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A SINGULAR CONVOLUTION KERNEL WITHOUT

PSEUDO-PERIODS

JESPER LAUB

Let G be a locally compact abelian group and N a non-zero convolu-
tion kernel on G satisfying the domination principle. We define the cone
of JV-excessive measures E(N) to be the set of positive measures ξ for
which N satisfies the relative domination principle with respect to ξ. For
ξ eE(N) and Ω c: G open the reduced measure of ξ over Ω is defined as

Rf = inf {η eE(N)\η > ξ in Ω).

Further discussion of excessive and reduced measures is given in [4] and

[5].
Let 9 denote the set of compact neighbourhoods of O, the neutral

element of G. The convolution kernel N is said to be singular if

Rίv = N for all V e £ .

A point x e G is called a pseudo-period of N if there exists a number
c > 0 such that

where εx denotes the Dirac-measure at x. The set of pseudo-periods of N
is a closed subgroup of G.

In [3] Itό gave the following result (Corollaire 2):

A convolution kernel N satisfying the domination principle is singular
if and only if the group of pseudo-periods of N is non-compact.

The "if" part of the statement is easy to prove (cf. e.g. [1]), but the
"only if" statement is false in general, although it seems reasonable due
to obvious examples. It is our purpose to give a counterexample to this
statement.

Suppose that there exists a strictly decreasing sequence (Gn)neIt of
closed non-compact subgroups of G
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G = G1Z^G2^G3

satisfying ΠΓ=i Gn = {0}. We denote by ωGn a Haar-measure on Gn. Let

φ be a fixed non-zero positive continuous function with compact support

and put an = sup^g^ ωGn * <p(x), neN.

The convolution kernel, which we will consider, is

y
»-i 2nan

Since every positive continuous function with compact support can be

majorized by a finite linear combination of translates of φ, it follows that

the series converges vaguely. Furthermore K is shift-bounded.

1°. The only pseudoperiod of K is 0.

Since K is shift-bounded, we have c = 1 for a pseudo-period xeG oΐ

K. If x Φ 0, then we can find ί e N such that x e Gi\Gί+1 and therefore

i

* β* = Σ
i Στrn

 ωGn + Σ - ^ —
2nan n=i+i 2nan

i 1 °° 1
** > /•*) _4— > /7)Λ

/ ' --̂  Gn I / j G»

These two expressions cannot be equal, since x belongs to the support of

the second term of κ*εX9 but not to support of the second term of K.

2°. K satisfies the domination principle.

We shall need the following two lemmas, which are both easily proved

LEMMA 1 (Itό [2]). Let N be a shift-bounded convolution kernel and

ωG a Haar-measure on G. If N satisfies the domination principle, then

N + ωG satisfies the domination principle.

LEMMA 2. Let N be a convolution kernel on G and H a closed sub-

group of G such that supp N <Ξ H. Then N satisfies the domination prin-

ciple as convolution kernel on G if and only if N satisfies the domination

principle as convolution kernel on H.

By repeated use of these lemmas it follows, that the partial sum

>Ck = Σ ——<*Gn > keN
»-i 2nan

satisfies the domination principle. Since the set of convolution kernels

satisfying the domination principle is vaguely closed and K = lim*..^ κk, we
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have tha t tc satisfies the domination principle.

3°. A: is singular.

Let V € & be given and choose for i e N a point xt e Gi\Gi+ί such t h a t

xtg V — suppφ. Then we have

K * eΛ< * φ = Σ - ^ ω<?n * 9 + £] — εX4 * α>Gn * φ

< fl£ + 2"' in VV

However since supp(εα;< * φ) cz ^ y and jR*£ + 2'* e E(/c) we obtain

€ 1

w=i 2 α n

and by letting i tend to infinity we get R*ζ = /c * φ. Finally Lemma 1.8

in [5] gives

K * φ = lim jRJJ = (lim i?JF) * p
FIG \ F ί G )

which shows that Rξv = K for all F e Λ

EXAMPLE. For G = Z, Gw = 2n-J Z = {2*-1* | ife e Z} and p the function

which takes the value 1 at 0 and 0 elsewhere we get

1; κ({m}) = 1 - 2"'"1, m ^ 0

where i is the largest non-negative integer for which 2* divides m.

Remark. If a singular convolution kernel JV satisfies the balayage

principle for all open sets, then the group of pseudo-periods of N is non-

compact, because if ε«v denotes a iV-balayaged measure of ε0 on # V, V e -9,

then we have N = N*ε'vv. Consequently N has a pseudo-period in

suppε^»F c: <£V by Proposition 7 in [3].
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