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ABSTRACT

Recent observational analysis reveals the central role of three multicloud types, congestus, stratiform, and

deep convective cumulus clouds, in the dynamics of large-scale convectively coupled Kelvin waves, west-

ward-propagating two-day waves, and the Madden–Julian oscillation. A systematic model convective pa-

rameterization highlighting the dynamic role of the three cloud types is developed here through two

baroclinic modes of vertical structure: a deep convective heating mode and a second mode with low-level

heating and cooling corresponding respectively to congestus and stratiform clouds. A systematic moisture

equation is developed where the lower troposphere moisture increases through detrainment of shallow

cumulus clouds, evaporation of stratiform rain, and moisture convergence and decreases through deep

convective precipitation. A nonlinear switch is developed that favors either deep or congestus convection

depending on the relative dryness of the troposphere; in particular, a dry troposphere with large convective

available potential energy (CAPE) has no deep convection and only congestus clouds. The properties of the

multicloud model parameterization are tested by linearized analysis in a two-dimensional setup with no

rotation with constant sea surface temperature. In particular, the present study reveals new mechanisms for

the large-scale instability of moist gravity waves with features resembling observed convectively coupled

Kelvin waves in realistic parameter regimes without any effect of wind-induced surface heat exchange

(WISHE). A detailed dynamical analysis for the linear waves is given herein and idealized nonlinear

numerical simulations are reported in a companion paper. A maximum congestus heating leads during the

dry phase of the wave. It is followed by an increase of the boundary layer �e, that is, CAPE, and lower

troposphere moistening that precondition the upper troposphere for the next deep convective episode. In

turn, deep convection consumes CAPE and removes moisture, thus yielding the dry episode.

1. Introduction

The chicken–egg problem of the mutual interaction

between tropical large-scale circulation and moist con-

vection has been an area of active research during the

last few decades. Moreover, contemporary general cir-

culation models (GCMs) often perform poorly in pa-

rameterizing and/or resolving the observed large-scale

features of organized tropical convection, such as con-

vectively coupled waves, as well as their impact on plan-

etary-scale tropical circulation (Slingo et al. 1996; Mon-

crieff and Klinker 1997); the reasons for such poor per-

formance are not well understood. Intermediate

models with crude vertical resolution, typically involv-

ing a single baroclinic vertical mode, have been used for

theoretical and numerical studies of various strategies

for parameterizing moist convection and convectively

coupled waves (Emanuel 1987; Mapes 1993; Neelin and

Yu 1994; Yano et al. 1995; Yano et al. 1998; Majda and

Shefter 2001a; Majda and Khouider 2002; Frierson et

al. 2004). Although a lot of progress has been made in

the understanding of this meteorological phenomenon,

the problem remains open, practically important, and

indeed challenging.

Two types of models have dominated the arena of

tropical moist convection: convergence-driven models

and quasi-equilibrium models. Convergence models
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date back to the work of Charney and Eliassen (1964),

followed by Yamasaki (1969), Hayashi (1971), and

Lindzen (1974). The convergence models, also called

convective instability of second kind (CISK) models,

sustain convection through large reservoirs of convec-

tive available potential energy (CAPE) driven by low-

level convergence. Such models exhibit extreme sensi-

tivity to grid-scale behavior and linearized stability

analysis reveals the undesirable feature of catastrophic

instability with increasingly larger growth rates on the

smallest scales (Yano et al. 1998; Majda and Shefter

2001a). In the quasi-equilibrium thinking, first intro-

duced by Arakawa and Shubert (1974), one assumes a

large-scale quasi-equilibrium state where CAPE is

nearly constant and deep convection acts as an energy

regulator in restoring quickly the equilibrium by con-

suming any excess of CAPE. The triggering and the

amplification of convection in quasi-equilibrium mod-

els rely on surface fluxes. Indeed, such quasi-equilib-

rium models are linearly (Neelin and Yu 1994) and

even nonlinearly stable (Frierson et al. 2004). The most

popular mechanism used in concert with the quasi-

equilibrium models to create instability is wind-induced

surface heat exchange (WISHE; Emanuel 1987; Eman-

uel et al. 1994).

Recent analysis of observations over the warm pool

in the Tropics reveals the ubiquity of three cloud types

above the boundary layer: shallow congestus clouds,

stratiform clouds, and deep penetrative cumulus clouds

(Lin and Johnson 1996; Johnson et al. 1999). Further-

more, recent analysis of convectively coupled waves on

the large scales reveals a similar multicloud convective

structure with leading shallow congestus cloud decks

that moisten and precondition the lower troposphere

followed by deep convection and finally trailing decks

of stratiform precipitation; this structure applies to the

eastward propagating convectively coupled Kelvin

waves (Wheeler and Kiladis 1999; Straub and Kiladis

2002) and westward-propagating two-day waves

(Haertl and Kiladis 2004), which reside on equatorial

synoptic scales of order 1000 to 3000 km in the lower

troposphere as well as the planetary-scale Madden–

Julian oscillation (Kiladis et al. 2005; Dunkerton and

Crum 1995). An inherently multiscale theory for the

Madden–Julian oscillation with qualitative agreement

with observations that is based on these three cloud

types has been developed recently (Majda and Biello

2004; Biello and Majda 2005). While there is no doubt

that WISHE plays an important role in hurricane de-

velopment (Zehnder 2001; Craig and Gray 1996), there

is no observational evidence directly linking the struc-

ture of convectively coupled Kelvin waves and two-day

waves to WISHE.

Furthermore, despite the observational evidence,

none of the models with a single vertical mode men-

tioned earlier account for the multimode nature of

tropical convection and the importance of the different

cloud types; shallow/congestus, stratiform and deep-

penetrative cumulus clouds. They are concentrated

solely on the deep-penetrative and shallow boundary

layer clouds. Parameterizations with two convective

heating modes systematically representing, a deep-

convective mode and a stratiform mode, have first ap-

peared in the work of Mapes (2000). Majda and Shefter

(2001b, hereafter MS01) proposed a much simpler sys-

tematic version of Mapes’ model based on a Galerkin

projection of the primitive equations onto the first two

linear baroclinic modes yielding a set of two shallow-

water systems. The first baroclinic system is heated by

the deep convective clouds while the second baroclinic

system is heated aloft by the stratiform clouds. Linear

stability analysis of this model convective parameter-

ization revealed a mechanism of stratiform instability

independent of WISHE (MS01; Majda et al. 2004, here-

after M04). Direct numerical simulations carried out in

M04 revealed the resemblance of many features of the

moist gravity waves for the MS01 model and the real

world convective superclusters as depicted in M04 and

in observational papers (e.g., Straub and Kiladis 2002).

One visible shortcoming of the MS01 model is however

its short-cutting of the role of the shallow/congestus

heating as in the early Mapes’ model. Also, inherited

from the quasi-equilibrium school (Yano and Emanuel

1991; Yano et al. 1998), the MS01 model uses very sen-

sitive parameters that are nonphysically kept fixed/

constant and spatially homogeneous, such as the pre-

cipitation efficiency and the area fraction of deep con-

vection.

In the present paper, we propose a new model con-

vective parameterization, within a framework similar to

the MS01 model. In addition to the deep convective

and stratiform clouds, the present model carries cumu-

lus congestus clouds, which serve to heat the second

baroclinic mode from below and cool it from above as

in actual congestus cloud decks. The new model is

based on a self-consistent derivation and it avoids many

of the commonly used ad hoc parameters. We system-

atically derive an equation for the vertically integrated

water vapor with mean vertical background moisture

profile forced by both the first baroclinic and second

baroclinic (low level) convergence within the physical

constraints of conservation of vertically integrated

moist static energy. Also the new model takes into ac-

count the dryness and moistness of the middle tropo-

sphere through a varying inhomogeneous switch pa-

rameter, �, in order to shut off or favor deep convec-
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tion and to increase or decrease the downdrafts from

the cooling associated with evaporation of shallow

clouds and stratiform rain. Moreover, the congestus

convection is amplified whenever the middle tropo-

sphere is too dry to sustain deep convection and is shut

off completely when deep convection is at its maxi-

mum. Furthermore, linear stability analysis reveals only

large-scale instability in realistic parameter regimes and

without any effect of WISHE. Thus, the new multicloud

parameterizations are to some extent a marriage be-

tween the two schools of thought leading to the low-

level convergence and quasi-equilibrium models.

The remainder of the paper is organized as follows.

In section 2 we present the multicloud model param-

eterizations based on the two heating modes strategy.

Radiative convective equilibrium solutions (RCEs) and

the associated linearized equations are discussed in sec-

tion 3. Section 4 presents the linear stability results and

analysis for various parameter regimes. The physical

structure and dynamical features of the associated un-

stable moist gravity waves are discussed in section 5 and

a concluding discussion is given in section 6. The details

of the derivation of the vertical average moisture equa-

tion with first and second baroclinic convergence and

the explicit linearized equations are given in appendices

A and B, respectively.

2. The multicloud model

a. The dynamical core

The dynamical core of the model convective param-

eterization proposed here consists of two coupled shal-

low-water systems corresponding to a direct heating/

deep convective mode and a second baroclinic–strati-

form/congestus mode;

�vj

�t
�U · �vj � �yvj

⊥ � ��j � �Cd�u0�vj �
1

�R

vj

��1

�t
�U · ��1 � div v1 �

�

2�2
P � S1

��2

�t
�U · ��2 �

1

4
div v2 �

�

2�2
��Hs � Hc�� S2.

�2.1�

In (2.1), P � 0 models the heating from deep convec-

tion while Hs, Hc are the stratiform and congestus heat-

ing rates. As depicted in Fig. 1, conceptually, the direct

heating mode has a positive component, serves to heat

the whole troposphere, and is associated with a vertical

shear flow. The second baroclinic mode is heated by the

congestus heating, Hc, from below and by the stratiform

heating, Hs, from above and therefore cooled by Hc

from above and by Hs from below. It is associated with

a jet shear flow in the middle troposphere. The terms S1

and S2 are the radiative cooling rates associated with

the first and second baroclinic modes, respectively.

The equations in (2.1) are obtained by a Galerkin

projection of the hydrostatic primitive equations with

constant buoyancy frequency onto the first two baro-

clinic modes. More details of their derivation are found

in (Neelin and Zeng 2000; MS01; Frierson et al. 2004).

In (2.1), vj � (uj, 	j)j�1,2 represent the first and second

baroclinic velocities assuming G(z) ��2 cos(
z/HT)

and G(2z) ��2 cos(2
z/HT) vertical profiles, respec-

tively, while �j, j � 1, 2 are the corresponding potential

temperature components with the vertical profiles

G�(z) ��2 sin(
z/HT) and 2G�(2z) � 2�2 sin(2
z/

HT), respectively. Therefore, the total velocity field is

approximated by

V �U � G�z�v1 � G�2z�v2;

w � �
HT

�
�G��z� div v1 �

1

2
G��2z� div v2�,

where V is the horizontal velocity and w the vertical

velocity. The total potential temperature is given ap-

proximately by

	 � z � G��z��1 � 2G��2z��2.

Here HT � 16 km is the height of the tropical tropo-

sphere with 0 
 z 
 HT and v⊥

j � (�	j, uj) while U is

the incompressible barotropic wind, which is set to zero

here for the sake of simplicity.

For simplicity, the nonlinear interactions between

the first and second baroclinic modes are ignored but

they can be easily derived and incorporated into the

equations (Majda and Biello 2003; Khouider and Majda

2005a,b). Also the Coriolis terms on the left-hand side

of the momentum equations, y v⊥

j , are dropped below

thus eliminating the meridional features of the tropical

disturbances leaving only moist gravity waves. Never-

theless, this turns out to be enough for capturing the

FIG. 1. Sketch of the two-baroclinic-mode model convective

parameterization with three cloud types.
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convectively coupled Kelvin waves that have no meridi-

onal velocity and propagate along the equator.

The system of equations in (2.1) is augmented by an

equation for the boundary layer equivalent potential

temperature, �eb, and another for the vertically inte-

grated moisture content, q;

��eb

�t
�

1

hb

�E � D�

�q

�t
�U · �q � div��v1 � �̃v2�q�� Q̃ div�v1 � �̃v2�

� �P �
1

HT

D. �2.2�

In (2.2), hb � 500 m is the height of the moist boundary

layer while Q̃, �̃, and �̃ are parameters associated with

a prescribed moisture background and perturbation

vertical profiles. According to the first equation in

(2.2), �eb changes in response to the downdrafts, D, and

the sea surface evaporation E. The troposphere mois-

ture equation for q is derived from the bulk water vapor

budget equation by imposing a moisture stratification-

like background vertical profile qtot � Q(z) � q. The

details of this derivation are reported in appendix A.

The approximate numerical values of �̃ � 0.8 and

�̃ � 0.1 follow directly from the derivation, while the

coefficient Q̃ arises from the background moisture gra-

dient. We use the standard value Q̃ � 0.9 (Yano and

Emanuel 1991; Frierson et al. 2004).

In full generality, the parameterizations in (2.1) and

(2.2) automatically have conservation of an approxima-

tion to vertically integrated moist static energy. Notice

that, the precipitation rate in (2.2), balances the vertical

average of the total convective heating rate in (2.1),

therefore leading to the conservation of the vertical

average of the equivalent potential temperature ��e� �

�Q(z)� � q � ��� � (hb/HT)�eb when the external

forces, namely, the radiative cooling rates, S1, S2, and

the evaporative heating, E, are set to zero. Also note

that the sensible heating flux has been ignored in (2.1)

for simplicity since this is a relatively small contribution

in the Tropics. Here and elsewhere in the text � f � �

(1/HT) �HT
0 f(z) dz.

The equations in (2.1) and (2.2) for the prognostic

variables q, �eb, �j, vj, j � 1, 2, are written in nondimen-

sional units where the equatorial Rossby deformation

radius, Le � 1500 km is the length scale, the first baro-

clinic dry gravity wave speed, c � 50 m s�1, is the ve-

locity scale, T � Le/c � 8 h is the associated time scale,

and the dry-static stratification � � (HTN2�0/
g) �

15 K is the temperature unit scale. The basic bulk pa-

rameters of the model are listed in Table 1 for the

reader’s convenience.

b. The convective parameterization

The surface evaporative heating, E, in (2.2) obeys an

adjustment equation toward the boundary layer satu-

ration equivalent potential temperature, �*eb,

1

hb

E �
1

�e

��*eb � �eb� �2.3�

with �e is the evaporative time scale. The value of �*eb on

a warm ocean surface is fixed such that at radiative

convective equilibrium we have �*eb � �eb � 10 K, ac-

cording to the Jordan sounding (Gill 1982).

Besides the second baroclinic moisture advection in

(2.2), the originality of the present model resides in a

new treatment of the deep convective heating/precipi-

tation, P, and the downdrafts, D, as well as the intro-

duction of the congestus heating, Hc, into the �2 equa-

tion. The middle tropospheric equivalent potential tem-

perature anomaly is defined approximately by

�em � q �
2�2

�
��1 � 2�2�, �2.4�

where �2 � 0.1. Notice that the coefficient 2�2/
 in

(2.4) results from the vertical average of the first baro-

clinic potential temperature, �2�1 sin(
z/HT), while

the small value for �2 adds a nonzero contribution from

�2 to �em to include its contribution from the lower

middle troposphere although its vertical average is

zero.

Inspired by Zehnder (2001), we introduce and use a

switch parameter �, which serves as a measure for the

TABLE 1. Bulk constants in two-layer-mode model.

HT � 16 km: Height or the tropical troposphere

Q̃ � 0.9: Moisture stratification factor

�̃ � 0.8: Second baroclinic relative contribution to the

moisture convergence associated with the moisture

background

�̃ � 0.1: Second baroclinic relative contribution to the

moisture (nonlinear) convergence associated with the

moisture anomalies

�R � 75 days: Rayleigh wind friction relaxation time

�D � 50 days: Newtonian cooling relaxation time

cd � 0.001: Boundary layer turbulence momentum friction

Le � 1500 km: Equatorial deformation radius, length scale

c � 50 m s�1: Speed of the first baroclinic gravity wave,

velocity scale

T � Le/c � 8 h: Time scale

� � 15 K: Dry static stratification, temperature scale

N � 0.01 s�1: Brunt–Väisälä buoyancy frequency

�0 � 300 K: Reference temperature

hb � 500 m: Boundary layer height

X: RCE value of the variable X

�2 � 0.1: Relative contribution of �2 to the middle

troposphere �e
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moistness and dryness of the middle troposphere.

When the discrepancy between the boundary layer and

the middle troposphere equivalent potential tempera-

tures is above some fixed threshold, ��, the atmosphere

is defined as dry and we set � � 1 and when this dis-

crepancy is below some lower value, ��, we have a

relatively moist atmosphere and we set � � �* � 1.

The lower threshold �* can basically take any value

between zero and one, and here �* � 0.2 while � is

then interpolated (linearly) between these two values.

More precisely, we set

� � �
1 if �eb � �em � ��

A��eb � �em�� B if �� 
 �eb � �em 
 ��

�* if �eb � �em � ��.

�2.5�

Here �� � 20 K and �� � 10 K while A and B are

fitting constants guaranteeing continuity of �. The

value of �� is chosen according to the Jordan sounding

(Fig. 3.5 from Gill 1982). It represents a threshold be-

low which the free troposphere is locally moist and ac-

cepts only deep convection.

Therefore, the precipitation, P, and the downdrafts,

D, obey

P �
1 � �

1 � �*
P0

and D � �D0, �2.6�

while the stratiform and congestus heating rates, Hs and

Hc, solve the relaxation-type equations

�Hs

�t
�

1

�s

�sP � Hs� �2.7�

and

�Hc

�t
�

t

�c
�c

� � �*

1 � �*

D

HT

� Hc�, �2.8�

respectively. Notice that when the middle troposphere

is dry, � � 1, deep convection is completely inhibited,

even if P0, is positive, whereas congestus heating is fa-

vored. In the absence of deep convection, the down-

drafts are interpreted as the subsidence associated with

the detrainment of shallow clouds. In this sense, the

shallow clouds serve to moisten and precondition the

middle troposphere to sustain deep convection by low-

ering � in the model via both the increase of q and the

decrease of �eb. The situation is inverted during the

deep convective episodes when � � �*. Moreover, the

dry atmosphere increases the downdrafts, D, and pro-

motes boundary layer clouds. This also is well reflected

in the model.

The quantities P0 and D0 represent the maximum

allowable deep convective heating/precipitation and

downdrafts, respectively, independent of the value of

the switch function �. Notice that conceptually the

model is not bound to any type of convective param-

eterization. A Betts–Miller relaxation-type parameter-

ization as well as a CAPE parameterization can be used

to set up a closure for P0. Indeed, here we use a com-

bination of the two concepts by letting

P0 �
1

�conv

�a1�eb � a2�q � q̂�� a0��1 � �2�2��
�, �2.9�

where q̂ is a threshold constant value measuring a sig-

nificant fraction of the tropospheric saturation and �conv

is the convective time scale while a1, a2, a0 are nondi-

mensional parameters specified below and in Table 2

(Fuchs and Raymond 2002; Frierson et al. 2004). In

particular, the coefficient a0, which is related to the

inverse buoyancy relaxation time of Fuchs and Ray-

mond (2002), is an important parameter to vary. The

parameter �2, which couples �2 to P0, is also varied to

assess the effects of the lower troposphere temperature

variation on the parameterizations; a relatively warm

lower troposphere will promote evaporation and de-

TABLE 2. Parameters in the convective parameterization.

�*eb: Boundary layer saturation equivalent potential

temperature

�e � 8 h or 9 days: Evaporative time scale in the boundary layer

�� � 10, 20 K: Temperature thresholds used to define the switch

function �

�* � 0.2: Lower threshold of the switch function �

A, B: Linear fitting constants interpolating the switch

function �

�s � 3 h: Stratiform heating adjustment time

�s � 0.25: Stratiform heating adjustment coefficient

�c � 1 h: Congestus heating adjustment time

�c � 0.5 (varies): Congestus heating adjustment coefficient

a0 � 7.5 (varies): Inverse buoyancy time scale of convective

parameterization

a1 � 0.1 (varies): Relative contribution of �eb to the convective

parameterization

a2 � 0.9 (varies): Relative contribution of q to the convective

parameterization

�conv � 2 h: Deep convective reference time scale

q̂: Threshold beyond which condensation takes place in

Betts–Miller scheme

�2 � 0.1 (varies): Relative contribution of �2 to the convective

parameterization (strength of lower troposphere coupling)

�eb � �em � 14 K: Discrepancy between boundary and middle

tropospheric equivalent potential temperature

at RCE.

m0 (value is set by RCE): Scaling of downdraft mass flux

�2 � 0.5: Relative contribution of stratiform and congestus mass

flux anomalies
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trainment of cumulus clouds. Thus, it should result in a

weakening of the deep convection.

The downdrafts are closed by

D0 �
m0

P
�P � �2�Hs � Hc��

���eb � �em�, �2.10�

where m0 is a scaling of the downdraft mass flux and P

is a prescribed precipitation/deep convective heating at

radiative convective equilibrium. Here �2 is a parameter

allowing for stratiform and congestus mass flux anomalies

(MS01; M04). Finally the radiative cooling rates, S1, S2

in (2.1) are given by a simple Newtonian cooling model

Sj � �QR,j
0 �

1

�D

�j, j � 1, 2, �2.11�

where Q0
R,j, j � 1, 2 are the radiative cooling rates at

RCE. The basic constants in the model convective pa-

rameterization and the typical values utilized here are

given in Table 2.

The equations in (2.1) through (2.11) describe the

multicloud convective parameterization utilized here

with characteristic features, combining those of conver-

gence-driven and quasi-equilibrium schemes, briefly

summarized below:

1) The parameterization respects conservation of ver-

tically integrated moist static energy by design.

2) Low-level moistening from moisture convergence:

the role of the second baroclinic convergence in the

q equation in (2.2) is to increase locally the moisture

content yielding a preconditioning of the atmo-

sphere to sustain and trigger deep convection by

moistening as well as decreasing the value of the

switch function � in (2.5).

3) Also from (2.5), no deep convection is allowed if the

upper troposphere is dry even if P0, is positive. This

is reminiscent for the situation in nature where deep

convection is inhibited even if CAPE is positive.

4) The deep convection is handled in a quasi-

equilibrium scheme framework with the three major

contributors, �eb, q, and �1 � �2�2. Deep convection

being favored by the increase of �eb and q, and the

decrease of �1 � �2�2, that is, a more moist and

warmer boundary layer, as in CAPE parameteriza-

tions, a moist troposphere, as in Betts–Miller-type

schemes, and a cooler lower middle troposphere,

which favors saturation at weaker mixing ratios. The

parameterization has the following dynamical ef-

fects on the variables: A) �eb increases from the sur-

face evaporative forcing, E, when the downdrafts,

D, on the boundary layer are decreasing; B) q in-

creases from first and second baroclinic convergence

and from evaporation of shallow clouds when the

upper troposphere is dry, that is, � � 1, reflected by

the positive effect from the downdrafts, D, while q

decreases from deep convection which generates

precipitation; and C) the combination �1 � �2�2 in-

creases after the deep convective warming episodes,

which automatically induces weaker downdrafts on

the boundary layer.

5) When the atmosphere is not extremely moist, � �

�*, that is, during weak or vanishing deep convec-

tion episodes, a fraction �c of the shallow convective

activity is converted into congestus-precipitating

clouds, via the factor (� � �*)D/(1 � �*)HT in

(2.8), which serves to increase �2, inducing a de-

crease of P0 as well as a decrease of the effective

downdrafts D by increasing the middle troposphere

equivalent potential temperature.

6) For �2 � 0, the negative anomalies in the stratiform

mass flux (MS01; M04) help generate �eb and re-

store CAPE by decreasing the effective downdrafts D.

7) When the parameters �2, �2, and �2 in (2.4), (2.9),

and (2.10), respectively, together with �̃, �̃ in (2.2)

are set to zero, the second baroclinic mode decouples

completely from the convective parameterization

and becomes slaved to the first baroclinic mode.

3. Radiative convective equilibrium and linearized

equations

A standard tool in understanding the basic properties

of a convective parameterization is the linearized sta-

bility analysis at radiative convective equilibrium

(Emanuel 1987; Yano et al. 1998; Majda and Shefter

2001a; MS01; Fuchs and Raymond 2002). A radiative

convective equilibrium (RCE), which is a state where

the convective heating is balanced by the radiative cool-

ing, is a time-independent, static, and spatially homo-

geneous solution to the set of Eqs. (2.1)–(2.11) de-

scribed above. It sets up a steady-state solution around

which convective waves can oscillate and grow. In this

section, we construct such an RCE solution and per-

form a linear stability study for small wavelike pertur-

bations from this RCE. Therefore, we let

�1� E �D �2�
1

HT

D � P �
1 � �

1 � �
*

P0

�3�
�

2�2
P � QR,1

0 �4�
�

2�2
��Hs �Hc�� QR,2

0

�5� sP �Hs �6� c

� � �
*

1 � �
*

D

HT

�Hc

.

�3.1�
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Notice that Eq. (2) in (3.1) implies that the RCE pre-

cipitation, P, and the RCE downdraft, D, are both zero

if the upper troposphere is dry at equilibrium, that is,

� � 1 and Eqs. (1) and (3) imply that both the evapo-

rative forcing, E, and the radiative cooling, Q0
R,1, should

also be zero in this case. Such purely congestus equi-

libria are believed nonphysical and are therefore dis-

carded.

An RCE solution is completely determined by fixing

the evaporative rate E alone provided the state of the

upper troposphere is also specified by fixing � or

equivalently �eb� �em. With the value �*eb� �eb� 10 K,

according to the Jordan tropical sounding (Gill 1982),

the realistic value of radiative cooling, Q0
R,1, given by 1

K day�1 yields a boundary layer evaporative time scale

�e � 8 h and this is the standard value utilized below in

section 4. The weaker value of Q0
R,1� 0.04 K day�1 and

�e� 9 days is also used below for comparison purposes.

The linearized equations about an RCE solution are

then obtained for the first-order perturbation, U(x, t)�

(u1, u2, �1, �2, �eb, q, Hs, Hc), and the explicit formula-

tion of the linear system is presented in appendix B.

Next, we look for traveling wave solutions for the lin-

earized system with the form U(x, t) � U exp[i(kx �

�t)]. Here k is the wavenumber and � � �(k) is the

generalized dispersion relation where Re(�)/k is the

phase speed and Im(�) is the growth of the linear wave

(Majda and Shefter 2001a; MS01; M04). Because it is

impossible to get explicitly the analytic expressions for

the dispersion relations associated with the 8 � 8 sys-

tem, the corresponding eigenvalue problem is solved

numerically on a computer. The detailed results are

given in section 4 below.

4. Linear stability: Results and analysis

A lot of parameters are involved in the present pa-

rameterization and the model stability is sensitive to

many of them. Nevertheless, plausible values were de-

rived by physical and/or mathematical consistency ar-

guments for the majority of the parameters during ei-

ther the derivation of the model in section 2 or the

setup of the RCE solution in section 3. Only a few

parameters need to be systematically varied. These in-

clude a0, a1, a2, and �2 in (2.9), and �eb� �em, which also

fixes �, as well as the congestus coefficient �c in (2.8).

Moreover, the constants �̃ � 0.8, �2 � 0.1, and �2 � 0.5

are also set to zero below to assess the effect of cou-

pling of the second baroclinic mode.

a. Homogeneous stability of the RCE

A stability analysis for the homogeneous state RCE,

which is represented by the linear mode solutions cor-

responding to wavenumber k � 0 is presented here.

The corresponding bifurcation diagrams for fixed �eb �

�em � 14 K and for fixed �c � 0.5 are reported in Figs.

2a,b, in the �2 � �c and �2 � �eb � �em planes, respec-

tively, for the realistic radiative cooling of Q0
R,1 �

1 K day�1. The two pictures in Figs. 2a,b are represen-

tative of the stability behavior when the three param-

eters, �2, �c, �eb � �em are varied. For a mixed RCE,

10 K� ��� �eb� �em� �
�� 20 K, a k� 0 mode turns

unstable when the parameter �2 exceeds some value

around 0.4 or lower, independent of �c whereas the

homogeneous state RCE is stable and weakly damped

when �2 
 0.1, for all 0 
 �c 
 2 except for a small band

near 20 K. This band is very narrow when �c 
 0.5 but

it expands toward the interior as �c grows. This homo-

geneous state RCE instability is not too sensitive to

changes in the values of the convective parameters a0,

a1, a2.

As demonstrated in Fig. 2b, the homogeneous state is

stable, for all values of other parameters when the RCE

is set to the purely deep convective state, �eb � �em �

��. Also, although not shown here, when Q0
R,1 � 0.04

K day�1, the region of stability expands toward larger

values of �2 such that with �c � 0.5 the instability is

confined to a narrow strip near �eb � �em � 20 K for all

FIG. 2. Bifurcation diagram for the homogeneous state RCE (a)

in the �2–�c plane for fixed �eb � �em � 14 K and (b) in the �2 �

�eb � �em plane for fixed �c � 0.5. The regions of positive maxi-

mum growth among the k � 0 modes are shaded and a few con-

tours are plotted.
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0 
 �2 
 1. Taken together, all these results indicate

that the RCE is unstable to homogeneous perturba-

tions for � close to one in reasonable parameter re-

gimes, that is, for RCE’s dominated by congestus be-

havior and stable for deep convective dominated RCEs.

The linear stability analysis involving nonzero wave-

numbers, k � 1, is addressed next. We use �c � 0.5,

�2 � 0.1, �eb � �em � 14 K, with the radiative cooling

Q0
R,1 � 1 K day�1 in our standard set of parameters.

According to the analysis conducted above this consti-

tutes a parameter regime whose homogeneous state

RCE is stable.

b. Basic stability diagram for various parameter

regimes

In Fig. 3, the growth rate and phase speed as func-

tions of the wavenumber, k � 0, are presented for the

standard RCE with �eb � �em � 14 K for the standard

parameter values, Q0
R,1 � 1 K day�1, �c � 0.5, �2 � 0.1,

a0 � 7.5, a1 � 0.1, a2 � 0.9 (the standard case) and are

also presented for the other values, �c � 2 with the

remaining parameters fixed as well as the weaker ra-

diative cooling Q0
R,1 � 0.04 K day�1 with �2 � 1 and for

purely deep convective RCE, �eb � �em � 9 K.

These four cases show that, in the parameter regimes

where the k � 0 mode is stable, the basic instability in

the model parameterization consists of moist traveling

waves with speeds in the regime 20 to 15 m s�1 basically

confined to horizontal scales larger than equatorial syn-

optic scales around roughly 3000 km. The bands of in-

stability show remarkably little sensitivity to either the

radiative cooling rate Q0
R,1 or the congestus coefficient

�c while the effect of increasing �2 from 0.1 to 1 creates

a larger band of unstable wavelengths still confined to

the large scales. However, the growth rate of the insta-

bility changes moderately over all these parameter

variations in the four cases shown here. As shown in

Table 3, the effect of changing the inverse buoyancy

time-scale parameter a0 on the stability diagram is that

increasing a0 confines the values of the instability to

increasingly larger spatial scales and decreases the

growth rates at the same time. The system is stable for

values of a0 slightly larger than 10.5, when the other

parameters are kept as in the standard case. All of these

results indicate that even though the basic parameter-

ization depends on low-level moisture convergence,

there are no wave–CISK instabilities at small scales in

the basic parameterization for the standard RCE.

For RCEs with higher values of �eb � �em, for which

the homogeneous state is already unstable, the stability

and phase diagrams corresponding to Fig. 3 (results not

shown) bifurcate drastically and display a remarkably

complex behavior with the emergence of other mois-

ture waves, when compared to the standard case in Fig.

3a. It starts by the appearance, at the mesoscopic scales

around 400 km, of a small band of instability of moist

gravity waves moving at the second baroclinic dry grav-

ity wave speed of 25 m s�1 and a pair of standing modes

unstable at the planetary scales, in addition to the 15 to

20 m s�1 basic moist gravity wave instability. When

�eb � �em is increased further the 25 m s�1 band of

instability expands toward the synoptic scales while the

basic moist gravity waves instability expands toward

small (synoptic and mesoscopic) scales with the phase

speeds asymptoting to zero at these small scales. How-

ever, at the limit �eb � �em � 20 K only one standing

mode survives with constant growth rates at small

scales. The details of these bifurcations as well as the

structures of theses waves will be reported in Khouider

and Majda (2005c).

c. Instability of limiting parameter regimes

To elucidate the role of the second baroclinic cou-

pling and especially the low-level moisture conver-

gence, we report here the stability results when the

parameters �2, �2, �2, �̃ are separately set to zero while

the other parameters are kept as in the standard case.

In Fig. 4a, we have �̃ � 0 so that the second baroclinic

convergence is suppressed from the moisture equation

in (2.2). Suddenly, the basic moist gravity wave insta-

bility disappears and it is replaced by a standing mode

with a band of instability expanding to small scales and

the growth rates are asymptotically constant at small

scales. A similar stability diagram is obtained when

both �̃ and �2 are set to zero but with much weaker

growth rates and a band of instability significantly

shifted toward the synoptic scales, as depicted in Fig. 4c.

When �̃ � 0, the standing mode instability diagram has

very little sensitivity to the parameters �2, �2 for both

cases �  0 and � � 0, respectively. Especially for the

latter case, it is not surprising to see that the convec-

tively coupled gravity wave instability disappears since

WISHE is suppressed (MS01; M04). However, the

emergence of a new standing mode with a range of

instability expanding to small scales at an asymptoti-

cally constant growth is a different phenomenon. The

instability diagram resembles the one encountered in

one baroclinic mode models with moisture radiative

feedback (Fuchs and Raymond 2002) and the associ-

ated mode is reminiscent of the nearly neutrally stable

moisture mode present in quasi-equilibrium parameter-

izations with a single vertical mode (Neelin and Yu

1994; Majda and Shefter 2001a).

In Fig. 4b, we set �2 � 0 and switch back �̃ and �2 to
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FIG. 3. (left) Phase speed and (right) growth rate as functions of the wavenumber for (a) the standard

parameter values (see text), (b) when �c � 2, (c) when Q0
R,1 � 0.04 K day�1 and �2 � 1 (note the change

in growth scale), and (d) when �eb � �em � 9 K. Because of symmetry only the first quadrant is shown

for the dispersion relation diagram and the branches with positive growths are highlighted with small

circles.
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their standard values. The standing mode instability is

eliminated (by �̃ being not zero) while the basic moist

gravity wave instability shrinks toward the planetary

scales with significantly weaker growths when com-

pared to the standard case in Fig. 3. In addition, when

�̃  0, for both cases �2 � 0.1 and �2 � 0, the basic

gravity wave instability has very little sensitivity to the

parameters �2, �2.

We conclude from the above that the second baro-

clinic low-level moisture convergence plays a major

role in the generation of the basic moist gravity wave

instability as well as filtering the standing mode insta-

bility while the lower middle tropospheric coupling is

important for the amplification of this instability. More-

over, when �̃ � 0, the stratiform and congestus mass

flux contribution to the downdrafts amplifies the

growth of the standing mode.

A change in parameters toward “a CAPE regime”

FIG. 4. Same as Fig. 3 but for the limiting parameter regimes (a) �̃ � 0, (b) �2 � 0, and (c) �̃ � 0, �2 � 0.

TABLE 3. Range of instability and growth rates when the inverse

buoyancy time parameter a0 varies.

a0

Range of unstable

wavenumbers

Maximum growth

rate (1 day�1)

5 2 
 k 
 26 0.63

7.5 2 
 k 
 17 0.25

10 3 
 k 
 7 0.026

11 Stable �0.006
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favoring boundary layer �e contributions in (2.9) is fa-

cilitated by setting a1 � 0.9, a2 � 0.1 with other param-

eters the same as the standard case. Although not re-

ported in detail here this leads to a significant decrease

in the growth rates, an increase of the phase speeds of

the unstable waves at the synoptic scales, and a slight

stretching of the band of instability toward small scales,

when compared to the standard case in Fig. 3.

5. Physical structure of the unstable waves

In this section we look at the dynamic features and

the detailed zonal and vertical structure of the unstable

moist convectively coupled waves identified in the lin-

earized stability analysis in section 4. Results are pre-

sented for the standard parameter values, �2� 0.1, �c�

0.5 with radiative cooling Q0
R,1 � 1 K day�1 with the

standard RCE, �eb � �em � 14 K. Bar diagrams of the

relative strength of the variables, u1, u2, �1, �2, �eb, q, Hs,

Hc for the corresponding unstable eigenvectors (MS01;

M04) are utilized below.

In Fig. 5, the bar diagram for the unstable eigenvec-

tor and the structure of the anomalies in important

physical quantities is presented through a one-and-a-

half spatial period cycle for the eastward-moving moist

gravity wave with phase speed of 18 m s�1 and a wave-

length of 3333 km (k � 12) corresponding to the un-

stable mode for the standard case depicted in Fig. 3a. It

is apparent from the bar diagram in Fig. 5a that all

physical variables have significant magnitudes in the

unstable wave. From Fig. 5c, the maximum in the

anomaly for P occurs at roughly 2700 km and signifies

the location of maximum deep convection in the wave.

This maximum is preceded by a maximum of congestus

heating at 5000 km located in the dry anomaly phase of

the wave and a maximum of moisture anomalies at 3300

km, which serves to precondition the wave for the deep

convective episode. There are also maxima in the

CAPE in the leading dry anomaly phase of the wave

with a maximum for �eb occurring at 3700 km (Fig. 5b).

The moisture minimum at roughly 1700 km as well as

its periodic image at 5000 km occurs from drying of the

troposphere after the deep convective episode while �eb

has a minimum at 2000 km corresponding to the strong

stratiform downdrafts that lag the deep convection and

help to consume CAPE. All of these facets of the un-

stable moist gravity wave are in qualitative agreement

with current observations for superclusters (Wheeler et

al. 2000; Straub and Kiladis 2002).

In Fig. 6, the x–z structure of (a) the potential tem-

FIG. 5. Physical and dynamical structure of a convectively

coupled wave for the standard case in Fig. 3 at wavenumber k �

12. (a) Bar diagram showing the strength of prognostic compo-

nents, (b) zonal structure of the moist thermodynamic variables,

and (c) zonal structure of convective heating and downdrafts. The

zonal structure plots are normalized to unity to fit on a same

figure.

FIG. 6. Same as in Fig. 5; x–z contours of (a) the total potential

temperature anomalies and (b) the total convective heating

anomalies. Solid � positive anomalies and dashed � negative

anomalies with the flow field profile (arrows) overlaid.
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perature and (b) the total heating fields are depicted

with the velocity structure overlaid. The physical struc-

ture of the wave also strongly resembles observations of

convectively coupled Kelvin waves qualitatively with

anomalous cold temperatures in the lower troposphere

and warm temperatures in the upper troposphere

within and slightly leading the heating region and

strong updrafts in the wave and an upward and west-

ward tilting structure with height (Wheeler et al. 2000;

Straub and Kiladis 2002). Thus, as in MS01 and M04,

besides the phase velocity, this unstable moist gravity

wave reproduces key structural features of the moist

convectively coupled waves from observations; one

prominent new feature of the present models is the role

of congestus heating and the subsequent tropospheric

moistening in triggering the deep convective region in

the moist gravity wave.

To confirm the dynamical intuition in Figs. 5 and 6

and discussed above for the moist eastward propagating

unstable wave, we derive an equivalent of the CAPE

budget equation used in MS01, by writing down the

time derivative for the deep-convective heating P:

�P

�t
� K1�2 � K2Hs � K3

�u2

�x
� K4Hc � K5q � K6�eb

� K7�1 � K8

�u1

�x
. �5.1�

Here the Kis are constants that are easily obtained from

the linearized system in (B1) appendix B. As in MS01,

it is convenient to group together the terms in (5.1)

depending on the second baroclinic mode, �2, u2, Hs,

Hc, the moist thermodynamic variables, q, �eb, and the

first baroclinic variables, �1, u1. Therefore (5.1) takes

the form

�P

�t
� L2��2, Hs, u2, Hc�� L1��1, u1�� L0�q, �eb�. �5.2�

In Fig. 7a we plot the normalized total tendency, (!P/

!t), for the moist gravity wave. Notice that, the ten-

dency plot in Fig. 7 is not perfectly correlated with the

deep convective heating P in Fig. 5c itself, but it is

actually shifted to the right resulting in the eastward

propagation of the moist gravity wave.

The contributions from L2, L1, and L0 are shown in

Fig. 7b and show that for the moist gravity wave, the

second baroclinic mode contributes to the first stage of

the tendency, thus initiating the positive heating

anomaly while the first baroclinic mode acts during the

amplification stage. The thermodynamic variables, q

and �eb, do not seem to play a direct positive role in the

deep convective heating tendency. They tend to coun-

terbalance the first baroclinic tendency, which, as we

know from section 4 above, would eliminate the moist

gravity wave instability if the second baroclinic mode

were absent. Indeed, q and �eb serve to precondition

and destabilize the lower troposphere during the dry

phase of the wave and somehow excite the second baro-

clinic mode via the congestus heating, which in turn

triggers the instability.

In Table 4 we report the normalized correlation fac-

tors �(!P/!t)KjXj dx/�(!P/!t)2 dt for the different terms

on the right of (5.1) for the unstable moist gravity wave

at different parameter regimes where Xj denotes any

FIG. 7. Deep-convective heating budget. (a) Total tendency (!P/

!t) and (b) the contributions from the second baroclinic (L2), the

first baroclinic (L1), and the moist thermodynamics (L0). [See Eq.

(2.3).]

TABLE 4. Relative contributions to the convective heating budget [see Eq. (5.1)] for the moist gravity wave at different parameter

regimes. The standard values �2 � 0.1, Q0
R,1 � 1 K day�1, �2 � 0.5, �c � 0.5, k � 12 are used except when specified.

Wave regime K1�2 K2Hs K3(!U2/!x) K4Hc K5q K6�eb K7�1 K8(!U1/!x)

Standard �9.0647 �0.0118 1.8995 0.0042 �57.8926 �5.1404 69.3866 1.8191

�c � 0.25 �8.6267 �0.0159 1.8808 0.0028 �57.8121 �5.2261 68.9397 1.8574

�c � 0.75 �9.4697 �0.0072 1.9307 0.0039 �58.0673 �5.0405 69.8212 1.8288

�c � 2 �10.4977 0.0168 2.2493 �0.0300 �59.7521 �4.5085 71.1242 2.3980

�2 � 0 (k � 8) 0.0603 0.0978 2.4156 �0.0891 �151.0954 �10.8987 159.6775 0.8321

�2 � 0 �9.2692 �0.1034 1.7497 0.0546 �59.0541 �3.4578 69.5055 1.5748
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variable in (5.1). Clearly, for the moist gravity waves, it

is the low-level convergence and the congestus heating

that contributes most of the second baroclinic positive

tendency during the triggering stage, through the terms

K3(!u2/!x) and K4Hc while both �1 and (!u1/!x) contrib-

ute during the amplification stage. Both q and �eb over-

all contribute negatively to the total tendency. From

Table 4, a significant deviation from the standard value

�c � 0.5 decreases the positive contribution of the con-

gestus heating Hc to the total tendency, which in some

perspective makes this standard choice optimal. The

extreme value of �c � 2 makes the congestus heating

contribute negatively to the convective heating ten-

dency, this in essence reflects the fact that congestus

clouds compete with deep convection by removing

moisture from the lower troposphere. From Table 4,

when �2 � 0 the second baroclinic mode contributes to

the convective parameterization through the down-

drafts and to the switch function, directly and via �em.

This is overall a positive effect on the deep convective

tendency. When �2 � 0, the contribution of K3Hs in

Table 4 decreases, which implies that overall the strati-

form mass flux contribution to the downdrafts favors

the deep convective tendency.

6. Concluding discussion

A multicloud intermediate model convective param-

eterization, within the framework of two vertical baro-

clinic modes (TVBM), such as in Mapes (2000) and

Majda and Shefter (2001b), is developed in section 2.

The first mode is heated by deep convective clouds, as

in early TVBM models, while the second mode is

heated by stratiform clouds (from above) and cumulus

congestus clouds (from below). Besides the introduc-

tion of the third type of clouds into the TVBM models,

an equation for the vertically averaged moisture con-

tent with both a first and a second baroclinic conver-

gence is systematically derived and used, the second

baroclinic part ensuring a low-level convergence of

moisture. Moreover, the model relies on a nonlinear

switch function � measuring the moistness and dryness

of the troposphere (Zehnder 2001) to favor either deep

convective or congestus clouds. It also serves to amplify

the downdrafts on the boundary layer resulting from

detrainment of shallow clouds and evaporation of

stratiform rain, which at the same time moisten the

upper troposphere. Finally, the deep convective heating

is handled in a quasi-equilibrium manner using a Betts–

Miller-like relaxation scheme. Therefore, the new

model combines physical effects presented in both

low-level convergence driven and quasi-equilibrium

models.

The linear stability analysis about a standard RCE

solution performed in sections 3 and 4 revealed scale-

selective instability of convectively coupled gravity

waves moving at 15 to 20 m s�1 at the planetary and

synoptic scales. The growth rates and the precise range

of instability depend strongly on the strength of the

lower tropospheric coupling of the convective param-

eterization, through the second baroclinic potential

temperature, �2, and the second baroclinic moisture

convergence, �̃(!u2/!x), as discussed in section 5. The

heating and fluid dynamical fields of these moist grav-

ity waves are similar to those encountered in the

MS01 model that are reminiscent of the moist Kelvin

waves as observed, for example, by Wheeler and Kila-

dis (1999) and Straub and Kiladis (2002), including

their eastward propagation speed, the tilt in zonal wind

and temperature, the upward motion dominating the

heating region, the trailing stratiform part, etc. A no-

table new feature of the present models, also present in

observations, is congestus clouds leading to moistening

of the lower troposphere as preconditioning for deep

convection.

However, the restriction of the present study to the

case without rotation limits the equatorial wave spec-

trum captured by the model to the convectively coupled

Kelvin wave. Although Kelvin waves play a major role

in convective coupling, the behavior of other tropical

waves is also of interest. Also the use of a uniform

Newtonian cooling may seem not suitable for the mul-

ticloud parameterization, especially because the

present parameterization has an explicit moisture equa-

tion and handles three different cloud types, a more

adequate radiative scheme should depend upon the

moisture distribution and the cloud cover. These issues

will be addressed elsewhere by the authors in the near

future.

Figure 5 and the budget analysis in section 5 indicate

that the basic instability operating in the present mod-

els without WISHE is completely different from the

stratiform instability in MS01.

The role of the nonlinear switches in the present

model on the structure and dynamics of the convec-

tively coupled waves can be fully understood only

through nonlinear simulations. This is done in Part II

(Khouider and Majda 2005d, manuscript submitted to

J. Atmos. Sci.).
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APPENDIX A

Derivation of a Vertically Integrated Moisture

Equation for Two-Layer Mode Models

Recall the vertically averaged equation for the water

vapor content, q, in the troposphere

�q

�t
� div�Vq�� w

dQ�z�

dz
�

1

HT

F�
q � P, �A.1�

where the overbar represents the vertical averaging and

HT is the height of the troposphere (see Frierson et al.

2004 and references therein). Here V is the horizontal

velocity field, w is the vertical velocity, Fq
� is the mois-

ture flux at the surface, and P is the bulk precipitation

rate. Because of the constraint of conservation of moist

static energy, the net moisture input; that is, (1/HT) Fq
�,

is set in (2.2) to be equal to the downdrafts, (1/HT) D.

When the governing (primitive) equations are Galer-

kin projected onto the first two baroclinic vertical

modes plus a barotropic mode, the velocity field takes

the form

V �U � v1G�z�� v2G�2z�;

w � �
HT

�
�G��z� divv1 �

1

2
G��2z� div v2�,

where v1 and v2 are the first and second baroclinic ve-

locity components with G(z)� (2)1/2 cos(
z/HT), G�(z)

� (2)1/2 sin(
z/HT) are the associated basis functions,

and U is the barotropic component. Plugging the last

formulas for V and w into the equation in (A1) yields

approximately

�q

�t
�U · �q � div�v1��q��� div�v2��q��

� Q̃�div v1 � �̃ div v2��
1

HT

F�
q � P, �A.2�

where

��q��
1

HT
�

0

HT

qG�z� dz; ��q��
1

HT
�

0

HT

qG�2z� dz

�A.3�

and

Q̃ � �
1

�
�

0

HT dQ�z�

dz
G��z� dz;

�̃Q̃ � �
1

2�
�

0

HT dQ�z�

dz
G��2z� dz . �A.4�

By assuming plausible vertical profiles for Q(z) and q

we derive here some rough estimates for the quantities

"(q), #(q), Q̃, and �̃ in (A.3) and (A.4). We start with

Q̃ and �̃. The observed vertical distribution of water

vapor in the Tropics (Emanuel 1994; Pruppacher and

Klett 2000) suggests a profile for Q(z) that is decreasing

rapidly in the lower troposphere and asymptotically

vanishing aloft. Here we assume an exponential form

profile,

Q�z�� q0 exp��z�Hq�, �A.5�

where Hq is the e-folding distance or the moisture-scale

height and q0 � Q(z � 0) is the background surface

moisture. We have, from (A.4),

Q̃ �
q0

�Hq
�

0

HT

e�z�HqG��z� dz �
�2q0

1�� � �2�
�1 � e�1���

and

�̃Q̃ �
q0

2�Hq
�

0

HT

e�z�HqG��2z� dz

�
�2q0

1�� � 4�2�
�1 � e�1���, �A.6�

where � � Hq/HT. This yields

�̃ � �̃����
1 � �2���2

1 � 4�2���2
tanh� 1

2�
�;

a monotonically decreasing function of � � Hq/HT with

the upper-bound �̃ 
 lim�→0�̃(�) � 1. If, for example,

Hq/HT � 1/8, then �̃ � 0.7135. Therefore, values of �̃

ranging from �̃ � 0.7 to �̃ � 1 are plausible. We use the

conservative value of �̃ � 0.8. Moreover, note that Q̃

depends linearly on the surface moisture q0 therefore it

can take any arbitrary value. For our calculations we

use the standard value of Q̃ � 0.9 also used in (Eman-

uel 1987; Yano and Emanuel 1991; Frierson et al. 2004).

For "(q) and #(q), we seek closures on the form

��q�� �q; and ��q�� �̃q, �A.7�

where � and �̃ are constants. Assuming that the bulk of

the moisture variability is concentrated within the

lower half of the troposphere, a similar study as for Q̃

and �̃ above, leads to the approximate values of � � 1,

�̃ � 0.1. More details about the present derivation are

given in Khouider and Majda (2005c).

APPENDIX B

Linearized Equations about RCE

For the reader’s convenience, we formulate here the

linearized equations, about an RCE solution, discussed

in section 3. Notice that in the case of a purely deep-
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convective RCE; that is, when �eb � �em � ��, the

switch parameter � as given by (2.5) is fixed to its RCE

value � � �
*

and is insensitive to small perturbations

in the prognostic variables, uj, �j, j � 1,2, �eb, q, Hs, Hc.

This is not the case however for the mixed congestus/

deep-convective RCE; that is, when �� � �eb � �em �

��. Therefore the two different RCEs need to be

treated differently and they yield two different linear

systems. Let � � � � $�, where the perturbation � is

set to zero in the purely deep convective case and it is

a linear function of �eb, �1, �2, and q, in the mixed case.

The latter presents an additional contribution to the

dynamics. More precisely, the linearized equations take

the general form

�uj

�t
�

��j

�x
� �cd�u0�uj �

1

�D

uj, j � 1, 2

��1

�t
�

�u1

�x
�

�

2�2
P �

1

�R

�1

��2

�t
�

1

4

�u2

�x
� �

�

2�2
Hs �

�

2�2
Hc �

1

�R

�2

��eb

�t
� �

1

�e

�eb �
D

hb

�q

�t
� Q̃��u1

�x
� �̃

�u2

�x
� � �P �

1

HT

D

�Hs

�t
�

1

�s

�sP � Hs�

�Hc

�t
�

1

�c
�c

� � �
*

1 � �
*

D

HT

�
c�

1 � �
*

D

HT

� Hc�, �B.1�

where P, D, and � are the linear perturbations for the precipitation, the downdrafts, and the switch parameter,

respectively, given by

P �
1 � �

1 � �
*

1

�conv

�a1�eb � a2q � a0��1 � �2�2���
1

1 � �
*

P0�

D � m0���1 � �2

QR,2
0

P
���eb �

2�2

�
��1 � 2�2�� q�� �2

P
��eb � �em��Hs � Hc�� �D0�

� � �
0 if �eb � �em � �� �Deep-convective RCE�

A��eb �
2�2

�
��1 � 2�2�� q� if �� � �eb � �em � �� �Mixed RCE�.
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