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A SINGULAR CONTROLLABILITY PROBLEM WITH VANISHING VISCOSITY

IoAN FLORIN BUGARIU! AND SORIN Micu!

Abstract. The aim of this paper is to answer the question: Do the controls of a vanishing viscosity
approximation of the one dimensional linear wave equation converge to a control of the conservative
limit equation? The characteristic of our viscous term is that it contains the fractional power «a of the
Dirichlet Laplace operator. Through the parameter o we may increase or decrease the strength of the
high frequencies damping which allows us to cover a large class of dissipative mechanisms. The viscous
term, being multiplied by a small parameter ¢ devoted to tend to zero, vanishes in the limit. Our
analysis, based on moment problems and biorthogonal sequences, enables us to evaluate the magnitude
of the controls needed for each eigenmode and to show their uniform boundedness with respect to e,
under the assumption that a € [0,1)\ {1 }. It follows that, under this assumption, our starting question
has a positive answer.
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1. INTRODUCTION
For T' > 0, we consider the one-dimensional linear wave equation with “lumped” control
wi(t,x) — 02, w(t,x) = v(t)f(x) (t,z) € (0,T) x (0,7)
w(t,0) = w(t,m) =0 te(0,7) (1.1)

w(0,2) = w'(x), w(0,7) = w'(x) x € (0,7),

where the profile f € L?(0,7) is given and verifies fn # 0 for every n > 1. Here and in the sequel, given any
function g € L?(0,7), we denote by g, the n—th Fourier coefficient of g,

Jn = /0 g(z) sin(nz)dz (n>1).

Equation (1.1) is said to be null-controllable in time T > 0 if, for every initial data (w® w!) € Ho C HE(0,7) x
L?(0,7), there exists a control v € L?(0,T) such that the corresponding solution of (1.1) verifies
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where the space Hj is defined as follows

n2 @0 + @t ?
Ho = { (w®,wh) € HY(0,7) x L*(0, ) Z w <00 g (1.3)
fn

n>1

The goal is to drive the initial data (w®,w!) to rest by using a control v(t), depending only on time and acting
on the system through a given shape function in space f(z). Such types of controls are often used and sometimes
called “lumped” or “bilinear” (see, for instance, [1,12,21]).

The controllability properties of (1.1) are by now well-known (see, for instance, the monographs [7, 34]).
One of the oldest methods used to study such controllability problems consists in reducing them to a moment
problem whose solution is given in terms of an explicit biorthogonal sequence to a family A of exponential
functions. For instance, this method was used by Fattorini and Russell in the pioneering articles [12,13] to prove
the controllability of the one dimensional heat equation. In their case, the family A has only real exponential
functions. On the contrary, when equation (1.1) comes into discussion, the family A is given by (e#') ..,

. . -1 . .
where p, = in, n € Z*, are the eigenvalues of the wave operator (_32 0 ) and are purely imaginary. It
T

follows easily that, (1.1) is null-controllable in time 7" if, and only if, for every initial data (w®, w') € Hy, there
exists a solution v € L?(0,T) of the following moment problem:

T
o) —

T Tt € %ﬁ” ~1 ~0
/ v t+ = )e'tdt = — (wln‘ + anw) (neZ). (1.4)
_T 2 f
2

=
In|

In order to fix some ideas and to illustrate the method used in this paper, let us briefly show how do we obtain
a solution of (1.4). We begin by defining the function
~ sin(r(z + m))
7 _ 1.5
~ 2
which is an entire function of exponential type m such that / ‘Wm(w)‘ dx < oco. It results from Paley—Wiener
R

Theorem that the Fourier transform of @m,

~ 1 ~ ,
Om(t) = — / W, (x)e " da (meZ"), (1.6)
2 R
belongs to L?(—m, ). Moreover, from the inversion formula, it follows that <§m) , forms a biorthogonal
mez*
sequence to the family A = (/") _,., i.e. verify
O (t)e" At = 6y (myn € ZF). (1.7)

From the above properties, we deduce that a formal solution of the moment problem (1.4) is given by
e_ﬂ'ﬁm R R ~
v(t) = — Z — (wllm‘ + me|0m\) O (t — ) (t € (0,2m)). (1.8)
mez* f|m\

In fact (1.8) gives a true solution of (1.4) if the right hand side of (1.8) converges in L?(0,2m). For each
(w®, wt) € Hy, the convergence of this series follows from the existence of a constant C' > 0 such that

||§m||L2(77r,ﬂ-) <C (meZ"), (1.9)
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which is a consequence of the uniform boundedness (in m) of the L2(R)—norms of (¥, )mez+ and Plancherel’s
Theorem. Hence, for any initial data (w®,w!) € Hp, the moment problem has at least a solution v € L?(0, 27),
given by (1.8), and the controllability of (1.1) in time T = 27 follows.

In many applications it is of interest to study the uniform controllability properties of (1.1) when a viscous
term is introduced in the equation. Indeed, the mechanism of vanishing viscosity is a common tool in the study
of Cauchy problems or in improving convergence of numerical schemes for hyperbolic conservation laws and
shocks. For instance, in [16,17], it is proved that, by adding an extra numerical viscosity term, the dispersive
properties of the finite difference scheme for the nonlinear Schrédinger equation become uniform when the mesh-
size tends to zero. This scheme reproduces at the discrete level the properties of the continuous Schrodinger
equation by dissipating the high frequency numerical spurious solutions. On the other hand, a viscosity term
is introduced in [10] to prove the existence of solutions of hyperbolic equations. In both examples the viscosity
is devoted to tend to zero in order to recover the original system. Thus, a legitimate question is related to the
behavior and the sensitivity of the controls during this process. For instance, given 7' > 0 and ¢ € (0,1), one
could consider the perturbed wave equation

Utt(t,l‘) - 8§wu(t7x) + 26(_8320x)aut(tam) = ’UE(t)f(x) (t,l‘) S (OvT) X (Oa 7T)
u(t,0) =u(t,m) =0 te (0,T) (1.10)
w(0,7) = u’(z), u(0,2) = ul(x) x € (0,m)

and study the possibility of obtaining a control v of (1.1) as limit of controls v. € L?(0,T) of (1.10). Here and

in what follows (—92,)® denotes the fractional power of order o > 0 of the Dirichlet Laplace operator in (0, 7).
More precisely,

(—02,)% + D((=02,)%) € L*(0,7) — L*(0, ),

D((=02,)") = ue L*(0,7) : u= Zan sin(na) and Z |an|?n* < ooy,

= = (1.11)
u(z) = Z an sin(nz) — (—02,)%u(x) = Z ann®®sin(nx).
n>1 n>1
Equation (1.10) is dissipative and it can be easily checked that, if f =0,
d 2 2 " 2 V% 2
at (@l + la@32) = =22 | |(-02) Fudte, )| *de <0 (1.12)

Hence, 2e(—02,)%u(t, z) represents an added viscous term devoted to vanish as € tends to zero. However, the
controllability properties of (1.10) are poor. Indeed, the family of exponential functions corresponding to this
case is given by A = (e"!) ;.. where v, = g|n[** +sgn (n)y/|n[** — n2. If @ > %, we have that

lim v, =0,
n——oo

which implies that the family A is not minimal. Consequently, equation (1.10) is not spectrally controllable if
a > 1 (for more details in the case a = 1, see [30]).
Since we want to allow stronger dissipative terms which correspond to the case o > %, we perturb the wave
equation (1.1) in the following slightly different way
utt(tvx) - 832cxu(t7x) + 26(_8a2cx)aut(tam) + 62(_832cx)2au(t7$) = ’UE(t)f(x) (t,l‘) € (OvT) X (Oa 7T)
u(t,0) =u(t,m) =0 te(0,7) (1.13)
w(0,z) = u®(z), u(0,2) = ul(x) x € (0,m).
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Equation (1.13) is still dissipative. Indeed, if f = 0, we have that

d

G (IO + 20 w0l + u(lEs) = =22 [ |- Futealf ar<0. (1)

Note that, if o < %, the norm \/Hquqé + €2[|(=0a)ul|2s + lue]|22 is equivalent to 4/”1‘”313 + [lue)|2. and

the controllability properties of (1.10) and (1.13) are similar. However, in the case a > %, the controllability
properties of (1.13) are better than those of (1.10). Hence, the term &2(—0,,)?**u(t, z) allows us to consider
stronger dissipation and also to simplify some of our estimates.

The aim of this paper is to study the controllability properties of (1.13) and their relation with the ones
of (1.1). The controllability of (1.13) is defined in a similar way as for (1.1). More precisely, given 7' > 0 and
f € L?(0,n) with fn # 0 for n > 1, equation (1.13) is null-controllable in time T if, for any (u®,u') € Hy, there
exists a control v. € L?(0,T) such that the corresponding solution (u,u;) of (1.13) verifies

u(T, ) =w(T, -)=0. (1.15)
The null-controllability problem is equivalent to find, for every initial data (u", u') € Hy, a solution v. € L?(0,T)
of the following moment problem:

T

2 T\ x ez

T 2
2 [n|

N

, are the eigenvalues of the operator (—@%z n 68(—3596)2@ 26(—8{%30)“) corresponding
to the “adjoint” problem of (1.13).

As in (1.4), if we have at our disposal a biorthogonal sequence to the family (e)‘"t)
we can give immediately a formal solution of (1.16),

where )\, = in + e|n|?®

ez denoted by (0m),,c7-

ve(t)=— Y eJ;mi (allm‘ + Amaﬁml) O <t - g) (t e (0,7)). (1.17)
mezx* m

This time the family (eA"t)HEZ* has no longer purely imaginarily exponents like in (1.1). Thus, it is not so easy
as for (1.1) to give explicit entire functions (¥, )mez+ whose Fourier transforms define a biorthogonal sequence
(0m)mez+ to (e’\"t)n - Moreover, we cannot guarantee anymore the boundedness of the sequence (0,,)mez
and (1.9) will be replaced by an estimate of the form

0 ||z < CPIRODL (€ 7). (1.18)

Note that ||0,,||L2 may become exponentially large as m goes to infinity. By taking into account the damping
mechanism introduced in equation (1.13), this growth estimate guarantees the convergence of series (1.17) for
each initial data (u®,u') € Hy, if T is large enough. However, in order show that a control time 7" independent
of & can be chosen and to prove the boundedness of the family of controls (v:).c(o,1) in L?(0,T), the dependence
in € of the constants C' and § from (1.18) is required. This represents one of the most difficult tasks of our
work. We shall prove that C' and § from (1.18) can be chosen independent of ¢, fact that ensures the uniform
boundedness of the sequence (v:).¢(0,1) and the possibility to pass to the limit as e tends to zero in (1.13). The
main result of this paper reads as follows.

Theorem 1.1. Let o € [0, 1)\{%} and f € L?(0,7) be a function such that fn # 0 for everyn > 1. There exists
a time T > 0 with the property that, for any (u°,u') € Ho and ¢ € (0,1), there exists a control v. € L*(0,T)
of (1.13) such that the family (ve)ec(0,1) is uniformly bounded in L?(0,T) and any weak limit v of it, as ¢ tends
to zero, is a control in time T for equation (1.1).



120 ILF. BUGARIU AND S. MICU

The controllability problem studied in this paper belongs to the interface between parabolic and hyperbolic
equations. From this point of view, it is related to [8,14,23], where the controllability of the transport equation
is addressed after the introduction of a vanishing viscosity term. In [8] Carleman estimates are used to obtain
an uniform bound for the family of controls. The same result is shown in [14], improving the control time,
by means of nonharmonic Fourier analysis and biorthogonal technique. The recent article [23] deals with a
nonlinear scalar conservation law perturbed by a small viscosity term and proves the uniform boundedness of
the boundary controls. Related problems in which controls for an equation are obtained as limits of controls of
equations of different type may be also found in [24, 26,28, 31, 37].

In order to justify the damping mechanism introduced in (1.13), which involves the fractional power « of
the Laplace operator, let us point out that sometimes it may be useful to control the amount of dissipation
introduced in the system not only by means of the vanishing parameter ¢ but also by an adequate choice of
the differential operator. For instance, the convergence rates in some perturbed problems can be improved by
choosing a viscosity operator of lower order (see, for instance, [18] in the context of Hamilton—Jacobi equations).
In (1.13) this is achieved through the parameter . The case o = 1 has been studied, for a slightly different
problem, in [25], where a uniform controllability result with respect to the viscosity is proved. Theorem 1.1
shows that a similar result holds for any a € [0,1) \ {%} Note that, if a € [0, %), the imaginary parts of the
eigenvalues A, dominate the real ones and problem (1.13) has the same hyperbolic character as in the limit
case € = 0. On the contrary, if o € (%, 1), (1.13) has a parabolic type. In this case we are dealing with a truly
singular control problem and the pass to the limit is sensibly more difficult. Finally, let us remark that o = %
is a singular case in which the basic controllability properties (such as spectral controllability) of (1.13) do not
hold.

For a € ]0,1) \ {%}, the construction from the proof of Theorem 1.1 implies that the following Ingham-type
inequality (see [20]) holds, for any finite sequence (3, )nez+ and T sufficiently large,

2
dt, (1.19)

Z ﬁne)\nt

nezL*

C(T,0) ¥ |Baf2ewelnl < /

T
nezL* -T

where ¢ € (0,1), w is an absolute positive constant and C' a positive constant depending of T and « but
independent of . From this point of view our article extends the results from [11,15,32], where Ingham-type
inequalities are obtained under a more restrictive uniform sparsity condition of the sequence (A, )nez+. Indeed,
one of the major difficulty in our study is related to the fact that the sequence of our eigenvalues (A, )nez- is
not included in a sector of the positive real axis and does not verify a uniform separation condition of the type

[An — Am| 25|nﬁ—m'@\ (n,m e Z"),

for some B > 1 and 6 > 0 independent of . The fact that C(T,«) in (1.19) does not depend of ¢ is of
fundamental importance since it ensures the uniform boundedness of a family of controls (v:).¢(0,1) for (1.13)
and the possibility to pass to the limit in order to obtain a control v for (1.1).

The rest of the paper is organized as follows. Section 2 gives the equivalent characterization of the control-
lability property in terms of a moment problem. The core of the paper is Section 3 where two biorthogonal
sequences to the family (e’\"t)n ez Ar€ constructed and evaluated. The proof of Theorem 1.1 is provided in
Section 4. The article ends with an Appendix in which a technical lemma is proved.

2. THE MOMENT PROBLEM

In this section we show the equivalence between the controllability problem (1.13)—(1.15) and the moment
problem (1.16). In order to do this we need first a result concerning the existence of solutions for equation (1.13).
More precisely we have the following property.
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Proposition 2.1. Given anyT >0, a € [0,1], e >0, h € L*(0,T; L?(0,7)) and (u°,u') € HE(0,7) x L*(0, ),
there exists a unique weak solution (u,u) € C([0,T], Hi(0,7) x L*(0,7)) of the problem

wps + (02 )u + 2(—02,)**u 4 2e(—02,)“us = h(t,z) (x,t) € (0,7) x (0,7)
u(t,0) =u(t,m) =0 te (0,T) (2.1)
u(0,z) = u°(x) ut (0, 7) = u' (z) x ).
Proof. For any a € [0,1] and € > 0, let
D((—82,)*) x L*(0,7) ife >0 and o > 1
X =
H(0,7) x L?(0,7) ife=0ore>0anda<i,

(for the definition of the operator (D((—82,)%), (—02,)%), see (1.11)). We suppose that the space X is endowed
with the inner product

((u1,u2), (vi,v2))x = (Ozu1, 3zv1)L2(0,7r) + 52((_832cx)au17 (—332m)a”1)L2(0,7r) + (“2a”2)L2(0Jr)~

Note that, since D((—92,)'/?) = H} (0, 7), it results that X C HJ (0, 7)x L?(0, 7). Now, we define the unbounded
operator (D(A), A) in X as follows,

D((—02,)*) x D((=02,)*) ife>0and a> 1
D(4) =
H?(0,m) N H(0,7) x H}(0,m)ife =00re>0and a < 1,
A= ( 0 —1I )
_agx + 52(_a§w)2a 25(_832cx)a .
The operator (D(A), A) is maximal and monotone in X. Indeed, for any U = (uy,us2) € D(A), we have that
R(AU,U)x = 2¢((—02,) 2 uz, (—03,) 2 u2) 2(0,m) = 0

from which we deduce that (D(A), A) is monotone in X.
To prove that (D(A), A) is maximal in X we only have to show that there exists A > 0 with the property
that for any F' = (f1, f2) € X there exits U = (u1,u2) € D(A) such that

(A+ AU = F, (2.2)

which is equivalent to

U2=/\U1—f1 (23)
—83xu1 + 62(—6235)20‘111 + /\2U1 + 26)\(—6235)0‘111 = f2 + 26(—83x)af1 + )\fl ’

Nextly, we define the bilinear form a : X x X — C and the linear form L: X — C given by
a(p,¥) = / P (2)the (z)dz + 62/ (—02.)%o(a) (=02, ) P(x)dz
0 0
2o [ (02 B e (O o) de + X | ple)imde,
0 0

L) = / " (fal) + 26(~02,)" () + M (2)) P@)da,
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where
_ D((-82,)*) ife >0 and a > &
X =
H(0,7) ife=0o0re>0anda< 3.

From Lax—Milgram Theorem it follows that the problem
a(p, ) = L(¥) (Y eX)

has a unique solution ¢ € X. Consequently, (2.2) has a solution U € D(A) and the maximality of the operator
(D(A), A) follows. From Hille—Yosida’s Theorem we deduce that the operator (D(A), A) generates a semigroup
of contraction (S(t))¢>0 in X. At the same time, [4], Lemma 4.1.5 ensures the existence and uniqueness of a weak
solution for (2.1) which belongs to C([0, 7], X). Since X C H(0,7) x L%(0,7)), the proof is completed. O

Remark 2.2. A more general equation than (2.1) is studied in [5,6]. It is proved that, if 3 < a < 1, the
generated semigroup is analytic on a triangular sector of C containing the positive real axis. This is not true if
0<ac< 1,

= 2

Remark 2.3. A lumped control of the form v, (¢) f(«) has been chosen to act on our system (1.13). Of course,
other types of controls can be proposed (interior, boundary etc.). At least formally, these new controllability
problems may be reduced to prove an inequality of type (1.19) and the same technique could be used to study
all of them. However, in the boundary control case we need to work in a space X not included in any D((—02)*),
« > 0, which requires much more care. We recall that the fractional Laplace operator may also be introduced
by considering the Dirichlet to Neumann map for the two-dimensional cylinder (0,7) x R, (see [2,3] for details).
This method is commonly used in the recent literature since it allows to write nonlocal problems in a local way
and this permits to use the variational techniques for these kind of problems. It is known that, for functions in
the spaces D((—92)) from above, this definition is coherent with the spectral one (1.11) used by us (see [2],
Cor. 3.6). Consequently, homogeneous Dirichlet boundary condition may be easily treated by using the spectral
definition of the fractional Laplace operator. On the contrary, to study the nonhomogeneous boundary problems
for the same operator (or for general nonlocal operator) the strategy should be different. These problems are
known to be more difficult and even ill-posed [9].

Now we can give the characterization of the controllability property of (1.13)—(1.15) in terms of a moment
problem. Based on the Fourier expansion of solutions, the moment problems have been widely used in linear
control theory. We refer to [1,22,34,36] for a detailed discussion of the subject.

Theorem 2.4. Let T >0, ¢ € (0,1), (u’,u') € Ho and f € L*(0,7). There exists a control v. € L?(0,T) such
that the solution (u,u;) of equation (1.13) verifies (1.15), if and only if, v. € L?(0,T) satisfies

_ 3 ™ < _
finl / Ve (t + 5) Mrtdt = —e M (ﬂ‘lnl + )‘"alono (neZ), (2.4)
T
-2
where A, = in + €|n|*®, for any n € Z*.
Proof. We consider the “adjoint” equation

P+ (_832030)90 + 62(_83%95)2(190 - 26(_8320x)a@t =0 (l‘,t) € (0,71') X (OvT)
o(t,0) = p(t,m) =0 t€(0,T) (2.5)
p(T,2) =¢%(x) (T, 2) = ¢'(2) v € (0,7

If we multiply (1.13) by @ and we integrate by parts over (0,7) x (0,7), we deduce that v. € L*(0,T) is a
control for (1.13) if, and only if, it verifies

/O " el®) /0 " ()Pt 2)dwdt = — /O " ()5(0, 2)dx + /0 ") (Fu(0.2) 22 (~82,)" 3(0.2)) da, (2.6
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for every (i, ;) solution of (2.5) with the initial data (¢, ¢!). Since (sin(nz)),,, is a basis for L2(0,7) we
have to check (2.6) only for the initial data of the form (%, ¢!) = (sin(nz),0) and (¢°, p*) = (0,sin(nz)), for
each n > 1. In the first case the solution of (2.6) is given by

A A 5
o(t,x) = (ﬁe(t_ﬂ% + ﬁe(t_ﬂ%) sin(nz) (n € N%), (2.7)
whereas in the second case it becomes
1 1 N
o(t,z) = (ﬁe(tT))‘" + ﬁe(tT))‘”> sin(nx) (n € N*). (2.8)

By tacking in (2.6) ¢ of the form (2.7) and (2.8), we obtained that v. € L%(0,T) is a control of (1.13) if and
only if it verifies (2.4). O

Remark 2.5. Note that (A,)nez+ introduced in the previous theorem are the eigenvalues of the differential
operator corresponding to the “adjoint” equation (2.5).

Remark 2.6. The condition fn # 0 for any n € N* is necessary in order to solve the moment problem (2.4)
for any initial data in Ho. Indeed, if there exists ng € N* such that f,, = 0, then (2.4) has a solution only if
the initial data (u°,u') verify the additional condition @}, + An, U5, = 0.

We recall that (0,,)mez- € L*(—L,Z) is a biorthogonal sequence to the family of exponential func-

2732
tions (e*f) € L*(—Z, %) if and only if

nez*

O () = G (myn € Z9).

Sl

It is easy to see from (2.4) that, if (6,,)mez~ is a biorthogonal sequence to the family of exponential functions
(eA"Lt)nEZ* in L2(—Z,Z), then a control of (1.13) is given by

N T
e Mz

ve(t) = —m%* W (allm‘ + Ama?ml) Orm, <t — g) (t € (0,T)), (2.9)

provided that the right hand side converges in L?(0,T). Now the main problem is to show that there exists a

biorthogonal sequence (6, )mez+ to the family of exponential functions (e)‘"t) in L2(—Z, L) and to evaluate

nez 272
its norm, in order to prove the convergence of the right hand side of (2.9) for any (u°,u!) € Ho.

3. CONSTRUCTION OF A BIORTHOGONAL SEQUENCE

The aim of this section is to construct and evaluate an explicit biorthogonal sequence to the family (e“‘")n ez
in L2 (—%, %), where A\, = in + g[n|?® are the eigenvalues introduced in Theorem 2.4. In order to do that, we
define a family (¥,,(2)),,cz- of entire functions of exponential type independent of ¢ (see, for instance, [35])
such that ¥, (i\,) = dmn. The inverse Fourier transform of (Ym)mez» Will give us the biorthogonal sequence
(0m)mez+ that we are looking for. Each ¥, is obtained from a Weierstrass product P, multiplied by an
appropriate function M,, with rapid decay on the real axis. Such a method was used for the first time by Paley
and Wiener [29] and, in the context of control problems, by Fattorini and Russell [12,13]. The main difficulty in
our analysis is to obtain good estimates for the behavior of P, on the real axis and to construct an appropriate
multiplier M,,, in order to ensure the boundedness of ¥, on the real axis. As we shall see in Proposition 3.6

below, the behavior of In|P,,(z)| is always dominated by a subunitary power of |z|, if @ < 3 which facilitates
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the entire construction and analysis. In the more difficult case o > 3, In|P,,(z)| behaves like || on an interval

1
of length O ((%) 2‘**1). It is precisely this property which makes the construction of M,, more problematic

and imposes the necessity of a careful analysis of P, (x). Finally, the bounds obtained on the real axis for ¥,
and the Plancherel’s Theorem, will provide the desired estimates for ||0,,[ 120, 7) and their dependence of the
parameters m, € and a.

3.1. An entire function

In this subsection we construct the Weierstrass product P,, mentioned above and we study some of its
properties. For every m € Z*, we define the function

o= 1L(0+8) (25)

ner”
n#m

Firstly, let us state the following technical result concerning the second part of the product P,,, whose proof
will be given in the Appendix.

Lemma 3.1. There exists a constant C > 0 such that, for all € € (0,1) and m € Z*, we have

A
ﬁ‘ < 16 exp(Cem?®). (3.2)
nez* ! oam
n#m

Now we pass to study the basic properties of the product P,,.

Proposition 3.2. Let a € [0,1)\ {%} and e € (0,1). For each m € Z*, P,, is an entire function of exponential
type at most Ly, where

max{@ de }ae [0, %)

’ 12«
L1 =
2 8 1
max{fT, 2a—1} a€(31),
with the property that _
P (iAn) = S (neZ"). (3.3)

Remark 3.3. Note that Proposition 3.2 does not consider the case a = % In fact, if a = %, the family of

exponential functions (e’\"t)n ez 18 complete in L?(0,a), for any a > 0. Indeed, since

Z ) = 00, (3.4)

2
nez* 1+ ‘)\n|

the completeness is a consequence of the Theorem Szdsz—Miintz [33]. Since this property remains true if we
eliminate a finite number of elements, we deduce that (e’\"t)n ¢z 1s not minimal in L?(0,a) and there exists

no biorthogonal sequence to it in L?(0,a). From the controllability point of view, it follows that (1.13) is not
1

spectrally controllable if o = 5-

Proof of Proposition 3.2. By taking into account the estimate (3.2) from Lemma 3.1, we only have to study the

function .
z1
Em = ]_ + — .
& =11 ( An>
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20 P El o Al 2IRO)| 2] + |2)2
1+ 2 ) (14 2 < (1 20
(e 50) ()] = (o) T2

We have that
Bua) = |14 5

I

)\m neN* n=1
.
N
- 2IR(A 2 2 2IR(A 2
(Y (S (1 2RO Sy 2RO )
EVARAPS ] o ]
S1 S

where N, = (%) . It follows that
[NV:]

S <iln 2|2 /Nzln 1—|—LZ|2 dt</Nzln 1—|—2‘Z‘2 dt
b= INE 24 e2ie )70 = fg 2

< \/_\z\/ ln( > \/gﬂ-\z\.

Thus, we have that

27
$1< )zl (3.5)
For a € [0, %) we have that
e pret
en 20—9 4e
n=[N_]+1 n=2

1
2c0—1

1
For a € (%, 1) we define v, = (g> and we deduce that

e} [ee} [ve] o0
4IR(A)|2] en?® en?®
$< ) I =4zl > nZ 1 e2pia SZIDIEEDY nZ 1 e2pia

n=[N.]+1 n=[N.]+1 n=1  n=[y.]+1
[’YE] c oo 1 8

< 4[] ZW_F Z en2a < 2@_1|Z|.
n=1 n=[ve]+1

It follows that

“5xlzl a € 0,3)
Sy < (3.6)
20,8—1|Z| ac (%’ 1).
From (3.5) and (3.6) we deduce that E,,(z) is an entire function of exponential type at most L; and the proof
ends. 0
3.2. Evaluation of P, on the real axis
This subsection is devoted to study the behavior of the entire function P,, on the real axis. The main result

will be presented in Proposition 3.6 below. Let us begin with the following two simple lemmas. We recall that,

1 2a—1
for a > %, we have introduced the notation 7. = (—) .
€

Lemma 3.4. Let ¢ € (0,1) be fized and a € [0,1)\ {3 }. For any x > 0 there ezists a unique x- > 0 such that

2?2 = 22 + 222>, Moreover, if a € [O, %) or a € (%, 1) and x < 7., then

ze <2 < V2, (3.7)
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|ze — 1

|z — | An|| > (neN*, n<~.). (3.8)
Finally, if a € (%, 1) and x > 7., then

€(n2a _ x20¢)
Al — x> £ n e N n>n.). 3.9
ol el ) (3:9)

Proof. Let us first note that, for all ¢ > 0, the equation
N (3.10)
has only one solution in [0, 00). Indeed, if we define the function f : [0,00) — R, f(r) = r? +&2r4® — ¢, it results
that f is increasing. Therefore equation (3.10) has at most one solution in [0, 00). On the other hand, we notice
that f(0) = —t and lim f(r) = oo, from which we conclude that equation (3.10) has a unique solution in

[0,00). Concerning (3.7), it is obviously that x. < z and for the second part of the inequality we notice that

2 _ .2, 2 4o 2
x° = +ex” < 2]

for any o € [0, %) or a € (%, 1) and z. < .. Finally, taking into account that

:rg —n?+¢ (xg(’ — n4°‘)

x— |l =
| [Anl] \/xg—i—eQasga—I—\/nz ¥ eZpdal’

relations (3.8) and (3.9) follows immediately. O

Lemma 3.5. The following inequalities hold

pla—2 _ gda—2 pietn <z ( (1 ))
e ae(31), (3.11)
n? — g2 nlo—i0< g <n

n4a72 _ 1.4(172

1
N2 _ 22 <0 (a e [0’ 3)) - (3.12)
Proof. We notice that, when x > n, then
_ _ 4a—2 0 a € O’ 1
npie—2 _ gla=2 :$4a_4(%) i -1 [ 2)
2 _ 2 =
e ($)" -1 st ae (3,1),
The case n < x is treated similarly. O

The main result from this subsection is the following estimate of the function P, on the real axis.

Proposition 3.6. Letc € (0,1) and m € Z*. For each o € [0,1)\ 1 there exist two positive constants C and w,
independent of € and m, such that the function P,, defined by (3.1) verifies

[P (2)] < Cexp [w(p=(z) + [R(An))]  (z €R), (3.13)

where

elz**  if (€ [0,1) andz€R) or (a€ (3,1) and|z| <)

pe() = N (3.14)
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Proof. With the notations from Proposition 3.2 and by taking into account estimate (3.2) from Lemma 3.1,
it follows that it is enough to evaluate |E,,(x)|. Moreover, since P,, is a continuous function it is sufficient to
consider = # |\, | for all n € Z*. In the sequel, C' denotes a generic constant which may change from one row to
another but it is always independent of € and m.

To begin with, we evaluate F,, on the real axis in the case (a € [O, %) and x € R) or

(e (3,1) and |z] < 7e) .
2

. .12
2 xT1 xT1
m = _ - ]. —
| B ()] I | <1+ )\n> ’ + N

Anl? + 22iR(N,) — 22|

. Anl?
i nFm -
B R Tl G e o B G ) R O
T T M2 + e2mia 1 ENE 11 ([An? — 22)?
n#m n#m
B (@) B (@)

We shall consider that 2 > 0. The opposite case can be treated in a similar way. Now, we evaluate E} (z) by
using Lemma 3.4. We have that

%) 2 [e%e)
’El | H |)\n|2 _ 2 H n2 4 e2pde _ 52 _ 62$451a
- - 2,4
AL 1l n? 4 e2pla
2 oo 2 o _ _9212
( m2 ) 2 353 523;3 nia—2 xzela 2
- 2 2 2 H 1 2 da—2 2 2
— x
me=—xz ) - n ot} +e“n n s
n#m

Al (@)
m? ? sin . 2A1 () < m? sin . 2A1( )
= €T xZ).
m?2 — z2 X T (m— 1. )? TTe m

From Lemma 3.5 we deduce that, if o € [ ) the product Al (z) has the following property

Al (z) < 1.

On the other hand, if o € (3,1), from (3.11) we deduce that

[ze] 2 da—2 00 2.2, 4a—4
1 [ Tr-e™n
Al (z) <exp |2 In (1 + m) +2 ) I (1 1 +52n40‘2>

n=1 n=[z:]+1
[ze] 2 Aa—2 oo 2.2 4a—4
e xien
= exp (2 Z 1+ e2pda—2 +2 Z 1+ e2pta—2 )
n=1 n=[z:]+1
Al (@) Al2(z)

Next, we proceed to evaluate the sums All(z) and Al?(z). Firstly, we have that

i ] e2gda=2 T 2t e . ,
o— o— (6%
A, (x) =2 E 1+52n4f’ 5 §2/0 71+€2t4a_2dt§2/0 e a?7dt < 2e7x; < 2ex.“,

and secondly we deduce that

e - 3 2. .214a—4 2 214004
A= 3 w#wwdﬁ/v MdH/“Mdtqmza.
m 1+€2n4a—2 - . 1+€2t4a—2 z 1_|_€2t4a—2 e 1+€2t4a—2 — €

n=[z:]+1



128 ILF. BUGARIU AND S. MICU

Consequently, we have proved that

m?2 sin . 2
c€l0,1), zeR
(m — x.)? < TTe > ac03), 2
Ep(x) < (3.15)
m?2 sin . 2 %0 1
(m— 2. < - > exp (4sx ) a € (5, 1) , T < e
Nextly, we evaluate the product EZ2 (z). In the following estimates we shall use the notation n, = [z.] and

relations (3.7)—(3.8) from Lemma 3.4.

22 () - (Am]? = 22)° L AR0G) (4R )
T (Al - 222 4222 () (A, 2 - 22)? (A, 412 — 22)?

XL (2)
ng—1 o]
z 4 252 4 2p2
I (1 ) T (1 o)
=l (Al =22)7 ) oiige (IAnf? = 22)
na—1 2 0 2032
<o IO (00 i) 11 (10 i)
n=1 (Pnl =2)7 ) niee Anl? (IAn] = )
ng—1 2 o0 2902
= B2 (x eXp{Zl ( 74% ()\n)2>—|— Z 1n<1+—4x%<)\n) 2>}
= al) 42 [Anl? (|An| = 2)
E32 (x) EZ3(x)
We estimate E22(z) by using Lemma 3.4 as follows
ng—1
z 862714“ Ny n €2t4a71
EX(x In |1 < 32 / - dt
Z n( . n)2> S A o T

To bound from above the last integral we have to split the interval (0,n,) in three parts, by taking into account
the following inequalities

2a
Ny £n

Thus, we have that

20/

Ny n,.e2pha—1 o R Ng— W 2, pho—1 Ny n
/ A dtS/ —r dt+/ e T 2 2dt+/ L —kdt
o (ng —t)? + 824 0o (ng—1)? ne (ny —1) S L

p) * T 55T

ng En2(¥

= gttt e o _
0 Dz ne T
(%) :

The last inequality takes place because e2ni*~! < en2® if (a € [0, 2) and x € R) or (a € (%, 1) and x < ’yg) .
Now let us evaluate E23(x) by treating separately the following cases:
Case I. a € [0, %) and = € R. Using relation (3.8) from Lemma 3.4 we obtain that

o0 8 2 2t4o/ 2 o0 2 2t4a—2
cEﬁf(:c)g/ 1n<1+L>dt<32/ S —
rot1 (t —xe)? oot (t— )2 + x2e2tho—

2x . 2t4a 2
:32(/ / ) s dt < CexZ®
zo+1 2, t—xe 4 p2e2tdo
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Case II. o € (1,1) and = < 7.. Using the relations (3.8) and (3.9) from Lemma 3.4 we have that

Ye 2 2t4a72 o] 2 2
E?,,?(:c)g/ 14 27 dt+/ (14— 22 g,
. (t —z2) : g2 (t2 — g29)

11 12

To evaluate I; we integrate by parts and we take into account that there exists a constant v € (0,1) such
that z. < vv.. The existence of this constant allows us to separate the interval (z¢,v:) as follows

L Le € -
I < 41’262“1*1 " 81’252 /7,“ N /’Y tho—2 "
>~ .. 1o (t _ x5)2 + Axp2e2tdo—2

1, _
iz, Criag? Yo Op2e2pda—id
< 4ex? 4 / < dt + / [
oo (t—xe)? 4 atoe? 1, 1+ p2e?pto—d

e > T

20 = Cale? e 2 2,404 20
0 t + l.sas %za

In order to estimate I we remark that t2® — 22% > (1 — v2®)¢2*. Tt follows that

> 3222 > 3222 32
I < n(1+—""—  Jdt < dt < 20
2= /5 . ( + (1-— v20‘)252t40‘) - /% (1 —v2)2e2¢4a ™ = (4a—1)(1 — vQO‘)?gx

Thus, we have that

F2 (z) < B2 (x) exp(Celz|®). (3.17)
Note that, for any m € Z*, there exists a positive constant 5, independent of m and ¢, such that

(z+m)? +e*mt>  m? <sin TTe > ? (1 N 422R%(\n,) - 422R% (A, 1)
(

m?2 4+ e2mie (m—x.)? \ 7w Ap, |2 — 22)? (Pny 1|2 — 22)?

) <C. (3.18)

422 R (M 422 R Ny +1)
n, and 1 na
22 T MhwpralP-22)?

Indeed, the terms (s P—22)

’ 2 1+ explodes as x tends to m, A, and A,, 41

m
(m—a.

) 2
respectively, but not simultaneously. This allows us to couple them with the sine function (%) in order to

obtain a bounded function. On the other hand, when x tends to infinity we couple the first two terms so that
we obtain once again a bounded function.

Consequently, from (3.15), (3.17) and (3.18) it follows that, for every a € [0,1)\ {3} there exists an absolute
positive constant C| such that for any (ac ceRifae [O, %)) or (|az| <A iface (%, 1)), we have that

|E ()] < exp(Cex?®). (3.19)
To conclude the proof it remains to evaluate the product E,,(z) in the case a € (3,1) and |z| > ~.. Note that

I 5) (45)

En@)? =[] (1+22)] =1+
)\n >\m n=1

n#m n#m

2, .2, 4a (1 ()] 4 29n2 o0 4 2902
< mia) tem exp{ 3 1n<1—|——x Ao (A")>+ S ln<1+—x AR (A”)H,
n=1

2 2, da 1 2
m? +e2m [An i [An

2

Sk (x) 52 (2)

m
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1
2a
where 7. (z) = <L> . Now, we evaluate the above sum as follows.
5

["75 (I)] 4 Ne (y) .T4 Ve 1'4
< n{l+ ——— dt:/ ln(l+—)dt

z:: ( [An I4> /0 (12 + e2the)? 0 t

o &

[ (e i e ()

[eS) 20312 00 22 o 2.2 4oz
2 (2) < Z ot +422R? (\,) - Z 81212 () _ Z 8x’e

" [An | - (n2 + e2pda)?

[\)

n=lne @) +1 n=l-(@)+1 n=ln- (@)1
0 2 0 2 1

< Y gmsf Twrtase()”

n=fre@i+1 S @ € :

Thus, for a € (%, 1) and |z| > 7., we have proved that

|Em(7)] < exp (C (%) %> . (3.20)

Now, by taking into account (3.19) and (3.20) the proof of the Proposition ends. O

3.3. A multiplier

In this subsection we construct a function, called multiplier, used to compensate the grow of the product P,
on the real axis given in Proposition 3.6.
Let ¢ : [0,00) — [0,00) be a continuous, increasing and onto function. We define the real sequence (a,)n>1
by
plean) =n (n>1) (3.21)

and we suppose that the following properties hold:

1
(11) Za—§L2<oo
n>1 "

=1 1+ [RAm)|
< p——mil
; az = Aml? 7

where Lo and D are two positive constants and
M = [pleAnl)] 41 (m = 1). (3.22)
We have the following result.

Lemma 3.7. Let x > a,,, and define n, := [p(ex)]. Then

i . ((;J) _ _/z A(u) —unm + 1du, (3.23)

J=nm Gnm

where A(u) = #{an < u} = [p:(eu)].
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Proof. We have that

T Alu) e " Aw) ) ne—l pajin T e
—/ Z/ —/ ﬂdu:—z:/ ldu—/ 2
a an, W FE—Y u an, U

T n
m J=nm i

ng—1 J Ny Nnm—1 Nz T Ty
SN I (v Y o, R R Y 1
1 aj+1 xne gnm—1 L1y @ e x/’
J=nm 7 J=nm m J="m
which completes the proof of the lemma. O

Now we can construct a multiplier function.

Theorem 3.8. Let ¢ : [0,00) — [0,00) be a continuous, increasing, onto function such that the sequence
(an)n>1 defined by (3.21) werifies (I1) and (I2). For each m > 1 there exists M,, : C — C with the following
properties:

1. My, is an entire function of exponential type Lo

2. | My (2)| <exp(—¢(|z|) +le|An|) + 1) for allz € R

5 [Moih)| 2 exp (~ 1+ ROWD )

Proof. By adapting an idea from [19], we define the function M,, : C — C as follows

My (2) = ﬁ M (3.24)

i )
N=Nm an
where the sequence (ay,)n>1 is given by (3.21) and n,, is defined in (3.22).
M, is an entire function of exponential type. Indeed, this is a consequence of property (I1) of the sequence
(an)n>1 and the following estimate which holds for each N > n,,,

N
N |sin (= N |2l E —

an |L| Lo|z|
[ |72 < I] el =e o5 <o
N=Nm an n=nm

To prove the second property of M,, we need to analyze the following two cases:

Case 1. z < eay,,. We deduce that p(z) < ¢(ean,,) = nm < p(e|An|) + 1 and consequently

|Mu(x)| = ] L_”) <1< exp(p(efAm]) —p(z) +1).

-z
N="Nm QAn

Case 2. eay,, < x. From Lemma 3.7 we deduce that

) ﬁ sm( ) H\ ‘_exp<zm( )>:exp<_/: M@

N=Nm N=Nm N=Nm

Since a,,, < %, it follows that

|Mm(z)| < exp (— /x Mdu) < exp (— /y ple) = 1= nm + 1du> = exp (—¢(x) + nm) .

Since ny, = [p(e|Am])] + 1 < @(e|An]) + 1, the second property of M, is proved.
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To prove the third property of M,,, note that

1 _
np = = Ynm) > P Ye(elAml]) = |Am]

—_

and consequently ‘2—’2" < 1 for each n > n,,. It follows that

o |sin (’5’) o sin 5’” 0o 1 X2

Mol = I |22 = 1] ZH‘l—EGQ

- m - Am - n

N=Nm an N=Nm an N=Nm
o0 o0

1 [Am|? A ? 1
:@(p(Z ln(l—é P > exp i Z g

n=nm n=nn

By using property (I2) of the sequence (ay,),>1, we deduce that the third property of M, also holds and the

proof of the theorem ends. O

Proposition 3.9. Fora € (0,1)\ {3} ande € (0,1), let ¢. : [0,00) — [0, 00) be the function defined by (3.14).
For each m > 1 there exists M, : C — C with the following properties:

1. M,, is an entire function of exponential type Lo
2. | My, (2)] < exp (—pe(x) +26*|R(\p)| + 1) for all z € R
9. [ My ()| = exp (~D (1 + [R(A)))).

where Ly and D are positive constants independent of m and €.

Proof. The existence of the function M, follows from Theorem 3.8 if we prove that the function ¢, verifies the
hypothesis from Theorem 3.8 and

we(e|Am]) < 2% R(A\m)| (m >1). (3.25)

From (3.14) we deduce immediately that ¢, : (0,00) — (0,00) is continues, increasing, onto and (3.25) is
verified. Moreover, the sequence (an)n>1 defined by a,, = Lo~ (n) verifies the following properties.

e For a € ((), %) we have that

e For a € (%, 1) we have that

<1 Ve seN sa >* 1 200+ 1
_Z Z _1 _/O —(ps_l(s)ds:/o (s) ds—&—/% Eszads:Qa_l.

ne1 @ n>1 ¢

By taking Ly, = 9tlcaae for o € (0, %) and Ly = gaﬂe for a € (% ) it follows that hypothesis (I1) is

2
verified.

On the other hand we have that

e For a € (O, %) we have that

1 < 1

0 eNz o0 e\ =
e L g2 2 (5) S/g%(em) (5) Ao =P

(1427 R(Am)]) -

1
= Al
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e For a € (%, 1) it follows that

1 i 1 i 1 _ 1 N /°° Ly
— — = < 1, 548
e L ap S (o' ()2 T (0 (n)? S (921 (s))?
Since Ny, > @:(e|Ap|) it results that
1 1
N*). 2
FIPWE (m € N¥) (3.26)

(o= (nm))? ~

On the other hand, if e|\,,| < 7. we have that
é > 1
4. E%87%¢

o) 1 Ye
____@5:/ €
/w '(s))? (D) (8

c(elam]) (2 (

o 1 a—1 1 1 4ox 1

< = )\m 2 o - 1—4«a < >\m

=1-a° (e(elAmD)™) doa—1e2°¢ - 1—a\)\m|2m( )
and if e[ Ay, | > e
o0 1 o0 1 1 1 /A 42 1
=t Lo Lol (—m> <= Lol
pelelrml) (0 (5))? pe(elAm]) €757 da—1 2\ e 4o —1 A
0

By taking D = 2%? for a € ((), %) and D = 14_—0‘(162 for a € (%, 1) it follows that hypothesis (12) is verified and
the proof of the proposition finishes.

3.4. Two biorthogonal sequences
Now we have all the ingredients needed to construct a biorthogonal sequence (0,,)mez+ to the family

(e’\"t)n ez by using the method presented in the section’s introduction.
Theorem 3.10. Let € € (0,1). There exist T>0 independent of € and a biorthogonal sequence (0.,)mez+ to
%), with the following property

the family (e*?) ez~ in Lz(—g,
6l 5.5, < Cexp(BIRO))

(m € Z%), (3.27)

where C' and (3 are positive constants independent of m and e.
Proof. If a # 0, for each m € Z*, let Py, and M, be the functions from Propositions 3.2 and 3.9, respectively.

) sin(8(z — i\m)) (3.28)

We define the function
" 6(z —idm)

() = B M) (%)

where 6 > 0 is an arbitrary constant and w is the constant from Proposition 3.6. Let
(3.29)

1 _
On(t) = 5- /R W, (2)e " da,

From Propositions 3.2 and 3.9 we deduce that there exists T = 2(Ly + wLy + 0), independent of €, such that
¥,, is an entire function of exponential type % Moreover, from the estimate of the function P, on the real axis
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given by Proposition 3.6 and the properties of the function M), from Proposition 3.9, we obtain that

2

sin(d(z — i) e

2 2w(1+4 D) 2
/R\![/m(x)\ dz < Ce exp (2(1 4 26 —|—D)\§R(>\m)\)/ sy

R

sin t

2
< %exp (2(w 4 2we® + wD + 8)|R(Am)]) / ‘ dt < Cexp (26|R(An)])
R

where (3 is any number greater that w + 2we? + wD + 4.
Now, by taking into account the properties of ¥, and by applying the Paley-Wiener Theorem, [35],

Theorem 18, Section 2.4, we deduce that 6, € LQ(—%, %) Moreover, from the inverse Fourier transform
property we obtained that (6,,)mez+ is a biorthogonal sequence to (eA”t)nEZ* in L2(—%, %) Finally, from
Plancherel’s Theorem we deduce that (3.27) holds.
If a =0, we take B
sin(d(z — 4
B () = Py(2) 2OE— ), (3.30)

5(z —idm)

where § > 0 is an arbitrary constant. The same argument as before allows us to end the proof of the theorem. [J

The following result gives the existence of a new biorthogonal sequence with better norm properties than the
one from Theorem 3.10.

Theorem 3.11. Let € € (0,1). There exist Ty > 0 independent of € and a biorthogonal sequence ((p)mez+ to
the family (e’\"t) in L? (—%, %), such that, for any finite sequence (¢ )mez, we have

j{: angm(t)

meZ*

nez*
2
dt < C(Tp) Y [em|?e? RO, (3.31)

meZ*

To
2
_To

where (3 is the same as in Theorem 3.10 and C(Ty) is a constant depending only of Tp.

Proof. Since it is similar to that of Theorem 3.4 from [27], we only give the main ideas. Let (0,,)mez- C
L? (_Z Z) be the biorthogonal sequence from Theorem 3.10. For any a > 0 define k, = m(xa * Xa), Where

272 a2
Xa Tepresents the characteristic function x|_q4/2,4/2). Evidently, supp(k,) C [~a,a]. We introduce the function
pm(x) = ®3Cm) () and we define

1

= G x m e Z*), 3.32
where p,, is the Fourier transform of p,,,. Evidently, ¢,, € L? (—% —a, % + a). Let Ty = f—i— 2a. From the convo-
lution’s properties, it follows that (¢, )mez+ is a biorthogonal sequence to the family (eA"Lt)nEZ* in L? (—%, %)
and (3.31) is proved. O

4. CONTROLLABILITY RESULTS
Now we are able to prove the main result of this paper.

Proof of Theorem 1.1. Let T >max{28, Ty} and ((m)mez+ as in Theorem 3.11. We construct a control v, €
L?(0,T) of (1.13) corresponding to the initial data (u’,u') € Hy as follows
e ImE

ve(t)=— Y (a‘lml + Ama?m‘) Cm (t —~ g) (t € (0,T)), (4.1)

meze Jiml
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where Zm is the extension by zero of (,, to the interval (—%, %) . From the properties of the biorthogonal
sequence ((m)mez+, it is easy to see that v, verifies (2.4). To conclude that v. is a control for (1.13), we only
have to prove that the right hand side of (4.1) converges in L?(0, T). This follows immediately from Theorem 3.11
and the fact that (u°,u') € Hop. Indeed, we have that

T T N T 2
9 - e m 3 e ~0 —~ T
| etora= | ‘— > = (T 4 ) G (1 5

- dt
mezs Jiml
2

Fra e e ~0 0, 1y)2
= o7 2 T (@A) G 8] 4t < O, Dl
—274 ] mezs Jim]

The last inequality results from (3.31) with the constant C'(7p) independent of e and m. Thus, the family
of controls (v:)zc(o,1y is uniformly bounded in L?(0,T). In order to show that any weak limit of the family
(Ve)ee(o,1) is a control for (1.1) we only have to pass to the limit as € goes to zero in (2.4). O

Remark 4.1. Theorem 1.1 ensures the existence of a time T' > 0, sufficiently large but independent of &, for
which the uniform controllability of (1.13) holds. From Propositions 3.2, 3.6 and 3.9 we can give an explicit
expression of T. It is well known that the wave equation (1.1), corresponding to the limit case ¢ = 0, is
controllable in any time T > 27. Probably, the uniform controllability of (1.13) holds in the same time. However,
to obtain the optimal time we should be able to obtain a multiplier function M,, in Proposition 3.9 with
arbitrarily small exponential type Lo and constant D. This seems to be a difficult problem (see [8,14,27] for
similar uniform controllability results proved in a time larger than the optimal one).

A. APPENDIX

The aim of this section is to give the proof of Lemma 3.1 from Subsection 3.1. Through this section C' denotes
an absolute positive constant.

Proof of Lemma 3.1. From the symmetry of the sequence (\,)necz~, it is sufficient to consider only the case
m € N*. We have that

)‘n B m2 + 52m4a 0 (n2 +€2n4a)2
ot /\n _ )\m 4m2 et Un _ m‘2 +€2|n2a _ m2a|2] [(n + m)2 + 62‘n20¢ _ m2oz‘2]
- m2 + €2m4a ﬁ ‘)\n|4 ﬁ [|n o m‘2 + 52‘71 o m|4a] [(n +m)2 —1—62(77, +m)4a]
4m2 ookt |/\\nfm\‘2|/\m+n|2 ket [|TL o m‘2 + 62‘n2a o m2a‘2] [(n +m)2 + Z_:2‘,”/20¢ o m2a‘2]
n#m n#m
QL Q7
Since,
o0
IT a0
LN Al _ ngm o ?
R U S e e e W ER
ne1 |n—m]| m+n 9 9 9
nZm IS S ) Y
n=1 n=1 n=m-1

n#2m

it follows that
QL <16  (m €N*). (A1)
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For the product 2, we have that
In—m[2(n+m)? [e2m** 2 f( L) + etmBo—ig(2)]

2
Q= H L+ L [2% —m2a? L[ — 2
n—mPn+m)?(1+e————m— | |1+
m| (n+m)?

In—

n#m
€2m4a72f(%) + <€4,n,18a749(%)

2|n2a _m2a|2 2‘77,20‘ _m2a|2
R e 1+ef————

= exp Zln 1+
n=1

= 1
i (1= (n+ mP?
oo 2, do—2 4, 8a—4
< exp Z €£’la f(%)—kem" g(%)
n2e — m2(x|2 ‘n2a _ m2o¢‘2 )
n=1 11 +€2‘7 142
o P v P
where f,g:(0,00) — R are the functions defined by
(t2a _ 1)2

fO) =[t—1* 2+t +1)% 2 —2(¢* + 1)(t2_71)2,

20 _ 1\4
e

Let us remark that, for any o € [0,1) \ {%}, the function g can be bounded as follows

t2e t<3
g(t) <CS |2 =12t e [4,2] (A.2)
o4 t> 2.
We prove the following inequality
e 4, 8a—4 _(n
emg() .
Sgi=> — ————— < C|R(\n)|  (meN). (A.3)
it (142wl (L a0t m ™
A n—mP (- m)?
For that we write S, as follows
[%] 2m—1 s} 64,'7,18&749(3)
_ _ ql 2 3
Sg - Z+ Z + Z ‘n2o¢_m2a‘2 = ‘n2o¢_m2a‘2 _SQ+SQ+SQ'
=l op=[m]41  =2m l+e?— ) (142 —0———
n;zm - m‘2 (n + m)2
In order to evaluate S; we use the following inequalities
‘n2a - m20¢‘2 4a—2 ‘”m - m205|2 da—2
> |n_m‘ ) |n_m‘2 > (n—l—m) ) (A4)

n —m|?

which hold for every a € (%, 1) andn e N, n#m
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For any « 6 [0,1)\ { 1} we evaluate the sum 51 by using (A.2) and by taking into account that m +n < 2m
and m —n > 1 5m for every n € [ ] We deduce that

] mbo—1,2a 4, 6a—4 [2]+1 4, 8a—3
<y S g [ s T < CROW)]
= +gm4a—2) T+ e2min7) (0 +2min )
Similarly, for any a € [0,1)\ {4} we evaluate the sum S5 as follows
oo
C€4m2an6a—4 Ce m2a 6a—4
S Z 2 20|12 2c 2c¢|2 Z da—2\2 — O‘éR( )|
[n°® — m=%| [ — m2%| (1+4¢e2n )
n=2m (] 42— ) (14— =
= mP? (T mp
For a € [0, %) we analyze Sg as follows

2|4a—2 2m—1

= Cetn? —m B B
Sy < Z NIy e S 2 CemM T —ml 7 < RO
=[7] <1+€ W) (1+€2W> n=[%]+1

And, for a € (%, 1), we have to treat separately the cases m < . and m > .. For m < 7., we notice that the
function ¢ is continuous on a compact set, so there exists a positive constant C' independent of € and m such
that ¢g(t) < C. By using again (A.4) it follows that

2m— CelmBa—4 m CetmBa—2
2
% = Z In — m|* = Z (14 e2k40=2) (m2 + e2k*) < CRGm)I
n=[2]+1 (1 + €2|n — m[4a=2) <1 +527> k=1
2 m2
For the case m > ~. it follows that
2m— 4 da—2(, _ . |da—2 m 27.40—2
B sy
n=[m]+1 e2mia=2 (1 4 &2 (m +n) [n —m| = me e2m*o2f
2 m2
[m2—2a}
< C52 Z EAa—2 + Cm474a Z fho—a < C‘%()\m)‘a
k=1 k:[,,n2;2a}+1

which concludes the proof of (A.3).
Let us remark that, for any o € [0,1) \ {%}, the function f can be bounded in the following way

t2e t< 3
f)<CQ|t—1/* "2t e [1,2] (A.5)
o2 t> 2.
We prove the following inequality
& 62m4a72f(ﬁ)

< CR(Am)| - (meN7). (A.6)

Sf::Z 2a 2|2 2o 2|2
(1 ) (14 AT

n#m |n — m|? (n+m)?
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Indeed, we have that

(%] 2m— 00 Cszm‘*a*zf(%) ) ) 5
Z Z Z |n2a_m2a|2 ‘n2a_m2oz‘2 :Sf+5f+5f'
n=1 : n=2m 1+€27 1+€27

n—mf? (n+ m)?

For any o € [0,1) \ {%} we evaluate the sum S} by taking into account (A.5) and the fact that m +n < 2m
and m —n > %m for every n € [1, %] - We deduce that

[#]

MIS

C 2, 200—2, 2 C 2 20—2
Sp=2 N T S T ey 2 S CROW)
S (14 2 ) (1 Y = (Lt emie?)’
Slmllarly, for any a € [0,1) \ {1}, we deduce that Sf is bounded by C|R(A,)|. Indeed,
: g2m2an2a—2 © 2,020,202
S5 = <Y S < OO
Y LTy T P W e
In —m|? (n+m)?

For o € [O, %) we evaluate S]%, as follows

2m—1 2m—1

Ce2|n — m|ie—2 Ce2|n — m|ie—2

2

S = Z 2o, 2a|2 2o, 2a)2 < Z 2o, 2a)2
Lt (ng) (ngw) N W) i i
=3 L2

In —m|? (n+m)? In —mf?

2m—1 m m
C€2|’I’L — m\4°‘ Cg2k-40‘ C€2m4a
< = 5 15 < — < CIR(\ .
pS Z’"L » ‘n—m‘Q + e2mpia Z_; k2 4 2mie — Z_; k2 1 e2mle = ‘ ( m)]
=2 = —

Ifae (%, 1) and m < 7., we have that

52 - mz: C€2|n _ m|4o¢72m2
f= ) (1 + e2ma=2) (m2 4 £2|n — m|2mia=2)
n=|% |+

< Cm® Y KT < CIR(Am)),

k=1
and for a € (%, 1) and m > . the following estimates takes place
@ < % Ce2|n — m[*—2m? Ce2m?2 m -2
f= ’ (1 T e2mie=2) (m? + e2|n — m|PmAe=2) = 1+ e2mia—2 e m2 + e2k2mia—2
: % =
[===]
i c LAa—2 m JAa—4
< Om Y St X S | SCOROWL
k=1 k:[m2£2a}+l
Now from (A.1), (A.3) and (A.6) it results (3.2) and the proof of Lemma 3.1 ends. O
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