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1. INTRODUCTION 

In fluid mechanics, a powerful tool known as the similarity model 
has been applied successfully to describe velocity and pressure fields 
in steady bounflary layer flows, jet flows and wake flows.  These flows, 
with the exception of a few laminar cases, are quite complex and are 
usually not amenable to theoretical analysis.  The similarity analysis 
offers an alternative and often provides useful engineering information 
on the mean flow characteristics.  The present work explores the possi- 
bility of applying the similarity concept to describe the flow field 
of breaking waves in the surf zone. 

Before presenting the similarity solution, a non-dimensional surf 
zone parameter is examined.  This parameter, in addition to its many 
implications of characterizing surf zone properties, is pertinent to 
defining the region of validity of the similarity solutions.  Solutions 
on mean flow characteristics are then established based upon a similar- 
ity hypothesis which states that the profiles of flow properties such 
as velocity and wave form preserve geometrical similarity downstream 
from the source of the disturbance and, therefore, can be defined by 
a few local characteristic parameters.  Conditions required to preserve 
similarity are examined.  Finally, laboratory results from a number of 
studies (Flick, 1978; Svendsen et al., 1978; Sakai and Iwagaki, 1978) 
and those from the authors are used to test the validity of the proposed 
model. 

2. SURF PARAMETER 

Considering a single long-crested wave breaking on a beach of 
uniform slope, say tan a, the cyclic breaking process can be approxi- 
mately divided into three stages as illustrated in Fig. 1.  The 
developing stage covers the period when the wave begins incipient 
breaking at the crest until it collapses on the beach in the vicinity 
of the water level unit.  During this stage, the shape of the wave 
evolves from a highly asymmetric curled form to a triangular form with 
numerous white caps.  Its potential energy is converted into kinetic 
energy which in turn is partially dissipated as the remaining portion 
preserved to stage the upwash.  In the second stage, the flow surges 
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up to its runup limit similar to a solid element moving up-slope while 
the kinetic energy is- being converted back to potential energy. In the 
last stage, the flow washes down as a thin sheet to the breaking point 
to complete the cycle. 

Sand Beach 

Uprush Limit 

i} Post-breaking Stage 

iii) Downvwebing    Stage 

FIGURE 1.  ILLUSTRATION OF BREAKING PROCESS, 

The time required to complete each respective stage can be esti- 
mated based upon a simple energy model shown in Fig. 2, This energy 

/ Total Head with Energy Loss 

/Total Head without Energy Loss 

Breaking Point 

Xu.tu 

Xa.td 

Xmax      — 

FIGURE 2,     ENERGY CONSIDERATION .OF EREAKItTG WAVE, 
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model is based upon the premise that the fluid element at the crest of 
the wave during breaking remains at the crest and is the same element 
that reaches- the runup limit.  This condition is clearly observed from 
recorded slow-motion films. 

If the kinetic energy of the fluid element at the wave crest at 
the breaking point is assumed to be proportional to the breaking height, 
say k-j^Hj^, then the kinetic energy in the developing stage can be 
expressed as 

KECx) = k.H. + (B„ T  Six (1) lb    2   1 

where S_ and S. are the slopes of the total energy line and potential 
energy line, respectively.  The velocity of the fluid element is 

VD(x) = t^gtkjHk + (S2 - S^x] (2) 

and the corresponding time required for the element travelling from 
the breaking point to the water level limit is 

0 V*> 
»V2 /2(/k  - Sk   ) H 

=  ± ± 2—,  (3) 
k(k. - k)    1/2 t 2   1   g   tan a 

where k„ and k are constants of proportionality as defined in Fig. 2. 

During the uprush and downwash stages, the crest element can be 
treated as a solid body moving on a sloped plan. In such cases, we 
have the following relationship on the basis of Newton's second law: 

VI v I    dv 
+ Mg sin a - pfA ^P" = M ~ (4) ^ o  8      dt 

where f is a frictional coefficient and A is the contact surface area; 
the "-" sign corresponds to the uprush condition and the "+" sign the 
downwash case.  If we let M = pt A the above equation simplifies to 

.>      *  v]v|   dv ,c. 
+ g sin a -  pf -gLO- . __ (5) 

h 

where t is the thickness of the runup water sheet.  Equation (5) can 
be integrated to obtain the uprush and downwash time which are, 
respectively, 

nr       r~    H
1/2 

tu = C2/ f  Tan"1/ f) -^  (6) 
g   Tan a 
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where 

2   g   Tan a 

V 
4t, sin a n 

and k is a runup coefficient as shown in Fig. 2. 

Based upon Eqs. (3), (6), and C7), the swash period of a single 
wave can be determined: 

Tn = K  1/2,, (8) 

g   Tan a 

where 

with 

K - Kx + K2 + K3 

/2 (,/k^ - A^) 
Kl =  k(k2 - k^ 

W^-Vt 

s-'/^!^ 

Therefore, the natural swash period is found to be a function of 

4
/2 

~^ryx~ • We now define a non-dimensional surf zone parameter as the 
g   Tan a 

ratio of natural swash period to the incoming wave period (T): 

<
/2 

!  = _£. =  6—  (9) 
w   KT    l/2m m 

l ' 
g  T Tan a 
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This non-dimensional parameter has the same form as the one sug- 
gested by Iribareu and Nogales (1949) to define breaking criterion. 
Battjes (1974), through dimensional reasoning, came to a similar non- 
dimensional parameter, which he amplified its significance to a variety 
of surf zone phenomena, including breaking type classification, set-up 
and set-down, etc.  In here, we add another physical implication which 
can be explained as follows: 

The Iw is the surf zone interference index.  When Iw is small, each 
individual wave will complete the swash cycle with little or no inter- 
ference from the successive waves.  The flow in the swash zone is mainly 
oscillating and the breaker is of the plunging type.  When Iw increases, 
the degree of interference from successive waves also increases; a 
circulatory motion is gradually developing which will result in a return 
flow in the main water column; the breaking phenomenon gradually trans- 
forms from plunging to spilling.  This sequence of events is illustrated 
in Pig. 3. 

This- surf parameter also seems to play an important role in the 
similarity model to be presented in the following sections, 

BREAKER POINT 

OSCILLATORY 
FLOW 

(A)  SURGING 

OSCILLATORY + 

CIRCULATORY  FLOW 

(B)    TRANSITION 

SHOREWARD 
MASS   TRANSPORT 

* CIRCULATORY ROW 

SEAWARD RETURN FLOW 

(C)   SURFING 

FIGURE 3.  BREAKER CLASSIFICATION BASED UPON I 
W 



534 COASTAL ENGINEERING-1980 

3.  BREAKING WAVE SIMILARITY' 

For a wave train of single frequency shoaling on a beach, a more 
or less amount of energy is being transferred from the primary wave 
component to its higher harmonics.  The amplitude dispersing among 
harmonics coupled with phase lags developed due to differential shoaling 
of each harmonic component results in a highly asymmetric wave form 
upon breaking. 

After breaking, as the wave travels further inshore, the wave form 
tends to stabilize although it remains asymmetrical.  The conventional 
higher order wave theories are no longer adequate to describe these 
asymmetrical wave forms. A variation would be the introduction of phase 
angles among harmonic components such that the water surface fluctuation 
is expressed as 

03 

n(t) = Y a sinfnat + <t>') (10). 
^ n n 

n=l 

where an is the nth harmonic amplitude; <t>£  is the nth harmonic phase 
and o is the fundamental frequency. 

Equation (10) most certainly can be used to prescribe the wave 
form of any particular set of breaking waves.  Yet, it serves little 
useful engineering purpose if the solution eannot be generalized.  If 
we assume that (1) each harmonic amplitude is limited by the local 
water depth, and (2) the phase velocity of each harmonic is also depth 
limited, then, we have 

a = a (d + n) (11) 
n   n 

and « 

C a>4(d + n) (12) 

where n  is wave setup.     Equation   (10)   can now be expressed as: 

n(t) 
T     a  sin (next + <f   ) (131 

d + n       n=l 

where a 's are non-dimensional coefficients and <f>n 's are constant phase 
angles. Thus, the wave profile, remains similar and its magnitude is 
affected only by a local parameter (d + n). 

In shallow water, if we express the depth averaged horizontal 
velocity in terms of n, we have 

u(t) = —2-z— + higher order terms of n (14) 
d 

recognizing that the net contribution of the higher order terms is a 
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mean return flow in the water column, Eq. (14) becomes 

uCt> = ^j~~ -  UR (15) 

The fact of having a similarity solution of n (t) , leads to the 

following similarity solutions for u(t): 

u(t) + U 

 ^ = I     $  sin(not + i|) ) (16) 

ca4   •* n 

where 8 and til    are constant coefficients, 
n    Tn 

Since C can be approximated by 

</g(d + n 

we have 

u(t) + U. 
R 

ic/g 

) (17) 

=     y     3  sinfntrt + ill   ) (18) 
" n n 

'gCd + T]){1 + J)   n X 

The solution u(t) now depends only upon certain local parameters d, 

4, LABORATORY EXPERIMENT 

To check the validity of the similarity solutions,   experiments 

were conducted in a wave tank shown in Fig. 4.  Water surface variations 

and horizontal particle motions were measured at four stations inside 

the surf zone on a smooth beach with a slope m = 0.1.  The waves were 

measured by motion pictures and the horizontal particle velocity was 

measured by an air bubble system following the same principle as the 

hydrogen bubble system for flow visualization (for detailed measure- 

ment techniques see Yang, 1980).  Since the wave flow field is unsteady, 

the dynamic response of an air bubble is established as shown in Fig. 5. 

A total of ten sets of experiments were conducted.  The test 

conditions are summarized in Table 1. 

5. RESULTS 

The wave amplitude coefficients, an, and wave phase coefficients, 

<j>n, of the first five harmonics are shown in Fig. 6 plotted against 

the surf parameter, Iw..  The phase angles are adjusted so that ($>•]_ = 0. 

These data are quite scattered but the trend is- clear.  Both a and § 

become constant when Iw. becomes large.  Since a large I corresponds to 

a spilling breaker, the results seem to indicate a similarity solution. 
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Wave*ISCMS Probe 
Electric 
Motor 

s=t-Q 

ELEVATION      I not to scale I 

"
T

^ yr-w^r- 
--20i:m* 

190       210       230 2S0 

FIGURE 4,     IABORATORY- SETUP. 

1.09  for  the  laboratory  experiment. 

1.5 2.0 2.5 

Wave Period T (sec) 

FIGURE; 5,      DYNAMIC   RESPONSE  OF AIR BUBBLE   IN  THE  WAVE fflEI©. 
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TABLE 1.  EXPERIMENTAL CONDITIONS 

PB-7 10.5 11.5 1.0 

LAB CONDITIONS (DELAWARE) 

Incident Wave 
Height H  (cm) 

c 

j             : •T 
Run No. Height R (cm) T (sec) ,1/2• 

PB-1 9.5 11,5      ••     2,0. ,54  - 

PB-2 11.0 14,0            1,8 .66 

PB-3 11.0 14.0            1,6 .75 

PB-4 13.5 14.0            1.4 .85 

PB-5 10.0 11.5            1.2 .90 

PB-6 11.0 12.5            1,0 1.13 

1.08 

PB-8 9.0 j     10.0 1.0 1 .01 

PB-9   | 8.0 
1 
i      9.0 
i 

1.0 ,96 

PB-10 6.0 
i 

7,5 1.0 .88 

LAB CONDITIONS (ISVA) (1978) 

070703 4.12 1.43 1.50 

070705 4.43 1.43 1.64    ; 

451015 5.25 2.22 1.12 

451018 4.95 2,22 1.09 

LAB CONDITIONS (SAKAI AND IWAGAKI) (1978) 

2-2-2 -9.4 1,24 1.58 

3-2-1 11.5 1.24 2,27 
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FIGURE 6,  WAVE AMPLITUDE COEFFICIENTS AND PHASE COEFFICIENTS VS. 1^. 
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if exists, would be in the spilling breaker region where Iw is larger 
than 0,9..  In the case of horizontal velocity, the amplitude and coef-- 
ficients- are plotted against r as- shown in Fig. 7,  These data reveal 
that the similarity solution also yields reasonable approximations for 
large Iw.  In fact, the similarity approximations for velocity seems 
to extend to regions of smaller Iw, than the corresponding region where 
the similarity solution of n becomes valid, i.e. velocity profile 
approaches similar form as early as the transition flow zone, whereas 
the surface profile will not become similar until spilling breaker 
condition is attained. 

Figure 8 plots the non-dimensional surface variation for various 
experiments.  In there, data from Svendsen et al, (ISVA, 1978) and 
Sakal and Iwagaki (1978); are also shown. Both Svendsen's and Sakai's 
data are well within the spilling breaker region fxw ranging from 1.12 
to 2,27).  Their test conditions are listed in Table 1.  All the data 
sets seem to exhibit a gross similarity feature.  A closer examination 
of these profiles reveals that the fine features of similarity vary 
for data sets obtained by different investigators.  These variations 
can best be explained with the aid of Table 2 where the statistics of 
the coefficients in the similarity solution are tabulated.  First of 
all, the standard deviations of the amplitude coefficients are all 
very small (no more than 4% from the mean] , which means the similarity 
solution is good in the region specified.  On the other hand, the 
absolute value of cc's are different.  The present laboratory value 
data and Sakai and Iwagaki's values are very close.  They both differ 
somewhat from ISVA's values.  The relative importance of each harmonic 
component can be assessed from the values listed under a/Ecc.  For 
instance, the fundamental component has a value of 0,4 to 0.5.  The 
total contribution due to harmonics higher than third is usually less 
than 20%.  In terms of wave height, the effect of these higher har- 
monics is insignificant because of the phase shift.  In terms of 
energy, their contributions are even less.  The relative importance 
of the first three harmonic components is quite consistent among the 
three sets of data.  The results of phase angle are somewhat unexpected. 
All the data show that the second harmonic leads the first harmonic 
and the third harmonic leads both first and second.  One would expect 
the other way around as the higher harmonics should have smaller phase 
velocities.  The values of phase coefficients are very close for the 
Delaware and ISVA data.  They both differ from Sakai and Iwagaki*s 
value.  This point is further examined later. 

Figure 9 illustrates the non-dimensional velocity profiles.  The 
statistics of velocity harmonics are also tabulated in Table 2.  In 
here, the fundamental component dominates the others.  The higher 
component lags the successive lower component as expected.  However, 
these phase lags are all very small.  The combined effects of dominant 
fundamental components and small phase shift result in a more sym^ 
metrical profile than that of wave forms.  The same kind of results- 
have been obtained by Flick (1978) and Thornton (1976).  A tentative 
explanation has been offered on the reasoning that bottom and internal 
frictions tend to dampen the higher wave components at a fast rate. 
The experimental data also show here that the peak horizontal velocity 
always lags the peak water surface variation such as illustrated by an 
example in 'Fig, 10. 
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TABLE 2.  STATISTICS OF AMPLITUDE COEFFICIENTS AND PHASE'COEFFICIENTS. 

AMPLITUDE HARMONICS 

Amplitude (a! Phase (<|>) No, Exps. 

Delaware 

Mean 

al 

«3 

0.30 

0.17 

0.10 

a/Ea Mean 

0.038 i 0.41 

0.022 ' 0.22 

0.011 i 0.15 

•l 

<f>3 

-0.13TT       0.027 

-0.30W       0.22 

«2 

«3 

0.23 0.035 0.47 

0.11 0.016 ! 0.22 

0.07       0.012       0.14 

+1 

(j>2 

<t>3 

-0.14-ir j    0.08 

-0.28TT I    0,14 

Sakai 

and 

0.32 

Iwagaki a        0.09 

0.48 

0.23 

0.13 

-0.25w 

-0.40w 

VELOCITY HARMONICS 

Source \ Amplitude (.{3) Phase- (I(J) No, Exps. 

1 
Mean <x e/re Mean CT 

h 0,81 0,078 0,63 
h — 

Delaware e2    o.3o 0.054 0,23 *2 0.05-rr 0,09 8 

8    0.08 j 0.043 Q.06 
*3 

Q,Q7TT 0,15 

q:  standard deviation 
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FIGURE 10.  COMPARISONS OF SURFACE AND VELOCITY PROFILE. 

As the wave breaks on a slope, the motion appears to be quite 
disorderly.  When the breaking wave proceeds up-slope, it gradually 
regains its regular appearance.  The question is how far shoreward 
from the breaking point beyond which the similarity solution can be 
considered adequate.  For this purpose, the phase angles are plotted 
against the non-dimensional depth d/dfc and db the depth at the breaking 
point  Four sets of data from different investigators are shown in 
Fig. 11.  In here, the phase coefficients are defined in terms of 
cosine phase lag, i.e., 

n = T a cos (nfft + r ) 1   L,      n n 
n=l 

(19) 

.-Theory (Iwayaki and Sakai   1972} 

;4 * •        Q 
• D D 

Open   (Delaware) 
Closed   (Flick,   1978) 
Number  (Svenilsen,  et.  al.| 
Letter   (Iwagaki   artd  Sakai) 

u 53* * 

3 
 3_3_j 

{2 .!•   V*  ^0<?CJ.2 

0.0      0.2        0.' 

*14  .  . » 
i ±., -rr nu~ 

FIGURE 11.  VARIATIONS OF PHASE COEFFICIENTS AS A FUNCTION OF d/d^. 
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The relationship between  ?     and $   ,  which is defined as the  sine phase 
lag,   is 

Cn =   (n -  1)   f + •„ (20) 

These phase coefficients are shown to vary slowly with d/dj, and 
approach limits at TT/2 intervals when d/dj, •+ 0.  Since the profiles 
measured by Sakai and Iwagaki are near the breaking point, the results 
in this figure explain why they differ from that of the present experi- 
ment and that of ISVA; both were carried out in the inner zone where 
d/db < 0.7. 

To utilize the similarity equations to describe the breaking wave 
properties one must have knowledge of UR and K  as appeared in Eq. (18). 
At present, we are unable to predict either. The experimental results 
of these quantities are, however, shown in Figs. 12 and 13 respectively. 
It appears that the return flow strength increases with increasing Iw 

but gradually reaches a constant in the spilling breaking region.  The 
K value, on the other hand, decreases with increasing Iw.  Since K  is 
actually the ratio of wave celerity and /gd, the results are the conse- 
quence that spilling breakers travel slower than plunging breakers. 

6.  CONCLUSIONS 

Assuming both the water surface variations and the depth-averaged 
horizontal particle velocities in the surf zone can be expressed by the 
summation of Fourier components, similarity solutions are proposed here. 
These solutions are based upon a pair of rather restrictive conditions; 
namely, both the amplitude and the phase velocity of each harmonic 
component are depth limited.  The solutions, however, offer the advantage 
of being simple and completely defined by a few local flow parameters. 

Laboratory data from a number of investigators including those 
obtained by the authors are used to test the validity of the proposed 
solutions. 

The results seem to suggest that the similarity solution is not 
universally applicable.  However, if the wave is of the spilling type 
and is far inshore in the inner breaking zone, the similarity solution 
becomes suitable to describe the mean flow characteristics.  These 

H1/2 
conditions can be defined in terms of a surf parameter t = 

l/2m m g  T Tan a 

and a relative depth parameter d/d^.  The region of suitability is found 
to be when Iw > 0.9 and d/djj < 0.6.  In this region, both surface profile 
and horizontal velocity can be adequately described by the first three 
harmonics.  The velocity profile is found to be less asymmetric than the 
surface profile. 

For surface profile, the higher harmonics lead the lower ones whereas 
the contrary is true for the velocity profile. 
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