr)
By letting n — o, we obtain:
1/s . 1/2
jul'pmi@)| <26|rt | ol widn) + 10 L wtmdn)|
Blx, tr) Bz, tr) (t - S) r Bz, tr)

from which the result follows.

4. - Global L *-estimates.

In this section we will prove a global L “-estimate for the solution of the
problem

4.1) alu, v) = f Fom(dz)

Br
Yv e Dy[Bgl, u € Dy[Bg] with Dy[Bg] = Dyla, Bgl, where By is an intrinsic ball of
radius B and the closure of the concentric ball B,y is contained in Xj.

THEOREM 4.1. — Let u be a solution to (4.1) with fe L?(Bg, m), p > max(v/2, 2),
where v is the constant occurring in (k). Then,

4.2) sup lu| < cR*m(Be) Y| fller @p, my»

where ¢ depends only on the constants ¢y and ¢, of Section 1.
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ProoOF. — The proof uses Stampacchia’s method for the usual elliptic case [36].
Let
t—k if >k,
8(t) = (signt) max (|| —k,0)=4 0 if |z| <k,
vtk fr<~k,

where &k > 0. We observe that
Br)=(t—=k)* ~(t+k)".
For every neN, let £, := 8(u,), where
w if |u| <n,
o= n if u>n,
- fu<-n.

We have u,, {,eDy[Br] and by repeatedly applying the truncation lemma we
find

Wt Tn) = [ 4y, E)(0) = [ Gy, 2)(d2) = @l ).

Br Br

For k fixed, as w — + o, u, converges strongly to « is the intrinsic metric and ¢, con-
verges weakly in the same metric to ¢:= (), [18] theorem 1.4.2(ii) and (v), and
{ e Dy Bg]. Therefore, we find

a(z, 2) < lim inf a(,, L) = alu, ) = [ fom(da).

Bg

For every k > 0, let A(k):= {x € Bz, |u| > k}. Again by the truncation lemma and
by Sobolev-Poincaré inequality, we have

, 1/s’ /s
alz, C)=JM(C, :)(dx)s( Jlflsm(dw)) (J|:|8m(dac>)1 <
A(k)

Bp Bg

, 1/s’ /
f 111° m(dx)) ( f wt, C)(dx))l "<
B

A(k) R

< csz(BR)I/S“/Z(

2 , 2/s’
< (322 %m(BR)Z/S_l( J lf|s m(d%‘)) + % jy.((:, C)(dx) <
Br

A(k)

2 ’
< f Zom(BR /e 1o, mml AR 20 4 2 f w(&, D),

Bg
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where s’ = s/(s ~ 1} and p > s', therefore
@ o, 0= [ u& Odo) < S REmBLM ~ | sy mmalACR) 25,
Bg

From the Sobolev-Poincaré inequality, if we put M = 2s/(s ~ 2) (then s = 2M /(M ~
~ 2)), we have

2/s M -2)/M

(44) ][ [¢Pmdae)| = )[[(lui — k)t P =2 (i) <
Br By

< R f u(t, 0 < RO gy, yml AN ),
Br

therefore

“5) ( [ 1Chug = oy o~ 2>)(M' M < et R (B M s g, my AN .
Bg

If h> k>0 we have

M - 2)/M
<

(h~ B mlAG) ™ =M < ( [ e =i 12M/<M—2>)

Ak}
< e RAm(BR) "M\ I r g, my mAAUR)) B ~ 200,

then

1

(48) mAM) < (i B*m(Bg) M| flfE g, w1 2 e

m(A(k)Y
with
(2 _2)\_ M _ 2 2\ M
ﬂ“(s' P)M-2 (H M p)M»z’
whieh is greater than 1 since p > M/2 = s/(s ~ 2). From Lemma 4.1, p. 93 of [36], this
implies
4.7 m(A(d)) = 0
for
d = (e R*m(Be) M| fls 5y, m )2 m(B )M =18 = o2 B2 fllpr o, my i Br) 7.

From (4.7) we have the result.
We now define the regqularized Green function for the form a, relative to a ball
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B(z, r) c X, and to ball By, ¢) cc B(x, R), both being intrinsic balls for a, as the sol- -
ution of the problem

48) G g r), V) = ][ vm(dx) VYve Dyla, B(x, R)], GYpe, g e Dyla, B(x, R)].
Bly, p)
We recall that, due to the Poincaré inequality, problem (4.8) has a unique solution.

Moreover, G? g, gy is nonnegative, as it can be seen by a simple truncation
argument.

LeMMA 4.2, - We have G g, gye L* (B(x, R), m) and

9) 1 j (G go ¥ ()| < c—Fo
’ m(B(e, R))B(m A P Bl B) = m(B(x, R))

Vy e B(x, R — p), where ¢ is a structural constant. Then

(410) J pr’ Bz, R)m(dx) < CRZ.
B(x, R)

p' =p/(p—1), p as in Theorem 4.1.

ProOF. — The first part of the result in an easy consequence of the L © global esti-
mate of Theorem 4.1.
Again from Theorem 4.1 we have

GY pie, o fr(dx) < cR2| flluo e, ry, my (B2, R))™Y/?
B(z, R)

uniformly in g. Then

, i/p’
(4.11) ( j (Gz Bz, R))P m(dx)) < chm(B(x, R))‘l/P
B(z, R)

and (4.9) easily follows from (4.11).
Finally (4.10) is an easy consequence of (4.9).
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5. = Local estimates and Harnack inequality.
We first prove a Caccioppoli type inequality:

PROPOSITION 5.1. — Let u be a local solution (positive subsolution) in a open
bounded set O c X, of the problem:

alu,v) =0, wueD[O0], VveD,[0]
(@(u,v) <0, ueD[0], =0, YveD,[0], v=0).

Let B,c B,c By, cc © be concentric balls, 0 <s <t <1. Then

f oty w)(d) < (t4_08)2 f w?m(dz).
B, B, - B,

PRrOOF. — We choose as test function u;, 9%, where ¢ is the cut-off function of B, rel-
ative to B; and

w i |ul <k,
Uy = k ifu>k,
-k ifu< -k

for every ke N. We have, by the Leibnitz rule and the chain rule and by (2.5):

0= alu, up9®) = Jy(u, w, 92 )(de) =
Q

= J?%‘-‘(% uy X da) + Jug“u(%, o2 )(dw) =
g

[V)

- j@zy(u, e )(d) + 2 j wp o, 9)(d) >
[v]

o

> j o, w o) - 3 j o%u(u, u)(dw) ~ 2 j o3ulp, 9)(dx).

Q o o

Then

f@zy(u, u ) - 1 [gozu(u, w)(dw) < 2 f wutulp, 9)(dw) <

o o o
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As k— + o, by the truncation lemma

fsozu(u, wy, )(dae) — J 0% u(u, u)(dzx).

o (V]

Therefore, from the preceding inequality

[t uxcam) < [ outu, wiam < 2o [ wmean).
Bs 9] (t—S) Bt—Bs

We recall now a Real Analysis lemma, whose proof we give for sake of
completeness.

LEMMA 5.2, — Let uw e L™ (B(zx, ), m) and assume there exists positive constants
C, L such that for every s, t with 1/2<s <t <1 we have

1/2d

(5.1) sup |u| < |lu|*m(dz)] , d>0.

Bz, sr) (t - S)L B, tr)

Then for every p > 0 there exists a constant c,, which depends on p, C, L, d and on the
constant ¢, in Assumption 1(i) buty does not depend on u, such that

1/p

sup |u| <¢, ][ |%|? m(de)
Bz, ¥r) B )

Proor. - If p = 2d the result follows from (5.1). Assume p < 2d and denote I(s) =
1/2d

= |u|2¢m(dz) | .Itis not restrictive to assume :F |w|Pm(de) = 1.1f1/2 <

B(zx, s7) B(x, )
< s<1 we have, by taking the duplication property of Assumption I into ae-

count:

1/d 1/2d

= | wpwEemen| <Cop | | <
Bz, s7) Bz, sr) e
1/2d
<c( sup fuf) 7P ][ lulPm@e)| =c( sup |u|)' P2
Blx, 8) B(z, &)

B(x, 7)
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From (5.1) we have for 1/2<s<t<1:

5.2) I(s) < (—t"?C:—)Ez(t)e, o=1-L,
therefore,

(6.3) log I(s) < logc + 6log C — Lélog (t — s) + 6logI(t).
We choose s =t?, b> 1, and we obtain

(5.4) log I(t%) < loge + 6log C ~ Lolog (t — t*) + 6log I(?).

We divide (5.4) by t and we integrate from (2/3)'* to 1:

1 1
log I(¢ Jog I(t
dt<C6, L)+ J Ogt()dtsC(o,L)+6J 0g 1)

t
(2/3)' (2/3)7 2/3

" log I(t)
(5.5) j ——g—t——

at.

If there exists e (2/3, 1) with I(£) < 1, the result follows from (5.1). Thus, we sup-
pose I(t) > 1 in (2/3, 1).
Choosing 7 = t?, we have
logl(tb)dtz 1 Jl log I(r)

3 b T

dr.

Then, from (5.5),

1
log I(¢
og()dt‘

1

log I
%J Ogt(t)dtsc(e,LHeJ
2/3 2/3

Choosing b such that 1/b—6> 0,

1
I -1
logt(t) dt < (6, L)(% —a) .

2/3

Then there exists £ e (2/3, 1) with
IH<e

and the result follows.
By the same methods of Lemma 5.2 we obtain the following result

PROPOSITION 5.3. — Let u be a local solution or o positive local subsolution, as in
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Proposition 5.1. Then, for every r > 0 with B(x, 2r) cc ©, we have

1/2
|u|?m(dz)| <ec J || m(da),
Bz, r/2) Bz, r)

where ¢ is a structural constant.

PROOF. — Without loss of generality we can suppose ]( || m(dx) = 1. De-

note B, 7)

1/2

I(s) = ][ |u|2m(de) | —;-ss<1.
B(z, sv)
By Halder’s inequality, we have for 0 <6 < 1:
(1-6)/2 8/2
I(s) < :‘: | 2~ O/ =0 () ]( |u|m(de) | <
Bz, s7) Bz, sv)
(1-0)/2
<ec |2 B = /1 =0 g dar)
Bz, sr)

We now choose 6 € (0, 1) such that (2 — 6)/(1 — §) = s, where here s > 2 is the expo-
nent in the Sobolev-Poincaré inequality. We have, by Proposition 3.6,

(1-0/(2-0
Iul(z—ﬁ)/(l—e)m(dx) <
B(z, sr)
1 1/2 1/2
<c i oF lu|2m(dx)| +|r? Jt w(u, w)(da)
57 Byt - (& - s1/2m) Bz, (t — (£ - )/2)m)
and by Caccioppoli’'s inequality
1-0/2-0 i/2
|| = /1= 9 p(dur) < ] f 3 J: || ?m(dw)

B(x, sr) B(x, tr)
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Then

It) (1-8)/2 1
[(S)sc;—__—s' , §$S<t<1.

The proof can be completed by proceeding as in the proof of Lemma 5.2.
Now we prove a boundedness result for local solutions or positive subsolutions
relative to a(u, v), which may be interesting in itself,

THEOREM 5.4. — Let u be a local solution (positive subsolution) in B(x, 47) cc X,,
.é.,
alu, v) = 0(<0) VoeDy[Bx, 4m)(v=0), wueDy[Bx, 4r))(u=0).
Then, for every p >0 we have
i/p
sup |u] <¢, )[ | |Pm(dz)

Bz, 7/2) By

where ¢, is a structwral constant depending on p.

PROOF. — By Lemma 5.2 it is enough to prove that for a suitable 8> 0 and for
every s, t with 1/2<s <t <1, we have

1/2
| |2m(dz)

(5.6) sup |u| <

C
B t—s
(e, 87) ( )ﬁ Bl tr)

Let ¢ be the cut-off function of B(x, (s + ¢) r) with respect to B(x,(t — ¢)7) where ¢ =
= (t — s)/4. By Corollary 3.4, we have

10

(g 9) S ————=m
WMo S T 0

We consider the regularized Green function G = G¢ g, 4n), ¥ € B(%, s7).
We have

u, ol dx) = a(GY, uyp) = J wlug g, G¥)(dx),

B(y, 0) Bz, 4r)
where
k u>k,
Uy =19 U lu| <k,

-k u<-—k.
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We recall that GY e Dy[B(x, 4m)] N L~ (B(x, 47), m). By the Leibnitz rule and by
Proposition 5.4.3 in [18], we obtain

e gl d) = [ Lot GY)(dx) + wepa(p, GY ()] =
B(y, o) B(x, 47)

- j [, 9GY)(d) ~ GY ity 2)(d) + 1000, G¥ ()] < f s, G2 )(de) +
B(x, 47) B(x, 47)

C

+ t—-9r

1/2 1/
(G m(dw)) ( (g, uk)(dx))

( B(z, (t — e)r) ~ Bz, (s + &)r) B(x, (t — &) — Bz, (s + &)r)

1/2
c 2 Y QY
+ = s)’r( j | 2 | m(dx)) ( J‘ w(GY, G )(dx))
B(x, tr) Blx,(t — e)r) — Bz, (s + &)

Passing to the limit as k — + «, we find

1.

c
][ ugm(dae) < @97

B(y, p) ( B(x,(t ~ €)r) ~ B(x, (s + £)r)

1/2
(Gg)zm(don) :

1/2
w(u, u)(de) |+
B(x, (t - &)r) — Bz, (s + e)r)

c , 1/2
+(t—-s)r( J |u] m(dw)) (

1/2
u(GY, GY )(dx)) :

B(x, tr) B(x,(t ~ e)r) ~ Blz,(s + &)r)

If u is a local solution the same relation holds also for — u, then in general we can
write

C

][ upm{ da) G=or

<
Bly, ¢} Bz, (t — e)r) — Bl,(s + e))

: 172
(GY ) m(dw)) -

1/2
wlu, u)(dx)| +
B(z,(t ~ &)r) — Blz,(s + &)r)

2

PR [ tutman|” [ @, G|’
(t—s)'r uTmiar g, Ly & .
Bz, (t — £)r) — Bz, (s + &)r)

B(x, tr)




M. BiroL! - U. Mosco: A Saint-Venant type principle, etc. 155

From Caccioppoli’s inequality we have

1/2 1/2
( f p(u,u)(dw)} s(t—cs)r( J Iulzm(dx)) )
B(x,(t - &)r)

Bz, tr)

By the same methods used to obtain the Caccioppoli inequality and using the cut-off
function of B(x, (¢t — ¢)r) — B(x,(s + ¢)r) with respect to B(x,(t — ¢/2)r) — B(x,(s +
+ ¢/2) 7). we find

12
WG, GI)dx) | s
Bz, (t ~ e)r) — B(z,(s + &)r)

I

< ¢
t—s)r

1/2
(G¥ Y m(dz)
Bz, (t — ¢/2)r) — B(z, (s + ¢/2)r)

Therefore, we have

(56.7) l ][ ugm(de) | <
B(?/: P)
c 1/2 1,
< —° (GYY m(dax) J || 2m(dx)
(t —s)r?
B, (t — </2m) ~ Bz (s + ¢/2)r) Bz, tr)

Taking into account the structure of homogeneous space of X, Lemma 3.1, we can
cover B(x,(t — ¢/2)7) by balls B(x;, ¢/827), i =1, ..., |, where | < ¢/e* < c/(t - s)*,
for some ¢ > 0 and « > 0 depending only on ¢, «; € B(x, (t — £/2) ). Moreover we ob-
serve that, due to the duplication property,

(5.8) CE’“m(B (xz-, 52—7')) = m(B(x, tr)) .

[Suppose 27¥ < ¢ < 27¥-D then
e 2m(B(w;, er)) = m(B(x;, 47)) = m(B(zx, tr)).

Now (N -1)log2< —loge=N <1- (loge)/(log2). Taking c=¢f, v=
= (log ¢y)/(log 2) we obtain (5.8).] We consider the balls B(x;,(s/32)7), i =11, ..., in,
whose union covers B(x,(t — ¢/2)7) — B(x,(s + ¢/2)r), with Bz, (t —¢/2)7r) —
— B(x,(s + ¢/2)r) N B(w;,(/32)r) =@ for every i=41,..i,. We have
B(x;, ¢/4r) c B(x, tr) — B(x, sr) for every i =1y, ..., i,. From Proposition 5.3 and
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(5.8) we obtain

Blx,,(</32 1/2
f G Pmn | < o™ a(;c’ </ 1; 2 ))) GYm(dz) <
Bla;, (e/32)r) m Bz, (e/16)7 B, (/16)r)
< ¢ GY m(dx) < ¢ I GYm(de).
m(B(x;, (¢/16) r)'/* 7 mlde) (t — 8)"2m(B(x, ”))1/23@ ¢ mtdee)

B(w;, (/16)r) tr)

Summing up with respect to i =1, ..., %, we find

G Y m(d Pe e B 1/2 G m(d
(GYYm(dx)| = (t—s)’m( (x, tr)) i Jt:) Y m(dar)

5.9)
Bz, (t — ¢/2)r) — B(z, (s + ¢/2)r)

where y =« + v/2.
From (6.7), (6.9), we have

1/2
][ upm(de) | < &_—;}m J G¥m(dx) ][ |u|?m(dx)|
B(y, o) 8 r Bz, tr) Bz, tr)
hence, by Lemma 4.2
1/2
¢ 2
By, o) Bz, tr)

that holds uniformly with respect to y e B(z, sr) and ¢ > 0. In the limit as p — 0, by
Lebesgue theorem, [7], we find

1/2
wp ful < —rl | juptman|

Bz, — e\r+2
(@ or) (=) Blx, tr)

what proves (5.6).
We recall that a funetion % on X is said to be of bounded mean oscillation in an
open subset © of X, if u e L'(®, m) and the following seminorm is finite

lellswo, o:= sup m(B)~* [ |utw) = i} m(d)
B

where % denotes the average

fig =m(B)"! j wl(a) midae)
B
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and the supremum is taken over the family of all intrinsic balls B = B(z, r) contained
in O

In[1] the classic John-Nirenberg’s lemma in euclidean spaces has been extended
to BMO functions on homogeneous spaces, such as X. In the following we need, how-
ever, a local version of this result, Proposition 5.5 below. We omit the proof, that can
be given by relying on Theorem 1.2 of [8] and adapting the arguments of [6] to the
present local setting.

PROPOSITION 5.5. — Let Blx,, 127)cX, 0 < 12r <1, and u e L' (B(z,, 127), m).
Then for every x € B(xg, v) and every = > 0 we have

m({y e B(x, r): |u(y) — Upe,»n | > o} S Aexp ( - ”—;tc) m(B(z, 1)),

where |[ulls = |%llayo, By, 12 and A = 1, @ > 0 are suitable constants, depending only
on the constant cq in Assumption 1.

COROLLARY 5.6. — Let u be a function of bounded mean oscillation n
B(xg, 127)c X, 0 < 127 < vy. Then,

(5.11) j exp ( E“ﬂu) m(dx)B][ exp ( - —zﬁﬂu) m(dx) < A

for every B = B(z, r), & € B(w,, 7) and arbitrary M > |ullsymo, Bz, 1201 » where « > 0 and
A =1 are the constants occurring tn Proposition 5.5,

ProOF. ~ For every a > 0 we have

fexp (a|u(z) - ug|)m(de) = J m(L,)aexp(as)do,
B 0

where L, := {x € B: |u(x) — ug| > o}, ¢ > 0. Therefore, by Proposition 5.5,

Jexp(alu — ugl|)m(de) < J Aexp(— W;Ta)m(B)aexp(ac)dcs
g 0 *

+ oo
< Aam(B) f exp(aa— -Z%c)dc',

1]

for arbitrary M > ||ul,.
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By choosing a:= (1/2)(«/M), we obtain

(5.12) ][exp(-z-“ﬂlu—ﬂal)m(dx)SA—zﬁ—gM—=A.
B

o

From (5.12), both inequalities below follow:

j exp ( o7 () - ﬁB)) m(de) < Am(B),
B

J exp ( ~ 5 @) - aB)) m(dx) < Am(B).

B

Therefore

o o —
B][ exp( 2Mu)m(dx) sAexp(ZMu,B),

A % %
BJi exp( 2Mu)m(dx)sAexp( ZMMB)’

hence the coneclusion (5.11).

The proposition below affirms that a suitable power of any non-negative superso-
lution is locally a weight in the class A, of Mukenhoupt (see[11] for the defini-
tion).

We consider an open subset @ of X; and a function » that satisfies:

ve D, [olNL~*(0,m), v=20 m-ae in O,

5.13
(6.13) av, w) 20 VYweD, (0], w=0 m-ae. in O.

PROPOSITION 5.7. — Let v satisfy (5.13) and let B(xy,(4x + 12)R) c O, x € B(x,, R),
0<r< R, v¥#0 m-a.e in B(x, r). Then,

v m(dx) v Tm(dx) <A,
B(x, 7) Bz, r)

where y & (0, 1) is a suitable constant depending only on ¢y, ¢y, x, and A = 1 is a con-
stant depending only on cy.

As a consequence, as stated in Corollary 5.8 below, the v7-m inherits the duplica-
tion property of the measure m, with a duplication constant c; that depends only on
the duplication constant ¢, of m.
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COROLLARY 5.8. — Let v satisfy (5.13) and let B(xy,(4x + 12)R) c O, x € B(x, R),
0 <r<R. Then,

(5.14) I vm(dx) < ¢y J vYm(dx),
Bz, 1) Bz, r/2)

where ¢c; = Act and v and A are the constant occurring in Proposition 5.7.
In order to prove Proposition 5.7 we need some preliminary lemmas.

LEMMA 5.9. — Let v satisfy (56.13) and let B(x, 4r) ¢ O. Then,

m(B(x, 1))

J u(log (v + &), log (v + &))(dx) < 20¢, p ,
,

B(x, )

for every ¢ > 0.
PRrOOF. — For every ¢ >0, v, :=v + ¢ € D,.[0]1 N L™ (0, m) and, by (5.13),

(5.15) I w(v,, $)(dx) = 0
B(z, 2r)

for every ¢ e Dy[B(x, 27)], ¢ = 0 m-a.e. Moreover, by the chain rule,
logv, e Dy [O1 N L™ (0, m), v, 'eDy[01NL~(O,m)
and
u(logv,, logv,) = v 2u(v,, v,) = — w(v,, v, 1)
in O.

Now, let ¢ be the cut-off function of B(x, r) in B(x, 2r). Then,

o?u(logw,, logv,)(dx) = — f o2 u(v,, v, 1) (dxw) =
Bz, 27) Bz, 2r)

- j u(o,, o2o 1 )(de) + j v (o, 9?)(dw) < 2 j v (., o)),
B(x, 2r) B(z, 2r) B(zx, 2r)

where we have applied (5.15) with ¢ := 2,71,
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By the Schwarz rule, we get

A

1/2 1/2
o%u(logv,, logv,)(dx) < 2( oiv 2 u(v,, 'vs)(dac)) ( J (o, go)(dw))
B(x, 2r)

B(z, 2r) B(zx, 27)

< % I »2u(log v, , log v, )(dx) + 2 f w(p, 9)(dz) .
B(zx, 27) B(z, 2v)
Therefore, by Proposition 3.3 and the duplication property,

m(B(x, 1))

o2 u(logv,, logv,)(dzx) < 20¢, >
r

B(x, 27)

and sinee ¢ =1 on B(x, r), the conclusion follows.
The following lemma establishes a uniform bound for the local BMO seminorms of
the functions log(v + ¢), ¢ > 0.

LEmMMA 5.10. — Let v satisfy (5.13) and let B(x, 4xr) c O. Then,

[log (v + &) ~ log (v + ¢) |Zm(dx) < ¢
B(x, )

for every = > 0, where ¢ is a constant depending only on ¢, ¢; and x.
By log(v + ¢) we are denoting the average of log(v + ¢) in B(x, 7).
Proor oF LEMMA 5.10. — By Poincaré’s inequality (j) of Assumption II,

[log (v + ¢) ~ log (v + ¢) |>m(dx) < ¢; 72 j u(log (v + ¢), log (v + &))(dx),
B(x, 1) B(zx, kr)

hence the conclusion follows from Lemma 5.9 and the duplication property -of
m.
We are now ready for the

PROOF OF PROPOSITION 5.7. — Let B = B(x, ) be an arbitrary ball in B(x,, 127).
Then, B(x, 4kr) c B(x,(4k + 12)7) c ©. By Lemma 5.10,

lNog (v + )lso, B, 12m < Car0

uniformly in ¢ > 0, cguo depending only on ¢, ¢, k.
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By Corollary 5.6, for every « e B(xg, ) we have

- T
i ]() exp( Wi log (v + 5)) m(dw; ][) exp( oM log (v + e)) mide) € A

uniformly in ¢ > 0, where we choose M = (cgyo + 1) V (2/2), with 4 =1 the con-
stants, depending only on C, occurring in Lemma 5.10. Thus,

(v + &)"m(dx) )[ w+e)y T"m(de) <4
B(z, r) Bz, r)

uniformly in ¢ > 0, where y = «/(2M) e (0, 1). Since v#0 in B(x, 7),

~1
][ (w+e) Tm(dz) <A ][ v m(dx)

Bz, r) B(z, r)

and letting ¢} 0, by the monotone convergence theorem we find that
v~ 7e L1(B(x, ), m) and

v Tm(dx) €A )( v m(dx)
Bz, ) B(x, r)

and this concludes the proof.

For completeness, we give also the proof of Corollary 5.8, which is based on the
same argument as in Lemma 4 of [T].

ProoF OF COROLLARY 5.8. — We can obviously assume that v#0 in B(x, r), hence
Proposition 5.7 applies. In particular, v"/? and v ~"/2 belong both to LZ(B(z, r), m),
moreover

m(B (x, —;)) = f 2y 7P (de) <
B(x, r/2)

1/2 1/2
< J’ v m{dx) j v Y m(dx) <
B(z, 7/2) Bz, r/2)

12
< j v'm(dx)| m(B(x, r)AY?
Bz, r/2)

J va(dw))

Bz, 7
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therefore

2 j ¥ m(dx)

J pm(de) <A
B(w, r/2)

Bz, )

m(B(x, r))
m(B(x, r/2))

hence the conclusion, by the duplication property of m.
We are now in a position to prove Harnack’s inequality, namely Theorem 1.1 of
the Introduction.

Proor oF THEOREM 1.1. — We introduce the function z := (% + ¢)?, where ¢ > 0 and
g<0. We first observe that, if B(c,64r)cc©, then ze Dy [B(x 8N
NL~ (B(x, 8r), m) and

a(z, w) <0, VYweDy[B(x,8r], w=0 mae.,

ie, 7z is a positive subsolution in B(x,87). In fact z2eD[B,8"IN
NL~(B(x,8r), m). By the chain rule, if weDy[B(x, 8] NL> (B, 8), m)

az,w)= [ sl e, w)de) =g j (u+ &)l + ¢, w)(dz) =
Bz, 87) B(z, 8r)

=g j wlu, (u + )¢~ Lw)(dx) - ¢ j wulu + ¢, (u + &)~ 1)(dz) <
B(x, 87) B(x, 87)

< —qlg—-1) f wu + &) Zulu + ¢, u + )(da) < 0.
Bz, 8r)

We can thus apply Theorem 5.4 again, this time to 2z, and we find

i/p
(5.16) sup 2 <c, ][ 2Pm(dx)
Bz, 7)
Blw, 27)

for arbitrary p > 0, where ¢, is a constant depending only on ¢, ¢;, s and p. From
(56.16), by taking ¢ = — 1, we obtain

-1/p
inf (u+¢) = cp‘1 ][ ( + &) Pm(dx) ,
B(x, )
B(x, 27)

and letting ¢ | 0, by the monotone convergence theorem, 7 e L'(B(x, 27), m)
and

~1/p

inf u=c,! ][ u P m(dax)
Bz, r)
B, 2r)
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We now choose p = vy, where y > 0 is the constant in Proposition 5.7, and suppose
B(x, (8k + 24)27) c ©. Then,

~1/y 1y
u T m(dzx) = A~ w’m(de)|
B(zx, 27) B(x, 2r)

which together with the previous inequality yields

-1y
inf u=c tATYVY u? m(dx)
Bz, r)
B(z, 2r)

We apply Theorem 5.4 to u, with p =y, and we finally obtain

inf u=c 2A7 Y sup u,
B, ) B(s, )

that is,

sup # <c inf u,
B(x, r) B(x, 1)
- where ¢ =cZA'" depends only on ¢, ¢, k, ¢, .
If % is a non-negative local solution,
ueD,l0], u=0 m-ae ino©

(5.17) au, w)=0,  YweDylo],

© an open subset of X;, then a refinement of Theorem 5.4 holds, that follows from
Theorem 5.4 by taking Corollary 5.8 into account.

THEOREM 5.12. — Let u satisfy (5.17) and let B(x,(8k + 24)2r) cc ©. Then, for
every p >0

1/p
sup % <c, )[ w?m(dx)| ,

B(z,
@ " B(x, 7)

where c, is a constant depending only on p and on cy, ¢, k, ¢, s.

PROOF. — By Theorem 5.4

1/p
sup % < ¢, ][ uPm(dx)|

B(z,
. 7 B(x, 27)

for every p > 0. We choose p = v, where y is the constant occurring in Corollary 5.8.
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Then, by applying Corollary 5.8 twice, we get

r

l/T 1/.),
} )[ w7 m(dx) <
Bz, r)

uYm(dx) < (¢} )I/T[ m(B(x, 7))

m(B(x, 2r))
B(z, 27}

1/y

< (¢g 7 J: wm(de)| < (e sup u,
B(w, r/2)
B(x, r/2)
hence, by applying Theorem 54 again with arbitrary p > 0:
1/p
sup u < ¢, (cg ¥ sup wu <c,(cg)7c, ][ u? m(dx)
Bz, 7} Bz, r/2)

Bz, r)

THEOREM 5.13. ~ Let u be o solution of the problem

a(u, v) = [ fom(da),

o

5.1
( 8) V’U =1 DO [O] N ue Dloc [O] ’

where © c X, is an open set and fe LP (O, m), p = py, py > max{v/2, 2}. Then u is lo-
cally Hélder continuous in © with respect to the intrinsic distance, with structural
Hélder exponent and constant.

Proor. - By standard methods [19], from Theorem 1.1 and Theorem 4.1 we obtain
that if B(x, 8k + 24)8rcc ©

ose (u, B(z, 7)) < cose(u, B(x, 47)) + cr2|| fllLr By, 4, my mis Bz, 7)) 177,

where s € (0, 1) and ¢ > 0 are structural constants and p > v/2 V 2. We remark that
r2 mis(B(x, 7)) " < C where C in some constant depending on in}fg m(B(x, 1)) > 0
(see (5.8)), we obtain vest

ose (u, B(x, 1) < sose (u, Bz, 47) + ¢ C| fls s, 4m, my7°

where ¢ € (0, 1) depends on p; the Hélder continuity with respect to the intrinsie dis-
tance follows by standard iteration methods [19].

We now prove a Reverse-Holder inequality for the Green function, which is not
used in the following, but may be of some interest in itself.

LEMMA 5.14, ~ Let G g, s5r) be the regularized Green function at y with respect to
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B(z, 57) cc X,y. There exists a structural constant ¢ > 0 such that for every o <r

1y
inf :{ (Gg B(x, 57) )Ym(dx) = C’i"z.

y & B(x, 37)
Bz, 7)

PROOF. — Let ¢ be the cut-off function of B(x, 7/2r) with respect to B(x, 2r). By
denoting G! = G! g, 5r), We have

2
1= f w(GY, o)de) < Lm(Blz, r))l/z(
B(x, 47)

1/2
w(GY, Gg)(dx)) .

B(x, 4r) — B(z, 7/21)

By the same methods used in the proof of the Caccioppoli’s inequality we obtain for
y € B(x, 37),

m(B(z, )2 1/2
< ——72———— (G;’ Y m(dx) <
B(r, 9/27) — B(x, 18/4r), m)
m(B(z, ) m(Ba, 7)) | v
sc¢ s “Gﬁl “L “ (B(x, 9/27r) ~ Bz, 13/4r), m) = C T (pr ) m(de)

B(zx, 57)

Here we apply Theorem 5.12 with p = y, y the exponent of Proposition 5.7 and Corol-
lary 5.8. Moreover, we use the fact that the anulus B(z, 9/2r) — B(x, 13/4r) can be
covered by a finite fixed number of balls of radius 1/((8% + 24)4r) by Lemma 3.1, to-
gether with the duplication property of m.

By the duplication property of (GY)”, Corollary 5.8, and by Theorem 5.12 with
p =1 we have from Lemma 5.14

Ly
B
(5.19) 1scﬁ(~%@Z ]( Gy mide)| <
r B(x, 1)
B(x,
< JB@ 1) ][ GEmlda) < < J Grm(dz).
r Bz, ) r B(x, r)

By taking Lemma 4.2 into account we then find

PROPOSITION 5.15. — Let GY p(, 5r) be the regularized Green function at y with re-
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spect to the ball B(x, 5v) cc Xy. Then for y € B(x, 3r) we have
1/p’

][ (G pasn P mlde) | < ][ G gia 5rymld)
Bz, r) B(x, v)

where ¢ is o structural constant and p’ =p/(p — 1), p as in Theorem 4.1.

6. — Estimates of the Green functions and capacities of balls.
We define the Green function G§ for the problem

a(u, v) = f Som(dz),
6.1) 8
ue Dy[O], WVveDylO],

where O is a given ball B(x,, Ry) with B(x,, 2Ry) cc Xy and € ©.
We recall that, in Section 4, we have defined the regularized Green functions G o,
e >0, B(x, p) cO, as the solution of the problem

a(GZ 5, v) = ][ vm(dz),
Bz, p)
FlaeDylO], VveDylo],

e

6.2)

which exists and is unique for each ¢ > 0, due to the Poincaré inequality (jj) of As-
sumption II.

By Lemma 4.2, the functions G¥ = G¥,, are bounded in L* (O, m) uniformly in p,
where p' =p/(p — 1), p > max{v/2, 2}, v being as in the inequality in Assump-
tion II.

Therefore, possibly after extraction of a subsequence, we have that G? con-
verges weakly in L¥ (O, m) to some function G® = G& e L? (O, m), as ¢ — 0. In partic-
ular, we have

6.3) [ G2 fm(dy) — j G*fm(dy) as =0,
V] (9]

for every fe L*(0, m), p > max{v/2, 2}.
By (6.1) and the definition of G7, for every fe L?(O, m) we have

6.4 [y = | wmiay),
o

Bz, p)

where % is the unique solution of (6.1). By Theorem 5.13, for every fe L?(0, m) u is
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Holder continuous in O, therefore by letting o — 0 in (6.4) we find

(6.5) [ 6= fmdy) = u(@),

[V]

for every x € O.

This implies, in particular, that (6.2) uniquely defines the function
G& e L? (O, m), which is then the weak limit in L? (O, m) of the whole family G? o, as
¢ — 0. We say that G§ is the Green function in O, with singularity at «, for the prob-
lem (6.1).

Clearly, G¢ is the unique function G*e L? (O, m) for which the identity (6.5)
holds, for every fe L?(0, m) and u = u solution of (6.1).

We now remark that GZ o for each o >0 is a solution of the problem

{a(G:fo,v)=0,

(6.6)
Grloe Do[0], VveDy[O\ Blx, o),

Therefore, by Theorem 5.13, for every g, > 0 the function G’ o is Holder continuous in
O — B(x, pg), uniformly in p e (0, o). Thus

(6.7) Phlr%) Gio=GE in Ci.(ON\{x})

for some « e (0, 1). Moreover, if G; o is extended by 0 on X, — O, ¢G;} o € Dyla, O] for
every ¢ € Dyla, 01N CL(ON\ {«}) and ¢GZ o — ¢G5 in Dylal.

We now proceed to estimate the size of G§g, 4y on OB(x, 7), by estimating first the
size of the approximate GJ p(, ¢ and then passing to the limit as ¢ —0.

We define the capacity of the ball B(x, r) with respect to the ball B(x, dr), d > 1,
relative to the form a, by setting

(6.8) cap(B(x, r), B(x, dr)) =
= min {a(v, v): v e Dy[B(x, dr)], v =1 m-ae. on B(x, r)},

We observe that, by Sobolev-Poincaré’s inequality (jj), the minimum is achieved and
the unique minimizer u = ug, , is called the equilibrium potential of B(x, r) with re-
spect to B(z, dr), relative to the form a. We also notice that, again by Sobolev-
Poincaré inequality, the capacity (6.8) is equivalent to the analogue capacity defined
according to Section 2(b) and to[18], where the form a(v,v) is replaced by
a(v, v) + (v, v).

Since the cut-off function ¢ of B(x, r) in B(x, (1 + (d — 1)/2)7) is an admissible
test function in (6.8), by Proposition 3.3 we have

10 mBx, 1)

69)  cap(B(, ), B(w, dr) < f Wo, P < = =

B(z, dr)

We recall from [18] that there exists a positive Radon measure v = vg, ,, calaled the
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equilibrium measure of B(x, r) in B(x, dr) relative to a, such that

(6.10) Wupa, ) = | 5y a,n (@)

Blg, dr)

for every v e Dy[B(x, dr)], where v in the q.c. version of v, see [18] Lemma 3.3.1 and

3.2.2).
Moreover,
(6.11) SUPP ¥ g, r) C OB(x, T)
and
(6.12) cap (B(x, ), B(x, dr) = a(ug(, », UBw, ) = VB, » OB, 1)),

see[18] Lemma 3.1.1, (iv).
Since up, » = 1 m-a.e. on B(x, r),[17] Lemma 38.1.1 (ii), and for ¢ < /2 we have
G? B, an € C(B(x, dr) ~ B(w, r/2)) N Dy[B(zx, dr)], then by (6.10), (6.11)

1= a(%B<x, 7 Gpaf B, dn) = j G: Bz, dr){Y) VB, n (dY),
) 8B(x, r)

therefore, by (6.12)

i 1
6.13 inf GJ < < G? pe am-
( ) 3B(x, ) o, B(x, dr) cap (B(:X:, 7'), B(x, dT)) a;(‘::’p’r) ¢, Bz, dr)

We now observe that, by Sobolev-Poincaré inequality, for d = 2 we have

c; m(B(, 1))
Ubg, ry mUdY) = d—z e

cap (B(x, 1), B(w, dr) = alupe, »), Upw,n) = ——
dér
B(w, 7)

which together with (6.9) shows that

(d -1y r < 1 <@ 72
10  m(B(x,7)  cap(B(x, r), Bz, dr) ¢ m(B(z, )’

(6.14)

Suppose B(z, 4r) cc X,. Since 8B(x, r) can be covered by a finite number [ of balls
of radius r/2x, with ! depending only on ¢, the following Harnack inequality on
3B(x, )

2
(6.15) sup G g ar S T — I
R N D)

B(z, 7)

1y
(GY g, 51 )T m(dx)) < aBl(Y;fr) G7 B, an

is a consequence of Harnack’s inequality on balls of Theorem 1.1, ¢ being a structural
constant, depending on d. In fact the second inequality follows from Lemma 5.14 and
from the first part of the proof of Theorem 1.1; the first inequality follows by applying
(6.13) and Harnack inequality to each ball of the covering of 3B(z, 7).
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From (6.13), (6.14) and (6.15), by letting o — 0 and taking (6.7) into account, we
obtain the

THEOREM 6.1. — Let G§. 4 be the Green function of problem (6.1), © = B(x, dr),
with singularity ot x, d =2 2, Bz, 4r) cc X,. Then, there exist structural constants
¢ > 0 such that the following estimates hold:

(6.16) %—[cap (B(x, 7), B, )17 < G, an(y) < cleap (B(x, ), B(x, dr)]™!

for every y € 3B(x, r) and

@-17 2
¢ m(B(z, )

< [eap (B(x, 7), B(x, dr))] ! < ed? r’

(6.17) _———m(B(x, e

We now prove the global estimate of the size of the Green function as stated in
Theorem 1.3 of the Introduction.

ProoF oF THEOREM 1.3. — We adapt the argument of Theorem 3.3 of[10]. Let
n e N be such that 2"r < R < 2"*!r. For every j=0, 1, ..., n, let Gf be the Green
funetion in B(x, 2 r), with singularity at z. By Theorem 6.1 we have

(2~ 1p)?

—_— e OB(x, 2-1p),
m(B(x, 2 1)) y

(6.18) Ff(y) =

where by = we mean that the two quantities can be estimated one each other by some
structural constant. We now introduce the function

= Gf —Gf-, in Bz, ¥ '),
which is a solution of

alu;, v) =0,
uj € Die[B(w, 27 '7)],  VveDy[Bla, 2 7).

Therefore, by the corollary to Theorem 1.1,. u; is Hélder continuous in B(z, 21y,
Moreover, $(u; — GF) = — $Gf-1 € Dy[B(w, ' r)], for every ¢ in D[al N Co(O\ {2}).
Therefore by Section 2 (h),

#(y) -~ Gf(y)=~Gf-,(y) =0 qe. yedBl, 27 '),
where #, denotes the quasi continuous version of u;, hence by (6.18)

(6.19) i, —————————-————(zj i e. on 8B(zx, 2 "7)
. = . L. 0 , ,
Y m(B(x, 2~ 1r) a

for every j =1, ..., n.
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By the maximum principles of Section 2(3), by (6.19) we have

(2 1p)?

————————  mae in Bz, 2 17),
m(B(z, ¥ 1))

(6.20) u; (y) =

forj=1, .., n
By a similar argument, if

U= Gﬁ(x,g) - G,,"f in B(x, 2"’/‘),

we find
6.21) () = (2t r” m-ae. in B(x, 2*7)
| wyr = m(B(z, 2"r) ’ '

Again by Section 2(h), G§ = G§, » =0 q.e. on 3B(x, r), therefore
G, (y) = u(y) + _21 w(y), yedBx, 1),
J=

hence, by (6.20), (6.21) and the duplication property of m

. R
. _N @ s° _ds
GEw, ) (Y) —1'}::1 m(B(zx, 21)) J m(B(x, 5)) §

r

REMARK 6.1. — By similar arguments as the beginning of this section, we
find

R -1

2
mﬂmemzjmﬁg%

for » < R/16. Then the convergence of the integral at the right hand side as r | 0 is a
necessary and sufficient condition for {x} to have positive capacity.

7. — Energy’s decay.
We first prove a weighted Caccioppoli’s inequality.

PROPOSITION 7.1. — Let v be a local solution in B(x,, 47), i.e.
alv,w)=0, VYweDy[B(x,y, 47)],
Ve Dloc [B(CUQ, 47‘)] .
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We have

G™ulv, v)(dx) + 1 sup vZs< c——l———— J v2m(dx)
2 B, o m(B(y, 1))
Bz, ¢7) B(=g, 7) — Blxg, g7)
Jor every q e (0, q,], for some q, < 1 and where G™ denotes the Green function with
singularity at xy with respect to B(xy, 2v) and c is a structural constant depending on

qo.

ProoF. — By Theorem 5.4, v is bounded in B(x,, 7). Let now z e B(ay, r) with
B(z, sr) c B(z, tr) c B(xy, 1), s <t < 1, and denote by ¢ the cut-off function of B(z, sr)
with respect to B(z, fr). We choose as test function goszj where G denotes the regu-
larized Green function relative to 2z and to the ball B(z, 2r). Since ¢, v,
G? € Dy, [ By, 2r)]1 N L ™ (B(xo, 27), m), we have

0 = a(v, p*vGf) = j 02 G2 u(v, v)(dx) +
Bz, tr}

+ J 200G u(v, p)(de) + J vp2u(v, G2)(d).
Bz, tr) Bz, tr)

We observe that, by the estimate on G7 and the maximum principle, we have G/,
(GH)'e L™ (B(z, tr) — B(z, sr), m), at least for o small enough. Therefore, by the
Schwarz rule for every ¢ > 0 we have

T.1) f ;oZG,fu(v,v)(dx)Jr% f u(v?g?, GH)(dx) <

Bz, ¥) B(z, tr)
s i o2 Gl (v, v)(da) + 8 j vEG7u(p, p)m(de) +
B(z, tr) B(z, tr)
+ L 22 G (g, p)(dw) + ¢ f *0%(G2) " w(GE, GZ)(de).
B(z, tr) — B(z, sr) B(z, tr) — B(z, sr)

Let us admit for the moment that the following result holds:
LEMMA 7.2, - Let fe Dy[B(z, 2r), m} with f=0 on B(z, p). Then,

[ rrwes e <4 [ @uls, Hido).

B(z, 2r) B(z, 27)

We will now estimate the last term at the right hand side of (7.1). Let o be the cut-
off function of the annulus B(z, tr) — B(z, sr) with respect to the balls B(z,(s2/t)r)



172 M. BiroL!l - U. Mosco: A Saint-Venant type principle, etc.

and B(z,(2t — s)r), Corollary 3.5. We apply Lemma 7.2 with f= opv and we find

o202 u(G?, G2 )(de) < 4 j (G2 )2 (g, opv)(da) .
B(z, tr) B(z, tr)
By the Schwarz rule and the property of o, this inequality implies

o? v u(GZ, G )(dw) <
B(z, tr) — B(z, sr)

40 2 EAY 2 z2\2

< V@ rmdn 2z | (G2 Pu(v, v)(da),
(82 /t2)(t — s)*r? f PATeSH

B(z, tr) ~ B(z, %) B(z, tr) — B(z, s*1)

where s* = s /t. If we now denote ¢* = (sup G7)/(inf G?), where the supremum and

infimum are taken on B(z, tr) — B(z, s*r) and ¢ < s*r, then ¢* depends only on the ra-

tio t/s, namely

. 4 2 m(B(z, tr))
0<s sc( S) m(B(z, sr))’

as it follows by the maximum principle satisfied by G; in B(z, tr) — B(z, s*r), by the
estimates of Theorem 6.1 and the duplication property of m. Therefore from the pre-
vious inequality we also get

(12) J 2202 (G2) " (G2, G2 )(dw) <

B(z, tr) — B(z, s*7)

%

SR | L — vGrmds) + 26 | ¢*Gutw, v)de).
(s /t*)(t — s)*r

B(z, tr) — B(z, s*n) B(z, tr)

By taking inequality (7.2) and the properties of ¢ inty acecunt, and by choosing ¢ such

that 2e4* = 1/4, we obtain from (7.1)

22 G2 (v, v)(dx)+% J (w2, GF)(dz) <
B(z, tr) B(z, tr)

g —2__ v GEm(d),
(t-s)yr
B(z, tr) — B(z, s*7)

where ¢ is a constant which depends only on s/t. By the definition of G} and since
p=1 on B(z, sr)

9% G u(v, v)(dz) + L Jt vPm(de) s —%— J v2GEm(d).
2 (t — s)2v?
B(z, tr) B(z, 9) Bz, tr) — B(z, s*r)
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Passing to the limit as p— 0 + and taking into account that G?— G* uniformly in
B(z, tr) — B(z, er) for every fixed ¢ > 0, by the Lebesgue theorem in [7] we obtain, for
m-a.e. z,

G, (v, 0)(dm) + S < — V2 GPmdz) .
2 (t —s)Pr
B(xyg, s1) B(z, tr) — B(z, s*7)
We take the supremum for z € B(x,, qr), by choosing ¢ € (0, 1/3), s = [2¢(1 — 9))*/2,
t =1—gq. Then, B(z, tr) — B(z, s*r) c B(xy, r) — B(x,, gr) for every ze B(x,, qr).
Therefore

G%u(v, v)(de) + sup v% < ¢d

el
B(xy, gr) - 8)r B(xg, q/27)
By, (3/21) e, a7 (= 87" eeBan 0ty b

v2G*m(dx) <

1

cal ) [ wansql o
r2\ m(B(z, qr)) ? m(B(x,, 1))
B(xg, ) — Blag, qr) B(xg, r) — By, (gr))

v?m(dx),

where ¢, is a structural constant depending also on ¢. We have applied again the max-
imum principle satisfied by G? on B(xy, r) — B(x, qr) c B(z,(1 + q/2)7) -
— B(z,(g/2)7), and the estimates of Theorem 6.1.

To complete the proof of Proposition 7.1, we now prove Lemma 7.2. By the defini-
tion of G, since f=0 on Bz, ¢), we have

w(GZ, G f2)(da) =0.

Bz, 27)

Therefore,

[ ruGs ey +2 | GG, ide) =0,

B(z, 2r) B(z, 2r)

hence

[ PG eoam < [ fuG G 2 [ (G0N

Bz, 2v) B(z, 2r) B(z, 27)

Thus

j F2u(GE, GEXdr) < 4 j (G2 2ulf, £)(dz).

B(z, 2r) B(z, 2r)
REMARK 7.2. — We have also proved the second part of Theorem 1.4.

Now we prove the potential estimate which is the main goal of our paper.
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THEOREM 7.3. — Let u be a local solution in X, and B(x,, 4R,) c X,. Let

Wr) = G By, 20-1my 12U, w)(d) + Lose u®.

(xo, 1)
B(:v(), )

Then, we have
sr) < um

forevery r < qR < g Ryand q € (0, qol, go = min{1/6, x "'}, where 8 € (0, 1) and c are
structural constants depending also on q.

PROOF. — Let us consider the test function w = (u — k) G/ ¢, where G, is the regu-
larized Green function relative to z and to the ball B(z, tr), ¢ is the capacitary poten-
tial of B(z, sr) with respect to B(z, tr) as defined in Section 6 and k is a constant that
will be specified later. (o < sr, 2 € B(%y, qr), s <t <1, q to be fixed). We have

0= J p(u, (u — k) oG )(de) = J oGf w(u, w)(dx) + J’ o(u — k) u(u, GZ)(dr) +

Bz, tr) Bz, tr) B(z, tr)

; j G2 (u ~ k) u(u, ¢)(da) =

B(z, tr)
- J oG ulu, w)(der) + % J w((u — kg, GZ)(da) -
B(z, tr) Bz, tr)
-1 - wrute, o + f G ~ ) (s, 9)(d).
Bz, tr) Bz, tr)
Then, for p < sr:
oG7 u(u, w)(da) + % ][ (u — kPm(dz) <
Bz, tr) Bz, p)
<1 j (u — kPulp, G2 )dx) ~ j G (u — k), p)(dz) <
B(z, tr) B(z, tr)
< % J wlpy G (u — k)2 )(dz) — 2 j G* (u — k), p)(dz) =
B(z, tr) B(z, tr)

Il

L[ ga-1ttmem-2 [ Gu-iuw o <
B(z, tr) B(z, tr)
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< % Bsup (w — kY [ GZdvpy, e — 2 J’ Gi(u — k) (u, p)dx) =
(@ ) Bz, tr) Bz, tr)
-1 sup (» — k)Y a(g, G))-2 J’ GE(u — k) u(u, p)(dx) <
Bz, tr) Bz, tr)
S Ry f GZ ulu, u)(de) +
2 Bz, tr) 0

B(z, tr) — B(z, s7)

n f G2 (u — kPule, o)da) <
Bz, ir) ~ B(z, sr)

< —;— sup (u — k) + % J G2 ulu, u)(da) +
Biz, im) B(z, tr) — B(z, sr)

+y sup (w—kP? sup  GZ-cap(B(z, sr), B(z, tr)),
B(z, tr) B(z, tr) — B(z, sr)

where v, ¢ is the equilibrium measure associated with the equilibrium potential ¢
and we have taken into aceount [18] Lemma 3.3.1, Theorem 3.2.2 and Theorem 3.1.5.
In particular, a(g, GJ) = em(dx) = 1 because ¢ =1 m-a.e. on B(x, sr) and

B(z, p)

alp, Giu—kP) = | Gi(@ ~ k) dvae, .

Bz, tr)

Then, by the maximum principle and Theorem 6.1, we have for arbitrary » >0

(7.3) J' oG Eu(u, u)(dx) + % ][ (w — k)2m(dx) <
B(z, tr) B(z, p)
<(1/2 +cp) sup (u— kP + 1 J G plu, u)(dx),
Bz, tr) n
Bz, tr) — B(z, sr)
where ¢, is a structural eonstant. Passing to the limit as o — 0 we obtain by Lebesgue
theorem in[7], for m-a.e. z

G o, oy (u, u)(de) + %(u(z) ~kF<(1/2+cn) sup (u— kP +
B(z, tr)
B(z, tr)

+1 G e, (s, w)(d)

/
Bz, tr) — B(z, sr)
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We now choose t =1—gq, s =2q, with g e (0, g,], go = min{1/6, x "'}, « being the
constant occuring in Assusmption II(j). By taking the supremum for z e B(x,, g7),
if y:= :=2¢y we find, by Theorem 6.1,

sup (u—kP<(1+7y) sup (u—kp+
B(xg, qr) B(xg, )

r?

2¢
+ 2L — L <
Y B(itl’lizr)( Bz, 2q7)) w(w, u)(de)

) B(xo, 1) — Blxo, q7)

2
S(+7y) sup(w—kP+ < —"Fr J w(u, u)(de) <
La,; 7, Y bl
Bz, ) m(B(x, Q?‘))B(% TS
S(1+7y) sup (u —k\+ —g— J G By, 24, w)(dir),
B(xg, 7)

B(xy, ) — Blay, gr)

where y > 0 is arbitrary and C is a structural constant which depends also on gq.
By Proposition 7.1, we have

GBlzy, 2w, u)(dx) < ¢ sup (u — k)
Blzy, )
Blag, q7)

for some structural constant ¢ depending also on ¢. Then, by (7.3)

Gy, 2m 2w, w)(de) + sup (w — k) <

By, a7) B(xg, g7)
C
S(c+y) sup (w—k3P+ = J G By, 2m (%, w)(dex) .
Blay, ™ Y

B(zy, ) — Bz, gr)

By «hole filling» after multiplication by y, we obtain

T4 (C+7y) J GE 2t w)(dix) + v Sup (u- k) <
Bwo, qn) o, a7

< y(c+vy) sup (u -kP+C J By, 2r i(w, w)(d2).
Blap, ™) Blag, )
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‘We now study the last term at the right hand side of (7.4):

G§?¢0,27)f"(u5 u)(dx) = I Gggxo,Zq"lr)ﬂ(us u)(dx) -
B(xg, 7) B(xg, 1)

- J (Gggxo, 2¢~tr) T Gg?a:o, 7) )f“(u’ u)(dx) 3
B(xo, 1)

< [ Gtz W@ ~ e
B(zp, )

U S
m(B(,, "'))B(x(j wlu, w)dw),

7

where c is a structural constant depending also on ¢. Here we have taken into account
that

F = GRlay, 2g1r) ~ GBlay, 20)
is a solution of the problem
alF,v) =0, YwveDy[B(x,, 21)],

therefore, by the maximum principle and Theorem 6.1

2
. . = . 7
inf F2 inf F= inf G 9, 1n=C———m.
B, B, 2 B2 DB TD T V(B )

Therefore, by Poincaré inequality (j), we also have for arbitrary q e (0, 1)

Gt 0t XA S [ Gt 247100, 0)(d) —
Bwy, 1) B(xg, T

1 _ 72
Cm(B(xo,r)) J |u — %)2m(dx),

Bag, & 1qr)

where % denotes the average of u on B(w,, x ~1qr).

By choosing ¢ such that x ~'¢ = ¢ and taking the doubling property of m into ac-
eount, we then find

(7.5) f Gy, 2n et w)(de) < [ Gy, 20 1npa(, w)(da) ~ ' sup lu — a2,
Bz, 7) Bz, 7 @, qF

with ¢’ a structural constant depending also on ¢. Taking into account (7.5) and choos-
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ing k= wu in (74), we obtain

€+ [ Gt zomtu, w)ds) + (' +7) sup Ju—ul*<
Blwo, qr) By, ¢7)

<yle+y) sup lw— @2+ C j Gy, 210, w)(d)

Blag, 7 By, 1)
We observe that

sup |u—ulf= ~(BOSC u),
B(wg, qr) (@0, 979

-5 1 2
su U — "< - 08¢ U
B(aao,pr) | ! T4 (B(xo,r) ) ’

therefore

&g __1_ CI + T 2
O (s wi s

Blag, qr)

Y 2 C X

+ - )

Y C+y (B( 20> ™) ) C+y J Gten, 21714, w)(d)
B(ay, )

We denote now

}’( ose w)?

@(Vr) = f Ggg%‘zqvlq-)(i(u, u)(dx) + C Blzg, 7)

B(mo, )

and we choose y > 0 such that 4v((c + y)/(¢' + 1) SC(C+y)=v < 1.
From (7.6), we have

$gr) < vi(r)

then, see [23],
) < c( ) UR),

where ¢ and > 0 are structural constants depending also on ¢, hence the result

foliows.
From Theorem 7.3 we prove easily the Saint-Venant principle in Theorem 1.4:

PrOOF OF THEOREM 14. ~ Let qe(0, 1/6). From Proposition 7.1, by choosing
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v =u — % where % is the average of % on B(x,, « 'R), we have
( osc w¥< ¢

< u — u|?m(dx).
B@o, B) m(B(x,, ¢ ' R)) J‘ | |
Bl(xg, q_‘R)

Then, by the Poincaré inequality, Theorem 6.1 and the maximum principle

R?
ose %) < ‘ I wlu, w)(dw) <
(B(:co,R) ) m(B(x, ¢ 'R) ) 10000
B(zg, ¢ kR)

sc GBlay, 51y 4, u)(d2)
B(xg, § 'xE)

and the result follows from Theorem 7.3, by choosing ¢ such that x "¢ =g, for a
given g € (0, go), ¢o = min{1/6, x '}.

Concerning the nonhomogeneous case, we have the following result, that can be
obtained by repeating the preceding proofs.

THEOREM 7.4. — Let u be a solution of the problem

a(u, v) = f Sfom(de),

B(wg, Ro)

V’UEDQ[B(.’,U(),R(])], uEDloc[B(xO’RO)]y

where fe L?(B(xy, Ry), m) and p is as in Section 8. Then

Ur) € C(%)ﬁsb(R) + k] e 3, Ro), my BT

for every q € (0, qq], for some qy < 1 depending on x, and where J is as in Theorem 7.3,

r< qR < q° Ry, B(xg, Ry) c Xy, ¢ and Be (0, 1) are structural constants depending

also on g e (0, 1/6x %), y € (0, 1) depends on p and k depends on | u|L2a,, 2/38,), m) -
Moreover

Gg‘()xo,Zq_lfr)f‘(uy u)(dx) <

B(xy, )
<3
R

where r < 2q°R < 2q%R,, ¢’ is a structural constant which depends on q and k' is a
structural constant which depends on g, w2, 238, m and in}f{' m(B(zx, 1)).
rely

GBlay, 201y (s, uXA®) + k' || fllLo (Bag, 7e), m) BT
B(xyg, B)
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