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A pedagogical cosmology illustrates general relativity concepts, without requiring general or special
relativity. Topics examined are the existence of a global time scale, proper vs coordinate variables,
the variation of light speed in an expanding universe, the look-back paradox, the horizon, the red
shift, the age of the universe, and the dynamics of the universe. An Appendix is devoted to space
and time in general relativity, but can be skipped by readers unfamiliar with general relativity.
© 2001 American Association of Physics Teachers.

@DOI: 10.1119/1.1288127#
e

d
nd
.

be
n
tro
vi
is
i

ch
at

nu
d
ua
fo
xe
e
a

th
ru
th
e

d
th
d
ion
th

y

ed
e

ni
rs
a

te
em
in
G
e

xed
me

e or
ch or
ys
the
time
way

ver

t. It
the
ith
w-

this
,

e
and

the

ay
-

I. INTRODUCTION

This pedagogical article examines a simple, on
dimensional model expanding universe.1,2 It is readily under-
standable to physics students who have no backgroun
general relativity~GR!, yet it emphasizes, compares, a
contrasts many general relativistic features of cosmology

The model universe of this article is an expanding rub
band marked with a uniform string of dot galaxies. The o
spatial expanding distance is the radial direction in an iso
pic, homogeneous universe. The dots represent como
distances, as well as galaxies. The comoving system
spatially expanding system with a common clock, which
useful in solving the GR field equation. In GR, one su
universe, which we will be simulating here, is the fl
Robertson–Walker~FRW! universe, which begins with a
singularity at time zero, and expands forever with a conti
ally decreasing expansion rate. The usual measure of
tance to a point on this system, the proper distance, eq
the comoving distance multiplied by the expansion factor
the universe as a whole. In the model presented here, a fi
stationary ruler adjacent to the expanding rubber band m
sures this distance. The left end of the rubber band is
tached to the left end of the ruler, and the right end of
rubber band is stretched. The spatial coordinates on the
ber band grid coincide with the comoving system on
ruler at timet0 , called the epoch, the time that we now liv
in.

In this epocht0 , we can observe light that was emitte
early in the universe, even though the galactic material
emitted that light is now far from us. Light, initially emitte
close to us, moved away from us early in the expans
carried by the expansion itself. As the expansion slowed,
light reversed direction and came toward us. Eventuall
increased its speed of approach toc, the normal velocity of
light, when it reached us. That light’s spectrum is shift
along with the expansion of the grid of the universe. W
discover both how far out radially we can see in this u
verse, and the classical dynamics of the model unive
Some calculations are performed in FRW coordinates,
though the speed of light is not constant in FRW coordina
Other calculations are done using the comoving syst
where a comoving time is defined so that the comov
speed of light is a constant. An Appendix discussing the
concepts of proper time and distance is included for read
familiar with GR.
195 Am. J. Phys.69 ~2!, February 2001 http://ojps.aip.org
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II. THE BASICS OF THE MODEL

Let x represent proper distance as measured by the fi
ruler. The ruler is laid out on a stretched rubber band at so
time, t0 , on which the comoving distance,xc , is marked on
the rubber band. When the rubber band is stretched mor
contracted, the distances between those ruler marks stret
contract with it, so that a mark on the rubber band is alwa
located at the same comoving distance. If the end of
rubber band is stretched at a constant rate, then, as
passes, a specific dot on the rubber band moves farther a
from the origin, according to3

x~ t !5
t

t0
•x05

t

t0
•xC , ~2.1!

wherex(t) is the dot’s proper location,x0 is the dot’s loca-
tion along the ruler in this epoch, and wherexC , the comov-
ing value of that specific dot on the rubber band, ne
changes as time proceeds. Proper distance,x, and comoving
distance,xC , coincide in this epoch,t0 . The timet will turn
out to be a universal time, just as most people visualize i
is also proper time in FRW coordinates. GR readers see
Appendix. The non-GR reader is advised that GR deals w
clocks whose reading depends on gravity and velocity. Ho
ever, there is no need to deal with such subtleties in
paper, because the timet does turn out to be a universal time
as already mentioned in Sec. I.

One basic assumption must be built into the model. W
will assume that light propagates through the rubber b
grid at constant physical speedc, whether or not the grid is
expanding, so that the proper speed of light, relative to
ruler, is

S dx

dt D
proper

5S dx

dt D
proper, relative to grid

1S dx

dt D
proper, of grid relative to ruler

. ~2.2!

The velocity addition expressed by Eq.~2.2! is a nonrelativ-
istic assumption, which should be familiar from everyd
experience, but which will still give many of the GR fea
tures. Substituting (dx/dt)proper, relative to grid5c and
(dx/dt)proper, of grid relative to ruler5x/t from the derivative of
Eq. ~2.1! gives4
195/ajp/ © 2001 American Association of Physics Teachers
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dt
56c1

x

t
~2.3!

as the basic equation for radial light propagation. In Eq.~2.3!
the positive sign corresponds to outward traveling light, a
the negative sign corresponds to inward traveling light. H
we have a basic result of GR—a variable speed of lig
understood quantitatively without the aid of GR or even s
cial relativity.

In Eq. ~2.1!, (t/t0) is the factor by which the universe ha
expanded since the present epoch. This factor can easi
generalized to a more realistic GR model by replacing
(t/t0) scale factor5 by (a(t)/a0), wherea(t) is the cosmic
scale factor for a realistic GR solution, anda05a(t0). For a
FRW universe,6 (a(t)/a0)5(t/t0)2/3. Equations~2.1! and
~2.3! are replaced by the more realistic

~Galaxies! x~ t !5S t

t0
D 2/3

•x05S t

t0
D 2/3

•xc ~2.4!

and7

~Light!
dx

dt
56c1

2x

3t
. ~2.5!

The general solution of Eq.~2.5! is

~Light! x5A~ct!2/363ct, ~2.6!

whereA is a constant of integration to be evaluated depe
ing on the particular initial conditions.

The proper timet is a global time, useful not only for the
fixed ruler, but also for the expanding grid in the sense t
all galaxies on the grid can agree on the same time,
that the travel time of light is independent of the directi
of light travel. To understand this happening, suppose
we at the origin emit a light signal at timet0 , and that it
propagates radially outward with variable light proper spe
as determined by Eq.~2.5!. A dot galaxy, which, at this
emission timet0 , is atx5x0 , receives this signal somewha
later. When is the signal received, and where is the gal
then located? Evaluating Eq.~2.6! at emission time gives
A523(ct0)1/3. This light is received by the galaxy whe
xGalaxy5x0•(t/t0)2/3 is equal to xLight53ct@12(t0 /t)1/3#,
giving

t receive5t0•S 11
x0

3ct0
D 3

, xreceive5x0•S 11
x0

3ct0
D 2

. ~2.7!

On the other hand, suppose the distant galaxy located ax0

at time t0 emits a light signal at the same timet0 . Equation
~2.6!, with A evaluated toA5(x013ct0)/(ct0)2/3, shows
that we, at the origin, receive this signal at the same time
the time in Eq.~2.7! when our signal was received by th
distant galaxy, and that the distant galaxy was at the s
location, Eq.~2.7!, as when it received our signal. Therefor
a universal timet can unambiguously be assigned to eve
point on the expanding grid, so that, ift is used, the elapse
time is independent of the direction in which the light tra
eled. Hence, events can be universally described on the s
universal time scale, with no problem of lack of simultanei
such as that encountered in special relativity. This unive
time is a key feature of the full GR treatment of comovi
coordinate systems as described in the FRW metric. H
ever, although proper distance and proper time are assoc
together in this article, this does not imply that proper time
196 Am. J. Phys., Vol. 69, No. 2, February 2001
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what is measured on clocks on the fixed ruler measur
proper distance, but actually is measured on clocks fixed
the rubber band. See the Appendix.

A useful comoving time,tC , can be assigned to accom
pany the comoving distance defined in Eq.~2.4!. This co-
moving time is a mathematical convenience to make t
model simulate FRW, but not the time on clocks attached
the moving rubber band, where proper time is stillt. See the
Appendix. Substitutingx from Eq. ~2.4! into Eq. ~2.5! gives

S t

t0
D 2/3dxC

dt
56c. ~2.8!

The comoving time,8 tc , can now be defined, so that Eq
~2.8! becomes the constant light speed equation,dxC /dtC
56c, in terms of comoving time and comoving distanc
The comoving time,tC , is found from the chain rule to be

tC53t0F S t

t0
D 1/3

21G1t0 , ~2.9!

where the times have been evaluated so that both proper
comoving times agree att0 . The comoving light equation is
then

dxC

dtC
56c, ~2.10!

so that light travels atconstantspeed using pure comovin
independent variables.

Although either set of independent variables can be u
for the same calculation, one set is often much more effic
than the other. Using comoving variables (xC ,tC) it is im-
mediately obvious that communication times are indep
dent of the direction of light travel, since the speed of light
constant, and hence a global comoving time exists. T
same result was obtained earlier using~x,t! variables, but it
required two calculations of relative travel time, each bein
relative speed problem with nonconstant speeds.

III. LOOK BACK, RED SHIFT, AND HORIZON

Our ordinary Earth experience might lead us to conclu
that we can see no farther than halfway back to the time
the singularity.9,10 Consider matter speeding outward fro
the origin at the fastest possible speed, nearly the spee
light, emitting radiation at a time that is half the present a
of the universe. That light requires essentially the same t
to travel back to us at the origin. We see that light as it w
at half the age of the universe. Of course, light reaching
now from slower moving matter~e.g., a nearby galaxy!
would have been emitted more recently. Therefore, it m
seem that we should be able to see no farther back in t
than half the way back to the singularity.

Using our rubber band model universe, we get a differ
result, which is confirmed by an accurate GR treatmen11

using universal time. Our model explains that different res
as follows. Consider the event of light emission at prop
location and time (xemit,temit), so early in the history of the
universe that the outward expansion proper spe
2xemit/3temit, of the grid was greater than the inward prop
speed, c, of the light traveling through the grid, o
2xemit/3temit.c. That inward traveling light is actually car
ried outward~proper distance! for a while by the faster mov-
ing grid. As time proceeds, the light travels inward along t
196Russell Akridge
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grid to regions of slower grid expansion.12 There comes
some time,tmax, when this light travels inward through th
grid exactly as fast as the grid expands outward. At t
moment, the inward light actually stands still~proper dis-
tance and time!. It is at its maximum proper distance,xmax,
from us at the origin. Subsequently the outward proper sp
of the grid becomes less than the constant inward pro
speed of the light through the grid, and the light begins
travel ~proper speed! toward us. Finally, the light reaches u
at the origin at our present proper time,t0 , in this epoch.
Applying standard max–min techniques to Eq.~2.6! yields

tmax5
8

27S 11
xemit

3ctemit
D 3

temit, xmax5
4

9 S 11
xemit

3ctemit
D 3

ctemit.

~3.1!

Equations~3.1! are valid only if the inward light is moving
physically outward at the time of emission, which means t

temit,
2xemit

3c
~3.2!

from Eq. ~2.5!. Inequality ~3.2! is equivalent to the reason
able initial condition thattemit,tmax, when tmax is given by
Eq. ~3.1!.

As a numerical example, consider radiation emitted
temit5t0/1000, and suppose that this ancient radiat
reaches us at the origin now, at epocht0 . Equation~2.6!
yields

xemit53ct0F ~ t0 /temit!
1/321

~ t0 /temit!
G50.027ct0 ~3.3!

as the proper distance at the emission timet0/1000. Equation
~3.1! yields

tmax5
8

27t050.30t0 , xmax5
4
9ct050.44ct0 . ~3.4!

This radiation emitted at proper time 0.001t0 had proper dis-
tance of only 0.024ct0 at the time of emission. The inwar
traveling light was actually dragged outward~proper dis-
tance! until it slowed to an instantaneous stop at a time
30% the present proper age of the universe at a proper
tance of 0.44ct0 . It required the last 70% of the age of th
universe to plow its way inward, through the ever-slowin
outward-expanding grid, to reach us now at epocht0 . The
matter that emitted the early light is now at a proper dista
of

x053ct0•F12S temit

t0
D 1/3G52.7ct0 . ~3.5!

Equations~2.4! and ~3.3! were combined to solve forx0
above. According to Eq.~3.5!, the galaxy is now so far awa
that it had to travel at an average speed of nearly three ti
the speed of light. This result, impossible in special rela
ity, is understandable here in terms of our model univers

To determine the red shift of the ancient light reaching
now at epocht0 , it is advantageous to use comoving tim
and distance because~a! the comoving speed of light is con
stant,~b! the emitting galaxy is motionless, and~c! we at the
origin are motionless. Therefore there is no comoving
shift, so

dtC,receive5dtC,emit, ~3.6!
197 Am. J. Phys., Vol. 69, No. 2, February 2001
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wheredtC,emit anddtC,receiveare the comoving periods. Dif
ferentiation of Eq.~2.9! converts comoving periods to prope
periods to give

dtProper,receive5S tProper,receive

tProper,emit
D 2/3

dtProper,emit. ~3.7!

Since the local speed of light isc both at the emitter at
emission time and at the receiver at reception time, multip
ing Eq. ~3.7! by c gives the wavelengthsl5cdt,

lProper,receive5lProper,emitS tProper,receive

tProper,emit
D 2/3

. ~3.8!

Comparing Eq.~3.8! with Eq. ~2.4! shows that a proper ligh
wave expands along with the expansion of the universe
whole. This is the same result that is obtained from the
GR treatment of FRW.

If the proper light horizon is defined as the greatest pro
distance of light, emitted at the origin since the singulari
then the proper horizon is 3ct0 , from Eq. ~2.6! with the
constantA evaluated so thatx50 whent5temit→0.

Suppose one defines the comoving light horizon as
comoving distance through which light has traveled since
beginning of the universe at proper timet50. From Eq.
~2.9!, the comoving time,tc522t0 , corresponds tot50
proper time. This light expanding out to proper time1t0

corresponds to comoving time1t0 , since proper and co
moving times are defined to be identical in the present epo
Hence, elapsed comoving time is 3t0 . Light has traveled at a
constant comoving speedc for a comoving time 3t0 since the
singularity. The comoving horizon is 3ct0 .

The proper particle horizon is defined as the present
tance of the objects that emitted the oldest light that we
presently observe.13 Equation ~3.5!, in the (temit/t0)→0
limit, gives a proper particle horizon of 3ct0 . The comoving
particle horizon would also be 3ct0, since comoving and
proper distances coincide att0.

IV. HUBBLE DISTANCES AND MODEL DYNAMICS

Cosmological distances are measured using the Hu
relation, stating that the distance to a galaxy is proportio
to its red shift, as long as the distances are not too great.
Hubble parameter,H, is defined to be the ratio14

H~ t !5
ȧ~ t !

a0
, ~4.1!

wherea(t) is the expansion parameter of the universe, giv
by Eq. ~2.4! for our model universe. Thus, for our spatial
flat universe,

H~ t !5
2

3t
, ~4.2!

a well-known result15 for the FRW universe in GR. There
can actually be several different Hubble parameters.H0

52/3t0 in our epoch, although it was larger at earlier epoc
Recalling that a galaxy’s speed isn52x/3t,

x05S 1

H0
D n0 ~4.3!
197Russell Akridge
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would give the distance to a galaxy in this epoch, if its spe
were known in this epoch.V0 is determined from the red
shift, Z, defined16 by

Z5
l02lemit

lemit
, ~4.4!

giving

x'
c

H0
•Z ~4.5!

for relatively nearby galaxies.l0 is the normal wavelength in
our epoch. For more distant galaxies, the travel time of li
is a significant fraction of the age of the universe. Tho
more distant galaxies, whether the Hubble relation gives
galactic distances and velocities as they were when t
emitted their light, or as they are now in the present epo
can be resolved by deriving the exact Hubble relation for
rubber band model universe without recourse to GR or s
cial relativity. Combining Eqs.~2.4! and ~3.3! gives

S temit

t0
D 1/3

512
x0

3ct0
. ~4.6!

This equation, along with Eqs.~4.4! and ~3.8!, yields

x053ct0S 12
1

A11Z
D ~4.7!

as the location,x0 , in this epoch,t0 , of the matter that emit-
ted the earlier light, whose light we receive now at timet0 .
Using Eqs.~2.4! and ~4.6! in Eq. ~4.7! gives

xemit5
3ct0

~11Z!
•S 12

1

A11Z
D ~4.8!

as the location of the emitting matter when it emitted
radiation. Eliminatingx0 between Eq.~4.6! and Eq. ~4.7!
gives

temit5
t0

~11Z!3/2 ~4.9!

as the time at which the radiation was emitted.
As in Eq. ~2.5!, the proper speed of a dot galaxy on t

expanding grid is

n5
2x

3t
, ~4.10!

so

Hemit5
nemit

xemit
5

2

3temit
~4.11!

is the Hubble parameter for the universe when the gal
emitted the light that we observe now, at epocht0 . Using
Eqs.~4.1!, ~4.9!, and~4.11! gives

Hemitted5H0•~11Zmeasured now!
3/25

2~11Zmeasured now!
3/2

3t0
.

~4.12!

The advantage offered by Eq.~4.12! is that it can be used in
conjunction with Eq.~4.11! to yield a value forH0 that is the
same for all galaxies, whereas Eq.~4.11! yields different
values forHemit, as each galaxy has its own emission tim
198 Am. J. Phys., Vol. 69, No. 2, February 2001
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that allows its light to arrive at our location in the prese
epoch. Note that it is

H05
Hemit

~11Zmeasured now!
3/2 ~4.13!

that is the Hubble constant for our epoch, although it is
various values of the individual and differentHemit’s that are
actually measured using the galactic red shifts.

The following two numerical examples illustrate th
process. First, consider a red shift ofZ599, illustrative of
the background radiation. Thentemit5t0/1000 as in our
earlier example. Thenx053ct0(121/A1199)52.7ct0 ,
xemit5x0 /(1199)50.027ct0 , n052x0/3t051.8c, nemit

5n0(t0 /temit)
1/3518c, Hemit5nemit/xemit5667/t0 , and H0

5Hemit/(1199)3/250.667/t0 . As a somewhat realistic ex
ample of a quasar, begin with a measured red shift oZ
53. Then temit5t0 /(113)3/250.125t0 , x053ct0(1
21/A113)51.5ct0 , xemit5x0 /(113)50.375ct0 , n0

52x0/3t05c, nemit5n0(t0 /temit)
1/352c, Hemit5nemit/xemit

55.33/t0 , andH05Hemit/(113)3/250.667/t0 . Note thatH0

is the same in either case, although the two values forHemit
are quite different. Also note that the quasar was traveling
a proper speed of twice the proper speed of light when
emitted its radiation that we see now, and that it has slow
down to its present speed of exactly the speed of light. Th
are astounding statements for students accustomed to sp
relativity, but are simple results from the rubber band mo
universe. Note also that the quasar is now at a proper
tance 50% greater than a beam of light could travel at c
stant speedc during the entire evolution of the universe
Such scenarios occur in the rubber band model and in
actual general relativistic FRW universe, because the pro
speed of light changes during the evolution of the univer

The dynamic of this rubber band model and the FR
universe, which it imitates, is realized by evaluating the to
mechanical energy of the expanding rubber band dot ga
ies. LetDM be the mass of a comoving expanding spheri
shell andr be the uniform density of matter within this she
at some time during the expansion, in the Newtonian se
that mass is independent of speed. The classical total
chanical energy,DE, of the expanding shell is the sum of th
classical~Newtonian! gravitational potential energy of th
shell due to the matter within it plus the classical~Newton-
ian! kinetic energy of this expanding shell. Classically, t
total mass within the shell is constant, and is (4/3)px0

3r0 ,
where x0 is the proper radius of the shell in the prese
epoch. Then, using Eqs.~2.5! and~4.10!, DE at any time can
be written in terms of parameters in the present epoch a

~DE! t5~DE!0•S t0

t D 4/3

,

~4.14!

~DE!05DM•H 1

2
n0

22
4pGr0x0

2

3 J .

Conservation of total classical mechanical energy during
expansion requires that

~DE! t5~DE!050, ~4.15!

giving

r05
3

8pG
•H0

2, r~ t !5r0•S t0

t D 2

~4.16!
198Russell Akridge
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as the mass density of galaxies in the universe in the pre
epoch. Since the change inr is entirely due to the expansio
of the universe,

r~ t !•x3~ t !5r~ t0!•x3~ t0!. ~4.17!

Therefore, the rubber band model universe has the dyn
ics of a classical, isotropic, homogeneous universe, expa
ing so that its total mass and energy are separately
served, with total energy always zero. It is only this ze
mechanical energy universe that is imitated by the rub
band model. Nonzero mechanical energy universes ev
differently. Those with positive total mechanical energy e
pand toward infinity faster than our model. Those with ne
tive total mechanical energy expand slower, and eventu
reach a maximum size@in the sense that the expansion fac
a(t) for those universes reaches a maximum for some va
of t# and then collapse upon themselves.17,18

V. SUMMARY

The rubber band model universe is used to explain, co
pare, and contrast many GR features of a FRW expand
universe, without ever resorting to GR itself. The mod
gives a speed of light that is variable, even reversing in
rection, because of the expansion of the rubber band gri
defines proper time, proper distance, and comoving dista
to be the same as in the FRW universe. It defines a como
time so that the comoving speed of light is constant. T
existence of a global proper time, in the sense that trans
sion of light signals is independent of the direction of t
signal, is verified using both proper and comoving variab
The look-back paradox is explained and resolved with a
merical example. Light speeds much greater thanc are en-
countered and understood in the model universe. The
shift formula shows that light expands along with the grid
the model universe. The light horizon and the particle ho
zons, both proper and comoving, are derived. The Hub
parameter is derived in terms of redshift, and the Hub
parameter at emission is distinguished from the Hubble
rameter at reception. Two numerical examples are presen
It is shown that this model universe corresponds to bot
classical isotropic, homogeneous universe expanding w
zero total energy and constant mass, and to the FRW
verse.
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APPENDIX: TIME AND DISTANCE IN GR

This section reviews some of the GR details relating to
concepts of time and distance used in the simplified mode
this article. This Appendix may be skipped by those read
not acquainted with GR.

1. Definitions

The definition of proper distance is based on the conc
that the proper distance between two events is measured
coordinate frame in which those two events occur simu
neously. The definition of proper time is based on the c
cept that the proper time between two events is the t
199 Am. J. Phys., Vol. 69, No. 2, February 2001
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measured in a coordinate frame in which those two eve
occur at the same location. Expressing these concepts m
ematically, proper distance and proper time are defined
terms of the metric expression for the squared differen
interval, (ds)2, as follows. The differential proper distanc
dxp , satisfies19 (ds)25201(dxp)2 at constant time. The
differential proper time,dtp , satisfies20 (ds)252c2(dtp)2

10 at constant location.

2. Comoving coordinates

The FRW metric for a flat expanding universe is

~ds!252c2~dt!21S a~ t !

a0
D 2

@~dr !21r 2~du!2

1r 2 sin2 u~dw!2#→2c2~dt!21S a~ t !

a0
D 2

~dr !2,

~A1!

where the arrow recognizes that this article deals only w
radial motion. In this metric,r is the comoving distance
xC , of the rubber band model, andt is the time t of the
rubber band model. Settingdt50 and (ds)25(dxp)2 in
Eq. ~A1! gives the differential proper distance,dxp , as
dxp5(a(t)/a0)•dr→(t/t0)2/3

•dxC , which, for constant
t, integrates21 to x in Eq. ~2.4!. Setting dr50 and (ds)2

52c2(dtp)2 in Eq. ~A1! shows thattp5t, to within an ad-
ditive constant here taken to be zero. Thus, using comov
coordinates, proper distance and proper time are, res
tively, thex and t of this article.

3. Fixed ruler coordinates

Clocks attached to the fixed ruler are at a constanR
5a(t)•r . Following Fletcher22 and Gautreau,23 for such a
clock, differentiating R5a(t)•r gives 05a(t)dr
1ȧ(t)rdt, where the dot indicates differentiatio
with respect to t. The metric for constantR becomes
(ds)252c2@12(RH(t)/c)2#(dt)2, not simply (ds)2

52c2(dt)2, as it does for fixedr in comoving coordinates
Here H(t) is the Hubble variable, which for FRW isH(t)
5ȧ(t)/a(t)52/3t. A change of variables from~R,t! to
(R,tp) is required to bring the metric into the form (ds)2

52c2(dtp)2 for constant R. Integration gives tp(R,t)
5t•A12(2R/3ct)212R•sin21(2R/3ct)/3c1 f (R), where
f (R) is a function of onlyR, and where]tp(R,T)/]R is
chosen to eliminate a cross product metric term. B
Fletcher and Gautreau discuss the complete transforma
but such is beyond the scope of this article. Thistp is the
proper time measured in fixed ruler coordinates in terms oR
and t. Note that only atR50 is tp5t @if f (0) is properly
chosen#, but at all other values ofR, the timetp depends on
both R and t in a nontrivial way. Hence,t works well to
measure time atR50, but t is neither a proper time nor a
universal time for clocks attached to the fixed ruler, whe
distance is measured byR.

Holding proper time constant, the metric becomes (ds)2

5(dR)2/@12(RH/c)2#, showing thatR is not the proper
distance when using proper time,tp , as the measure of time
However, when using the timet as defined in the rubbe
199Russell Akridge
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band model, constantt yields (ds)25(dR)2 in Eq. ~A1!, so
that R is proper distance when using~R,t! to measure dis-
tance and time.

4. Comoving time

The FRW metric of Eq.~A1! can be manipulated into
a form having a constant speed of light by factori
out (t/t0)4/3, giving (ds)25(t/t0)4/3

•@(t0 /t)4/3c2(dt)2

1(dr)2#, and making the change of time variable from tim
t to comoving timetC defined by Eq.~2.9!, resulting in a
FRW transformed metric,

~ds!25F1

3 S tC

t0
12D G4

•@2c2~dtC!21~dxC!2#, ~A2!

expressed in terms of the article’s comoving distance
time. With the metric in this form, it is obvious that ligh
propagation, defined byds50, is constant speed, as e
pressed in Eq.~2.10!. It is also obvious from this metric form
that (xC ,tC) do not constitute proper distance and time, ev
though these coordinates may be useful for calculatio
since the speed of light is constant in terms of them.
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