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A SAMPLING THEOREM ON HOMOGENEOUS MANIFOLDS

ISAAC PESENSON

ABSTRACT. We consider a generalization of entire functions of spherical ex-
ponential type and Lagrangian splines on manifolds. An analog of the Paley-
Wiener theorem is given. We also show that every spectral entire function on
a manifold is uniquely determined by its values on some discrete sets of points.
The main result of the paper is a formula for reconstruction of spectral
entire functions from their values on discrete sets using Lagrangian splines.

1. INTRODUCTION AND MAIN RESULTS

The classical Shannon-Whittaker sampling theorem says, that if f € L?(R) and
its Fourier transform f has support in [—w,w], then f is completely determined by
its values at points n{2, where Q = 7/w and in the L2-sense

=3 f(nm—smf(;(: g?” |

Functions f € L2(R) with property suppf C [—w,w] form a Paley-Wiener class
PW,,. The Paley-Wiener theorem states that f is in PW,, if and only if f is an
entire function of exponential type w.

Entire functions of finite exponential type are also uniquely determined and can
be recovered from their values on specific irregular sets of points x,,. As was shown
by Paley and Wiener it is enough to assume that functions expiz,t,n € Z, form a
Riesz basis for L?([—m, ).

One can consider even more general assumptions about the sequence x,. The
new and old results in the case when functions expiz,t form different kinds of
frames in L?([~w,w]) were summarized by J. Benedetto [T].

On the other hand, I. Schoenberg [T1]] used cardinal splines for reconstruction
formula for the sequence x,, = n. This result was recently generalized by Lyubarskii
and Madych [6] in the case when functions expiz,t,n € Z, form a Riesz basis for
L2([—r, 7).

In the compact case on the circle the similar statement takes place: every polyno-
mial of degree n is completely defined by any 2n+1 points and can be reconstructed
using Lagrange polynomials. This reconstruction formula is perfect, except that La-
grange polynomials tend to oscillate for large number of knots. Even in this case the
reconstruction by splines has an advantage (for example, for numerical integration)
because splines have minimal curvature.
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4258 ISAAC PESENSON

We consider a generalization of Lagrangian splines on homogeneous manifolds
and introduce an appropriate generalization of entire functions of spherical expo-
nential type which we call spectral entire functions of exponential type. Our goal is
to show that even on manifolds the reconstruction of irregularly sampled spectral
entire functions of exponential type by splines is possible as long as the distance
between points from a sampling sequence z, € M is small enough. The known
proof of the Shannon-Whittaker formula uses the fact that functions e form or-
thonormal basis in Lo([—m, 7]). Our explanation of this phenomenon is different:
an entire function of exponential type can be reconstructed from its values on cer-
tain discrete sets because it satisfies the Bernstein inequality. A subelliptic version
of this result was considered by the author in [8] and [9].

All our results take place for a self-adjoint operator with C'*°-bounded coefficients
on a manifold with bounded geometry [3], [L0]. To reduce the amount of necessary
definitions we consider the Laplace-Beltrami operator on a homogeneous manifold.

The following is a brief description of our main results.

Let M be a C'°°-homogeneous manifold, i.e. the group of isometries is transitive
on M. The Laplace-Beltrami operator A of the corresponding Riemmanian metric
dist(z,y), x,y,€ M, and the operator D = A'/? are self-adjoint positive definite
operators in the corresponding Hilbert space L?(M). According to the spectral
theory [4] there exist a direct integral of Hilbert spaces A = [ A(A)dm()\) and a
unitary operator F' from Lo(M) onto A, which transforms the domain of D* onto
Ay = {a € A|]X¥a € A} with norm
1/2

la(N)]la, = ( / N A%na(mniwdmu))

besides F(D*f) = AF(Ff), if f belongs to the domain of D¥. As is known, A is
the set of all m-measurable functions A — a(A\) € A(A), for which the norm

lalla = ( / ||a<A>||?4(A>dm<A>)
is finite.

We will say that a function f from Lo(M) is a spectral entire function of ex-
ponential type w (w-SE function) if its ”Fourier transform” Ff has support in
[0,w]. The E, (D) will denote the set of all w-SE functions. The next theorem from
section 5 can be considered as an abstract version of the Paley-Wiener theorem.
Throughout the paper norm || f|| means Lo(M)-norm.

1/2

Theorem 1.1. The following conditions are equivalent:
a) function f belongs to E,(D);
b) function f satisfies Bernstein inequality

ID*fIl < ™ [I£]

for every natural k;
c) for any h € Ly(M) the complex valued function of one variable ¢ € (—o0, 00)

O R

is an entire function of exponential type w which is bounded on the real line, i.e. it
has analytic extension to the complex plane C' and there exists a constant a = a(h)
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A SAMPLING THEOREM ON HOMOGENEOUS MANIFOLDS 4259

such that
|F(2)] < ael?, z € C;

d) the abstract function e**? f has continuation to the plane as an entire function
and there exists a constant b such that

le=Pf| <belsl,  zec.

Here are some examples.

1. If M = R? and A is the usual Laplace operator then we can show that E,, (D)
is the set of all entire functions of spherical exponential type w.

2. If M is compact, then J . E.,(D) = E(D) is the linear span of all eigen-
functions of D. In the case when A is a Laplace-Beltrami operator of invariant
metric and M is equivariantly imbedded in R? then, E(D) can be identified with
restrictions of polynomials in R? onto M, [3], [1].

3. In the case of the non-compact symmetric space and the corresponding
Laplace-Beltrami operator the space E(D) consists of all L? functions whose Fourier-
Helgason transform has compact support [3], [6].

The Y (r, A) will denote the set of all sets of points Z = {z} such that

a) inf,, dist(z,x,) > 0;

b) balls B(z,, ), form a cover of M with multiplicity < r.

The latter means that every ball has non-empty intersections with no more than
r other balls from this family. The discussion of existence and construction such
sets of points is given in the second section.

Lemma 1.2. There exist integers r = r(M) > 0 and p(M) > 0 such that the set
Y (r(M),\) is not empty as long as A < p(M).

In section 2 we also discuss the analysis on manifolds. We need a notion of an
elliptic operator and corresponding regularity theory in the Sobolev scale of spaces
H?(M),—oco < s <0 .

Let s > d/2,A < p(M), and Z € Y(r(M), \). We introduce U*(Z), the space of
all functions in H*(M) whose restriction on Z is zero.

The main goal of section 3 is to prove the following theorem.

Theorem 1.3. There exist Ay > 0,Cy > 0 such that for every A < \g every

Z €Y (r(M),\) and every f € U¥(Z),k = 2'd,d = dimM,l = 1,2, ..., the following
inequality takes place

IfIl < (CoN)* | D* £1I,
where D = A2,

In section 4 we construct Lagrangian splines. A similar approach was used by
Lemarie [4].
Theorem 1.4. For any function f from H2?*(M),k = 2'd,l = 1,2, ..., there exists

a unique function s (f) from the Sobolev space H?*(M), such that

a) flz = se(f)lz;

b) si(f) minimizes functional u — ||AFul].

Every such function sx(f) is of the form Y- f(z,)L2" where the function L2¥ €
H?F(M),z., € Z minimizes the same functional and takes value 1 at the point z.,
and 0 at all other points of Z. These functions Lgk form a Riesz basis in the space
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4260 ISAAC PESENSON

of all polyharmonic functions with singularities on Z, i.e. in the space of such
functions from H?2¥(M) which in the sense of distributions satisfy equation

Ay = Z ay0(xy)

T EZ

where d(x,) is the Dirac measure at the point z,. If in addition the set Z is
invariant under some subgroup of diffeomorphisms acting on M, then every two
functions L?/k, Lik are translates of each other.

In the case of euclidean space such functions L%k are called Lagrangian splines.
We have the following direct approximation theorem.

Theorem 1.5. There exists A\g > 0,c9 > 0 which depend only on the manifold
and operator A such that for the given Z € Y (r(M), \) with A < Ag the following
estimate takes place

If = sk (I < oV IAY2F], f e HYM) k=2'd,1=12,...
The main result of the paper is the following theorem.

Theorem 1.6. For the same constants Ao > 0 and ¢y > 0 as above

a) every w-SE function f € E,(D),w > 0 is uniquely determined by its values
on any set Z € Y(r(M),\) as long as A < (cow) ™ %;

b) for every such set Z the sequence of splines si(f) = > f(xV)Lgk, k=2 1=
1,2, ..., converges to f € E,(D) in L?(M)-norm.

The quantity (cow)~! is an analog of the Nyguist sampling rate in the classical
case.

2. ANALYSIS ON HOMOGENEOUS MANIFOLDS

Let M, dimM = d be a C*°-homogeneous Riemannian manifold. The B(z, p)
will denote a ball whose center is € M and radius is p > 0. The measure of this
ball B(z, p) is independent of x and will be denoted by v(p). The notation Y (r, \)
was introduced in the Introduction. It is clear that Y (r1, A1) C Y(re, Ag) if 11 > 19
and /\1 S /\2.

Denote by T,.(M) the tangent space of M at a point x € M and let exp, :
T.(M) — M be the exponential geodesic map, i.e. expy(u) = y(1),u € T(M)
where () is the geodesic starting at & with the initial vector u : v(0) = z, dzi(to) =
u. If the inj(M) is the injectivity radius of M then the exponential map is a
diffeomorphism of a ball of radius p < inj(M) in the tangent space T, (M) onto

the ball B(z, p). Using L’Hopital rule one can show
lim Y22) _ 5
=0 v(p)
where d = dim M. It implies the doubling property of Riemannian metric: there
exists a constant k which depends on Riemannian structure such that
v(2p) < kv(p), p < inj(M).

Fix a point € M and consider ball B(z,A/4), A < inj(M). Using isometries
we can construct a family of disjoint balls B(x;, A/4) such that there is no ball
B(z,A/4),x € M, which has non-empty intersections with balls from our family.
The same property implies that the family B(z;, A/2) is a cover for M. Now,

Y
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A SAMPLING THEOREM ON HOMOGENEOUS MANIFOLDS 4261

it x € B(z;,A\) then B(z;,A\/4) C B(z,2)). Since any two balls from the family
B(x;,A/4) are disjoint, it gives the estimate for the index of multiplicity r of the
cover B(z;,\) i.e. r < v(2)\)/v(A\/4) and using doubling property we obtain the
estimate
v(2))
v(A/4)
So, we proved Lemma 1.2 from Introduction.
Using any cover {B(z;, A)} of finite multiplicity one can construct the partition
of unity with following properties.

r< < r(M).

Lemma 2.1. For every A < inj(M) there exists a non-negative partition of unity
{t;} € C§°(M) such that

a) Suppwi - B(xh)‘)a

b) |1/1§a) ()] < C(a),C(a) is independent on ¢ for every multi-index « in the
coordinate system defined by exp.

By means of such partitions of unity it is possible to construct the Sobolev spaces
H*(M),—00 < s < 00. On C§° (M) the following norm is considered

(o)
lgll2 = > llwagll?
i=1

where from the right we have the usual Sobolev norm. Then the Sobolev space
H#(M) is introduced as the completion of C§°(M) with respect to this norm [10].
The spaces H*(M) have the same properties as the standard Sobolev spaces on
R™. In particular the scalar product on C§°(M) can be extended to a continuous
pairing (.,.) between H*(M) and H*(M) and the latter are dual to each other
with respect to it. The following facts about the Laplace-Beltrami operator A can
be found in [3], [T0], [12], [13]. The closure from C§°(M) of A in L*(M) is self-
adjoint and the positive definite operator and domain of D% s > 0,D = A'/2 is
exactly Sobolev space H*(M). Using duality between H®(M) and H~°(M), the
operator A* k> 0, from the space H*(M) can be extended to the space H *(M)
and we have

(AFf,h) = (f, AFh),

for f € H5(M),h € H*72k(M), —00 < s < 00.

The operator A has the form Z‘ al<2 Ga (z)0* in any geodesic coordinate system
in the neighborhood B(z;,p) and since it is an invariant operator the estimate
|07aq| < C, takes place uniformly with respect to i. The invariance of this operator

also implies uniform ellipticity in the sense that there exists a constant C' > 0 such
that uniformly to (x,&) € M x T*(M)

la(z, ) = Clel?,  (x,6) € M x T*(M).

Here a(z,£) is the principal symbol of A and |£| is the distance on a cotangent
space T* (M) with respect to the given Riemannian structure on M.

For such a C*°-bounded uniformly elliptic differential operator on the manifold
with bounded geometry M the following regularity properties are simple conse-
quences of the corresponding results in R¢ and can be proved using partition of
unity from Lemma 2.1 (see [2], [12], [13]).
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Lemma 2.2. a) If k > 0 is an integer, then on H*(M) norms ||(I+A)*/2f]|, || f]| +
[AF/2f|| and || | e (ar) are equivalent.

b) The map A : H¥(M) — H*"2(M), s € R is continuous.

c¢) For any s,t € R there exists ¢ > 0 such that

lglls < c(llAglls—2 +llglle), g € C°(M);
d) If g € U,ep H5(M) and Ag € H"*(M),s € R, then g € H*(M).

3. BASIC INEQUALITES
The first lemma is a part of mathematical folklore.

Lemma 3.1. If S generates a Cy one-parameter group of operators e® such that
et f|| = ||f]l, then for every n > 2 there exists a C'(n) such that for all ¢ > 0 all
1<m <n-—1andall fin the domain of S"

[S™FI < e ™ IS™ fll + e Cn) .
Proof. According to the Hille-Phillips-Yosida theorem the assumptions imply
(I +e8)7H <1
and the same for the operator (I —¢S). Then
I < (T +eS)fIl
and the same for the operator (I —eS). It gives
ellSFI < NI =S+ AN < N +2S)fI + IFI < 2182 F1 + 211 £
So, for any f from the domain of S? we have inequality
ISFIl < ellS*fll +2/¢lfll,  €>0.

The general case can be proved by induction. O

Lemma 3.2. For the same operator S as above if for some f from the domain of

S
Ifll < A+allSfll,  a>0,
then for all m = 2!,1=0,1,2, ...,
I <mA+8™ " a™|S™f]|
as long as f belongs to the domain of S™.
Proof. As was shown above
ISFIl < ellS*fll + 2/l fll, >0
Now, our inequality is true for m = 1. If it is true for m then
£l < mA + 87 a™ (e]|S*™ £l + 2/¢| FII)-
Setting e = 8™~ 1(a)™22, we obtain
I£]l < 2mA + 82"~ (a)*™ || S*™ f]].

Lemma 3.2 is proved. O
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Lemma 3.3. There exist A\ = A(M) and C' = C(M) such that for any f € C5°(M)
and any 0 < A < \g

Ifll<c (AWZ |f(z)[?)2 + Ad|Ad/2f|> :
Y

Proof. We assume that X is smaller than the injectivity radius; then B(z,,\) be-
longs to a geodesic coordinate system. The Taylor formula gives

f@)=flay)+ > Cadf(a)(a —z,))

1<|a|<k

14
+ > Ca/o th1O% f (., 4+ 10)0*dt

la|=k

where o = (a1, ..., aq), (x —24)* = (X1 —21,4)* ..(Tg — Tay) 45 0% = 0770570 =
(x —xz)/p,p = |x — x| and O is a mixed partial derivative.
It is evident that the first sum is dominated by

k—1
CY N D 0" fllz2(B, )

J=1  1<]al<)

for some C' = C(k) > 0. Next, using Schwartz inequality and the assumption that
k > d/2 we obtain

4 P
|/ O f(x + t0)0“dt|* < cp%*d/ |0 f (2 4 t0) 2t dt.
0 0

We integrate both sides of this inequality in the spherical coordinate system
(p,0). Changing the order of integration in ¢ and p we obtain that the La(B(z, \))-
norm of the term

P
/ thT19% f (2, + 10)0*dt
0

is dominated by

k
£ La(Bee, ) S A EI+ DN D> 10%FllLaBa, 2)-
j=1

i<]a|<j

Suppose that the set of points Z = z belongs to Y (r(M), A), A is smaller than
the injectivity radius. Summation over all balls in corresponding cover gives

k
1A < C X201 @) P2+ N fllay oy

j=i
k
< CINPQ ()2 + D NI+ 1A 1)
¥ J=1
Repeated applications of Lemma 3.1 with € = a\ lead to the inequality
N A2 F|| < a®INAY2f|| + C(d)a || £]]-
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If a is large enough, we come to the inequality
I£l < {V”EZUxV ””+wm+AﬂmWﬂ@
and for small )\ it gives
I/l < C(d {Ad/g (D (s 1/QWL/\(IIIAd/QfI}

Lemma 3.3 is proved. |
Now to prove Theorem 1.3 we use Lemma 3.2 which gives us
1 llz2any < C (mAY2(S ()2 + 8710 ™ (A2 )
where m = 2,1 =0,1,2,.... In particular, if f € Up(Z),k = 2!d,1 = 0,1, ...,

1 £llz2any < (CAFIA*2 ).
Theorem 1.3 is proved.

Lemma 3.4. 1) For any k > d/2

1/2
AR F + <Z|f(xw)|2> < Crll flla
il

2) If k = 2'd,d =dim M, 1 =0,1,2,....Z € Y(r(M),\),\ < Ao, then the above
two norms are equivalent.

Proof. In order to prove the inequality we consider the C§°(M) functions ¢, with
disjoint supports such that ¢ (x,) = 1. Using the Sobolev embedding theorem we
obtain for any natural k > d/2

1/2

1/2
<Z |f(%)|2> < C <Z If%I%rk(M)) < Cillf e (any-
¥ ¥

To prove the second part of the lemma observe that we have already proved the
inequality

1/2
[£]l < Ck <Z|fx7 ) + AR, k=2l

This inequality implies for k = 2'd

1/2
WW%<@ﬁﬂ”MW”“%<me@ + a2
Y

The proof of Lemma 3.4 is over. |
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4. SPLINES ON MANIFOLDS

Given a Z € Y(A,r) and a sequence {s,} € lo we will be interested to find a
function s;, € H?*(M), k large enough, such that

a) sp(xy) = 84,24 € Z;

b) function s; minimizes functional u — ||AFul].

The same problem for functional u — |[u| g (ary, u € H**(M), k > d/4, can be
solved easily.

For the given sequence s, € lo consider a function f from H?¥(M) such that
f(zy) = s,. Let Pf denote the orthogonal projection of this function f (in the
Hilbert space H2¥(M) with natural inner product) on the subspace U2?¥(Z) =
{f € H**(M)|f(x,) = 0} with the H?*(M)-norm. Then the function g = f — Pf
will be the unique solution of the above minimization problem for the functional
u — ||u||H2k(M), k> d/4

The problem with functional u — ||AFu|| is that it is not a norm. But we already
proved that for k = 2!d the norm H?*(M) is equivalent to the norm

1/2

HAZF +{ D0 ()

T EZ

So, the above procedure can be applied to the Hilbert space H?*(M) with the
inner product

(f.9) =D flay)g(zy) + (A2 f, AF2g)
rEZ

and it clearly proves existence and uniqueness of the solution of our minimization
problem for the functional u — ||A*ul|, k = 2'd.
The set of all Ly(M)-solutions of the equation

Ay = Z ay0(zy),

T EZ

where §(z) is the Dirac measure and {a,} € Iz will be denoted by S?¥(M). Our
next goal is to show that every si.(f) € S2*(M).

Indeed, suppose that s, € H?¥(M) is a solution to the minimization problem
and h € U**(Z). Then

|AF (s + A% = |AF sk |3 + 2Re)\/ AF s APhdp + M| AFR|3.
G
The function s; can be a minimizer only if for any h € U?*(2)
/ AF s, AFhdp = 0.
M
So, the function ® = AFs; € Lo(M) is orthogonal to A*U?*(Z). Let ¢, be the

same set of functions as above and h € C§°(M). Then the function h — " h(z,)p,
belongs to the U?*(Z) N C§°(M). Thus,

o:/ @Ak(h—Zhvgov)du:/ @Akhdu—Zh(%)/ DAFp dp.
M M M
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In other words
AFD = Z ay0(xy),
T EZ
or
A%, = Z ay0(zy),
r~NEZ

where §(z) is the Dirac measure.
Moreover, for any integer r > 0

Z |0‘7|2 = <Z oy 6(z), Za7¢v> <C| Z ay (@) || m-2x (ar) (Z |047|2)1/27
y=1 1 1 1 1

where C is independent on r. It shows that the sequence {a} belongs to ls.
Now suppose that f € H>*(M) and

AR = Z ayd(xy),
T EZ
where {a,} € ls.

Because of Lemma 3.4 for any € > 0

(A ) =[O asd(ay), 9)

S (Z |0‘7|2>1/2 (Z |9(37v)2>1/2 <C (Z |a7|2>1/2 ||gHHd/2+s(M)'

It shows that the distribution Y 7° a,d(z,) = A?*f belongs to H~%/27¢(M).
Since the operator A?* is C*°-bounded and uniformly elliptic of order 4k we can
use the corresponding regularity result from section 2, which gives that f belongs to
H~%/2=5+4k (M) which is included in H?*(M) for all k > d. The assertion that the
orthogonal complement of A*U2*(Z7) is a subset of S?¥(Z) is proved. Conversely,
if f,h belong to S?#(Z) and U?*(Z) N C™ respectively, then, since f € H?*(M)
and h € H?*(M), then pairing (.,.) is an extension of the scalar product in L?(M),

/ FAFRdp = (AF£T) = 3 agh(as) = 0.
M
Thus we proved the following:

Lemma 4.1. A function f € Lo(M) satisfies equation
AP f = Z oy 6(z),
T EZ

where {a,} € Iy if and only if f is a solution to the minimization problem stated
above.

Lemma 4.2. Every function from S?*(Z),k = 2'd, is uniquely determined by its
values at points z, € Z. In particular, for any z, € Z there exists a unique
L2F(Z) € S?(Z) such that it takes value 1 at the point z, and 0 at all other points

in Z. These functions form a Riesz basis in S?*(Z).
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Recall that the last assertion means that for any g € S?*(Z) in La(M) we have
g= Zv g(xv)L?/k and there are C1,Cy > 0 such that

1/2
lgll < €1 (Y lo(e)?) < Callglls, g€ 8*(2).

Proof. Since S?!(Z) is closed in the Lo(M)-norm and S?*(Z) C H?*(M), the
Lo(M)-norm and H?*(M)-norm are equivalent on S2*(Z). Moreover, one can show
that on the space S?*(Z),k = 2'd, the norm H?*(M) is equivalent to the norm
(S 17 (a,)2)2, | € 5%(2).

Indeed, if ¢, € C°° have disjoint supports in B(z~,A/4) and ¢ (x,) = dy,, |04
< 1, then the function F' =3y f(zy)p, is in H?*(M) and f(z,) = F(z,),k >
d/2. Because of the minimization property

1/2
JAkf| < [ARF < C(Z If(wv)l2> |
Y

Since for k = 2!d the H**(M) norm on S?* is equivalent to the norm [|AFf|| it
implies equivalence of it to the norm (. |f(z)2)1/2.

It shows that every f € S?¥(Z), k = 2!d, is completely determined by its values
f(zy). In particular for any z, € Z there exists a unique function Lgk(Z) in S?*(2)

such that it takes value 1 at the point x, and 0 at all other points in Z. Lemma
4.2 is proved. O

The last two lemmas give complete proof of Theorem 1.4 from the Introduction.
Next, if f € H?*(M),k = 2!d,l = 0,1,... and Z € Y (r(M),)\),\ < Ao, then
f —si(f) € U*(Z) and by Theorem 1.3 we have for k = 2!d,1 = 0,1, ...,

1f = su ()l < (Co*IAM2(f = su(H)-
Using the minimization property of si(f) we obtain
If = sk (DI < (N IA2F]L - k=2'd,1=0,1,....

Thus, we proved the approximation Theorem 1.5.

5. THE SPECTRAL ENTIRE FUNCTIONS ON MANIFOLDS AND
THE SAMPLING THEOREM

Let M, A, La(M) be as above. The goal of this section is to introduce an appro-
priate generalization of entire functions of exponential type. In a classical setting
a function from Lo(R) is an entire function of exponential type if its Fourier trans-
form has compact support. In our situation A is a self-adjoint positive operator in
the Hilbert space Lo(M). We consider D = A'/? and the domain of D is exactly
Sobolev space H¥(M). According to the spectral theory [5], there exist a direct
integral of Hilbert spaces A = [ A(A)dm()) and a unitary operator F' from Lo (M)
onto A, which transforms H*(M) onto Ay, = {a € A|]\*a € A} with norm

00 1/2
laMlla, = < / A2’“|a<x>|i<k>dmu>)

besides F(Df) = \(Ff), f € HY(M).

We will say that the function f from Lo(M) is a spectral entire function of
exponential type w or w-SE function if its “Fourier transform” F f = a has support
in [0,w]. The E, (D) will denote the set of all w-SE functions.
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The first theorem is evident.

Theorem 5.1. a) The set |, Ew(D) C C°(M) is dense in Ly(M);
b) the E, (D) is a linear closed subspace in L?(M).

We now prove that conditions a) and b) from Theorem 1.1 are equivalent.
Let f belong to the space E, (D) and F'f =a € A. Then

(/OOO /\2k||a(/\)||i1(>\)dm()\)>1/2 _ (/Ow AQ%(A)'i(A)dm(A))

<wFlalla, k€N,

which gives the Bernstein inequality for f.

Conversely, if f satisfies the Bernstein inequality, then a = F f satisfies ||a|| 4, <
w¥||a|| 4. Suppose that there exists a set o C [0, 00] \ [0,w] whose m-measure is not
zero and al, # 0. We can assume that ¢ C [w + €, 00) for some € > 0. Then for any
k € N we have

o0
[ ladm < | IOy < (o )
(e wW-T€

which shows that either a(\) is zero on o or ¢ has measure zero. The implications
b) — d) — ¢) in Theorem 1.1 are evident. So it is enough to show the implication
¢) — b) which is a consequence of the following lemma.

1/2

Lemma 5.2. Let D be a generator of a one-parameter group of operators e!P in

a Banach space B and ||e!P f|| = || f||. If for some f € B there exists an w > 0 such
that the quantity

sup | D" fllw™" = R()
kEN
is finite, then R(f) < || f]-

Proof. By assumption |[|[D"f|| < R(f)w",r € N. Now for any complex number z
we have

le=Pgll = > (="Dg) /!l < R(F) Y |e"w" /rl = R(f)el.
0 0

It implies that for any functional h € B* the scalar function (e*” f, h) is an entire
function of exponential type w which is bounded on the real axis R' by the constant
[I7]l]| f]l- An application of the Bernstein inequality gives

d

k
12" Wl =1 () (€21l < <* Al

The last one gives for ¢t = 0
(D" f, h)] < WF (IRl F1]-

Choosing h such that ||h|| = 1 and (D*f, h) = |D* f| we obtain the inequality
IDFfI| < w*|fll,k € N, which gives

R(f) = sup(w "D f[)) < I fI-
kEN
Lemma 5.2 is proved. [l

Finally, combining the Bernstein inequality for SE-functions with approximation
Theorem 1.5 we are coming to the uniqueness and reconstruction Theorem 1.6 for
the SE-functions.
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Using Lemma 3.4 and Bernstein inequality one can also show that for SE-
nctions f the L?(M) norm is equivalent to the norm (X ez |f(zy )2, Z €
(r(M),A), A < Xo.
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