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Abstract

The classical Trudinger-Moser inequality says that for functions with Dirichlet norm smaller or
equal to 1 in the Sobolev space Hj(Q) (with @ C R? a bounded domain), the integral jﬂ 4™ g
is uniformly bounded by a constant depending only on €. If the volume || becomes unbounded
then this bound tends to infinity, and hence the Trudinger-Moser inequality is not available for such
domains (and in particular for R?).

In this paper we show that if the Dirichlet norm is replaced by the standard Sobolev norm, then
the supremum of fQ 4™ 4z over all such functions is uniformly bounded, independently of the domain
Q). Furthermore, a sharp upper bound for the limits of Sobolev normalized concentrating sequences is
proved for Q = Bg, the ball or radius R, and for Q = R%. Finally, the explicit construction of optimal

concentrating sequences allows to prove that the above supremum is attained on balls Br C R? and
on R?.

1 Introduction

Let Q C RY denote a bounded domain. The Sobolev imbedding theorem states that HE(Q) C LP(€2), for
1 <p<2* = 28 or equivalently, using the Dirichlet norm |[u|p = ([, [Vu|?dz)'/? on H} (),

sup /|u|pdx<+oo, for 1<p<2*,
lullp<1J0

while this supremum is infinite for p > 2*. The maximal growth |u|2 is called “critical” Sobolev growth.
In the case N = 2, every polynomial growth is admitted, but one knows by easy examples that Hg(Q) ¢
L*>°(£2). Hence, one is led to look for a function g(s) : R — RT with maximal grwoth such that

sup /g(u)dm < +00.
Q

llul p<1

It was shown by Pohozhaev [12], Trudinger [14] and Moser [11] that the maximal growth is of exponential
type. More precisely, the Trudinger-Moser inequality states that for Q C R? bounded

(1.1) sup /(eo‘uz —1Ddz =¢() < 400 for a<d4m,
lullp<1/Q

The inequality is optimal: for any growth e’ with o > 47 the corresponding supremum is +oo.

The supremum (1.1) becomes infinite for domains Q with || = oo, and therefore the Trudinger-Moser
inequality is not available for unbounded domains. Related inequalities for unbounded domains have been
proposed by Cao [5] and Tanaka [2], however they assume a growth e’ with o < 4, i.e. with subcritical
growth.

In this paper we show that replacing the Dirichlet norm |jullp = ([, |Vul*dz) 1z by the standard
Sobolev norm on Hg (2), namely

1/2
1/2
(1.2) lulls = (lull? + lull?:)"* = (/Q(IVUI2 + IUIQ)dw>



yields a bound independent of 2. More precisely, we prove

Theorem 1.1 There exists a constant d > 0 such that for any domain Q C R?

(1.3) sup /(64’”‘2 —1)dz <d
Q

llulls <1

The inequality is sharp: for any growth e’ with o > 4 the supremum is 400.

In an interesting paper, L. Carleson and A. Chang [6] proved that the supremum in (1.1) is attained
if Q = B1(0), the unit ball in R2. This result was extended to arbitrary bounded domains in R? by M.
Flucher [9]. In their proof, Carleson and Chang used a ”concentration-compactness” argument. They
consider "normalized concentrating sequences”, i.e. normalized (in the Dirichlet norm) sequences which
converge weakly to 0 and (being radial) blow up at the origin. They showed that for any such sequence
{un} one has

(1.4) lim (4% — 1)da < e |By|

Hence, one may say that e|Bj| is the highest possible ”concentration” or ”non-compactness” level (see
also P.L. Lions [10], and H. Brezis - L. Nirenberg [3] for the related situation for Sobolev embeddings).
Carleson and Chang went on to show that

(1.5) sup / (64”“2 —1)dx > e |By]
By

lullp<1

and hence, since no concentration can happen at a level above e |By|, they concluded that the supremum
in (1.1) is attained.

Let us call the maximal limit in (1.4) the Carleson-Chang limit, in symbol: cc-lim. In [7] an explicit
normalized concentrating sequence {y,} with

(1.6) lim (647@’% —1)dz = cc—lim (e4mi —1)dz = e |By]
n—oo Jp Jlun|lp<1 B,

was constructed.

In this paper we analyze the corresponding Carleson-Chang limit for concentrating sequences which
are normalized in the Sobolev norm. We will show

Theorem 1.2
1. Let Q C R? be a bounded domain, and let R > 0 such that || = |Bg|. Then

(1.7) cc—lim (e4mi —1)dz < 7' "PB
[lun|ls<1 Q
where

D(R) = 2Ko(R)[2RK;1(R) — 1/Io(R)] > 0 , with lim D(R) =0 .

R—4o0

Here, I(x) and Ki(x) denote the k — th modified Bessel functions of the first and second kind, i.e. the
solutions of the equation

—2?u” (z) — /() + (2® + EDu(z) =0, k=0,1,2, ...
2. Let Q C R? be an arbitrary domain. Then

cc—lim drup <
(1.8) T Q(e l)de <me.

3. The bound in (1.7) is sharp for Q = Bg(0), and the bound in (1.8) is sharp for Q = R2.



It is remarkable that for Q = B;(0) with Dirichlet normalization and for Q = R? with Sobolev
normalization the corresponding Carleson-Chang limits coincide, that is

. 2 . 2
cc—lim (647f“n —1dz = cc—lim edmun _ Ndr=eT .
lunllp<1 B: lunlls<1 R2

In the final result of the paper we prove

Theorem 1.3 For any ball Q = Br(0) and for Q = R? holds

(1.9) sup /(64”2 —1)dz > !7PB 7
Q

lul s<1

This implies in particular that the supremum (1.9) is attained in the cases of 2 = Br(0) and Q = R2.

2 A uniform bound

In this section we prove Theorem 1.1. We begin with

Proposition 2.1 Let Q C R? denote a domain in R?, and let Hi () denote the standard Sobolev space

equipped with the norm
1/2
fulls = [ 19 + 1u?)ax

Then there exists a constant d (independent of Q) such that

(2.1) sup /(64”“2 —1)dz <d.
lulls<1 /0
Proof. It is clear that
(2.2) sup /(64’7“2 — 1)dx < sup / (6477“2 — 1)dzx
lulls<1/Q lulls<1JR2

since any function u € H{ (£2) can be extended by zero outside of {2, obtaining a function in (H*(R?), ||-||s)-
Hence, it is sufficient to show that

(2.3) sup / (64”“2 —1dz <d
R2

flul s<1
We use symmetrization (see e.g. J. Moser [11]) by defining the radially symmetric function u* as follows:
for every p >0 let m({x € R?; u*(x) > p}) = m({z € R? ; u(z) > p}) .

Then »* is a non-increasing function in |z|. By construction

/(e4ﬂlu*|2_1)dg;:/ (e4w|“‘2—1)dx and / \u*|2dx=/ |ul*dz
R2 R2 R2 R2

and it is known that
/ VU2 < / Vul2ds |
R2 R2

It is therefore sufficient to prove (2.3) for radially symmetric functions u(x) = u(|z]).
Thus, we may assume that u in (2.3) is radially symmetric and non-increasing. We divide the integral
(2.3) into two parts, with ro > 0 to be chosen:

(2.4) /R 2(64’”2 —1) = /Mm (e*™" 1) + /|m>r0 (e** 1)



We write the second integral as

Amu? o _ - (47T)k|u|2k
(25) -/a:|27‘0 (e 1) B Z ~/|91|Z7‘D k!

k=1

We estimate the single terms by the fOHOWng “radial lemma” (see Berestycki - LiOHS, [4], Lemma A.IV ):
(2 6) | ( )|<71 || ||[ 71 fi 1Ir>0
. u\r Ul 2 or all r
\/> r ’ )

Hence we obtain for & > 2:

k—1
2 < 1 i Jull2
27 2k < 2k 7/ - d _ 2 L ’
(27) s s o [ g v = g el (T
This yields
[e’s) k—1
2 1 4Hu||%2
(€ 1) < drlull3s + drllul (
(2.8) /xlm L L ];21@! r3
SC(T0)7

since [Jul|p2 < 1.
To estimate the first integral in (2.4), let

u(r) —u(ro) , 0<r<mrg
v(r) z{

Then, by (2.6)
u?(r) = v%(r) + 2v(r)u(ro) + u?(ro)

(2.9 < V() + () el + 1+ gl

<o) [1+ g llula] + d(ro)
hence , 1o
u(r) < o(r) <1 + 7TT(2)||U||%2> + dY2(rg) = w(r) + d*?(ro)

By assumption

/ |Vo|?dz = / |Vu|?de <1 — ||Jul|3-

70 70

and hence ) ) y /2o
Jo, [Vultde = [, [Vo(1+ Aellul2)2)

=1+ oz llulZe) [5, [Vul?dz
(2.10) 1
< (14 g llull2) (1 = ull?e)

=1+ L lull2s — lulZ — e llulld <1

provided that 7§ > 1. Since by (2.9) v?(r) < w?(r) + d we get

2 2
/ (647ru _ 1)d$ < 6477(1/ 647rw dx
|z|<rg B

0

The result follows by the Trudinger-Moser inequality, since w € Hj(By,) with [|w]|}, = [5  [Vw]*dz < 1.
™0
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|
In the next proposition we show that the result is optimal (as in the Dirichlet-norm case), namely
that the supremum in (2.1) becomes infinite if the exponent 47 is replaced by a number « > 4.
Proposition 2.2 Suppose that o > 4w. Then, for any domain Q C R?
(2.11) sup /(eo‘“2 —1)dz = +o0 .
lulls<1 /9

Proof.
We may suppose that 0 € ©, and that for some p > 0 the ball B,(0) C 2. We use a modified ”"Moser-
sequence”, see [11], defined in B,(0) and continued by zero in  \ B,(0), and with Sobolev-norm < 1 :

lo T 2
| b1 - ) <l <o
T Gegmr(1- )2 0<lal < p/n

One checks that ||mn\|§{3(9) < 1, for n large. Hence one has

sup /(e("“2 — 1)dz > lim (e‘””i — 1)dzx
Q

Julls<1 n—oo [,
e/n )
(2.13) > zﬂ/ (<t osmi1= @108 _ 1) gy
0
p/n

— +00, a8 N — 0

o ap? T2
=2 3r o~ Hr —1) —
7T<Tl e ) 9

0

3 Critical growth and concentration

Numerous studies in recent years have shown the close connection of critical growth with concentration
phenomena, see e.g. the pioneering work of H. Brezis - L. Nirenberg [3].

As pointed out in the introduction, it is of particular interest to study the “highest level of noncom-
pactness” for the functional fQ(e‘““i — 1)dz, under the restriction ||ul|s < 1. In view of this, we make
the following definition:

Definition 3.1 A sequence {u,} C H(Q) is a Sobolev-normalized concentrating sequence (for short,
SNC-sequence), if

a) Jlunlls =1
b) u, — 0, weakly in H}(Q)
¢) I xyg € Q such that Vp >0 : fQ\Bﬂ(IO)(|Vun|2 + |up|?)dz — 0

Next, we define the Carleson-Chang limit as the maximal limit of SNS-sequences:

Definition 3.2 Let
Y= {{un} C Hy(Q) | {un} is a SNC-sequence} ,

and define the Carleson-Chang limit as

cc—lim (64’”‘% — 1)dx := suplim sup/ (64”“31 —1)dz .
Q

lunlls<1 Q b n—o00



The following “concentration-compactness alternative” by P.L. Lions (restated in our notation) is
relevant for our purposes:

Proposition (P.L. Lions, [10], Theorem L1.6). Let {u,} C H}(Q) satisfy ||un|s < 1; we may assume that
Uy, — u. Then either

{un} is a SNC-sequence
or , .
Jo (et —1)da — [, (e*™ — 1)dx; this holds in particular if u # 0.

Then one has

Proposition 3.3 Suppose that

S := sup /(64”“2 —1ldx > cc—lim (e4wui —1)da .
[lul|s<1JQ [lunlls<1 QO

Then the supremum S is attained.

Proof. Let {y,} denote a maximizing sequence for S, and assume that S is not attained. We may
assume that y, — y. By the alternative of P.L. Lions we get y = 0, and {y,} is a SNC-sequence. Hence

S = lim (e“yi —1)dx < cc—lim (6471-“3‘ —1)dz < S
n—oo [ lunlls<1  Jq

Contradiction! [ |

4 Upper bound for the Carleson-Chang limit

In this section we prove an explicit upper bound for the Carleson-Chang limit. In particular, we prove
the estimates (1.7) and (1.8) of Theorem 1.2. In section 7 we will show that the bound in (1.7) is sharp
for 0 = Bp, with any radius R > 0, and the bound in (1.8) is sharp for Q = R%.

Proof.
1. Using symmetrization as in section 2, we see that it is sufficient to prove (1.7) for radial functions in
Bpr(0). Following J. Moser [11] we perform the change of variables

(4.1) r=e""?  and setting w,(t) = (47)" %y, (r) ,
we transform the radial integrals on [0, R] into integrals on the half-line [—2log R, +00). We will write
throughout the paper: ar = —2log R, with ap = —oo if R = +00. One checks that

R
/ V(@) Pde = 27 / Ly () Prdr = / ol (£) 2
BR 0 d/r [e3

R

and R
(4.2) / (e*™¥n (@) — 1)dx = 21 / (™) — 1yrdr = 7 / (e¥n®) — 1)e~tdt
Bgr 0 aR
and similarly
R 1 o0 9 .
(4.3) | m@lde=2n [P = 1 [ waPear.
BR 0 aR

The SNC-sequences in this new setting are characterized by:

*° 1
) lonlly = [ (i + Jlunfe )it =1, wnlar) =0
[e%

'R

b) w, — 0, weakly in H'([ag, +00))



A
1
(Jwl, |* + Z|wn|26_t)dt — 0 for any fixed A > 0,

c)

T

R

and the estimate (1.7) (which we seek to prove) becomes

(4.4) co-lim / (%20 _ 1)etdt < mel=DU)
fonlls<t " Joy,

for SNC-sequences {w, } C H'([ag, +0)).

Let now denote {w,, } a maximizing SNC-sequence for the Carleson-Chang limit (1.7). We may assume
that the sequence {w,,} satisfies

e}
(4.5) lim 7r/ (e“’i — e tdt > 2me PH)

n—oo
R

since otherwise the theorem is proved. Note that we may assume that w,(t) is an increasing function on
[ag,+00). Fix Ag > 1 such that

(4.6) t—2logt—D(R)>1,Vt>Ag.
Claim 1: There exists a number n; such that
wp(t) <1, Vt<Ap,Vn>m

Indeed, for 0 < R < 400 we can estimate

An 1/2
wy(t) < (Ag +2log R)'/? / |l |2dt
(4.7) an

:(Ar +2logR)'/2 6, , for t< Ap,

N

with §, — 0 as n — 0, by ¢).
For R = +o00 and 0 < t < Ap we estimate

wy (1) = wn (0) + /Ot w' (t)dt < w,(0) + t1/2(/0t lw! |21/ 2dt

The second term goes to zero, as above. For the estimate of w,, (0) we use the following Radial Lemma
(see W. Strauss, [13]), valid for radial functions v(r) in H(R?) and for r > 1:

1

(r+ 5)112(7") < Z/:o(v'|2 + |v|*)pdp

We transform this inequality (as before) by the change of variables 7 = e~*/2? and w(t) = (47)/?v(r) and

get, for t <0 :
5 o—t/2

<5 [ (WP + P

Hence, we get for w,(0), using the concentration property of w,

(4.8) (e7? + %)wz(ﬂ

5 (° 1

w?(0) < 7/ (|w'@#)|? + ~|Jw(t)Pe H)dt = 02 -0, as n— oo.
3 ) 4

Thus the claim is proved.

By claim 1 we conclude that for n sufficiently large (0 < R < 400)

w2(t) <1< Ag —2log A — D(R) , ap <t < Ap .



Let now a,, > Agr denote the first ¢t > Ar with
(4.9) w?(a,) = a, —2loga, — D(R) .
Such an a,, exists (for n sufficiently large), since otherwise
w?(t) <t—2logt —D(R) ,Vt>Ap>1, as n— oo,

and thus

) R AR R 0o
71'/ (ewn _ 1)6715 < 7T/ (ewn _ 1)6775 -l—’]T/ €t72logt7D(R)7t
a a AR

R R

The second term on the right is bounded by me =P and in the following claim 2 we prove that the first
term goes to 0, for n — oo, and thus we have a contradiction to assumption (4.5).

AR
Claim 2: 7r/ (ewi —1e " —0asn— oc.
aR

This is immediate for 0 < R < +00, since then this term can be estimated, using (4.7), by
m(R? — e*AR)(e‘Si(ARJraR) —1)—0 as n—o00.

If R = +00 we write

0 ) Ap
/ (e“n —1)e tdt —|—/ (e“n —1)e tdt
0

— 00

The second term is now estimated as before, while for the first term we use a series expansion:

0 , 0 2%
/ (e"n — 1)e*tdt:/ Zi‘w"g)l e~ tdt

- > k=1

0 0 0 0 2k
- 1 - [wn @O
:/ lw,, () e tdt+/ 5|wn(1t)|46 tdt+§ / 7 ¢ tdt
- k=3" "%

— 00

The first term goes to zero by concentration, the second term can be estimated by Sobolev (by returning
to the variable r and back to t)

0 0 1
/ whe™tdt < co (/ (Jwf, * + Iwnl%‘t)dt)
— 00 —o00 4

and hence also goes to zero by concentration. For the third term, observe that by (4.8) we get for ¢t <0

2

5 1
2 e 2 t/2 2
wn(t) < 4 e—t/2 I 1/2 On Sce On

Hence we can estimate the series as

o 0 Lk 0 0
Z/ 7 oikek t2etqt < choik/ et/ 2dt <c 0'2 2,
k=37 % k=3

— 00

and thus claim 2 is proved.

Thus we have proved the existence of a number a,, > Ag as claimed in (4.9).
We now prove, for 0 < R < 400

an
i) 71'/ (ewi — e tdt — 0, as n — oo.
[e3

R



i) lim 7r/ (ewi — e tdt < we! P

n—oo
n

Proof of i): Note that the argument above shows that a,, — +00 as n — o0, since for an arbitrarily large
number Ap there exists ng(Ag) such that a,, > Ag for n > ny. By (4.9) we have

an A an
7T/ (ewi _ 1)€_tdt < / (ewi _ 1)6_tdt _|_7T/ 6_21°gt_D(R)dt
QR QR A

Let € > 0: for the second term we get We*D(R)(% — ai) < ¢/2, for A sufficiently large, and then the first
term becomes < €/2, for n > ny(A, €), proceeding as in Claim 2.

Proof of ii): We apply the following basic estimate which was proved in [6] (we cite it here in the form
given in [7], Proposition 2.2):

Lemma (Carleson-Chang): For a >0 and § > 0 given, suppose that [~ |w'(t)[*dt < 8. Then

(o)
1
/ eVt < e 1 56K , with K =w?(a)(1+-—)—a.

We apply this Lemma to our sequence {w,}, with a = a, given in (4.9), and § = 6, = [, (Jw|* +
1|wy,|?et)dt. Furthermore, in the following section 5, (5.1) and section 6, Proposition 6.4, it is shown
that:

Fora >0 and b > 0 given, let

a

1
Sap = {u € H'(agr,a), u(ag) =0, / (Ju'|? + Z\u|2e_t)dt =b} .

ar
Then the supremum
sup{flul, : u € Sap}

is attained by a function y, with

Iyl = v*(a) = b(a — D(R)) +O(:).

Thus, choosing a = a, and b = b, =1 — d,, we get for w, € Sq, s,

S

an

wi(an) < an — andy, — D(R) + O(d,) + O(—) ,

which implies together with (4.9)

1
(4.10) 5 08 tn

< 2logan,

SO

Thus we have for K = K, in the Lemma of Carleson and Chang

On
1-94,

K, :wi(an)(l‘F ) —an

< (a0 = auda = D)+ OCE™) ) (148, +0(63) ~ 0,
(4.11) . a"
= —D(R) — §,D(R) + 0(%) +a,0(62)

= -D(R) + O(M)

Qn,



Hence we obtain by the Lemma of Carleson and Chang for any maximizing SNC-sequence {w, }

1-D(R) .

)

efn <T7e

o0
1
lim 7r/ (e“’i — e tdt < lim 7e
n—oo an n—0o00 1-— 671

thus ii) is proved.
With i) and ii) we now easily complete the proof of the first statement of Theorem 1.2

2. It is clear that for Qy C 21 the corresponding cc-limits are increasing. Thus, it is sufficient to prove
2) for = R?; this corresponds to setting R = +o00, which was included in the proof of 1).
|

5 An auxiliary variational problem

In this section we consider the following variational problem: Determine

(5.1) sup {||ull%, [ u € Sap}

where
a R2
Sap = {u € H'(ag,a) |u(agr) = 0,/ (u/Q + 4|u|2€_t> dt=5b> O}
R

Note that S, C L>(apr,a), with compact embedding, and hence it is easily seen that the supremum in
(5.1) is attained: let y, € S, such that

(5:2) yall3e = sup {[lul3 | u € Sas} -

In order to determine the value of (5.2) we need to identify the maximizing function y, € S,5. The natural
way to do this consists in deriving the Euler-Lagrange equation associated to (5.1), but we encounter
the difficulty that the functional y +— [|y||%, is not differentiable. However, this functional is convex, and
hence its subdifferential exists. We briefly recall this notion, and then derive the Euler-Lagrange equation
for (5.1). For the proofs of some of the results we refer to [8].

Definition 5.1 Let E be a Banach space, and 1 : E — R continuous and convex. Then we denote by
OY(u) C E’ the subdifferential of 1 in u € E, given by

ty € OY(u) & Y(u+v) —(u) > {ty,v) , Vo€ E;

here (-,-) denotes the dual pairing between E and E'. An element p,, € 0¥(u) is called a subgradient of
P at u.

In [8], Lemma 2.2, it is proved that

Lemma: If ¢ satisfies in addition

(5.3) Y(x) >0, Ve € E, and (tx) =t*)(x) , V>0,
then
{ (1, u) = 2¢(u)
pEI(u) <
(o) < (pyu) , Ve et ={z € Eyp(z) <p(u)} .

Furthermore, by an easy variation of [8], Lemma 2.3 and Corollary 2.4, one has:

10



Lemma 5.2 Suppose that 1 : E — R satisfies (5.3), and ¢ € CY(E,R) satisfies (¢'(z),r) = 2¢(x),
Vee E. Ify e E is such that
Yy)=  sup  P(u),

{ueE, ¢(u)=b}

then "
(u) € ——0Y(u
o ) € S d(w)
Proof. The Euler-Lagrange equation
(5.4) @' (u) € XY (u) for some A\ >0

is obtained as in [8], Lemma 2.3 and Corollary 2.4. The value

b

 Y(u)

is found by testing (5.4) with wu:

2b = 26(u) = (¢'(u), u) = M, u) = A2 (u) .

We now apply Lemma 5.2 to our situation, and obtain
Theorem 5.3 Let E = {v € H'(ag,a);v(agr) = 0}, and consider
b(w) = Jul, : E— R

and

o) = [ (@) + qlutw)Pe s

Suppose that y € E satisfies
P(y) = sup{y(u) [u € E, ¢(u) = b} ;

then y satisfies (weakly) the equation

b

1 —x
(5.5) -y (x) + Zy(x)e = Wuy , where i, € OY(y) C E’
o0

6 The auxiliary Euler-Lagrange equation

It remains to determine the subgradient i, in equation (5.5). Again following [8], Lemma 2.6, 2.7 and
2.8 we find:

Proposition 6.1 Let K, = {z € [ag,al; |y(z) = ||y||oc }- Then

i) supp py C K,

ii) K, = {a}

ii1) py = ||yllooda, the Dirac delta-function concentrated in the point a.

Thus, equation (5.5) becomes

' +iye ! = iz e, ap<t<a

(6.1)
ylag) =0
From this one now concludes easily that equation (5.5) is equivalent to solving the equation
t_

—w'" + iwe‘ = 0
<
(6.2) { wlan) = 0 ,ap<t<a,

11



with the condition that " )
(63) | P + flutie i b

R

the last condition is obtained by multiplying equation (6.1) by y and integrating.

We now determine the explicit solution of equation (6.2).

Theorem 6.2 The solution of equation (6.2) is given by
o for 0 < R < 4o00:

(6.9 wlt) = (Kofe ") = T4 1) =200
e for R = 4o0:
(6.5) w(t) = yKo(e 1?)

with unique coefficients v = y(R,a,b) € RT.
Here Ii,(z) and Ki(z) are the k — th modified Bessel functions of first and second kind, i.e. the solutions

of the equation

—z?u (z) — zu/ (2) + (2® + EDu(z) =0, k=1,2,...

Proof. By inspection. |

It is crucial to dermine with precision the value of the coefficient v = v(R, a, b) of w(t). This requires
some lengthy calculations.
We begin by recalling the following relations for the modified Bessel functions (see e.g. [1], 9.6.27,28):

(6.6) %Io(x) =I(z), %Ko(x) =—K;(z), %(Q:Kl(x)) = —z Ky(x),

and the following integral relations

JP 1Ko () Prdr = [Ar2(K3(r) — K3(r))]]

JU 1K) Prdr = [ (K3 (r) — Ko(r)Ka(r))]”

b

(6.7) S L) Prdr = [3r2(13(r) — 13(r))].
SN () Prdr = [Sr2(12(r) — Io(r)Io(r))]”

f;[[l(r)Kl(r) — Iy(r)Ko(r)]rdr = [Io(r)Kl(r)r]Z
see [1]; for the last relation use integration by parts and (6.6).

Using these relations we will prove:

Theorem 6.3
1) Condition (6.3) yields for the coefficient v = v(R, a,b) in (6.4)
b 4 1
72:45 [1—@0(1%)] +O($) ,
for a large, with
68) C(R)= K (K§<R> - Ko(RKa(R) + K3(R)(1 - 230 >) 2RI (R () 20 )
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and C(+00) =0.

2) The solution w(t), ar <t < a, of equation (6.2) is given by

o for 0 < R < 4o0:

(6.9) :

e for R = 4o0:
(6.10)

Proof. Recall the definition of w(t) given in (6.

wt) =2/2 (1;10( )+0(12))/ <K0(ef/2)

w(t) :2\/5 (1+0(12)> v Ko(e™"?)

KO(‘R)) Io(et/2)>

Io(R

4). We begin by evaluating the expression

Wiy = [ (@ + @)

Using the explicit form of w(t) in

(6.4), the change of variable r = e~

ap

/2 and the relations (6.6), we get

Ko(R) Ko(R)

Wit =1 [ i) - B o[y - KO oy g
¢ 4 ar 0% IO(R> oL IO(R) ‘ ‘ v
_ 1" Ky(R) Ko(R) . |2
= 5/ﬂ/2 {’—Kl(r) - IOO(R) L(r)| + ‘Ko(r) — IOO(R) Io(r) }rdr
(6.11)
_ 1 " 2 KQ(R) 2 2 KZ( )
—5 [ fimor + R e + xR + R )
+ 212)0(%) (K (r) Ty (r) — Ko(r)IO(r))} rdr
Using the relations (6.7) we get
L[, fUERB) (1, "
2{[2r (K20 = Kona(r)| Y 500~ (B
R 2 R
RGO - S RO R0
(6.12) #2558 o (1|
K3 (R) !
{{ * (1300) = Kot satr) + R0 = 1ome) )|
+ 2 2 (K () 15a/2}

Evaluating at the boundaries we obtain

LR (K3(R) — Ko(R)Ka(R) + K3(R)(1 = 2(3) ) + 2RE0(R) K, (R)

_1
6.13) 4
(6. p

—a{K2< —a/2)

2
+ 150(( ) [ 1§(e=*/?)

Ko(e—a/Q)K2(e—a/2)

~ (e /) Io(e /) ]}

_9¢—a/2 II{(?((IJ;)) Io(efa/2)K1 (67u/2)

13



—a/2

For the terms with argument e , a large, we now use the following behavior of the Bessel functions

for > 0 small, see [1],9.6.7-9: :

(6.14) Ko(xz) ~ —logz Ki(x) ~ % Ko(x) ~ T%
Ip(z) ~ 1 Ii(z) ~ %Jc Iy(z) ~ %xz
We get
LR? (K3(R) - Ko(R)Kx(R) + K3(R)(1 - 2(3)) + 2RKo(R) K\ (R)
~det (~ log(em)? — (~Tog(e"/%)) 2o
K3(R _a _a/2 Ko(R
+ Igo((R)) [ 1-— %6 ] } — 2e /2 IUO((R)) e—];l/z
= { B2 (K3(R) ~ Ko(R)Ka(R) + K3(R)(1 — (7)) + 2RKo(R)K: (R)
(6.15)

—tem () — §2e" + 12((R)) [1-ge )]}~ 212?((1};))

— 1R (K3(R) - Ko(R)Ka(R) + K3(R)(1 = 2{3)) + 2RKo(R)K1(R)

+3a-— 211(;’((1%) + O(a%e™9)

= 1a+C(R) + O(a*e™") ,
with C'(R) as in (6.8). Conditions (6.3) and (6.4) yield now

(6.16) b= W?(a) =+ (iaJrC( ) +O(a® ‘“))
We rewrite (6.16) as

(6.17) v2% <1 + %O(R) + O(ae“)) —b
which yields for v = ~(a, b)

(6.18) V=4 g {1 - iC(R)} + 0(6713)

This proves 1). Assertion 2) follows now from (6.4). Formula (6.10) follows from (6.9), noting that
C(+0) =0 and Ko(+00)/Io(+0) = 0. u

With this information we can now calculate the value ||w||% = w?(a):
Proposition 6.4 Let w(t) denote the solution of (6.2), (6.3) and hence of (5.1). Then
1
lwll3, = w*(a) =b [a— D(R)] +O(-) .

a
Proof. By (6.4) we have, using (6.14)

2
w2(a) _ 72 (Ko(e*“/z) _ Iz)o((}%) 10(67“/2))

— 4k (- 20(R) + 0] (Kole) - B 1(e?)’
(6.19)

=4 [1-tom)] (5 - If;{,@) +0(kE)

=b [a—4C(R) - 45 + O(L)
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Set

_ Ko(R)
(6.20) D(R) = 4C(R) + 4 IOO( h
then (6.19) becomes
(6.21) w?(a) =b [a — D(R)] + O(é)

7 Construction of optimal concentrating sequences

In this section we show that the upper bounds for the Carleson-Chang limit

(7.1) co-lim, (€™ — 1)dz < me! ~PB |
Un||SS Q

given in Theorem 1.2 are sharp for Q = Br and Q = R?. We do this by constructing explicit optimal
SNC-sequences {w,, } for (7.1) for which the Carleson-Chang limit is equal to the bound on the right.
The construction of this sequence follows closely the proof of the upper bound for the Carleson-

Chang limit, section 4, in combination with information on the optimal sequence for the corresponding
Dirichlet-norm problem, see [7].

We begin by defining the sequence {w,(t)} on [ag,n]: in Theorem 6.3, set a =n and b=1— 210%.

Then, for 0 < R < +00, let wy,(t) be given by (6.9) or (6.10), respectively. Thus, w, (¢) satisfies equation
(6.2) with @ = n, and condition (6.3) with b =1 — 210%. Furthermore, we have by Proposition 6.4

1
(7.2) w2 (n) = sup{|lw,||% | wn € Sn} =n —2logn — D(R) + O(ﬁ) )

where S, = {u € H'(ag,n) | u(ag) = O,fSR(\u’P + Lul2e7t)dt = 1 — 222} We remark that formula
(7.2) constitutes a (late) motivation for the choice of a, in (4.9).

It remains to define {w,(t)} in [n, +00). Here we can follow [7] where an optimal Dirichlet normalized
concentrating sequence was constructed by analyzing carefully the proof of Carleson-Chang [6].

The complete definition of the optimal SNC-sequence {wy(t)} is:

Definition 7.1 Let w,(t) be given by:

wp(t) ,  given by (6.9) or (6.10), respectively, ar <t<n
b=1

with a =n and - 210%

(7.3) wy(t) =
(n) + lo L+ A4 t>
Wp N wn(n) g A, + e () >n

where A,, € Rt is such that

> 1
(7.4) |Gl + JlunoPear =1

ar

We show that A, € RT can be chosen as in Definition 7.1, i.e. satisfying (7.4), with the estimate
Lemma 7.2 1

1
. A, = — +0(—
(7.5) " np2e (n4)
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Proof. First note that by condition (6.3)

" 1 21
(7.6) / (0h? + Sun2et)dt = 1 — 2187
on 4 n
Thus, we look for a constant A,, such that
o 1 21
(7.7) /‘W%F+%mﬁf%ﬁ= =2
n 4 n

Assume that A,, > #, then one has

L+ 4, ) <log(1+ i) < log(1 + 3n?)

log(An + e~ (t=n) A,

and then by (7.3) and using that w,(n) = n + O(logn) (by Proposition 6.4)

wp(t) < wp(n) + log(143n%) <2n, fort>n, n large ,

1
and hence -
/ lwy|?etdt < 4n2e™"

n

Therefore, condition (7.7) becomes

o 21
(7.8) / w2 = 2 4 Oe )
One proves as in [7] that this yields
1 1
A= ——+0(=
n2e + (n4)

We now give an asymptotic lower bound for 7 f;; (e¥n — 1)e~tdt, as n — oo

Theorem 7.3 Let {w,} denote the sequence (7.3), and let D(R) be given by (6.20). Then

e 1 1
77/ (e¥n —1)e~t > eme P (14 2D(R) 2"y L O(2) .
on n n
Proof.
a) First note that
(7.9) 77/ (e“’i — e tdt >0, forall n
ar

b) Consider now
7r/ (ewi —1et = 7T/ evnt 4 O(e™™) .

Performing the change of variables s =t — n, setting

() = Lo At
Unid) = wp(n) 08 A, +es
and using that by Proposition 6.4
2logn 1
win) = (- =20 n - D(R)]+O0(-)

2logn

=n— D(R) —2logn + D(R)‘FO(%)
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we obtain

W/DO exp ([wn(n) +vn(s)]* — s —n) ds

> /00 exp (w2 (n) + 2w, (n)v,(s) — s —n) ds

logn 1
n n A, +e”

> 7r/ exp (n —2logn — D(R) + 2D(R)
aRr
A, +1

(7.10) = 7r/ exp(—2logn — D(R) + 2log ———— — s+ 2D(R)
0 An + e

lo 1
gn+
n

_ 1 [/ 144, \ _ logn 1
= me~ DB —_— Sds (1+2D —
e n? /o (An + 65) e"ds (1+2D(R) n * O(n))

n?2 A,

(1+ 2D(R)

logn 1
=Te —
n

+0(5))

=ene P (14 2D(R) loin

1
)+O(ﬁ)’ as n — oo .

Joining (7.9) and (7.10) we get

R 1 1
77/ (e¥n — e tdt > emre  PU(1 4 2D(R)%) + O(ﬁ) ,

R

and hence the theorem is proved.

We conclude this section by proving some properties of the function D(R):

Lemma 7.4 Let D(R) given by (6.20). Then

Ko(R)
Iy(R) ~

(7.11) D(R) = 4R Ko(R)K1(R) — 2

Furthermore, D(R) > 0, for all R € RT, and
D(R) ~ —2logR, as R—0

and -
D(R) ~ Ee’QR , as R— +oo.

Proof. The explicit form of D(R) is

D(R) =4C(R)+ 472

In(R)

— R (K3(R) — Ko(R)K2(R) + K3(R)(1 — 143)) + SRKo(R) K1 (R) — 4

Using the relations (see [1], 9.6.26)

Ky(x) — Ko(z) = %Iﬁ(x) and Ip(z) — Ix(x) = %[l(x)
we get
(7.12) D(R) = 6RK(R)K1(R) + (2RKo(R)[1(R) — 4) Ig((}%) .

17
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Ko(R)
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which simplifies, using (see [1], 9.6.15)
1

to (7.11).
We prove that D(R) > 0, for all R > 0: by (7.11) we get, using again (7.13)

D(R) = 25 G AR (R(R) ~ 1+ RE (R)L(F)
_ o Ko(R)
=9 100( ) [RK1(R)Io(R) — 1+ 1 — RKy(R)I;(R)] >0,

since Ki(x) > Ko(x) and Iy(x) > I (z), for all z > 0.
Next, using the behavior of the Bessel functions (6.14), for R > 0 small, we have

D(R) ~ —4logR — 2(—log R) = —2log R, for R >0 small.

For the behavior of D(R) at +oco we use the asymptotic behavior of the Bessel functions at 400, see
(1], 9.7.1-2:

Ii(z) ~ 1 e*(1 — 4i;71)
(7.14)

Hence, we obtain by (7.11)

(7.15) — 9 TR

8 The Supremum is attained

In this section we show that the supremum

sup /(‘84”“2 — 1)dx
o

flulls<1

is attained for any ball Q = Br(0), as well as for Q = R?.
By Proposition 3.3 it suffices to prove

Theorem 8.1 Let 0 < R < 4+o00. Then

> 2 . > 2
sup 7r/ (e —1)etdt >  cc—lim 7r/ (e¥n — 1)e'dt
« QR

flull s<1 R llunlls<1

18



Proof. This follows immediately by Theorem 7.3: Choose an element of the maximizing sequence {w,, },
with n sufficiently large. Then

sup 7r/ (6“2 — et > 7r/ (ewi —1)e~t > el 7P = ce—lim (e“i —1)dx .

lls=1 Jag n lenlls<t o,

This completes the proof of Theorem 1.3.
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