HATHERLITICAL ASSOCIATION OF NSERICE

A Simple Proof of the Gale-Ryser Theorem

Author(s): Manfred Krause

Source: The American Mathematical Monthly, Vol. 103, No. 4 (Apr., 1996), pp. 335-337
Published by: Mathematical Association of America

Stable URL: http://www.|stor.org/stable/2975191

Accessed: 04/09/2011 07:37

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and extend access to
The American Mathematical Monthly.

http://www.jstor.org


http://www.jstor.org/action/showPublisher?publisherCode=maa
http://www.jstor.org/stable/2975191?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp

x=x, + +x, with (0 = ¢(A). Then 0= YTz = H(TI¥(T)x =
S(TYV(T)x,. Thus p™|d(N)Y(A) = p/™|$(A) = ¢|¢. The converse is clear, en-
suring that x belongs to Y.
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A Simple Proof
of the Gale-Ryser Theorem

Manfred Krause

We consider matrices A4 of zeros and ones and shall be interested in the sum c(A4)
of their column vectors and the sum r(A) of their row vectors. Given compositions
(py,-- > P (qy,...,q) of a positive integer n, i.e., non-negative integers
Pis--» Pxs 4y ---»q, such that p, + -+ +p, = n = q, + -+ +q,, does there exist a
kX! matrix A4 of zeros and ones such that c(A4) = (p,,...,p),r(A4) =
(g1,-..,9)? An elegant answer to this combinatorial question is given by the
important criterion by Gale and Ryser [5, chapter 6, theorem 1.1}, which plays a
prominent role in various mathematical areas and is commonly viewed as a fairly
intricate result. For example, in [2,1.4] it is obtained as a consequence of
substantial parts of representation theory, in [1, 6.2.4] it is derived (in a generalized
form) by means of graph theoretical methods, while [4, 1.6, Example 2] refers to the
proof in [5]. The object of this note is to propose a straightforward line of
reasoning for the Gale-Ryser criterion.

It is easily seen that it suffices to consider the case that p = (p,,..., p,), g =
(g1, - .., q,) are partitions of a positive integer n, i.e., that

Pz z2p>0,9,2 - 2¢,>0,and py + - +p=n=gq, + - +q,.

For example, (3,2,2,2,1) and (3, 3, 3, 1) are partitions of 10.

Any partition p = (p,..., p,) may be visualized by a k X p, matrix 4 = (a, ;)
of zeros and ones called the Ferrers matrix for p and defined by ¢(A4) = p and the
following property: If a; ; = 0, then a; , = 0 for all k > j. By transposing A4 we
obtain again a Ferrers matrix 4*, and p* := c(A4*) is called the conjugate partition
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of p. For example,

11 1
110 111 1 1

3,2,2,2,)~|1 1 o, (3222,1)*~(1 1 1 1 0f,
1 1 0 1 0000
1 00

hence (3,2,2,2, )* = (5,4, 1). More formally, p* = (p},..., p; ) where
pf=1Wj:1<j<k,pj=i)l forali<p,.

Given arbitrary compositions p = (p,,..., p), g = (q,, ..., q;) of a positive inte-
ger n, we say that g is dominated by p if g, < L., p; for all positive integers
m, where g; = 0 for all i >/ and p, := 0 for all i > k. In this case we write p > gq.
For example (3,3,3,1) is dominated by (5,4,1), but there is no dominance
relationship between (3,1, 3,3) and (3,2,2,2,1).

Theorem (Gale-Ryser). Let p, q be partitions of a positive integer. Then there exists a
(0, 1)-matrix A such that c(A) = p, r(A) = q if and only if q is dominated by p*.

The necessity of the dominance condition is commonly considered as the trivial
part of the theorem [3,4.3.19]. For the reader’s convenience we recall a line of
reasoning for it where we assume, more generally, that g is a composition while p
is a partition. Let 4 be a k X [ matrix of zeros and ones such that ¢(A4) = p and
r(A) = q. If A does not contain gaps, i.e., if there are no i <k, j < h <[ such
that a; ; = 0 and a; , = 1, then A is a Ferrers matrix and p* = g. Now let (i, j) be
a gap of A andlet h > J be maximal such that a; , = 1. Swapping a; ; and a; , we
obtain a matrix A4 such that c(A) p, and the number of gaps of A 1s lower than
the number of gaps of 4. As r(A)> r(A), it follows by induction on the number of
gaps that p*D g, as asserted.

In the sequel we prove the sufficiency of the dominance condition for the
existence of a matrix A such that ¢(4) =p,r(4) =q. Let p=(p,,..., p) g =
(gy, ..., q,) be partitions of a positive integer n such that p*p q. First we observe
that there is a k X [ matrix B of zeros and ones such that ¢(B) = p and r(B)> q,
namely, the Ferrers matrix for p with / — p, columns of zeros adjoined. Thus, it
will suffice to prove the following

Claim. Given a k X | matrix A of zeros and ones such that c(A4) = p, r(4)> g
and r(A) #q, we can find a k X! matrix 4’ of zeros and ones such that
c(A4%) =p, r(A)> g, and [r(4") — gll <[r(A4) — gll (where |||l is the ordinary
Euclidean norm).

Since |Ir(A4) — ql|* is an integer, after a finite number of steps we are done.

Proof: Let r(A) = (ry,...,r). Let i be minimal such that r, > g,, and let j be
minimal such that r; < g;. Then i <, since r(A4)> q. Clearly, for the vector

[ ! ! —
rl=(ry,...,n)=(ry.. o= L, Shon it Lrg,...,n)
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we have ||r' — gll < |lr — gqll. Moreover, g is dominated by r’, as r; > g, for all
s<jand ry + - +ri=r + - +r, > q, + -+ +q, for all s >j. Since

r>q2q;>r,

we can find a row index A (in fact there are at least two choices for A) such that
a,; = 1and g, ; = 0. For any such A, the matrix A4’ = (4} ,) defined by swapping
a,;and g, ;, ie.,

1 if(s,t) = (h,))
a,, =<0 if (s,t) = (h,i),
a,, otherwise
has row vector sum r’ and column vector sum p. a

For example, by the theorem there must exist a matrix A4 such that ¢(A4) =
(3,2,2,2,1),r(A4) = (3,3,3,1) because (3,2,2,2, D* = (5,4,1)>(3, 3,3, 1). Starting
with the extended Ferrers matrix B for (3,2, 2,2, 1), the procedure obtained from
our proof leads to a solution for A4 as follows:

1 1 10 1 110 1 110
1 1 0 0 011 0 0 1.1 0
B=(f1 1 0 O0f—-]1 1 0 Of—=]0 1 1 0
1 1 00 11 00 11 00
1 0 0 0 1 0 0 O 1 0 0 O
1 1 1 0
011 0
-10 0 1 1|=4.
11 0 0
1.0 0 O

By modifying A appropriately, (for example, by permuting the first three columns
of A), the reader will find many other possibilities in this case. Note that the steps
of the procedure are not uniquely determined. In particular the proof shows that
in the case of p* # g we can always find at least two matrices 4 such that
c(A) = p and r(A) = g. Finally, we remark that the generalized theorem [1, 6.2.4]
may easily be obtained along the same lines.

We should like to thank the referee for his useful suggestions.
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