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Abstract. A class of stabilizing decentralized proportional integral derivative (PID)
controllers for an n-link robot manipulator system is proposed. The range of decen-
tralized PID controller parameters for an n-link robot manipulator is obtained using
Kharitonov theorem and stability boundary equations. Basically, the proposed design
technique is based on the gain-phase margin tester and Kharitonov’s theorem that syn-
thesizes a set of PID controllers for the linear model while nonlinear interaction terms
involve in system dynamics are treated as zero. The stability analysis of the composite
system with the designed set of decentralized PID controllers is investigated by incor-
porating bounding parameters of interconnection terms in LMI formulation. From
the range of controller gains obtained by the proposed method, a genetic algorithm
is adopted to get an optimal controller gains so that the tracking error is minimum.
Simulation results are shown to demonstrate the applicability of the proposed con-
trol scheme for solution of fixed as well as time-varying trajectory tracking control
problems.

Keywords. Kharitnov theorem; decentralized controller; robot manipulator;
tracking error; linear matrix inequality; interconnected system.

1. Introduction

To improve the tracking performance of an interconnected system, the decentralized controller
has been widely accepted in industry due to ease of implementation, low cost hardware set-up
and tolerance to failure. Decentralized control schemes have been shown to be robust to a wide
range of parametric and nonlinear time-varying uncertainties with an added benefit of being
possible to implement with parallel processors. Thus, giving enhanced computational speed.
The solution of decentralized tracking control problem for robot manipulator is slightly comp-
lex since we cannot split the overall system into several subsystems whose states and input
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torques are not isolated from each other due to the coupling caused by nonlinear inertial terms.
Among the works reported in this area are Narendra & Oleng (2002), Tang et al (2000), Tarokh
(1996), Tang & Guerrero (1998), Wang & Wend (1999), Liu (1999) and Seraji (1989). Narendra
& Oleng (2002) have shown that in strictly decentralized adaptive control systems, it is theoreti-
cally possible to track desired outputs with zero error. Tang et al (2000) and Tarokh (1996) have
presented an asymptotically stable decentralized adaptive control scheme to enable accurate tra-
jectory tracking. Tang & Guerrero (1998) obtained an extremely simple controller, consisting of
a linear state-feedback with an additional signal designed to compensate for the coupling among
the joints, parameter uncertainty and bounded disturbances. In Wang & Wend (1999) the dynam-
ics of the subsystems are divided into two parts: a nominal system and uncertainties. Based on
the nominal system and the bounds on the uncertainties, the Riccati equation approach is used to
control the motion of robot manipulators. A set of nonlinear decentralized tracking error for each
subsystem is formulated so that the passivity property of robot dynamics can be used in the con-
troller design (Liu 1999). For manipulator tracking tasks, decentralized approaches are not that
straight forward since the overall system cannot be decomposed into subsystems whose states
and control inputs are not totally decoupled from one another because of the inherent coupling
such as moment of inertia and Coriolis force. Several attempts have been made to control inde-
pendently each robot joint attached to actuator by processing local measurements available from
that joint. As a result, how to improve the tracking performance of robots through decentralized
control is still an interesting topic in control literature.

In this paper, a class of decentralized stabilizing controllers is designed for an n-link robot
manipulator using Kharitonov’s theorem and boundary stability condition for an interaction free
subsystem. The control objective is to achieve accurate tracking of desired joint trajectories. The
significant results of Siljak & Stipanovic (2000) demonstrate how the Linear Matrix Inequalities
(LMIs) formulation can be used to quadratically stabilize nonlinear interconnected system via
decentralized linear constant feedback laws. Motivated by the work of Siljak & Stipanovic, we
tried to establish based on LMI approach, how the designed set of decentralized controllers for
each subsystems can be utilized to stabilize the interconnected nonlinear systems.

The paper is organized as follows. In section 2, problem formulation and a set of decentralized
PID controller for interaction free subsystems have been developed using the basic principles
of Kharitonov’s theorem and stability boundary condition. The stability analysis of composite
system (with interaction terms) using the designed decentralized controller has been studied in
section 3 based on LMI formulation. Simulation results are presented in section 4 to demonstrate
the effectiveness of the proposed control. Concluding remarks are given in section 5.

2. Controller design based on stability boundary equation and Kharitonov’s theorem

The Kharitonov’s theorem for linear interval plants is exploited for the purpose of synthesiz-
ing a set of stabilizing PID controller to meet design specification in terms of gain margins and
phase margins (Huang & Wang 2000). Controller is designed to simultaneously stabilize the
four Kharitonov’s vertex polynomials. A specific Kharitonov region can be obtained in the para-
meter plane using the parameters of the controller as the axes. This region constitutes the whole
admissible stabilizing PID controllers. The proposed method not only provides a necessary
and sufficient condition for a set of interval polynomials, but also fulfills several specifications
simultaneously. The concept of stability equation method by Lii er al (1993) is employed to
plot stability boundary of a system and simultaneously the gain margins (equal to 1) and phase



PID controllers for robot manipulator 407

margins (equal to zero) are maintained along the stability boundary in a controller parameter
plane or parameter space.

2.1 Problem formulation
Let us consider the dynamics of an n-link robot manipulator described by the nonlinear equation
T=M@O)F+V©0.0)+G®). M

where M (0) is an n x n symmetric positive definite inertia matrix, V (6, é) isan n x 1 Coriolis
and centrifugal vector, G(0) is an n x 1 gravity vector of the manipulator, 0 is the n x 1 vector
representing joint angular positions, and t is the n x 1 vector of applied joint torques. For
simplicity, it is denoted that

N@©,0)=V(®,0)+G@®H). )

There are uncertainties in M(0) and N (0, é) due to unknown load on the manipulator and

unmodelled frictions. The following bounds are assumed on the uncertainties (Qu & Dawson
1996).

(i) There exist positive definite matrices M, (6) and M;(#) such that
M, (0) = M (0) = M; (6) > 0.

(i1) There exist N, (0, 6’) and a nonnegative function rmax (6, 9) such that

INL(6,6) = N6, 0)|| < nmax(0,6).
The state variables tobe x; = 6, xp = 6 and the control to be

u= M, ©) " (t—N,O,0)).

Then
)'61 = é=XQ
% = 60=M@O) "t =N®,0) =M®O "M,O)u+ M®O NGO, O) — N@®,6))
= M) My (eD)u + M(x) " (N (x1, x2) — N(x1, x2)). 3)

The state space representation of (3) is given by
X =Ax+ Bu+ f(x)u) + Bh(x), 4

where f(x) = M(x1) "M, (x1) — I, and h(x) = M (x1) " (N, (x1, x2) — N(x1, x2))

(38 =[] [2)

Bf(x) is the uncertainty in the input matrix and in order to make its effect maximum f(x) is
taken as

fx) = Mi(x1) "My (x1) — I >0, )
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where M; and M), are the lower and upper bounds of inertia matrix that is found out as explained
in Lin & Brandt (1998). In order to make the system in the input decoupled form equation (5) is
written as

J(x) = daig(Amax (f (x)), (6)

which is obtained from the following expression
hmin()xTx < 27 f 2 < Amax () 6T x. 7
The uncertainty /(x) has the following bounds (Meressi et al 1993):
G| = 1M D)™ (Na(x1, 22) = Nxr, x)) |
< M) X NG (1, x2) = N(xr, x) | ®)
< M)l max (x1 x2).

Although for the i (x) given in (4), ||h(x)|| may not be quadratically bounded, in many cases,
we can find out the largest physically feasible region of x and determine a quadratic bound for
A (x)||* such that

h(x) h(x) < x" Qx, ©)

where Q is a positive definite matrix. For the development of the decentralized control scheme,
it is convenient to view each joint as a subsystem of the entire manipulator system and state
variables are rearranged in (4) and are rewritten as

Xi = Agixi + Bujui + Bih; (x);
(10
yi = Csixi, i=12,...,n,
where

By = Bi + Bi Amax(f (X)), f(x) = Mi(2)"'Mu(2) = 1 = 0,

u=M,(2)"(r = Ny(x))

i 0
Iheoll = [ M@ W)~ N = B—j _ [9—} and z = [x11521 oot ]

01 0
AYZZ[O O}’Blz[l],cs‘l:[l 0]

If the variation of f(x) is considered, its minimum value is zero. So the input matrix B; in
equation (10) varies from B; to B,;. Hence, the transfer function of the ith joint with nonlinear
interaction terms 4;(x) = 0,i — 1,2,...n becomes

1
Gi(s) = sy (1D
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where a; € [a; al.+ ] is the interval parameter associated with the jth joint having a; =

1/by,;, al.+ = 1/b;. The parameters b; and b,; are the elements of B; and B,,;, respectively, i.e.,

Biz[l?}andBni=|:b0'].
1 ni

Since from equation (11) the plant is an interval plant, a parameter plane method based on the
gain-phase margin tester method and Kharitonov’s theorem has been adopted in designing a set
of stabilizing PID controllers.

2.2 Design a set of stabilizing PID controller

Figure 1 shows decentralized control scheme for the ith joint of system (10). A decentralized
PID controller for the ith joint is described by

t

7; (1) :Kpigi(t)+Kdiéi(t)+Kii/€i(t)dta (12)
0

where ¢;(t) = 04;(¢t) — 0;(¢) is the position tracking error of ith joint, K;, K;; and Kg4; are
respectively the proportional, integral and derivative gains of the ith joint controller, 6;; denotes
the ith joint desired constant position and 6; be the actual joint position.

The control problem is to provide a complete solution to the constant gain stabilizing con-
trol parameters K ,;, K;;, K4; such that the position error ¢;(¢) reduces to zero with time, i.e.,
lim e;(t) = 0.
—00

Figure 2 shows the s-domain representation of the ith subsystem given in equation (10) with
h; = 0 (w; = B;jh; = 0). The open loop transfer function can be written as

Goi(s) = Gi(5)Ci(s). (13)
For s = jw, we have
Gi(jw)Ci(jw) = a;elPr, (14)

where [G; (jw)Ci(jo)| = e and LGi(jw)Ci(jw) = .

Y + €l jth PID
di controller

Figure 1. Decentralized control scheme for ith joint.



410 G Leena and G Ray
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Figure 2. Transfer function model for interaction free ith joint.

Equation (14) can be written in the following form

L ,
1+ —e /G (jw) Ci(jw) = 0,
i (15)

1+ Aie G (jo)Ci(jw) =0,

Wher.e A = aii: mand y,-.: 1804—‘/35. .

It is noted that A; is the gain margin of the ith subsystem when y; = 0 and y; is the phase
margin when A; = 1. More specifically, one can easily determine the gain margin and phase
margin of the system by adopting the gain-phase margin tester A;e /%, which can be represented
by an additional block in cascade with G;(s)C;(s) and shown in figure 3.

The controller C;(s) is designed to simultaneously stabilize the ith subsystem (9) with
hi(x) =0. Let

Pi(s) =1+ A;e 7" Ci(s)Gi(s). (16)

Using the expression for G;(jw) given (11) and C;(s) = K; + K;; /s + Kg;s in characteristic
equation (16) we get

as® + (=K pis + Kii + 52 Kai) (Aj cosy; — jA;siny;) = 0. (17)

This is a third order interval polynomial, and it is sufficient to check the stability of one
Kharitonov polynomial P1~(jw) (Meressi et al 1993), which is given below.

ats3 + (=K pis + Kii + 5> Kai) (Ai cos yi — jA; siny;) = 0. (18)

The objective here is to find all possible sets of K;, K;; and Kg; that make the characteristic
equation (18) to be stable. Equating the real and imaginary part of (18) to zero we get two
expressions as

w’at — wKpiAi cos (vi) + Ai sin (i) (Kii — @*Kai) =0, (19)
E; (s)
. U;
O —> Aie7 M Ci(s) ¥ G >,

Figure 3. ith joint with controller and gain-phase margin tester.
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oK pi A; sin (vi) + A; cos (vi) (Kii — 0*Kai) = 0. (20)

It can be noted that the number of controller parameters are more than the number of equa-
tions and it is necessary to assign one of the controller parameter (say Ky;) and the remaining
controller parameters are solved from (19) and (20) with conditions of marginal stability
ie., A; = 1 and y; = 0. To have the stable region in the parametric plane, one gener-
ally finds the stability boundary first, and then determines the stable region by the sign of
Jj = 0Re/0Kp; - 0Im/0K;; — 0Re/0K;; - dIm/d K ;;, where Re and Im are real and imaginary
parts of equation (18). If the sign of J; is positive (negative) facing the direction in which w is
increasing, the left (right) side of the stability boundary is the stable region (Siljak 1969). Thus,
one can obtain the range of controller parameters (K ,;, K;;) for a fixed value of Ky4; from the
boundary of the stability region for the system.

The controller is designed based on the linear system, i.e., with #; = 0. A stability analysis for
the composite nonlinear system (10) based on Lyapunov method is investigated by transforming
quadratic terms into an equivalent LMI framework (Boyd et al 1994).

3. Stability analysis of an r-link robot manipulator

Recall the system equation (10) that is rewritten as
X; = Agixi + Bpju; +w; (t,x) i =1,2,...,n, 20
where w; = B;h;, and it is required that nonlinear term wj; satisfies the quadratic constraints.
wl (t, vyw;(t,x) <a?xTWIWix, i =1,2,...,n, (22)

where o; > 0 are interconnection parameters and W; are constant matrices of appropriate
dimensions. The input to the system (21) with the PID controller is

t
ui(t) = Kpiei(t) + Kgié; (t) + Kii/ei(t)dt- (23)
0

Assume 6,; (desired Position) = 0.

t
ui(0) = Kpi (—yi) + Kai (—50) + Kii / (=),
0

t
where y; = Cy;x; is the output of the system. Let x,; = —Kj; f yidt, SO
0

Xai = —Kiiyi = —K;i Cyix;. (24)

To study the stability of the interconnected system substitute for u; in (21) and augment it with
(24) to have the following form.

Epixwi = AniXwi + Wi (t, Xy) , (25)
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where

.- I+ ByiKy4iCsi O A - Agi — BniKpiCsi Byi
nr — O 1 ’ nr — K”C_yl 0 k]

Wy (t, Xy) = [wi((t),x) ], and x,); = [ i ]

Xai

In compact form equation (25) can be rewritten as

EnewXw = ApewXy + wy (1, Xw), (26)

where Aoy = diag{AnAn2, ..., A} and Eyey = diag{En, Ena, ..., En,} are matrices
. . . . _ T T 7T . .

of appropriate dimensions and the nonlinear term w, = (wnl, Wiy e w,m) is a function of

Xy = [XIEI’ xgz, R x£n] . Since the set of stabilizing PID controllers is obtained, the matrices

E, ., and A,y are, in turn, of interval form. In (26), the nonlinear function is constrained as

n
wl'(2, xw)wn (1, x) < xT (Z a?wr Wa,~> Xu, 27)

i=1

where W,; is a constant matrix with appropriate dimension.

Theorem 1: The nonlinear system (21) is robustly stabilizable with degree «; by the control law
(23) if for matrices Py, P>, P3 of compatible dimensions, and y1, y», ..., ¥, > 0 and there exists
a feasible solution for the following LMI problem for all the corner matrices of A;¢yy and E ey .
n
Minimize ) y;,
i=1
subject to P; > 0, and

Anew' Po+ PI Afew Pt — PTERu + Al Py PY WD - W]
P{Afew+ P — E%w' P»  —Epw Ps—P{Ey PL 0 ... 0
P, P; -I 0 ... O
07
Wi 0 0 -yl ... 0 |~
i Wan 0 0 0 ... —wul]
(28)
where rq, r, ..., 2k2, Vi = l/aiz, k is the size of the matrices A,y and Ejey, 1 = 1,2,... 0.
Proof:
The constraint (27) is equivalent to the quadratic inequality
& oy
T T -2 W, Wy 0 Xy
[0 wlw]| & ot | =0 (29)

0 1
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For the descriptor system (26), we introduce an augmented system (Lin ef al 2005) to get the
following equation for the augmented vector z(r) = [qu) (t))'cuT) (t)] T,

10 X | 0 1 Xu 0
[0 0j||:5éw:|_|:Anew _Enewj||:xwi|+|:wn(x)j|' (30)

For simplicity, it is denoted that

10| — 0 1 X _ 0
Fz[o 0]’A=[Anew —Enew}’zz[xw]a“d“’(x)z[wn(x)]'

Let us choose a Lyapunov function candidate (Cao & Lin 2004) for the descriptor system (30) as

v =z FPz, 3D

where P = [ PO ] is nonsingular with P; = PlT > 0, and FP = (FP)T due to special

P, Ps
structures of F and P. We compute

V=z" (ZTP n PTK) 2+ w! () Pz 42T PTw (x).
In order that the descriptor system (30) is stable, it is required that
P >0, ' (ZTP + PTZ) 2+ (x) Pz + 2" PT% (x) < 0. (32)
Equation (32) is equivalently can be written as

Py >0,

xg (Ar{ewP2 + PzTAnew>xw + x£ <_EnTew P3 — P3TE"£’W)5CW
(33)
“r).cg (Pl - EZewP2 + P3TAnew) Xw +x£ (A;ewp3 + P — PZTE”ew> )'Cw

++ w,{ (x) Pyxy + wnT (x) P3xy + x£ Pszn(x) + xg P3Twn(x) < 0.

These inequalities can be rewritten as,
Py >0,

Al Py + P Apey Al P3s+ Py — P] Epewy P X

[x£ il wl (x)] PT Ayew + Pr— EL Py —EL Ps—PTE, PI|| % | <O

P, P; 0 wy (x)
(34)
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By using S-procedure (Yakubovich 1977) it is possible to combine quadratic inequalities (29)
and (34) into one single linear matrix inequality (LMI) form as

N
AZew Py + PZTAnew +8> Oti2 Wa]; Wai Az;ew
i=1

—ET P,

new

P3+P1_P2TEnew PzT

_gT <0, (35

new

P3TAnew + P
P,

P — P3TEnew
P3

T
P3

where P; > 0 and a number 8 > 0. By repeatedly applying the Schur complement formula
(Boyd et al 1994) to equation (35) with 8 = 1, the above equation can be rewritten as

Al Pr+ Pl Apew AL, Ps+ Py — P/ Eye, P] W] wl ]
P3TAnew + P — EnTewPZ _E){ewp?’ - PSTE”ew P3T 0 0
P P; -1 0 0
Wi 0 0 -yl ... o |<0 GO
i Wan 0 0 0 . —nI |

where y; = l/aiz.

The matrices Ay and E,.q, of (26) are interval matrices (obtained from (25)). As discussed
by Mansour (1988), Jiang (1987) and Garofalo et al (1993), a sufficient condition for the stability
robustness of interval matrices, i.e., matrices having the elements varying within given bounds,
requires that the derivative of Lyapunov function be negative definite when evaluated at the
so-called corner matrices. The corner matrices of an n x n interval matrix A are defined as
A" = {a{j], r=12,..., o’ withai’j =al;j orau;j,i, j =1,2,...,n, where al;; and au;; are
minimum and maximum values, respectively of ijth element of interval matrix. Hence equation
(36) should be satisfied for all the corner matrices of A,y and Ej,, for composite system (30)
to be asymptotically stable. The matrix W,; is assumed such that constraint (27) is satisfied
and the bounding parameter «; is to be maximized. Hence (36) can be reformulated as an LMI
optimization problem as stated in (28). In other words, system (21) is robustly stabilizable by
the set of designed decoupled stabilizing PID controllers provided the LMI (28) has a feasible
solution for all corner matrices. This completes the proof.

4. Simulation results for two-link robot manipulator

Consider a two-link manipulator as shown in figure 4 and its dynamics can be described by
nonlinear equation (1). The matrices M (6), V (6, 6) and G () for this two-link robot are
miy mi2 ay + ar + 2azcosBy ap + az cos by
M(©) = = ;
miy m az + az cos 6, a
— (a3 sin ) (922 + 291@2)
(a3 sin6,) 67 ’

V(,0) = [
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Figure 4. Schematic of a two-link revolute robot.

_ | a4cosby + ascos (01 + 02)
GO) = |: as cos (61 + 6») ) (7
In the above expression aj,ap,...,as are constant parameters obtained from mass
(my, my) andlength (/;, o) of robotlinks [a; = (mi +m2) i}, ay = mal3, a3 = malyls,

as = (my +mo)l1g,a5 = mzlzg]. The parameters are m; = my = 1.0kg, /1 =1l = 1.0m and
g =9.81m/s>.
For the system (10) with the expression of (37) we have the following numerical values.

01 0 0
Asl:As2:|:0 O]B”IZB”ZZ[58]’312322[1}’C‘1=C‘Y2=[1 0].

By (x) } | 172xf, 4 1.68x3, + 3.36x100
ha(x) — (5.12x%, + 1.72x3, + 3.44x10x2) |

x| _ |0 x| _| O
- [22)-[3] - [2]-[2]).

The stabilizing set of gains for links 1 and 2 for system (38), obtained by solving equations (19),
(20) assuming values for K4; from 1 to 100 and w varying from 0.01 to 25 Hz are shown in
figure 5. The shaded region in figure 5 is the stabilizing controller parameter space of joints 1
and 2. The set of controller gains for joints 1 and 2 are taken as

Kp €[ 10.1 500 ], K;; €[ 10.1 500 ], Kq1 €[ 10 100 ],
Kpp €[ 10.1 500 ], Ki € [ 10.1 500 |, Kq2 € [ 10 100 ].

Knowing the ranges of controller gains (31) of the joints 1 and 2, genetic algorithm based
optimization technique (Goldberg 1989) is used to maximize the fitness function J; given by

h(x) = [

(39)

Jp=—o, (40)

t n
where J = [ 3" e?dt and e;(t) = 04; (1) — 6;(1).
0i=1
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Range of PID controller parameters

600

ki 0 0 kp

Figure 5. Range of K, K;, K4 gains for joints 1 and 2.

The optimal controller parameters are obtained for fixed as well as time-varying desired
positions. The genetic operations used are arithmetic crossover, uniform mutation and ranking
selection. The population size of 50 is taken and GA is run for 25 generations.

4.1 Case 1: Fixed desired positions

Suppose the desired positions for joints 1 and 2 are 6;; = 30° and 6, = 45°. The combined
optimal control parameters using genetic algorithm based optimizing technique for each joint
are obtained as

K¥ = 176.83, K} = 15032, K}, = 86.84,

41
K;z =127.99, K, = 128.4, K}, = 42.09. 1)
The combined optimal control law for each joint is given by
t
ui(t) = K;lel(l) + Ki*l /el(t)dl + K;lél(t)
0
t
= 176.83¢(¢) + 150.32/e1(t)dt + 86.84¢1(1),
;! 42)
ur(t) = K;ze‘z(t) + Ki*2 / ex(t)dt + K;zég(t)
0

t

= 127.99¢5 (1) + 128.4 / er()dt + 42.096(t).
0

Figures 6 and 7 show the desired position and actual position of joints 1 and 2 with the designed
control laws (42). The position errors of each joint are also plotted in figures 8 and 9, respectively.
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Figure 6. 0,41 and 0; for joint 1with optimal PID gains.
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Figure 7. 6, and 6, for joint 2 with optimal PID gains.

4.2 Case 2: Time-varying desired positions

Consider time-varying desired positions for joints 1 and 2 as 647 = (1 — cost) and 60 =
(1 — cost). The combined optimal control parameters using genetic algorithm based optimizing
technique for each joint are obtained as

K¥ =129.11, Kj; =43.29, K} = 56.31,
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06

-0.1
0
time
Figure 8. Position error of joint 1 with optimal PID gains.
08

07r
06¢

05¢
04r
03r

error 2

02r
01r
ol
-01F
-02

time

Figure 9. Position error of joint 2 with optimal PID gains.

The control laws with optimal controller parameters for both joints are obtained as
t t
ul(t)zK;;lm ) + Ki’"l/e] ()dt + Kj,é1(t) = 129.11e1 (t) + 43.29/e1 (t)dt + 56.31é1(t),

0 0
t t

uxt)=K*ex(r) + K / ex(1)dt + K yén(t) = 77.99¢x(1) +20.4 / ex(t)dt + 17.04éx(1).
0 0
44)

Figures 10 and 11 show the desired and actual positions of joints 1 and 2 with the designed
optimal control laws (44). The position errors of each joint are plotted in figures 12 and 13.
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Figure 10. 6, and 6,4, with optimal PID gains.
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Figure 11. 6, and 6,4, with optimal PID gains.

Figures 613 reveal the effectiveness of the proposed decentralized PID control scheme and
further it ensures tracking errors converge to zero asymptotically.

4.3 Stability analysis of two-link robot manipulator

The stability analysis of the two-link robot manipulator (38) with the designed set of controllers
(39) was studied by solving the LMI optimization problem (28) for all the corner matrices of
Apew and E,oy,. The designed ranges of A,y and E,., are calculated using equations (25)—(26)
with the controller gains (39) and are given by

Apew =diag {Ay1, A2},

. 45
Eyew =diag {Ent, En2}, (45)
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Figure 12. Position error of joint 1 with optimal PID gains.
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Figure 13. Position error of joint 2 with optimal PID gains.

where
- 0 107 1 00
An=|[—2900 —586] 058 | E,=|[5858] 10|,
| [ 500 —10.1] 0 0 ] 0 01
- 0 107 1 00
App=| [ 2900 —58.6] 0 58 | and En=| [58 580] 1 0
| [-500 —10.1] 0 0 ] 0 01
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As given in equation (27), the term w, (¢, x,,) can be bounded by a quadratic inequality and is
constrained as

2
w1, X)) w1 (1, x0) = (3.36x12x22 + 17263 + 1.68x§2)
< 17.07x12x22 < 8.54 (xlz +x22> <x oth Waixw,

2
whh(t, xwin(t, x) = (=344x00 - 5.12x] — 1723

IA

29.44x15x2y < 14.72 (x]22 + xgz) < xTR2WL Warxy  (46)

(since x12 and xpp are much less than unity and the terms associated with the power of x12 and
x22 equal to three or more than three are neglected), where a1, p > 0 and W,; and W,; are
found out as

Wa1 = (47)

coococoo
cooco o
coocococo
coococoo
cococoococo
coococoo
coococoo
CoOC O xnoO
coocococo
coococoo
OCxwxoooo
coocococo

Two elements each of A,, A,» and E,,, are of interval form, i.e., four corner matrices for
each of A,1, A,2 and E,.,, are obtained. Table 1a shows the corner matrices of A,, A, and
E - Thus sixteen corner matrices are possible for A, with the eight corner matrices of A,
Apno. These corner matrices of Ay, are given in table 1b. This sixteen combinations of A,y
and four corner matrices of E,., are considered, thus there are sixty-four combinations for
which optimization problem (28) is solved using LMI control toolbox (Gahinet ef al 1995) with
Wa1, Wyo taken as equation (47). As the number of links increases the number of LMIs to be
solved increases exponentially (2" where n is the number of links of the manipulator). Table
Ic shows the values of «j, oy obtained by solving the LMI problem (28) with the designed
range of controller parameters given by (39). It is seen that a feasible solution exists for all the
corner matrices. Hence, it is concluded that the set of decentralized PID controllers based on

Table 1a. Corner matrices of A1, A2 and E,¢y.

Arlll - { nl(2 ]) Anl(3 1)} 112 - { ”2(2’ l)’ A”2(3’ ])} new = { En(2 }
nl —{ 21D, An, 1)} n2 —{ 22, D), A, 1)} ngw { n1(2 D), n2(2 1 }
n1(2, 1) AnG3, D} Ay = (A2, D, AnG, D} Epey = {En1 2, 1), Enn(2, D}

@.D)

A ={a
An = {An

CAnG D) AL ={AnQ. 1), AnB. D} Ep, ={EaQ.1), En2.1)

where A,,; (2, 1) and A,; (2, 1) denote the lower and upper limits of (2, 1)th element of matrix A,;.

Table 1b. Corner matrices of Acy.

Arlzew ={A,4)} Apew = 1{An1 AT, ) Apew =1{ Ay A0} Aew = 1A A )
new {A2 Al } Agew = {A1211A2 } Arll(e)w = {AilAiz} A;ﬁw = {AﬁlAiz}
Anew = {4014} Ajew = {431 A0} Apew = {40140} A = {43140}
Aew = { A4} Aew = { A1 AL} Apew = {40140 Aw = { A3 An}




422 G Leena and G Ray

Table 1c. o, oy values obtained solving LMI problem (28).

Erltew Ei%ew E?Lew E;‘ew
o] o2 o] (%) o] (0%) (23] (2%)
Al 0.1585 0.1374 0.1584 0.1376 0.1584 0.1376 0.2226 0.1934
Az, 0.1584 0.1376 0.1583 0.1376 0.2184 0.1897 0.2227 0.1935
e 0.1566 0.1360 0.1584 0.1376 0.1566 0.1361 0.2227 0.1935
Ab 0.0323 0.0281 0.1584 0.1376 0.0323 0.0281 0.2044 0.1772
A 0.1584 0.1376 0.2184 0.1898 0.1583 0.1376 0.2227 0.1935
AS, 0.2184 0.1896 0.2186 0.1898 0.2186 0.1898 0.2229 0.1936
Al 0.1566 0.1360 0.2185 0.1898 0.1566 0.1360 0.2227 0.1935
A%, 0.0323 0.0281 0.2043 0.1773 0.0323 0.0281 0.2042 0.1774
A 0.1566 0.1360 0.1566 0.1361 0.1584 0.1376 0.2227 0.1935
Al 0.1566 0.1360 0.1565 0.1360 0.2185 0.1898 0.2227 0.1935
Al 0.1565 0.1361 0.1567 0.1361 0.1567 0.1361 0.2226 0.1934
ALz 0.0323 0.0281 0.1566 0.1361 0.0323 0.0281 0.2042 0.1774
Al 0.0323 0.0281 0.0323 0.0281 0.1584 0.1376 0.2044 0.1772
Al 0.0323 0.0281 0.0323 0.0281 0.2043 0.1772 0.2042 0.1774
Al 0.0323 0.0281 0.0323 0.0281 0.1566 0.1361 0.2042 0.1774
Ale 0.0323 0.0280 0.0323 0.0281 0.0323 0.0281 0.2041 0.1772

Kharitonov’s theorem and stability boundary equation stabilizes the two-link manipulator system
(38) with the numerical values of local controller parameters (39). The finite numerical values
of «;, i = 1,2 indicate that the decentralized robust stability analysis of interconnected nonlinear
system with its maximum nonlinear perturbations.

5. Conclusion

A class of stabilizing decentralized PID controllers was designed for each link of a two-link
manipulator using parameter plane method and Kharitonov’s theorem. A Kharitonov region was
obtained graphically such that a PID controller with coefficients selected from this region sta-
bilizes the whole uncertain nonlinear system. Even though the design of PID controllers was
done based on linear system, the linear controller stabilizes the nonlinear system, which is
proved by solving LMI optimization problem and thereby obtaining the bounding parameter of
the interconnection terms. From the simulation results shown, it is concluded that the proposed
controllers closely tracks the constant as well as time-varying desired positions.
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