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Abstract

We show that any non-degenerate vector field v in L™ (€, ]RN)7 where Q is a bounded domain in RY,
can be written as
u(z) = V1H(S(z),z) for a.e. x € Q, (1)
where S is a measure preserving point transformation on Q such that S? = I a.e (an involution), and
H :RY x RY — R is a globally Lipschitz anti-symmetric convex-concave Hamiltonian. Moreover, u is
a monotone map if and only if S can be taken to be the identity, which suggests that our result is a
self-dual version of Brenier’s polar decomposition for the vector field u as u(x) = Vp(S(z)), where ¢ is
convex and S is a measure preserving transformation. We also describe how our polar decomposition
can be reformulated as a self-dual mass transport problem.

1 Introduction

Given a bounded domain € in RY | a classical theorem of Rockafellar [9] yields that a single-valued map u
from Q to R™ is cyclically monotone, i.e., for any finite number of points (x;)7_, in 2 with z¢ = x,,, we have

o8

(w(@k), T — Tp—1) > 0, (2)

1=1

if and only
u(z) = V() on O, 3)

where ¢ : R” — R is a convex function.
On the other hand, a result of E. Krauss [7] yields that u is a monotone map, that is for all (z,y) in Q,

(z —y,u(z) —uly)) = 0, (4)

if and only if
u(z) = ViH(z,z) for all z € Q, (5)

where H is a convex-concave anti-symmetric Hamiltonian on RN x RV,

More remarkable is the polar decomposition that Y. Brenier [4] establishes for a general non-degenerate vector
field, and which follows from his celebrated mass transport theorem. Recall that a mapping v :  — R is
said to be non-degenerate if the inverse image u~*(V) of every zero-measure N C R has also zero measure.
Brenier then proved stating that any non-degenerate vector field u € L> (€2, R") can be decomposed as

u(x) =Vipo S(x) ae. in Q, (6)

*Partially supported by a grant from the Natural Sciences and Engineering Research Council of Canada.
TResearch supported by a Coleman fellowship at Queen’s University.



with ¥ : RV — R being a convex function and S : Q — Q is a measure preserving transformation.
In this paper, we shall prove another decomposition for non-degenerate vector fields, in the same spirit of
Brenier’s, but which can be seen as the general version of Krauss’. Indeed, here is the main result of this

paper.
Theorem 1.1 Let ) be an open bounded set in RN such that meas(0Q) = 0.

1. If u € L™®(Q,RY) is a non-degenerate vector field, then there evists a measure preserving transfor-

mation S : Q — Q such that S> = I (i.e., an involution), and a globally Lipschitz anti-symmetric
convez-concave Hamiltonian H : RY x RY — R such that

u(z) =ViH(Sz,z) a.e x€Q. (7)
2. If u is differentiable a.e., and the map

& — (u(x), y1 — ya2) + (ulyr) — u(y2), z) (8)

has no critical points in 2 unless Yy, = y2, then there exists a unique measure preserving involution S
that satisfies (27) for some convex-concave anti-symmetric Hamiltonian H.

3. In particular, if u is a strictly monotone map, then S is necessarily equal to the idendity.

Since S is an involution and H is anti-symmetric, one can deduce from (7) that
u(Sz) = =V H(Sz,z) ae. x€Q. (9)

The fact that S is a measure preserving involution provides an improvement on the first factor in Brenier’s
decomposition. On the other hand, the second factor i.e., the potential V4, is obviously better than the
partial gradient of a convex-concave anti-symmetric Hamiltonian on RY x RY, which is only a monotone
map. The connection to self-duality will be described later in this introduction.

We now give a few examples of how this decomposition appears in concrete situations.

1. Basic monotone operators not derived from a potential: If u = Vi + A, where ¢ is convex and
A is a skew-adjoint matrix, then clearly

H(z,y) = p(z) — p(y) — (Az,y), (10)

and S is the identity. This is of course a very important case of maximal monotone operators that we shall
discuss later.

2. Helmholtz Decomposition of vector fields: Let 2 be a smooth bounded connected open set in RV .
Any smooth vector field w on Q can then be written in a unique way as u(x) = Vp(z) + v(z), where p is a
smooth real function on €2, and v is a smooth divergence free vector field parallel to the boundary of 2. By
considering u. as a smooth perturbation of the identity map:

uc(z) = x + eu(x), x € Q.
for € small enough, we can write
uc(r) = ViH(x,x), for all z € Q,

where

v(z) +v(y)
2

and again S is the identity operator. Note that for € small enough, H is convex in the first variable and

concave in the second one.

1 1
H(z,y) = lal* + ep(z) + efw —y, ) = 5lul* = ep(y),



Note that both examples above fit in the framework of the result of E. Krauss [7]. We shall come back to
this theme when we discuss self-duality below. Now, we give examples of non-monotone operators.

3. Decomposition of real matrices: Any N x N matrix A can be decomposed as As + A, where Ay is
the symmetric part and A, is the anti-symmetric part. The symmetric part A; can then be written as the
product RS of a symmetric non-negative matrix R and a real unitary matrix S. It is not difficult to check
that since A, is symmetric so is S and therefore S2 = I.

It follows that we can write the following decomposition for the matrix A :

Az = Agx + RSx = V1 H(S(z),x), for all z € RV,
where ) )
H(z,y) = 5(Rz,z) — S (Ry,y) — (Aaz,y)

is clearly a skew-adjoint Hamiltonian and S is a symmetric involution matrix.
Note that the condition (8) is, in this case, equivalent to saying that the symmetric part A of A is non-
singular. Indeed,

(u(2), 41 = ya2) + (u(yr) — w(y2), 2) = 2(As(y1 — 42), 7)

has a critical point if only if Asy; = Asys, which means that y; = yo whenever A, is assumed to be non-
singular. This is compatible with the classical fact that R and S in the above decomposition of A, are unique.

4. Examples of representations on non-monotone maps on the line:
(i) A simple non-monotone example is the function

u(z) =sinz + x cosx. (11)
It can be written as u(z) = Vi H(S(z),z) on [0, 7], where
H(xz,y) =zsiny —ysinz and S(z)=7—=z. (12)
(ii) More generally, a large class of examples of convex-concave anti-symmetric Hamiltonians is given by
H(z,y) = f(x)9(y) — f(W)g(z) + h(z —y),

where h is odd and with suitable conditions that render H convex in z. For « € [0, 1], the function

u(z) = flla—x)g(z) — ¢ (a —z)f(x) + B (a — 2x) if0<z<a (13)
B f()g(x) =g (x)f(z) + n'(0)  fa<z<l
can then be written as u(x) = V1H(S(z),z), where S(z) = a« — z on [0,a] and S(z) = 2 on (a, 1).
(iii) A more interesting example is the map
[ 3-22 ifj<a<l1
“(m)_{ 20  f0<z<i. (14)

One can easily verify that u(z) = V1H(S1(x),x), where S1(z) = 1 — 2 and H is given by the following
formula

—2xy+2x—y—% ifogxgé and %Sygl
H(z,y) = x—y ifOSx,yS% or 5<xy<l (15)
2xy—2y+x+% if%gxgl and Ogygé

Also note that u(z) = V1H(S2(z),z), where Sa(z) = x + 3 on [0, 3) and Sa(z) =  — 3 on (3,1], which
means that the involution S appearing in the decomposition is not necessarily unique.
Actually, one has non-uniqueness whenever there exists two subsets A, B of positive measure such that

u(@).y +uly).x = f(x) +g(y) when (z,y) € Ax B,



for some functions f and g. This is what happens in the previous example with A = [0,1/2] and B = [1/2, 1].
It follows that @ — wu(x).(y2 — y1) + (u(y2) — u(y1)).z doesn’t depend on x. If w is differentiable then
u'(z) +u'(y) =0 for (z,y) € A x B.

5. Why can the decomposition be considered “self-dual”?: Let X be a reflexive Banach space, and
recall from [6] the notion of a vector field L that is derived from a convex lower semi-continuous Lagrangian
on phase space L : X x X* — RU {400} in the following way: for each z € X, the —possibly empty— subset
OL(x) of X* is defined as

OL(z) :={p € X*;(p,x) € OL(x,p)}. (16)

Here OL is the subdifferential of the convex function L on X x X*, which should not be confused with
OL. Of particular interest are those vector fields derived from self-dual Lagrangians, i.e., those convex lower
semi-continuous Lagrangians L on X x X* that satisfy the following duality property:

L*(p,z) = L(z,p) for all (z,p) € X x X*, (17)
where here L* is the Legendre transform in both variables, i.e.,

L*(p,x) = sup{(y,p) + (x,q) — L(y,q) : (y,9) € X x X"}.

Such Lagrangians satisfy the following basic property:
L(z,p) — (x,p) > 0 for every (z,p) € X x X*. (18)

Moreover,
L(z,p) — (x,p) = 0 if and only if (p,x) € OL(z,p), (19)

which means that the associated vector field at x € X is simply
OL(x) :={p € X*; L(x,p) — (z,p) = 0}. (20)

These so-called selfdual vector fields are natural but far reaching extensions of subdifferentials of convex lower
semi-continuous functions. Indeed, the most basic selfdual Lagrangians are of the form L(z, p) = ¢(x)+¢*(p)
where ¢ is such a function in X, and ¢* is its Legendre conjugate on X*, in which case dL(z) = dp(x).
More interesting examples of self-dual Lagrangians are of the form L(x,p) = p(z) + ¢*(—T'z + p) where ¢
is a convex and lower semi-continuous function on X, and I' : X — X* is a skew adjoint operator. The
corresponding selfdual vector field is then dL(z) = T'z + dyp ().

Actually, it turned out that any mazimal monotone operator A (a notion studied for example in [4]) is a
self-dual vector field and vice-versa [6]. That is, there exists a selfdual Lagrangian L such that A = L. This
fact was proved and reproved by several authors. See for example, R.S. Burachik and B. F. Svaiter [3], B.
F. Svaiter [11].

This result means that self-dual Lagrangians can be seen as the potentials of maximal monotone operators,
in the same way as the Dirichlet integral is the potential of the Laplacian operator (and more generally as
any convex lower semi-continuous energy is a potential for its own subdifferential). Check [6] to see how
this characterization leads to variational formulations and resolutions of most equations involving monotone
operators.

Consider now the Hamiltonian Hy, on X* x X* corresponding to L, that is the Legendre transform of L in
the first variable,

Hy(p,q) = sup{(z,p) — L(z,q);z € X}.

It is convex-concave and satisfies Hp(q,p) < —Hp(p,q). In most concrete examples, it is actually anti-
symmetric. If now A is a maximal monotone operator, then A~! is also maximal monotone and therefore
can be written as A~! = JL, where L is a selfdual Lagrangian on X* x X that can be constructed in the

following way: First, let

N(p,x) = sup{(p,y) + (¢, — y); (y,q) € Graph(A)} (21)



in such a way that

N*(z,p) > N(p,x) > (x,p) for every (z,p) € X x X*. (22)
Then consider the following Lagrangian on X* x X,
. 1 1, 1 5 1 9 1 1
L(.’E,p) :=inf iN(plaxl) + §N (x21p2) + g”xl - x2|| + g”pl _p2|| ; (f,p) = i(xlvpl) + 5(.%2,]’)2) .

It was shown in [6] that L is a self-dual Lagrangian on X* x X. One can also show that the corresponding
Hamiltonian Hy, on X x X is anti-symmetric, and that

p € Ax if and only if (p, —p) € OH(z, x). (23)

Moreover, Ax = ViH(z,x) if A is single-valued maximal monotone operator, which is Krause’s result
mentioned above.

Compared to Brenier’s, our decomposition now looks like we have replaced the potential of a convex func-
tion in his theorem by a more general monotone operator A (or a self-dual Lagrangian L), while we have
strengthened S to make it a measure preserving involution.

6. Connection to Monge’s mass transport: We shall see in the next section that the transformation S
appearing in the decomposition (7) of u maximises the quantity

| twle). (e e

among all measure preserving involutions on 2. Equivalently, it does minimize

/ fu(a) — S(x)2 da,
Q

which is the distance of u to the set of measure preserving involutions on ). The latter minimization can
now be related to an optimal transport problem with a quadratic cost, between the measure p on € x u(Q)
obtained by pushing Lebesgue measure on €2 by the map = — (z,u(z)), and the measure v on u(2) x Q
obtained from p by the transposition map (z,y) — (y,z). Indeed, any map T pushing p onto v can be
parametrized by an application S : Q —  via the formula:

T: (z,u(x)) — (u(Sz), Sx),
and the transport cost is then equal to

1
3 [ 1u(52) ol + fu(a) = S(@)) o

which, in the case where S is a measure preserving involution, coincides with [, [u(z) — S(x)|* da.

Note now that if T is an optimal transport mapping p onto v, then the map (y,z) — (x,y) — T'(z,y) would
be an optimal transport mapping v onto u. It will then follow that if the optimal transport 7" from p onto
v was unique, then the S corresponding to 7" would necessarily be an involution. Now in terms of Brenier’s
theorem, the uniqueness would necessarily lead to a convex function L on RY x R such that T = VL and
where L is a selfdual Lagrangian, i.e., L(z,p) = L*(p, z). The anti-symmetric Hamiltonian H would simply
be the Legendre transform of L with respect to the first variable.

Unfortunately, the measures p and v on the product space are too degenerate to fall under the framework
where we have uniqueness in Brenier’s theorem. Hence the need to establish the result directly and without
resorting to Mass transport.

On the other hand, if one starts with a measure p on the product space €2 x £ that is absolutely continuous
with respect to Lebesgue measure, then one can apply Brenier’s theorem to find an optimal transport map
VL that pushes p onto its transpose i via the involution R(z,y) = (y, ), and where L is a convex function
on RN x RY. Consider now the convex function M (z,y) = L*(y,x) = L* o R(x,y) where L* is the Legendre
transform of L with respect to both variable, and note that VM = Ro VL* o R also maps p into fi. By the
uniqueness of the optimal map we deduce that VL = VM = Ro VL* o R, which means that L is a self-dual
Lagrangian (up to a constant).

We are extremely grateful to Bernard Maurey for very insightful discussions, and to Ivar Ekeland and Philip
Loewen for their helpful input.



2 A variational formulation of the problem

The proof of the standard polar factorization by Brenier was based on tools from the Monge-Kantorovich
theory. Later W. Gangbo [5] provided a more direct proof by formulating the Brenier decomposition as
the Euler-Lagrange equation corresponding to a suitable variational problem. Our approach is in line with
Gangbo’s method and involves various new results about skew-symmetric functions, which may have their
own interest.

To formulate our variational problem, we start by considering the set H of all continuous anti-symmetric
functions on €2, that is

H={HecCQxQ);H(z,y) = -H(y,2)}.
For each H € H, define Ly : Q@ x RV — R by

Lp(x,p) = sug{@,p) — H(y,z)}, (24)

where (.,.) is the standard inner product in RY. Set £ = {LH; He H}.
Here is our main theorem.

Theorem 2.1 Let Q be an open bounded set in RN such that mea(92) = 0, and let u € L®(Q,RY) be a
non-degenerate vector field. Consider the following two variational problems:

Py =inf { [, Ly (z,u(x))d; H € H} (25)
and
Do = sup { [, (u(z), S(x)) dz; S : @ — Q is a measure preserving involution}. (26)
Then the following assertions holds:

1. The variational problems (25) and (26) are dual in the sense that Psy = Doo.

2. There exists a globally Lipschitz, anti-symmetric, convez-concave Hamiltonian H oni]RN x RN, such
that the minimum in (25) is attained at Lg, where H is the restriction of H to £ x .

3. There exists a measure preserving involution S such that the mazimum in (26) is attained.

4. Moreover, for each H satisfying (2), there exists S satisfying (3) such that the following equation holds:

u(z) = V1H(S(x),z) a.e. x€ld (27)

2.1 Self-dual transformations

We first introduce the following notion.

Definition 2.2 Let {2 be an open bounded subset of RY, and say that a measurable point transformation
S : Q — Qs self-dual if for every H € L*(Q x Q) such that H(z,y) = —H (y, z) for almost all (z,y) € Q x Q,

we have
/ H(x, S(x)) dz = 0. (28)
Q
In order to characterize these maps, we recall the following basic notion.

Definition 2.3 A map S : Q — Q is said to be a measure preserving transformation if for every f € L'(Q),
foS e LY(Q) and

/Q foS()ds = /Q F(x) da. (29)



By considering functions of the form H(x,y) = f(z)— f(y) where f € L'(2), one can easily see that self-dual
transformations are necessarily measure preserving.

The converse is however not true. Indeed, the map S(x1,72) = (22, —21) on R? is clearly measure preserv-
ing. On the other hand, by considering the symplectic matrix J(z1,72) = (—x2,21) on R?, the function
Hj(xz,y) = (Jx,y) is clearly anti-symmetric. We therefore have that

/BHJ(JU,Sx)dm = /B<Ja:,5m>dx =— /B(Jx, Jx)ydr = —/B l|||2dx # 0.

which means that S is not a self-dual transformation.

More generally, recall that the linear and discrete analogue of measure preserving maps are the unitary
matrices, i.e., those that satisfy UU* = U*U = I. If now U is a self-dual transformation, then one can easily
see that U* = U and U is therefore a symmetric involution. This turned out to be true for more general
transformations.

Proposition 2.1 A measurable map S is a self-dual point transformation on Q if and only if it is both
measure preserving and an involution, i.e., S = I a.e., where I is the identity map on Q.

Proof. Assuming that S is measure preserving such that S? = I a.e, then for every anti-symmetric H in
LY(Q x Q), we have

X xT xXr = X 2£E xXr = xX),Tr)ar = — X X X
/QH<,S<>>d /§1H<S<>,s<>>d /QH<S<>, )d /QH<,S<>>d,

hence [, H(x,S(x))dx =0. That is S is a self-dual transformation.

Conversely, Let S be a self-dual transformation. We have seen above that it is necessarily measure preserving.
Consider now the anti-symmetric functional H(z,y) = |S(x) — y| — |S(y) — x|. We must have that

0:/QH(;U,S(x))dx:/|52(x)—ac|dx,

which clearly yields that S is an involution almost everywhere.
An immediate application of Proposition 2.1 is that

Py > Dy
Indeed, for any H € H, and any point transformation S on 2, we have
Lit(a, u(@)) + H(S(@),2) > (u(x), S()).
If now S is a measure preserving involution, we have that [, H(x,S(z)) dz = 0, which means that

/Q Lu(e,u(@) > [ (ula),5(2)) do.

Q

2.2 Regularization of skew-symmetric functions

Let Q be a bounded domain contained in a ball Br centered at the origin with radius R > 0 in RY, and
consider an arbitrary anti-symmetric function H € C(Q x Q). Our plan is to show that one can assign to H,
a skew-symmetric convex-concave Lipschitz function H,..q such that L Hyey < Ly on Q x Bp.

Note that for an elementary anti-symmetric function of the form H(z,y) = f(z) — f(y), where f is a
continuous function on Q, one can easily show that H,ey(2,y) = f**(z) — f**(y) where f** is a double
conjugate of f defined as follows:

[*(p) = sup{(z,p) — f(y)} and f**(x) = sup {(z,p) — f*(p)}.

ye pEBR



Note that these are not the usual Legendre transforms since the suprema are not taken over the whole space.
The analogous regularization process for a general anti-symmetric function is more technical.
We start by considering the class

H_={HeCQxQ);H(z,y) < —H(y,z) forall z,y € Q}. (30)
For each H € H_ define Ly as in (24) and set
L_={Ly;H e H_}.
For Ly € L_, we define its (restricted) Fenchel dual L} : RN x RN — R by

Ly(q,y) = sup  {{y,p) + (¢,x) — Lu(z,p)}.

z€Q,pEBR
and similarly Li : RY x RN — R by
Ly(y,q) = sup  {{y,p) +(¢,7) — Lz (p,2)}.
z€Q,pEBR

For each convex function L : RV x RY — R, we shall define its Br-Hamiltonian by

Hp(z,y) = Sup (z,p) — L(y,p)}

Finally for each H € H, we define the convex-concave regularized H,.q, of H by

HL;_I* (.’E, y) - HL;I* (yu (E)
2 b)

We list some of the properties of H,.y and Ly

Hreg(xay) = for all X,y € RN.

reg "’
Proposition 2.2 Let H € H. The following statements hold:
1. Hyey is a skew-adjoint Hamiltonian on RY x RN whose restriction to Q x Q belong toH.

2. Ly . is conver and continuous in both variables and Ly,., <Ly on O x Bg.

reg
8. |L,.,(x,p)| < Rl|z|| + Rllpl| + 5R* and |Hycq(w,y)| < Rl|z| + Rllyl| + 4R? for all z,y,p € RY.
4. Lp,., and H,cq4 are both Lipschitz continuous with Lipschitz constants less than 4N R.

To prove the above Proposition, we shall need the following two lemmas.
Lemma 2.4 If H € H_, then hen Hp: € H_.

Proof. For z,y € RV we have

Hpy(z,y) = sup {(p1,x) — L (y,p1)}-

pP1EBR
It follows from the definition of L}/ that
Ly (y,p1) = sup {(zl,m) + (p2,y) — L}‘q(pmzl)}
21€8,p2€BR
= sup {<Z17P1> + (p2,y) —  sup  {(z2,p2) + (p3,21) — LH(Z27PS)}
21€Q,p2€BR 22€8),p3€BR
= s b L)+ (ey) — (ape) — (s,20)

21€Q,poaeBr 72€QP3EBR

+ sup {(z3,p3) — H(zs, 22)}}
23€Q

= sup inf sup {<217P1> + (p2,y) — (22,p2) — (p3,21) + (23,p3) — H(23722)}~
21€Q,p€BR #2€LP3EBR 23€Q

(31)



Therefore,

Hps(x,y) = sup  inf sup inf_{<p17x>—<Z17p1>—<p2,y>+<22,p2>+<ps,Z1>—<Zs,p3>
p1EBR 21€82,p2€BR 20€Q,p3E€BR 23€0

+H(z5,22) }. (32)
Taking into account that H(z3,22) < —H (22, z3) together with the fact that

sup inf {..} < inf sup{...}
20€Q z3€0 z3€€Q 22€Q)

yield

Hp:-(z,y) < sup  inf sup inf sup {(pl,x>—<21,p1>—<pzyy>+<zQ,pz>+<p37zl>—<Z37p3>
p1EBR #1€Q,p2€BR p3€BR 23€Q 4,cQ

—H (2o, 23)}

= sup inf sup inf,{<p1,w>—<21,p1>—<p2,y>+<p3,zl>—<237p3>
p1EBR 21€Q2,p2€BR p3€ By 23€82

sup { (2, p2) — H(22,20)} }.
22€0

= sup inf sup inf {(pl,l“) — (21,01) — (P2, Y) + (P3,21) — (23,p3) + LH(Z37P2)}
p1EBR 21€82,p2€EBR p3€BR 23€82

Note also that inf, cg{...} < {...}|z,=z,, from which we obtain

Hp:(z,y) < sup inf inf sup {(pl,l“) —(z1,m1) — (P2, y) + (P3, 21) — (21,p3) + LH(Zl7p2)}
p1EBRrP2€BR 21€Q p3eBR

= sup inf inf sup {(pl,x>—<z1,p1>—<p2,y>+LH(zl,pz)}-
p1EBRrP2€BR 21€Q p3eBR

We can now drop the term sup,, cp, since there is no p3 in the expression in the bracket. Thus,

Hig(ay) < sup inf inf {(pr,2) = (z1,p1) = (p2o0) + Lus(o1,p2) |
p1€BR P2€BR z1€Q

sup {(pr.)+ inf inf {~(z1,p1) = (p2,y) + Lir(21,22)} }

p1E€BR P2€BR 2,€Q
= sw {(p,2) - Lis(pr.w) .
p1EBR

It follows from the definition of L% that L%, (p1,y)+ L% (z,p) > (p1, 2)+(y, p) for all z,p € Qx Bg. Therefore

Hpg(z,y) < sup {<p1,x>—Li§{(p1,y)}

p1EBR

< sup {<p17x>— sup 7{<p1,Z>+<y,p>—L}?}‘(z7p)}}
pP1EBR pEBR,zEQN

= sup inf {(pr.a) = (pr.2) = (.p) + Lif (20) }
p1EBR PEBR,2EQ

< it swp {(pra) = (pr.2) = (0.0 + Li (=)}
pEBR,2€Q p,€BR

< imfsup {(pr,a) = (pr.x) — (.p) + Lif (2.p)}
PEBR p1eBR

= inf {~(.p) + Ly (@)} ]
ot = (wp)+ Ly (2. p)}

= _HL}f(yv*T’)'

This proves that Hpx(z,y) < —Hp«(y,z) for all z,y € Q. O



Lemma 2.5 If H € H_, then L (p,x) < Ly (z,p) and L (z,p) < Lg(x,p) for all x € Q,p € Bg.

Proof. For every (z,p) € Q x Bg, we have

Ly(p,x) = GSHEB {{y.p) +(z,q) — Lu(y,q)}
= sup {(y,p)+ (x,q) —sup{(q,2) — H(z,y)}}
y€Q,qEBR z€Q

y€Q,q€BR #E€L

It then follows that

y€EQ,qge By 2€8

< inf Sup {<yap>+ <'Taq> - <Q7Z> _H(y’z)}
z2€Q yeQ,qeBR

= inf sup{(y,p) + Rz — 2| = H(y, 2)}
2€QyeQ

= inf{R|jz —z|| + Lu(z,p)}
z€Q)

IN

LH(xap)'

Thus, L7 (p,z) < Lu(z,p). We now prove L7 < Ly on Q) x Bp. It follows from equality (31) that for every
(yapl) €0 x BR7

Lip) = swp  infsup {{erp1) + (poyy) = (z20p2) — (o, 1) + (20,p0) — H(zs,22) }.
21€Q,p2€BR #2€,P3€BR 230
Thus,
Ly (y,;m) < inf sup sup{<Z1,p1>+<p2,y>*<zQ,p2>*<p3721>+<23,p3>*H(Z&zz)}
22€Q0,p3€BR 2, €Q,p2€Br 23€Q

Therefore by considering zo = y and p3 = p; we get

Ly (y,p1) < sup {(z3,p1) — H(23,9)} = Lu(y,p1)-
23€Q

This completes the proof. O

We now recall the following result from [5].

Proposition 2.3 Let D be an open set in R? such that D C Bg where By is ball with radious R centered
at the origin in R%. Let f : R — R and define f : R* — R by

f(y) = sup{(y,z) — f(2)}.

zeD
If f € L°°(D), then f is a convex, Lipschitz function and
[f (1) = F(y2)] < dRlyr — vall,
for all y1,yo € RY.
Lemma 2.6 If H € H_, then the following statements hold:
1. |L3 (z,p)| < Rllz| + Rpll + 3R* and |Hyy; (z,y)| < Rllz| + Ryl + 4R? for all z,y,p € RY.
2. Lif and Hpxr are Lipschitz with Lip(Hp:»), Lip(L};) < 4NR.
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Proof. It follows from the definition of Lz that Lz (y,q) > (y,q) on Q x Bg. This together with Q C Bgr
imply that

Ly(p,x) = Sup {{z,9) +(p,y) — Lu(y,q)}
< sup {{z,9)+{py) —(¥,9}
yEQN,q€EBR

IN

Rlz|l + Rlp|l + R

for all z,p € RY. With a similar argument we obtain L} (z,p) < R||z|| + R||p| + R%. We also have

Ly (z,p) = sup {(z,q) +(p,y) — Ly(y,q)}
yEQ,qEBR
> (x,q) + (p,y) — Ly (y,q), (for all (y,q) € Q x Bg)
> —R|z| — Rllpll - Rllyll - Rllqll — R?
> —R|z| — Rllp|| - 3R*.

Therefore |Ljj (z,p)| < Rz|| + R||p|| + 3R?. The estimate for Hp:+ can be easily deduced from its definition
together with the estimate on Lj;. This completes the proof of part (1).

For (2) set D = Q X Bg, then D C Bspi where Byp is a ball with radius 2R in R2V. Now assuming f = L},
in Proposition 2.3, we have that f = L%f. Therefore L} is Lipschitz in R* with Lip(Li) < 4NR. To
prove that Hp.- is Lipschitz we first fix y € RY and we define f, : RY — R by f,(p) = L% (y,p). Assuming

D = Br C RY in Proposition 2.3, we obtain that the map = — f,(z) = Hips+(z,y) is Lipschitz and
|Hpz(21,y) — Hrgp (72,y)| < NR||zy — 22| (34)

for all 21,29 € RY. Noticing that the Lipschitz constant N R is independent of y, the above inequality holds
for all z1, 29,y € RN. To prove Hp:- (z,y) is Lipschitz with respect to the second variable, let r > 0 and
Y1,Y2 € RY. Let p; and ps be such that

(x,p2) — L7 (y1,p2) < Hpe (@, y1) < (@, p1) — L (y1,p1) + 7,
and

(z,p1) — Ly (y2,m) < Hpsp (@, 92) < (2,p2) — L (y2,p2) + 1,
It follows that

Ly (y2,p2) — Ly (y1,p2) — 7 < Hpss (2,y1) — Hpse (2, y2) < Ly (Y2, p1) — Ly (y1,p1) +7
L7 is Lipschitz, thus,
—4NR|ly1 — yol| —r < Hpyr (2, 91) — Hoyr (2, 92) S ANR|y1 — yaf + 7

Since r > 0 is arbitrary we obtain

—ANR|[lyr — yoll < Hrsr (v,y1) — Hpsr (2, y2) <ANR|ly1 — ya|-

This together with ( 34) prove that Hp: is Lipschitz and Lip(Hz:-) < 4NR. O

Proof of Proposition 2.2. It is easily seen that H,.,(7,y) = —H,c4(y, ) for all z,y € RY.
Now note that by definition

HLL*(mvy) = Sup {<.’E,p> - Lg(pvy)}u
pEBR

and therefore for all y € R, the function z — Hip(2,y) is convex. We shall show that for all z € RY the
function y — Hp:«(z,y) is concave. In fact we need to show that

y— —Hpg(z,y) = inf {Ly7(p,y) — (z,p)}
pEBR

11



is convex. For that consider A € (0,1) and elements y;,y2 € RY. For every a > —Hrsr(z,y1) and b >
—Hp;; (2, y2), find p1,p2 € RY such that

—Hpe(z,01) < L (p1,yn) — (x,p1) <o and — Hps(x,y2) < Ly (p2,y2) — (2, p2) < b.
Now use the convexity of the ball Br and the convexity of the function L/ in both variables to write
—Hpgp (M + (1= MNya) = inf {L7(p, dys + (1= Myz) — (. p)}

Ly (Ap1 + (1 = N)p2, Ay + (1 = Nye) — (z, Ap1 + (1 — A)p2)}
MLy (pr, 1) = (2,p1)) + (1= X (L (P2, y2) — (z,p2)) }
Aa+ (1 — A)b.

IAN A A

This establishes the of concavity of y — Hp:«(x,y). It then follows that H,..y(.,y) is convex and Hy.cy(x,.)
is concave on R, which completes the proof of part (1).
We now prove part (2). Let (z,p) € Q x Br. We have

LHreg(xap) = Sup{(y,p>—Hreg(y,x)}
yeN
HL**(yvx) - HL**("E,y)

= sup{(y,p) - —* g }
yeN

< sup{(y,p) — Hry (y,2)} (by Lemma 2.4 Hp (y,2) < —Hp:: (2,9))
yeN

= sup {(y,p) — sup {(y,q) — L (z,9)}}
y€e q€BR

= sup inf {(y,p)—(y,9) + Lif (z,q)}
yGQqGBR

< inf sup {(y,p) — (v, q) + Lif (,9)}
4€Br yeQ

< sup {{y,p) — (y,p) + Lif (z,p)}
yeQ

= Lj(z,p).

Thus, Lp,,,(z,p) < Ljj(z,p). It also follows from Lemma 2.5 that Ljf(z,p) < Lg(x,p) from which we
obtain LHreg < LH on () x BR.

Hpy (zy)—Hpy (y,@)
2

By the definition Hyeq(x,y) =
Lip(Hr:») < 4NR and also

. Therefore, by Lemma 2.6, H,4 is Lipschitz and Lip(H.q)) =

[Hes; (2,9)| + [Hey (y, @)
2

[Hreg(2,y)] < < Rljz|| + Rllyl + 4R?.

The corresponding results for Ly, follow by the same arguments as in parts (2) of Lemma 2.6 and the
bound for H,.4. O

2.3 Proof of Theorem 2.1

We first show that the minimization problem (25) has a solution. Let Br be a ball such that Q, u(Q2) C Bg.
Let {H™} be a sequence in H such that Ly~ is a minimizing sequence for P.,. It follows from Proposition
2.2 that LHn < Lpn on Q x Br and therefore LHn is still a minimizing for P.,. It also follows from
Proposition 29 that Ly, and H,, are uniformly Llpschltz with Lip(H,), sz(Lngq) < 4N R and also

reg reg

[Hoy(@,9)] < Rllz]| + Rllyll +4R*  and  |Lay, (2.p)| < Rlz|l + Rlp|| + 5R

reg

12



for all z,y,p € RY. By Arzela-Ascoli’s theorem, there exists two Lipschitz functions H, L : RN x RN — R
such that H;',, converges to H and Lyn , converges to L uniformly on every compact set of RY x R, This
implies that H € H. Note that

Ly, (x,p) + H].(y,2) > (y,p),

for all z,p € RY and y € , from which we have

L(z,p) > (y,p) — H(y, x),

for all z,p € RY and y € Q. It implies that Ly < L. Let H,., be the regularization of H defined in the
previous section. Set Hoe = Hyeq and Lo = Ly . It follows from Proposition 2.2 that Ly, < Ly on
Q) X Bg, from which we have

Poo:/QLH(x,u(x))dx:/QLoo(x,u(x))d:v.

For the rest of the proof, we shall need the following two technical lemmas.

Lemma 2.7 Let Hy, be the Hamiltonian obtained above. For each x € Q, define [ : RN — R by f.(y) =
Ho(y,x). We also define f, : RV — R U {+o0} by fo(y) = fz(y) whenever y € Q and +oo otherwise. Let

(fz)* be the standard Fenchel dual of f, on RY, in such a way that (f.)*** = (fz)* on RYN. Then we have,
1. fo = (f;)** = f, on Q, and
2. Loo(2,p) = sup{(z,p) = (f2)""(2)} = sup {(z,p) — (f)"(2)}.

z€Q) z€RN

Proof. (1) Since ( fa)** is the largest convex function below fz we have and f, < (fo)** < fe, from which
we obtain f, = (f;)** = f, on Q.
For (2), we first deduce from (1) that

(fo) () = (Fa)™" () sup {(2,9) — (f2)**(2)}

zERN

sup {(2,9) — (f2)"*(2)}

2€EBRr

ilelg{<z’y> — (fo)™(2)}
= sup{(z,y) — f=(2)}

z€Q)

= sup{{(z,y) — f.(2)}

zeQ
= (fa)*W),

from which we have the desired result. O

v

\%

Lemma 2.8 Let H € H. For each v € R and X\ > 0 define

L) = spllen) = ()0 - 250 - 2l5E —rme o,
~ z 2 x 2

I@p) = s ) = (7)) - A5 +alghy

L(z,p) = sup{(z,p) — Heo(z,2) — rH(z,7)}.

z€Q)
Then the following assertions hold:

1. For every (z,p) € RN x RN we have )\lir(r)1+ Ly(z,p) = Loo(x,p) and )\liI(I)l+ L, x(z,p) = L.(z,p).
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2. For all w € RN the function p — Ly(z,p) is differentiable.

3. For every (z,p) € RN x RN, we also have lim Ze2ER=Ia0) _ 117, 1, (2, p), 2).

r—0 r

Proof. Yosida’s regularization of convex functions and (1) of Lemma 2.7 yield that

hm Lox(z,p) = sup{(z,p) — (fo)"(2) —rH(z,2)} = sup{(z,p) — Hoo(2,7) —rH(2,2)} = L.(2,p).
2€Q z2€Q

We also have ~
hm Ly(z,p) = sup {(z,p) — (f2)"(2)},

zERN
which, together with (2) of Lemma 2.7, yield limy_o Lx(z,p) = Loo(, p).
(2) follows from the fact that the Yosida regularization of convex functions are differentiable.
(3) We let 2z, 5 € 2 and z;,)\ € RY be such that

L F e NS ||96||2 2
LT,A(xvp) < <Z7«,)\,p> (fw) (ZT,)\) A— 2 +A—— TH(ZT,MCU) +r,
/! *% H >\||2 ||I||2 2
L)\(l‘vp) < <Zr,)\v > (fJE) ( rk) 2 +A +r
Therefore,
Lr ) - L 9
—H(z ) =7 < A@P) = INEP) (35)

r

Note that by the definition of Ly, we have sup,¢(_y 1y [|2;.,[| < 0o. Suppose now that, up to a subsequence,
2 — 2y € Q and z;,)\ — 24 as r — 0. This together with the definition of L, y and Ly imply that

l=all® |l I2

[E2 ||2

— (p) - () () — A1

Laa,p) = {oa,) — (o) (22) ~ AL Y (36)
from which we obtain B
zy = 2\ = VaLy(z,p) € Q. (37)
Therefore, it follows from (35) that
L'r ) —L ’
hII(l) ’)\(x p)r A(x p) = H(VQL)\((.U7P),(E)
|

End of the proof of Theorem 2.1: For each A > 0, z € Q and p € R, we define Sy (z,p) = VoL (x,p). It
is easy to see that Sx(z,p) — So(w, p) where Sp(z, p) is the unique element with minimal norm in ds Lo (7, p)
(see Proposition 1.3 in [1]). Set S(x) = Sp(x, u(x)). For each r > 0, A € [0,1] and z € Q, define

Ly a(z,u(x)) — La(z,u(z)) '

(N, x) = "

Note that the function r — L, »(z,u(z)) is a convex function because it is supremum of a family of linear
functions. Thus, for fixed (x,A) € Q x [0, 1], the function r — n,(\, z) is non-decreasing. Setting 79 (), )
to be H(Sx(z),z) for A > 0 and 19(0,z) = H(S(z),z), we have that both functions A — n,(\, z) and
A — no(A, z) are continuous. It follows from Dini’s Theorem, that for a fixed x, 1. (), ) converges uniformly
to no(A, z) as r — 0 with respect to A € [0, 1].

Note also that thanks to (37) we have that Sy, S : @ — Q. We shall now show that [, H(S(z),z)dx = 0 for
every H € H, meaning that S is indeed a self-dual point transformation. Indeed, by Fatou’s lemma we have

;1_% H(S\(z dw—/H
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It follows from (35) that

‘Lr,k(xvp) _ LA(JJ,]))

. < | Hl |z (BrxBR) + I7]-

It follows that

B o Lea(wsu(e)) = Ly(z, u(z))
/QH(S(JC),x)d:E = /S];%TE%+ " dx

= /lim lim n,(\ z)dx
Q

A—0r—0t

= / lim lim 7, (X, z) dz (due to the uniform convergence)
Q

r—0+t A—0

= /hm n-(0,z) dx
Q

r—0t

= lim+ 7-(0,2) dx (due to the monotone convergence theorem)
r—0 Q

[ L) - Lo ()
r—0t Jo r
> 0,

dzx

from which we have [, H(S(x),z)dz > 0.

By the same argument considering r — 07, one has [, H(S(x),z)dz < 0 and therefore the latter is indeed
zero as desired.

It follows from the fact that S(x) € Gy Lo (, u(x)) together with (f,)** being the Fenchel dual of L with
respect to the second variable (in view of Lemma 2.7) that u(z) € d(f.)**(S(x)). By considering Theorem
3.1 in the Appendix, assume that ' is a dense subset of Bg such that for each z € ', Vi Hoo (2, x) exists
for all z € Q. Define Qy = S71(Q'\ 99). Since S is measure preserving we have that € is dense in Q. We
also have for each = € Qq, that V1 H..(S(x), z) exists. Since (f,)**(.) = Huo(., ) on Q we obtain

u(z) = ViHy (S(2), x), for all x € Q.

To complete the proof of Theorem 2.1, it remains to show that Py, = D,. We already know that P, > D.
To prove the equality it suffices to notice the following;:

POO:/QLOO(;E,U(:U))dx = /QLoo(x,u(x))dx—i—/QHOO(S(:E),x)dx
_ /Q Lo (2, u(a)) das + /Q (7)™ (S(x)) du
_ /Q<u(x)75’(x)>dx§Doo.

2.4 Remarks on the uniqueness of the decomposition

We have seen in example (14) that one cannot expect uniqueness of the involution S in the above decom-
position of a given vector field u. We now complete the part of the proof of Theorem 1.1, which gives the
uniqueness of the involution under the assumption (8) on u.

Proof of Theorem 1.1: Assume first that u(x) = V1 H;(Siz,z), for some Hamiltonian H; and some
selfdual transformation S;. We shall show that (Hp,S1) is an “extremal pair” (i.e., where Do, and S
are attained), and that u(z) = ViHx(S12,2), where Hy, is the optimal Hamiltonian constructed above.
Indeed, let L be the Fenchel-Legendre dual of H; with respect to the first variable. We have that Ly, <L
on RN x Q. It follows that

(u(x), S1(x)) < La, (S1(x),u(z)) + Hi(S12, ) < L(z, u(x)) + Hi(S12,2) = (u(x), S(x))
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from which we have
(u(x), S1(z)) = Lu, (z,u(x)) + Hi(S17,7),
and

[ o). su@)de = [ L (o))

Q
On the other hand we have

/ (u(x), S1(2)) d < Do = P < / L. (2, u(z)) da,
Q Q

which yields
/<u(x)751(x)> dr = Doo = Py = / Ly, (z,u(z)) da.
Q Q

Now we can show that u(z) = Vi Heo(S12, ). In fact,

[ ata). it ds = [ L (o)) o = P~ [

QLoo(x,u(a:)) da:—l—/QHoo(Sl(x),x) dz,

which implies that
(u(z), 51(2)) = Loo(x, u(x)) + Hoo(51(2), @)

a.e. on ), and hence the desired result.

Assume now that the function z — (u(z),y1 — y2) + (u(y1) — w(y=2), z) has no critical point unless when
Y1 = y2. Suppose S7, So are two transformations such that for ¢ = 1,2, we have

(u(z), —u(S;z)) = V1H;(Siz, ). (38)
We shall show that S; = S a.e. on . Note first that the previous argument gives that
(u(z), —u(S;z)) = ViHo(Siz, x). (39)

Note also that the function # — Lo (z,u(z)) is locally Lipchitz and therefore is differentiable on a subset
Qo of full measure. We now show that S; = S5 on Q.
Indeed, for any = € Qy, h = 0 is a minimum for the function

h — Loo(x + hyu(z + h)) + Hoo(S;(x), 2 + h) — {u(x + h), S;(z)).
This implies that

d

VaoH(S1(z), ) — Du(z)Si(x) = —

Loo (2 + b, u(z 4 h))n=o = VaHoo (S2(2), ) — Du(x)S2(x),

from which it follows that
Du(x)(S2(2) = S1(2)) = w(S1(2)) — u(S2(x)).
The hypothesis then implies that S;(x) = Sa(x), and S is therefore unique.

Remark 2.9 Note that the function
h — Loo(z + h,u(x)) + Heo (S(z), 2 4+ h) — (u(z), S(z)).
has a minimum at h = 0, from which we have
u(S(x)) = —=VaHo(S(2),2) € 01Loo(x, u(x)).
Since, on the other hand, we have S(x) € OaLoo(x,u(x)), one obtains
(u(S(x)),S(x)) € OLoo(z,u(x)).
Now under the hypothesis (8) that ensures uniqueness, the above inclusion becomes

(uw(S(x)), S(z)) = VLi(z,u(z)) ae.z €.
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Suppose now that u is a monotone map. We shall show that it satisfies condition (8), This will then yield
(3) of Theorem 1.1, since u is then a.e. differentiable and the decomposition holds with S being the identity,
according to the Theorem of Krauss.

Indeed, any critical point Z of the function z — (u(x),y1 — y2) + (u(y1) — u(yz2), z) satisfies

Du(Z)(y1 — y2) +u(y1) — u(yz) =0,

hence
(Du(z)(y1 — y2), y1 — y2) + (u(y1) — u(y2),y1 — y2) = 0.

Since both terms are non-negative, they are equal to zero. If w is strictly monotone, this cannot happen
unless y1 = ¥o.

3 Appendix

Theorem 3.1 Let H be a skew-symmetric finite convex-concave function on RY x RN such that for some
A > 0, it satisfies

|H(z1,91) — H(22,92)| < Allwr — 22f| + Allyr — 32| for all (z1,y1), (x2,y2) € RN x RN, (40)

Let A C RV be a closed ball and let B C RY be a compact subset with non-empty interior. Then, there exists
a dense subset A’ of A such that for each x € A’, V1H (x,y) exists for all y € B.

This result is actually a particular case of a more general result established in [8], where the same conclusion
is established for finite convex-concave functions on R™ x R™ with n # m and without condition (40). For
the special case n = m = N considered in Theorem 3.1, the proof can be shortened and we shall provide
here a sketch for the reader’s convenience. We shall need a few preliminary results.

The following definition and theorem can be found in [2].

Definition 3.2 A sequence {fn} of (scalar-valued) functions on an arbitrary set X is said to converge to
f quasi-uniformly on X, if {fn} converges pointwise to f and if, for every e > 0 and L € N, there exists a
finite number of indices ny,no, ...,ni > L, such that for each x € X, at least one of the following inequalities
holds:

|fn,(z) = f(z)] <, i=1,2,.. k.

Theorem 3.3 If a sequence of functions on a topological space X converges to a continuous limit, then the
convergence is quasi-uniform on every compact subset of X. Conversely, if the sequence converges quasi-
uniformly on a subset of X, then the limit is continuous on this subset.

For (x,y) € RY x R¥ | the one sided directional derivative of H at (z,y) with respect to (u,v) is defined as
the limit

. H(zx+ M,y + M) — H(x,
VH(‘T’y)(u’U):)\ll)%l_'_ ( ) S ) ( y)

provided such a limit exists. It is standard that the directional derivatives

. H(z+ Au,y) — H(z,
ViH(z,y)(u) = lim ( ?j\) (z,y)

and H( o) — H(z,y)
s v,y + \v) — H(z,y
VaH(x,y)(v) = lim, d

exist. The following result is due to T. Rockafellar [10].

Theorem 3.4 Let H be a convez-concave function on RN x RN . Let C x D be an open convex set on which
H is finite. Then for each (x,y) € C x D, VH(z,y)(u,v) exists and is a finite positively homogeneous
convex-concave function of (u,v) on RN x RN. In fact,

VH(LC,:Z/)(’LL,’U) = VIH($7y)(u) + VQH(.’E,:I/)('U)
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For each A > 0, define the following functions on RY x R¥.

H(zx 4+ Au,y + \v) — H(z,y)

H)\(’LL7U) = )\ )
~ H(x + M,y + M) — H(x,y + v
() = ( y )\) (2,9 + Av).

H}(u) = Hy(u,0) and H3(v) = H5(0,v). Note that H} and H} are monotone, so that by Dini’s Theorem,
both Hj(u) and H$(v) converge uniformly on compact subsets of RY to Vi H(z,y)(u) and VoH (z,y)(v)
respectively. We have the following properties for H).

Proposition 3.1 The following statements hold:
1. Hy(u,v) converges uniformly to V1 H (z,y)(u) + VoH (z,y)(v) on compact subsets A x B of RN x RV,

2. If for some u € RN we have V1H (z,y)u = —V1H(x,y)(—u) then for each v € B,

limy_o+ ViH (z,y + A)u = V1 H(z,y)u uniformly on B.

3. ff)\(u, v) converges uniformly to V1 H (x,y)(u) on compact subsets A x B of RN x RV,

Proof. We first show that for each € > 0, there exists Ay > 0, such that for all 0 < A < \g, we have
Hy(u,v) < V1H(z,y)(u) + VoH(x,y)(v) +€,  for all (u,v) € A x B.

Then by a dual argument we have
Hy(u,v) > V1H(z,y)(u) + V2H(z,y)(v) —e, for all (u,v) € A x B,

from which we obtain the desired result in part (1). The difference quotient in the function H can be
expressed as
H(z,y+ ) —H(z,y) H(x+ Mu,y+ ) — H(z,y+ M)
A * A ’
where the first quotient converges uniformly to VoH (z,y)(v) on B. Since Hj(u) converges uniformly to
V1H(x,y)(u) on A, there exists o > 0 such that

H(erOzu,y)fH(ac,y)
(0%

< le(Iay)(u) +e

Since H is Lipschitz with Lipschitz constant A > 0, for every v € B, we have

H Av) — H A 2)\A
(w+awyt o) = Hzy+ ) g o )+ & 4 28000
o 2 o
Let Ao be small enough such that %””” < €/2 for all v € B. For each 0 < A < min{)\g, a} we have

H —H
ViH(z,y)(u) +€ > (z + au, y + Mv) (z,y + Av)

a
> H(w—i—Awy—i—Av)—H(x,y—}—)\v)’ (41)
A
from which part (1) follows.
We know prove part (2). Note first that
H A M) —H A
(.T‘i_ u?y+ 1;\) (x7y+ U) Zle(l‘,y—F/\’U)u,
from which together with (41), we have
ViH(z,y)(u) + € > ViH(z,y + \v)u, (42)
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for every 0 < A < min{\g, @} and v € B. By a similar argument we have
—ViH(z,y)(—u) —e < =V1H(z,y + Iv)(—u), (43)
It follows from (42) and (43) that
—ViH(z,y)(—u) —e < =V1H(z,y + 2W)(—u) < ViH(x,y + Aw)u < Vi H(z,y)(u) + €,

and the result follows due to assumption Vi H (z,y)u = —V1H(2,y)(—u).
Part (3) follows from the fact that Hy(u,v) = Hy(u,v) — H}(v). O

Proposition 3.2 Fiz v € RN. There erists A’ C A with A’ dense in A, such that for each v € A’, there
exists a dense subset of B, say By ., such that for all y € By, we have V1H (z,y)u = —V1H(z,y)(—u).

Proof. Define F: A — R by F(x) = [, H(x, z) dz. Note that F is convex and therefore there exists a dense
subset A’ C A on which F is differentiable. For every x € A’ we have

Fl(2)u = )\111& fB [H(x+/\u,i) - H(m,z)] dz _ Ali%lf fB [H(x+/\u,/z'\) — H(a:,z)} dz.

due to Lebesgue monotone convergence theorem we have

F'(z)u = / i HEHM2) = H@2) ) / i ZEHM2) Z HE@2)
B A—0t A B A—0- A

from which we have

/ [ViH(z,2z)u+ ViH(z,2)(—u)] dz = 0.

B

Since the integrand is nonnegative there exists a dense subset B, of B such that
ViH(z,2)u+ ViH(z,z)(—u) =0, for all z € By 4.

([l
Proof of Theorem 3.1. Let A’ be as in the above Proposition. Fix x € A’. We shall show that for all
u € RY and y € B, we have V1 H(z,y)u + V1H(x,y)(—u) = 0 from which we obtain Vi H (z,y) exists for
all y € B. Fix u € RY and define f(y) = V1 H(z,y)u. We first show that f is continuous on B. Note first
that f(y) = lim,—c fn(y) where

H(xz + Au,y) — H(x,y)

fn(y) = X, )

and A\, = 1/n. We shall show that f,, converges quasi-uniformly to f on B. Fix € > 0 and L € N. It follows
from Proposition 3.2 that there exists a dense subset B, , of B such that

ViH(z,y)u+ V1 H(z,y)(—u) =0, for all y € By .

For each y € B, ,, it follows from Proposition 3.1 that there exists n, > L such that

‘H(x—kx\nyu,y—k)\,;\yv)—H(a:,y—|—)\nyv) —f(y)‘ - ;
Ty
and c
‘VlH(a:,y—i—)\nyv)u— f(y)| < 2
for every v € B. This implies that
|fny<y+)\nyv) _f(y+)\nyv)| <€, (44)

for all v € B. Define U, = {y + \,,v;v € B}. Since B, , is dense in B we have

B C Uyes, ,int(Uy).
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B is compact and therefore there exist y1,y2,...,yx € Bz, such that B C Uleint(in). This together with

(44) implies that f,, converges to f quasi-uniformly on B and therefore f is continuous.

Since f ic continuous and V1 H (z,y)u + V1 H (z,y)(—u) = 0 for almost all y € B, we indeed have
VIH(mv y)u + VIH(J"v y)(_u) = O)

for all y € B. This completes the proof. O
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