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ABSTRACT 

Background:  Reduced exercise capacity is nearly universal among Fontan patients, though its 

etiology is not yet fully understood.  While previous computational studies have attempted to 

model Fontan exercise, they did not fully account for global physiologic mechanisms nor directly 

compare results against clinical and physiologic data.   

Methods:  In this study we developed a protocol to simulate Fontan lower-body exercise using a 

closed-loop lumped-parameter model describing the entire circulation. We analyzed clinical 

exercise data from a cohort of Fontan patients, incorporated previous clinical findings from 

literature, quantified a comprehensive list of physiological changes during exercise, translated 

them into a computational model of the Fontan circulation, and designed a general protocol to 

model Fontan exercise behavior.  Using inputs of patient weight, height, and if available, patient-

specific reference heart rate and oxygen consumption, this protocol enables the derivation of a 

full set of parameters necessary to model a typical Fontan patient of a given body size over a 

range of physiologic exercise levels.   

Results:  In light of previous literature data and clinical knowledge, the model successfully 

produced realistic trends in physiological parameters with exercise level.  Applying this method 

retrospectively to a set of clinical Fontan exercise data, direct comparison between simulation 

results and clinical data demonstrated that the model successfully reproduced the average 

exercise response of a cohort of typical Fontan patients.   

Conclusion:  This work is intended to offer a foundation for future advances in modeling Fontan 

exercise, highlight the needs in clinical data collection, and provide clinicians with quantitative 

reference exercise physiologies for Fontan patients. 

 

INTRODUCTION 

Single ventricle physiology is one of the most severe forms of congenital heart disease, in 

which an infant has only one functional pumping chamber.  The condition is not compatible with 

life without treatment and these infants require immediate surgical intervention after birth, 

typically followed by two additional palliative procedures within the first few years of life.   The 

Fontan procedure, in its various technical modifications, represents the final stage of the multi-

staged surgery that achieves complete separation of the deoxygenated and oxygenated blood in 

the circulation.  The procedure involves directly connecting the superior and inferior vena cavae 

(SVC and IVC) to the pulmonary arteries, thus bypassing the heart and resulting in the total 

venous return flowing passively into the pulmonary circulation.   
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 Exercise intolerance is among the myriad complications that contribute to the gradual 

attrition of post-Fontan patients in the years following surgery.  Other causes of decreased 

survival include ventricular dysfunction, atrial arrhythmias, protein-losing enteropathy, arterio-

venous malformations, thrombotic complications, and poor neurodevelopmental outcomes[1].  

While most Fontan procedures result in relatively well-performing circulations under resting 

conditions, the inherent limitations of Fontan physiology often emerge during exercise, causing 

reduced exercise capacity[2, 3].  The etiology of reduced exercise performance is not yet fully 

understood, and is likely related to multiple causes, including the geometry of the Fontan 

surgical pathway, the responses of the pulmonary arterial vascular resistances, and the changing 

loading conditions of the heart[4, 5].  Parameters such as 3D flow velocities, energy dissipation, 

hepatic flow distribution, pressure, and wall shear stress have all been studied in conjunction 

with exercise performance, Fontan outcomes, and normal lung development[6, 7]. 

 Exercise conditions place a high demand on the cardiovascular system, often revealing 

adverse conditions.  Patient management plans, including the design of new surgical methods, 

should account for the behavior of the system under stress.  While it would be ideal to collect 

comprehensive physiologic exercise data in the clinic, many Fontan patients are too young to 

reliably undergo exercise testing.  For those who are able, acquisition of invasive clinical 

measurements such as pressure response during exercise still poses significant challenges and are 

typically not standard of care.  Clinical data in the literature relating to Fontan exercise 

conditions are therefore scarce.  There have only been 2 studies thus far which reported invasive 

pressure measurements in exercising Fontan patients [8, 9], and the data used in both studies 

were acquired over 3 decades ago in the early 1980’s.  Clinical measurements in routine Fontan 

exercise testing typically include oxygen consumption and ventilatory ratio, but no pressure and 

flow parameters.  This lack of data motivates the need for modeling methods that can improve 

understanding of Fontan exercise physiology, and ultimately improve patient management. 

 Contemporary computational fluid dynamics methods now offer a powerful approach to 

analyze patient-specific hemodynamic conditions[10, 11].  Patient specific exercise simulations 

could enable clinicians to stratify the likelihood or severity of exercise intolerance in patients. 

Simulations also offer a means for virtual testing of the physiologic causes and consequences of 

a range of exercise dysfunctions.  Multi-scale modeling, in particular, enables the potential for 

investigating local hemodynamics in the context of systemic physiological responses.  Well-

developed physiology models are essential for providing proper reduced-order downstream 

conditions in multi-scale modeling constructs. 

Despite the need for increased understanding of Fontan exercise response, prior modeling 

efforts to describe Fontan physiology have mainly focused on the effects of varying Fontan 

connection geometries, and typically have not incorporated the dynamic physiologic response or 

considered the full range of hemodynamic conditions that can occur within the patient 

population[12].  Due to the lack of a comprehensive set of clinical data describing exercise 

conditions, the few prior studies that have attempted to simulate exercise conditions [3, 5, 13, 14] 

have primarily adopted open loop models, requiring numerous assumptions for increasing flow 

rates, changing waveform shapes, and prescribing changes in pulmonary vascular resistances.   

Such approaches not only result in pressure and flow predictions that have inherently large 

uncertainty, but also restrict the investigation to local 3D hemodynamics in isolation from the 

physiologic response.  In addition, there have been essentially no direct comparisons of prior 

exercise simulations against clinical data.  As a result, there is a need for modeling approaches 

that incorporate systemic physiology and systematic model-parameter selection, increased 
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clinical data collection in Fontan patients during exercise, and validation of Fontan exercise 

modeling results against clinical data. 

 In this study, we take an initial step towards addressing the aforementioned deficiencies 

by developing a protocol based on clinical and literature data to perform simulations of Fontan 

lower-body exercise using a closed-loop lumped-parameter network (LPN).  Using inputs of 

patient weight, height, and if available, a patient-specific reference heart rate (HR) and oxygen 

consumption, this protocol enables the derivation of a full set of parameters necessary to model a 

typical Fontan patient over a range of body size and physiologic exercise levels.  Literature data 

was combined with a training-set of clinical data containing measurements from 9 Fontan 

patients to provide the supporting bases for the protocol development.  A separate set of clinical 

data containing measurements from 8 additional Fontan patients was held back to enable direct 

comparisons between simulation results and clinical data of Fontan exercise.   

   

METHODS 

 We constructed an LPN using a circuit analogy to model the Fontan circulation based on 

previous works [15-17] (Figure 1).  Similar LPN models were used in previous multi-scale 

simulations which investigated surgical variations of stage 1 and stage 2 Fontan procedures [10, 

16, 18].  The LPN features modular blocks to mimic major parts of the circulation, with each 

block responding to pressure and flow according to its physiological counter-part.  Appendix A 

details the implementation of the Fontan LPN framework we constructed for the development of 

the exercise modeling protocol in this study. To prescribe exercise conditions in the model, one 

must define a protocol to systematically adjust all LPN parameters based on exercise intensity.  

This involves determination of systemic and pulmonary resistance, heart function, heart rate, and 

other parameters.   Below we describe in detail how these parameters are determined based on 

available clinical and physiologic data.  The individual parameters then interact together in the 

closed-loop LPN model to produce a holistic systemic physiology of a virtual Fontan patient. 

 

Exercise & Body-size Dependent Parameters  

In this section we describe the protocol used to define parameter values according to 

exercise level and patient body size.  Exercise level is expressed in terms of metabolic equivalent 

(MET), where 1 MET is defined as an oxygen consumption of 3.5mL-O2 kg−1 min−1.  Inputs of 

patient height in centimeters, and weight in kilograms, return the body surface area (BSA) in 

square meters via the commonly used clinical equation: 𝐵𝑆𝐴  
∗

 (1) 

From clinical data collected in 17 Fontan patients who underwent exercise testing via the 

same protocol as our previous study[19], 9 Fontan patients (median age 26 years [range 17 to 

30], 1 male) with a resting cardiac index between 1.5~4 L min-1 m-2 (indicating a clinically 

normal physiology without severe heart failure) were randomly selected. The patients exercised 

at different workloads on an upright ergometry bicycle (Table 1).  Cardiac output (CO) was 

measured via pulmonary blood flow using a well-established foreign gas rebreathing technique 

(Innocor Device, Innovision, Odense, Denmark) [20, 21].  Additional details of the clinical data 

acquisition methods are described in our previous publication[19].  All data was collected in 

accordance with institutional review board guidelines.  From this clinical data, we established 

correlations between exercise levels and HR, and total vascular resistance (TVR) (Figure 2).  The 

TVR was calculated using the measured aortic pressure and CO, with an assumption of 8 mmHg 
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mean atrial pressure.  HR was normalized to weight in accordance with previously published 

allometric scaling data[22].   Vascular resistance, which is a linear function of blood pressure 

and flow, was normalized to BSA since blood pressure is known to be invariant with respect to 

body size and CO has been shown to scale with BSA[23].  We identified mathematical fits to the 

clinical data based on the criteria of maximizing correlation coefficients and producing simple 

functions that resemble the clinical data distribution.  These clinical correlations produced the 

following relationships:  

 𝐻𝑅  
.

 212.4 𝑀𝐸𝑇 .  (2) 𝑇𝑉𝑅 8.882 ln 𝑀𝐸𝑇 33.00  (3) 

Using the same clinical data, we also provide the correlation (R2=0.87) between exercise 

levels expressed in terms of MET versus power to weight ratio (PWR) in watts/kg to enable 

translation between the two common measures of exercise level, allowing other investigators to 

utilize the methods presented in this study in wider ranges of scenarios.   𝑀𝐸𝑇 3 𝑃𝑊𝑅 1  (4) 

Correlations between exercise level and cardiac index as well as O2 extraction are also 

derived directly from the training clinical dataset (Appendix B).  This information is not used as 

part of the simulation protocol described in this study, but is provided here for completeness.   

The pulmonary vascular resistance (PVR) in Fontan patients affects the pressure 

measured in the Fontan pathway, and is speculated to be an important factor limiting exercise 

tolerance[9, 24].  Pulmonary pressure measurements require invasive catheterization procedures 

with ethical limitations and are difficult to acquire during exercise, thus literature data relating 

PVR changes to exercise level is scarce. To establish a reasonable estimate of the relationship 

between PVR change and exercise, invasive pressure data for at least two levels of exercise is 

required.  An extensive literature search identified only one prior study providing invasive 

pressure data during graded exercise in patients that could contribute to the construction of this 

protocol.  Via a radial arterial catheter and a Swan-Ganz catheter, Stickland et al. acquired 

systemic arterial pressure, pulmonary arterial pressure, and pulmonary artery wedge pressure in 

human subjects at rest and two levels of exercise [25].  Based on this data, we defined a 

relationship between the change in TVR (relative to resting condition) due to exercise, and the 

corresponding change in PVR: 𝑃𝑉𝑅𝑓 0.4329  ln 𝑇𝑉𝑅𝑓 1  (5) 

where PVRf and TVRf are the factors that scale the resting values of PVR and TVR, 

respectively, to their corresponding exercise values. 

Even though the data from Stickland et al. was obtained only in healthy adults, Equation 

5 agrees well with clinical measurements made in another study by Shachar et al., who 

calculated PVR and SVR in control and Fontan children at rest and one level of exercise via 

catheter pressure measurements and Fick principle CO measurements [8].  In control subjects 

where the average exercise TVR was 65% that of resting, equation 5 predicts a PVR scaling of 

82%, and the reported PVR scaling was 80%.  In Fontan subjects where the average exercise 

TVR was 54% that of resting, equation 5 predicts a PVR scaling of 74%, and the reported PVR 

scaling was 65%.    

 The systolic time interval (tsvs) is one of the parameters used to un-normalize the 

elastance function described in Appendix A.  The systolic fraction is typically one third of the 

cardiac cycle at rest, and can increase to about one half of the cardiac cycle at exercise.  Previous 
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studies have measured systolic / diastolic time ratios in humans and correlated them to HR[26, 

27].  We implemented the tsvs calculation based on measurements reported by Gemignani et al. 

which showed a linear increase of systolic / diastolic time ratio with HR up to 120 bpm[27]: 𝑡    
0.5  

.
120 𝐻𝑅 ∗ , 𝐻𝑅 120

0.5 ∗ , 𝐻𝑅 120
  (6) 

 The Emax parameter is a measure of contractility, which is known to increase with 

exercise[28].  Considering the reported measurements of Emax made by Alpert et al. in healthy 

children at rest and two levels of exercise[29] (which had similar values as those reported by 

Bombardini et al.[30]), and tuning to the actual CO measurements in our training clinical data 

made in Fontan patients, we defined the following equation to describe the value of Emax at 

different levels of exercise for different body sizes: 𝐸  𝐵𝑆𝐴 0.326 𝑀𝐸𝑇 1.32   (7) 

 As exercise level increases, the diastolic time shortens due to reduced cardiac cycle 

length as well as diastolic/systolic ratio, while the stroke volume increases.  This implies an 

increased ventricular filling over a shorter time, meaning there thus must be an increased atrial 

and ventricular pressure difference during diastole to facilitate the higher ventricular filling rate.  

Studies have reported mixed findings regarding whether this pressure difference increase occurs 

through elevated atrial pressure, or decreased ventricular pressure.  Investigators have found 

increased, decreased, and unchanged atrial pressures with exercise in humans[31-35].  Some 

have found an initial increase and then a subsequent decrease of atrial pressure during 

exercise[36-40].  In animals, investigators have also found both significantly elevated atrial 

pressures[41, 42], and constant atrial pressure with decreased ventricular diastolic-onset 

pressure[43] during exercise.  The Eoffset parameter described in Appendix A dominates the 

ventricular pressure-volume relationship during diastole, and thus has the largest effect on 

ventricular filling.   Tuning to achieve proper filling of the ventricle, reasonable diastolic 

pressure-volume relationships, and matching CO relative to our training clinical data at various 

exercise levels, we defined this parameter using the following equation: 𝐸  0.016 𝑀𝐸𝑇 0.215 (8) 

The ventricular reference volume (Vsvo) is a parameter affecting the horizontal location of 

the ventricular pressure-volume loop.  Based on literature data of end diastolic and systolic 

volume (EDV and ESV) measurements in humans[30, 44, 45], and clinical knowledge of 

ejection fractions that represent typical Fontan patients, we define an equation for Vsvo that 

results in realistic pressure-volume loops: 𝑉  67 𝐵𝑆𝐴 100  (9) 

Using measurements reported by Grimby et al. of intrathoracic pressure in adult humans 

at rest and two levels of exercise[46], we derived equations to describe the amplitude and offset 

of the thoracic pressure (APith and Pithoffset) at different exercise levels: 𝐴𝑃  3.9 𝑀𝐸𝑇  (10) 𝑃  1.92  𝑀𝐸𝑇 1 3.7  (11) 

These parameters are used to define the thoracic pressure waveform described in 

Appendix A. 

 

Work Flow for Derivation of LPN Parameter Values  

This section describes the work-flow for deriving a full set of LPN parameters to model a 

specific patient at a particular exercise level.  Tuned based on previous LPN modeling work [16, 
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18], Table 2 lists a set of generic reference values serving as the starting point for the LPN 

parameters.  This generic reference provides the distributed resistance and capacitance values, 

and initial pressures in the capacitors, to be scaled.  Using Table 2 together with equations 1-11, 

we derive the parameters needed to fully define a patient-specific simulation of Fontan exercise.   

 Figure 3 shows a flow diagram of the process to appropriately define the resistance 

values in the LPN.  Entering the BSA and MET levels into equation 3 enables calculation of the 

patient-specific resting and exercise TVR.    A network analysis of the LPN with the generic 

reference resistances in Table 2 returns the generic TVR, which is then compared to the patient-

specific resting TVR (calculated from equation 3) to return a TVR scaling factor.  The patient-

specific resting resistances are then calculated by scaling the generic resistances by the TVR 

scaling factor.  In addition, using the resting and exercise TVR found from equation 3, equation 

5 returns the PVR scaling factor at exercise.  We then scale the pulmonary resistances in the 

patient-specific resting resistances according to this scaling factor and obtain the exercise 

pulmonary resistances.   

 The exercise systemic vascular resistance (SVR) is found from the exercise pulmonary 

resistances together with the exercise TVR derived from equation 3 (Note that 

TVR=SVR+PVR).  The resting SVR is found via a network analysis of the patient-specific 

resting resistances.  The changes in the systemic resistances from resting to exercise are not 

uniform across the body, as the cardiovascular system adapts to exercise by increasing flow 

specifically to the active muscles, with little to no increase of blood flow to other parts of the 

circulation[47].  The effect of the muscle pump is incorporated as an “effective resistance” of the 

relevant circuits, which is greatly reduced from its resting values.  To modify the systemic 

resistances in our computational model for the exercise condition, we start from the patient-

specific resting resistances, and first scale the resistances in the aorta blocks (Rthao, Rabao) 

according to the ratio of exercise to resting SVR; we then iteratively scale the leg resistances and 

evaluate the SVR via an LPN network analysis, until the desired exercise SVR is achieved.   

 In the case of growth, vascular resistance and capacitance scale with body size via an 

exponential coefficient of -3 and 4, respectively.  Thus according to the TVR scaling, we scale 

all of the capacitances to adjust for body size using the equation [16, 18, 48]: 

  (12) 

where C/Ci and TVR/TVRi are the capacitance and TVR scaling ratio.  Terms with subscript “i” 

indicate the parameter prior to scaling.   

 In vasodilation or vasoconstriction, vascular resistance and capacitance scale to reflect 

changes in vessel diameters via an exponential coefficient of -4 and 3, respectively.  Thus 

according to the resulting scaling of resistances due to exercise, we further scale capacitances in 

the corresponding blocks using the equation [16, 18, 48]: 

  (13) 

where C/Ci and R/Ri are the capacitance and resistance scaling ratios, respectively.  The 

capacitances in the leg circuit are not scaled since the exercise “effective resistances” largely 

represent the consequences of the muscle pump, rather than vasodilation alone. 

 It is well known that the HR of an individual can be affected by fitness level.  However, 

Clausen et al. found that training does not affect the slope of HR increase with exercise[49].  In 

other words, at a higher fitness level, the reduction in HR during exercise is the same as the 

reduction in HR at rest.  At any particular level of exercise, the increase in HR in excess of the 
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resting value is thus the same regardless of training.  We use this finding to incorporate the 

patient fitness level in the computational model via an offset in HR, if a clinically measured 

reference HR and MET level for the patient is available.  Using the HR calculated from equation 

2 at the reference MET level, and comparing it to the actual measured reference HR, we obtain 

the HR offset for the particular patient.  We then apply the same HR offset for computations at 

other MET levels of the same patient. 

 Lastly, based on the aortic pressure measurements in the training set clinical data, and 

tuning to the CO measurements, we derive an equation to scale the initial pressures and volumes 

in Table 2 by the scaling factor “Sinit” according to exercise level: 

  𝑆  0.058 𝑀𝐸𝑇 0.942  (14) 

The remaining parameters of the LPN model are set according to equations 6-11. 

RESULTS 

We applied the protocol described in the methods section to simulate exercise in a cohort 

of example and patient-specific models at various MET levels.  All cases were simulated for 12 

seconds using 20 microsecond time steps.  The last four cardiac cycles (one breathing cycle) of 

data, after stable periodicity was established, was used for analysis.  

 

Simulated Exercise Physiology of Two Example Patients 

Table 3 shows the averaged values of different output parameters from simulations of 2 

example patients at 6 different MET levels.  We simulated a smaller patient with weight = 50 kg 

and height = 150cm, and a larger patient with weight = 75 kg and height = 180 cm, to 

demonstrate the simulation results from the modeling protocol over a range of body sizes.  

Physiologically realistic values were obtained for all output parameters in both the smaller and 

larger body-size example patients.  The larger example patient exhibited higher SV and CO as 

expected.  In both example patients the HR, CO, SV, ejection fraction (EF), and O2 extraction 

increased steadily with exercise as expected.  The increase in CO is mediated via increased IVC 

flow, with the SVC flow staying relatively constant.  The values and trends of EF are consistent 

with previous literature reports [30, 44, 45].  The resulting atrial pressures are similar to values 

reported by Leupker et al., and remain relatively steady at different MET levels with some 

increases at high MET levels as clinically observed during continuous exercise[36].  However, it 

is to be noted that a transient increase in atrial pressure at the onset of exercise[36], and a marked 

increase in atrial pressure during exercise[8], have also both been observed clinically. 

The pulmonary pressures predicted in the two example patients are similar to those 

reported by Shachar et al., who measured right atrial pressure and pulmonary conduit pressure 

gradient in tricuspid atresia patients with lateral tunnel Fontan palliation during resting and 

exercise conditions[8].  An increase of up to 30%~40% (4~5 mmHg) in pulmonary pressure 

between MET levels was observed in the simulation results, where the data reported by Sharchar 

et al. indicated an increase of approximately 30% (~4mmHg) in pulmonary pressure from rest to 

exercise.  

From the same simulations of the two example patients, we extract time-dependent 

details of various output parameters (Figure 4).  The ventricular pressure-volume loops show 

increased ventricular volume for the larger example patient, and increased SV with exercise as 

expected.  The increase in SV is mediated mainly via a decreased ESV, rather than an increased 

EDV.  The ventricular diastolic pressure decreases with exercise and even becomes negative as 

respiration (thoracic pressure amplitude) increases.  Similar ventricular filling characteristics 

have been observed in-vivo[43, 45].  The effects of breathing on the pressure-volume loop 
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becomes significantly more pronounced at increasing levels of exercise, manifesting as increased 

cardiac cycle-to-cycle variations across the breathing cycle.   

The SVC flow in both example patients is relatively unaffected by exercise, where the 

IVC flow increases significantly and clearly exhibits increased respiratory effects with increasing 

exercise level.  Retrograde flow of up to 3% (patient A) and 4% (patient B) occurs in the IVC 

during exercise.  Hjortdal et al. reported clinically measured IVC retrograde flow of ~3% during 

exercise (~10% at rest) [50].  Aortic pressure tracings are realistic, showing physiologic values 

of systolic and diastolic pressure, for both example patients at all simulated MET levels.  The 

pressure waveforms in the heart, aorta, and pulmonary artery all exhibit increasing influence of 

respiration across the breathing cycle at higher levels of exercise. 

The ventricular filling waveform (Qav) shows a biphasic shape at rest which transitions 

into a monophasic shape at exercise as the two peaks gradually merge.  This phenomenon is 

consistent with the clinical observations made by Carroll et al.[45] 

 

Comparison Against Clinical Data 

A second group of 8 different Fontan patients (median age 26 years [range 16 to 31], 3 

male) from our clinical dataset was used for preliminary model validation (Table 1).  Figure 5 

shows the comparison of CO and O2 extraction between clinical measurement and simulation 

prediction, and histograms of the corresponding % discrepancies.  Relative to the clinical 

measurements, the average discrepancies in simulated results of CO and O2 extraction were 

14.4% and 16.4%, respectively.  A direct prediction of CO and O2 extraction using the equations 

in Appendix B returned 14.3% and 15.7% average discrepancies against clinical measurements, 

respectively.  Histograms in Figure 5 show that while most simulated results exhibit less than 

30% discrepancy compared to clinical measurements, larger discrepancies do occur in a few 

cases.   

 

Model Sensitivity Analysis 

 We performed a comprehensive sensitivity analysis on the LPN model around operating 

points which describe an example patient with a body weight of 50 kg and height of 150cm at 

different MET levels.  We found that as exercise level changes, the order of sensitivity towards 

different input parameters changes as well.  At resting condition, the model is most sensitive to 

the parameters Sinit, Eoffset, and Emax, where a 10% increase in each resulted in a 8.1%, -4.1%, and 

3.1% change in CO, respectively.  At 5 MET, the model becomes most sensitive to the 

parameters tsvs, Sinit, and TVR, where a 10% increase in each resulted in a -11.1%, 7.9%, and -

4% change in CO, respectively.  We note that a HR increase results in a decrease in stroke 

volume (SV), and thus does not result in a directly proportional increase in the CO.  Lastly, for 

all of the input and output parameters examined, we found approximately linear sensitivity 

relationships when an input parameter is scaled by a small amount (<10%) around its reference 

point. 

 

DISCUSSION 

This work reviews all of the recent relevant physiologic and clinical data related to 

Fontan exercise and compiles them together into the context of one single computational model, 

which has not been done previously.   A thorough literature review provides a summary of what 

is known and unknown, and directions for future modeling efforts and clinical data acquisition.  

The study then takes a reductionist approach and uses the available sources of literature and 
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clinical data to define changes in individual components in the LPN for different exercise levels.  

Through complex interactions, these parameter changes then produce a coherent holistic 

systemic response in a closed-loop LPN structure.  The model successfully reproduced expected 

trends in output parameter changes with exercise level.  In addition, clinically expected body-

size scaling effects were observed in the parameters, where the blood flow, HR, and blood 

pressure scaled positively, negatively, and nully, with body-size, respectively.  The serendipitous 

agreement between clinically observed and simulated atrio-ventricular flow waveform shape 

change from rest (double peak) to exercise (single peak) provides additional confidence that the 

proposed exercise modeling protocol produces realistic physiological behaviors. 

The values of the output parameters from the simulations are shown to be similar to 

general clinical findings from previous literature. Physiologically realistic values were obtained 

for all relevant output parameters, indicating that the model produces reasonable approximations 

of physiological behaviors across the circulation over a range of exercise conditions.   

Comparison of the CO and O2 extraction results against a small set of clinical data (that 

was not used in the original model construction) served as an initial validation of the modeling 

methods, with discrepancies within reasonable clinical tolerances.  It is important to note that CO 

and O2 extraction predictions are not, in and of themselves, the primary motivators of our model 

development, since the model predictions perform roughly equally to those directly obtained 

using Appendix B equations.  Our primary motivation for future applications of this model is to 

provide a test-bed for investigating hypotheses of exercise dysfunctions and physiologic causes 

of Fontan exercise intolerance, providing missing insights where clinical data collection is 

challenging.   The model simultaneously reveals interactions between circulatory parameters and 

underlying physiological mechanisms, which provides more utility than “black box” parameter 

predictions derived simply from population fits.  For the investigation of Fontan exercise 

physiology, and development of other advanced computational or in-vitro models, the proposed 

framework provides a basis for incorporating future clinical data, as well as providing insight 

into possible mechanisms of exercise dysfunction.  For example, the detailed time tracings of 

ventricular pressure-volume loop, aortic pressure, and flows through the aortic and atrio-

ventricular valves provided by this model can be used to design physical experiments, or 

boundary conditions in multi-scale computations, in the investigation of heart valve 

insufficiencies under various realistic exercise conditions.  The model can also be used as a 

stand-alone tool to investigate the detailed interactions of different physiological parameters in a 

closed-loop Fontan circulation model during resting and exercise.  

Pulmonary pressure (Ppul) has been considered a significant indicator for predicting 

Fontan outcome and performance.  Accurate clinical measurements of this parameter require 

invasive catheterization procedures and are difficult to perform during exercise.  Without 

prescribing comprehensive parameter changes according to exercise level, it is impossible for a 

model to predict Ppul.  Modeling efforts which employed manually imposed flow rates and 

pulmonary resistance changes have produced exercise Fontan pulmonary pressures that were 

questionably high [13, 51, 52], while some have produced results that happened to be similar to 

those in this study[53].  In studies that have reported exercise Ppul results that were drastically 

higher than those reported in this study, Koeken et al. employed a manually enforced 2 fold 

increase in pulmonary flow and fixed pulmonary resistance in an open-loop model[52], and 

Marsden et al. employed manually enforced 2-3 fold increases in IVC flow together with 5~15% 

decreases in pulmonary resistance from resting[13, 51].  The correlations between the manually 

enforced flow increases and pulmonary resistance decreases during exercise in these previous 
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studies were based on limited clinical data, resulting in drastic variations in Ppul predictions via 

open-loop systems.  In the present model, Ppul predictions are arrived at through literature-

derived PVR changes interacting with output parameters of the model such as Psa and CO, 

leading to results that are instead based on concrete data and closed-loop model interactions.  

While further validation is still needed, the ability of the model to output Ppul provides a useful 

basis for future investigations into changes in Ppul with exercise.  However, while the simulated 

results of Ppul agree well with previously measured average Ppul in a population of Fontan 

patients[8], higher exercise Ppul values have also been reported[9].  More comprehensive patient-

specific clinical data of pulmonary pressures during exercise is required to thoroughly validate 

Ppul predictions to gain further confidence in the model. 

Limitations 

Before any computational tool is to be utilized, it is important to understand its 

limitations.  Here we lay out the limitations of the protocol presented in this study.  The protocol 

allows inputs of patient size (weight & height) and a desired exercise level, and returns an 

estimate of multiple parameters in the systemic physiology.  While many output parameters we 

examined exhibited realistic physiologic behaviors, the only parameters that were directly 

compared against patient-specific clinical data were the CO and O2 extraction.  Due to the lack 

of existing clinical measurements, other parameters such as the flow and pressure waveforms in 

the various abdominal organs have not been fully confirmed and should be used with reservation. 

The comparison of simulated CO against clinical data shows that although the model 

prediction average discrepancy is only approximately 14%, there can be outlier patients with 

larger differences between the predictions and clinical measurements.  The model is designed to 

be “patient-specific” to the extent allowed by the input parameters, which distinguish only 

between different patient body-sizes and “fitness levels” as defined by a reference heart rate.  

Beyond these distinctions, the model is designed to compute the physiology for a normal Fontan 

patient, based on population trends, and thus will not accurately describe a patient whose 

physiology is drastically different from normal.  Caution should be taken when applying the 

model to predict patient-specific responses since each Fontan patient can present a different set 

of cardiovascular abnormalities, which would cause the hemodynamic characteristics to deviate 

from the population norm in ways specific to the patient.  

The two sets of clinical data used for the model development and validation only include 

exercise levels up to approximately 6 MET.  There is no confirmation that the model will 

reliably estimate physiologies at higher exercise levels.  The current LPN setup where the effect 

of the muscle pump is incorporated as a greatly reduced “effective resistance” also 

fundamentally limits the exercise level that can be modeled.  At higher levels of exercise, either 

the effective resistance must become negative, or the muscle pump can no longer be 

approximated simply as a drop in resistance but should be modeled as an active pressure-

generating source[54].  Modifications to the LPN implementation thus may be required to extend 

its capability to model higher exercise levels.  

Perhaps most importantly, this computational model does not predict peak exercise level, 

which is often the target information of interest to clinicians as it directly reflects Fontan 

performance.  Since exercise level is an input to the model, the model computes the resulting 

physiology under the assumption that the patient is able to exercise at the assigned level.   

Being aware of these limitations, the protocol developed here can provide a highly useful 

tool for clinicians to estimate exercise Fontan physiologies, and for researchers to develop more 
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advanced computational models as well as perform reductionist investigations of Fontan system 

interactions. 

Future Work 

Besides body-size and reference HR, additional input parameters that further distinguish 

inter-patient differences could be incorporated into the model to make it more patient-specific.  

As additional clinical data becomes available, the modular framework of this protocol allows for 

individual exercise parameter changes to be updated accordingly, and additional exercise 

parameter changes to be incorporated.  For example, currently there are few clinical data 

available describing changes in Fontan atrial parameters with exercise.  If such data were to 

become available, this protocol can be updated to include exercise-dependent atrial parameter 

changes.  Re-tuning of the protocol will be necessary when additional exercise-dependent 

parameters are introduced, but the same overall framework may remain unchanged. 

 Further validation of the model using invasive and more extensive clinical measurements 

during exercise will provide additional measures of confidence in the model’s ability to mimic 

real physiology.  Phase-contrast MRI flow and catheterization pressure measurements during 

exercise in a large cohort of Fontan patients will be essential for completing a more thorough 

validation of this exercise model.  It is our hope that this work provides motivation for additional 

clinical data collection towards the validation and improvement of computational models of the 

Fontan circulation. 

Summary 

In this study we developed a protocol to define model parameters for the computational 

simulations of a range of Fontan exercise, and performed the first direct comparison of Fontan 

exercise simulation results against clinical measurements.  This was accomplished through 

analysis and synthesis of clinical and literature data, which were compiled to form a 

comprehensive list of physiological parameter changes during exercise.  When translated into the 

context of a complete model of Fontan circulation, it enables the first computational model that 

holistically captures Fontan exercise behaviors.  Two parameters from simulation results were 

compared against a small set of clinical data.  The protocol fully defines all of the necessary 

simulation parameters from the patient input information, resulting in a functional model that 

requires no manual tuning.   

The product of this work is a protocol that, when given inputs of a Fontan patient body-

size and reference heart rate / oxygen consumption (if available), outputs a computational model 

with appropriate parameters which can perform simulations of pressure and flow to describe the 

systemic patient physiology at various exercise levels. We have provided a complete “package” 

which can be adopted and used as part of a larger computational framework.  For example, a 

multi-scale setup incorporating this model may allow for investigation of Fontan venous pump 

operations at different exercise levels for different patient sizes, in the context of both local 

hemodynamics and global impacts on the systemic circulation.  This protocol can also be used as 

a standalone package for investigating the interactions between different physiological 

parameters in the Fontan circulation and their influences on exercise physiology, which may help 

identify etiologies of lowered Fontan exercise capacity.  The parameter changes described in this 

study have shown to produce physiological behaviors when interacting in a closed-loop system, 

thus they can provide investigators reasonable references when estimating Fontan exercise 

conditions.  Clinical application of this protocol could allow physicians to obtain detailed 

quantitative reference physiologies and evaluate patients in the context of the population norm, 

though further validation and data are needed prior to clinical adoption.  This study contributes a 
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powerful tool to advance modeling efforts involving the exercise Fontan circulation, to allow 

researchers and physicians to comprehensively investigate Fontan physiology, to better identify 

causes of exercise intolerance, and to improve clinical management of these complex patients. 
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NOMENCLATURE 

In this paper, unless otherwise specified, all units of pressure, volume, flow, time, weight, 

and resistance are in mmHg, mL, mL/s, seconds, kilograms, and mmHg s mL-1, respectively.  

Pressure references mentioned in the paper are as labeled in Figure 1. 

 

BSA  Body surface area in m2 

CO  Cardiac output in L/min 

EF  Ejection fraction 

EDV, ESV End diastolic and systolic volume 

HR  Heart rate in beats per minute 

LPN  Lumped-parameter network 

MET  Metabolic equivalent in units of 3.5 mL-O2 kg−1min−1 

O2 extrac. Liter O2 extracted per liter blood delivered (O2 consumption / CO) 

Qsvc, Qivc, Qav, Qao 

  Flow through the SVC, IVC, atrio-ventricular valve, and aortic valve 

Sinit  Scaling factor of the initial pressures and volumes in Table 2 

SV  Stroke volume 

tsvs, tc  Systolic and cardiac time period 

Vsv, Vsa, Vsvo, Vsao  

Ventricular and atrial volume and reference volume 

SVC, IVC Superior and inferior vena cava 

TVR, SVR, PVR 

  Total, systemic, and pulmonary vascular resistance 
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APPENDIX 

 

Appendix A 

The LPN consists of several major blocks describing the atrium, ventricle, upper body, 

lower body, and pulmonary circuits.  The lower body block consists of circuits describing the 

major blood vessels (aorta and IVC), abdominal organs (liver, kidneys, and intestine), and legs.  

The heart blocks and the intrathoracic pressure (Pith) generate active pressure sources for the 

system, where the rest of the circuit is made up of passive elements including resistances, 

capacitances, inductances, and diodes, which model the viscous vascular resistance to flow, 

compliance of blood vessels, momentum of flowing blood, and venous valves, respectively.  

Each capacitance and inductance element is governed by a differential equation: 

 

Q C
dΔP

dt
 

 ΔP L
dQ

dt
 

 

where C, L, ΔP, Q are the capacitance value, inductance value, pressure drop across the element, 

and flow into the element, respectively. 

 We implemented a time-varying elastance approach[54] using a ratio between the trans-

myocardial ventricular pressure and ventricular volume (ie. elastance) which varies over the 

cardiac cycle to model the ventricular contraction.  The elastance conceptually describes the 

“stiffness” of the ventricular chamber at any point in time as the chamber contracts and relaxes.  

Senzaki et al. found that the shape of the normalized (with respect to amplitude and timing of the 

peak) elastance waveform is relatively constant and independent of ventricular load, contractile 

state, and a range of cardiac diseases[54, 55].  For the LPN model, we constructed a normalized 

elastance waveform based on the data from Senzaki et al. with smoothing applied to the diastolic 

part of the waveform to remove any ripples that were likely due to low signal-to-noise ratio in 

the experimental measurements.    The waveform is zeroed according to the value at the onset of 

systole and normalized to its peak, which is a similar approach that has been utilized in previous 

ventricular model implementation[56].  The equation below describes the mathematical 

construction of the normalized elastance function, using the k-th coefficients “Cr” and “Ci” listed 

in the following table.  

En t  C cos 2πkt   C sin 2πkt  
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Index K Cr Ci 

0 2.2379E-01 0.0000E+00 

1 4.1054E-02 -4.0948E-01 

2 -2.3140E-01 -2.6814E-02 

3 1.7515E-02 8.5190E-02 

4 1.3159E-02 -5.0110E-02 

5 -4.7293E-02 2.1048E-04 

6 -1.3394E-03 2.2155E-02 

7 -3.9917E-05 -5.9333E-03 

8 -1.2594E-02 2.4557E-03 

9 -1.1214E-03 9.1653E-03 

10 1.6008E-03 5.5933E-04 

11 -2.9655E-03 1.6101E-03 

12 4.4509E-04 3.4309E-03 

13 9.5826E-04 4.0949E-04 

14 4.1644E-06 5.5756E-04 

15 4.1503E-05 2.1745E-04 

16 -1.4608E-05 3.3081E-04 

17 -9.4191E-05 1.7029E-04 

18 -3.5561E-05 1.9828E-04 

19 -1.3225E-04 1.4701E-04 

 

 

Un-normalizing the waveform returns a simulation-specific elastance curve: 

 

 

E t
E  En

0.3

t
t E   ,

𝑡
t

3.33 

  E   , 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

 

 

where En(t) and E(t) are the normalized and un-normalized time-varying elastance, Emax and 

Eoffset are constants reflecting measures of contractility and ventricular filling, respectively, and 

tsvs is the length of the systolic time period.  Note that 0 ≤ t < tc, where tc is the cardiac period. 

The trans-myocardial ventricular pressure is then given by: 

 

P V , t E t V V  

 

where Vsv and Vsvo are the ventricular volume and reference volume, respectively. 

 The atrial behavior is modeled using a combination of a passive pressure-volume 

relation, an active pressure-volume relation, and an activation function[14, 57, 58].  The passive 

behavior describes the passive compliance of the atrial wall and how it responds to filling; the 

active behavior captures the effect of the Frank-Starling mechanism; and the activation function 

simulates atrial wall depolarization which determines the contribution of the active behavior to 
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the overall atrial pressure.  The atrial activation function is a construction of piecewise cosine 

functions as shown in Figure 6a, and described by the equation[15, 17]: 

 

AA t ⎩⎪⎨
⎪⎧ 1 cos 2π , t t

1 cos 2π , t t t t

0, elsewhere

  

 

where t1=0.2 tc, and tsas= 0.9 tsvs. 

 

The active and passive pressure-volume relations are described by the equations: 

 

P ,   

 

P , P e 1  

 

where Vsa and Vsao are the atrial volume and reference volume, respectively.  Csa, Psar, and Dsa 

are constants which reflect atrial wall and contractile properties. 

 

The trans-myocardial atrial pressure is then given by: 

 

P V  , t P ,  AA t P ,    

 

Blood flow through the atrial-ventricular and aortic valves is described by the following 

equations [59]:   

 
0, P P  and  Q 0

     
, elsewhere

  

 

Q

0, P P  

  
1

2 Kao
4 Kao P P , P P

 

 

where the terms in these equations are defined in the glossary, Figure 1, and the tables below. 

 We approximate the time-varying intrathoracic pressure due to breathing using a 

piecewise cosine waveform as shown in Figure 6b.  The intrathoracic pressure acts as an 

extravascular pressure to the large blood vessels in the thorax, the pulmonary vasculature, and 

the heart, and thus is connected to the corresponding elements in the LPN.  Relative to the 

intrathoracic pressure, the intra-abdominal pressure does not have significant effects on blood 

flow, and thus is not included in the model. 

 

 

 The following tables provide the constant parameter values in the LPN: 
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Inductance 
(mmHg s2 mL-1) 

Lav 1.00E-05 

Ltha 1.33E-03 

Laba 1.33E-03 

Llega 1.33E-03 

Luba 5.48E-04 

 

 

Heart Parameter 

Csa 
(mL mmHg-1) 

0.75 

Psar 
(mmHg) 

0.35 

Dsa   
(mL-1) 

0.225 

Vsao   
(mL) 

15 

Kav 
(mmHg s2 mL-2) 

2.3E-05 

Kao 
(mmHg s2 mL-2) 

1.15E-05 

 

 

 Finally, the functions described in this section, together with the system of algebraic and 

ordinary differential equations derived from the LPN, were solved using a 4th order Runge–

Kutta method. 

 

Appendix B 

The correlations between exercise level MET and cardiac index and O2 extraction, found 

in the clinical data collected in 9 Fontan patients at rest and during different levels of exercise: 

 

Cardiac index = 1.2578 ln(MET) + 2.7136   (R2 = 0.7175) 

 

O2 extrac. = 0.0197 MET + 0.0295    (R2 = 0.8122) 

 

Applying these equations to estimate CO and O2 extraction in example patients A & B 

each at 6 different MET levels, Figure 7 shows the comparison of the equation estimation with 

corresponding model simulation results. 
 
 

 

FIGURE CAPTIONS 

 

Figure 1.  Closed-loop Lumped-parameter Network of the Fontan Circulation 

Rsubscript, Lsubscript, and Psubscript are labels for resistor components, inductor components, and nodal 

pressures, respectively.   

 

Figure 2.  Exercise Clinical Data from 9 Fontan Patients  

Plots show correlations of a) normalized HR, and b) normalized TVR, to exercise level expressed 

in MET.   

 

Figure 3.  Flow Diagram for Computing Resistance Values in the LPN 

Highlighted items represent lists of resistance values used to construct the final list of resistance 

values in the LPN for a simulation. 
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Figure 4.  Simulation Results of Two Example Patients at Various Exercise Levels. 

 

Figure 5.  Model Validation of a) CO and b) O2 Extraction Against Clinical Data  

Points connected by lines are results of the same patient at different exercise levels.  

 

Figure 6.  a) Atrial Activation Function and  b) Intrathoracic Pressure Waveform 

Note that values of APith and Pithoffset are typically negative during natural, non-mechanically 

ventilated breathing.  

 

Figure 7.  Comparison of a) CO and b) O2 Extraction Between Simulation and Appendix B 

Equation Estimation for the Two Example Patients at 6 MET Levels 

 

 

TABLE CAPTIONS 

Table 1.  Clinical Characteristics of Fontan Patients in Study 

 

Table 2.  Reference Lumped-parameter Network Parameter Values 

Capacitances are labeled with subscripts corresponding to the most immediately adjacent nodal 

pressures in Figure 1. 

 

Table 3.  Mean Values of Output Parameters from Simulations of Two Example Patients at 

Various Exercise Levels 

Refer to glossary and Figure 1 for parameter labels.  Qsvc and Qivc are in units of L/min. 
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TABLES 

 

 Model Construction 

(n=9) 

Model Validation 

(n=8) 

Age at test (years) 26 (17-30) 26 (16-31) 

BSA (m2) 1.5±0.2 1.6±0.2 

Female gender (n) 8 5 

Type of cardiac defect (n) 

     Tricuspid atresia 

     Double inlet left ventricle 

 

8 

1 

 

5 

3 

Type of Fontan operation (n) 

     Atrio-pulmonary 

     Extracardiac total cavo- 

     pulmonary connection 

 

2 

7 

 

2 

6 

Peak workload (watts) 67±17 72±21 

Peak HR 137±17 115±32 

VO2 at peak CO (mL kg-1 min-1) 18±3.4 22±4.7 

Peak cardiac index (L min-1 m-2) 4.7±0.7 4.8±1.0 

Table 1.  Clinical Characteristics of Fontan Patients in Study 
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Resistance 
(mmHg s mL-1) 

Ruba 0.573 

Rubv 2.000 

Rtha 0.068 

Raba 0.517 

Rlega 1.269 

Rlegc 3.000 

Rlegv 0.699 

Rabv 0.050 

Rthv 0.025 

Rla 7.154 

Rlv 0.045 

Rka 5.039 

Rkv 0.472 

Ria 11.048 

Riv 0.201 

Rpa 0.020 

Rpv 0.100 

Rsvc 0.050 
 

 

Capacitance 
(mL mmHg-1) 

Csvc 2.00 

Cub 4.30 

Cao 0.70 

Ctha 0.21 

Caba 0.44 

Clega 1.96 

Clegv 10.00 

Cabv 9.00 

Cthv 1.00 

Cl 6.05 

Ck 2.52 

Ci 1.51 

Cp 2.00 
 

 

Initial Pressure 
(mmHg) 

Csvc 13.2 

Cub 79.4 

Cao 94.4 

Ctha 92.6 

Caba 92.6 

Clega 66.2 

Clegv 22.1 

Cabv 13.2 

Cthv 13.2 

Cl 9.7 

Ck 17.6 

Ci 9.7 

Cp 7.9 

 

Initial Volume 
(mL) 

Vsa 12.2 

Vsv 105.4 
 

 
Table 2.  Reference Lumped-parameter Network Parameter Values 
Capacitances are labeled with subscripts corresponding to the most immediately 
adjacent nodal pressures in Figure 1. 
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a)  Example Patient A:  Weight=50 kg, Height=150 cm 
 

MET HR CO SV EF Pao Psa Ppul Qsvc Qivc O2 extrac. 

1 80 3.54 45.0 0.523 89.7 8.0 12.3 1.48 2.07 0.049 

2 98 4.64 47.1 0.574 94.3 7.8 12.8 1.56 3.08 0.076 

3 111 5.40 48.5 0.620 95.7 8.5 14.0 1.56 3.84 0.097 

4 121 6.08 50.0 0.661 96.6 9.4 15.2 1.56 4.51 0.115 

5 130 6.98 55.6 0.704 100.0 9.3 15.6 1.62 5.38 0.125 

6 137 7.91 57.8 0.733 103.0 9.3 16.1 1.66 6.24 0.133 

 
 
b)  Example Patient B:  Weight=75 kg, Height=180 cm 
 

MET HR CO SV EF Pao Psa Ppul Qsvc Qivc O2 extrac. 

1 72 4.68 65.2 0.514 87.8 7.4 11.6 1.95 2.73 0.056 

2 89 6.22 69.9 0.548 93.3 6.8 11.9 2.09 4.13 0.084 

3 101 7.31 72.6 0.575 95.1 7.3 12.8 2.11 5.19 0.108 

4 110 8.10 74.5 0.596 95.2 8.2 14.0 2.09 6.03 0.130 

5 117 8.78 75.4 0.615 94.6 9.5 15.4 2.04 6.74 0.149 

6 124 9.62 77.8 0.629 95.5 10.2 16.3 2.04 7.61 0.164 

 
Table 3.  Mean Values of Output Parameters from Simulations of Two Example Patients 
at Various Exercise Levels.   
Refer to glossary and Figure 1 for parameter labels.  Qsvc and Qivc are in units of L/min. 
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