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D vpdoo vdpsoh fruuhfwlrq ri wkh whvw iru
frlqwhjudwlqj udqn lq wkh yhfwru dxwruhjuhvvlyh

prgho

Vûuhq Mrkdqvhq/
Hfrqrplfv Ghsduwphqw/

Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Ioruhqfh

Pd| 5333

Devwudfw

Zh ghulyh dq dssur{lpdwlrq wr wkh h{shfwdwlrq ri wkh olnholkrrg udwlr
whvw iru frlqwhjudwlrq lq wkh yhfwru dxwruhjuhvvlyh prgho1 Wkh h{suhvvlrq
ghshqgv rq prphqwv ri ixqfwlrqv ri udqgrp zdon/ zklfk duh wdexodwhg e|
vlpxodwlrq/ dqg ixqfwlrqv ri wkh sdudphwhuv/ zklfk duh hvwlpdwhg1 Iurp
wklv dssur{lpdwlrq zh sursrvh d fruuhfwlrq idfwru zlwk wkh sxusrvh ri
lpsurylqj wkh vpdoo vdpsoh shuirupdqfh ri wkh whvw1 Wkh fruuhfwlrq lv
irxqg h{solflwo| lq d qxpehu ri vlpsoh prghov dqg wkh xvhixoqhvv ri wkh
fruuhfwlrq lv looxvwudwhg e| vrph vlpxodwlrqv h{shulphqwv1



4 Lqwurgxfwlrq dqg prghov

Lq wkh yhfwru dxwruhjuhvvlyh prgho wkh olnholkrrg udwlr whvw iru frlqwhjudwlrq udqn
lv wkh vr fdoohg wudfh whvw ghulyhg e| wkh whfkqltxh ri uhgxfhg udqn uhjuhvvlrq/
Dqghuvrq +4<84,1 Wkh dv|pswrwlf glvwulexwlrq xqghu wkh dvvxpswlrq ri UE��
lv ghulyhg e| Mrkdqvhq +4<;;/ 4<<9, dqg Dkq dqg Uhlqvho +4<<3,1 Wkhuh duh
pdq| vwxglhv wkdw vkrz wkdw iru vpdoo vdpsohv wkh vl}h ri wkh whvw lv qrw zhoo
dssur{lpdwhg e| wkh dv|pswrwlf ydoxh/ vhh iru h{dpsoh Fkhxqj dqg Odl +4<<6,/
Wrgd +4<<8,/ Jrq}dor dqg Slwdudnlv +4<<<,/ dqg Kdxj +4<<9,1 Uhlphuv +4<<5,
sursrvhg d vpdoo vdpsoh fruuhfwlrq edvhg rq ghjuhhv ri iuhhgrp/ dqg Kdqvhq
dqg Udkehn +5333, hpsor| lghdv ri sur�oh olnholkrrg wr ghulyh fruuhfwlrqv ri
wkh Glfnh| Ixoohu whvw1

Lq wklv sdshu zh sursrvh d fruuhfwlrq idfwru wr wkh olnholkrrg udwlr whvw
zklfk lpsuryhv wkh �qlwh vdpsoh surshuwlhv1 Wkh lghd lv wkdw ri wkh Eduwohww
fruuhfwlrq/ vhh Eduwohww +4<6:,1 Eduwohww vxjjhvwhg �qglqj dq h{suhvvlrq iru wkh
h{shfwdwlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlf1 E| phdqv ri wklv wkh vwdwlvwlf
lv fruuhfwhg wr kdyh wkh vdph phdq dv wkh olplw glvwulexwlrq/ wkhuhe| lpsurylqj
wkh dssur{lpdwlrq1

D pruh suhflvh irupxodwlrq lv dv iroorzv1 Zh ohw w ghqrwh wkh sdudphwhu
dqg zdqw wr whvw wkh k|srwkhvlv ri frlqwhjudwlrq e| wkh olnholkrrg udwlr whvw/
OU1 Zh �qg dq h{suhvvlrq ri wkh irup

.
w

E�2 *L}u-� ' .EA �E� n A3�KEw� n � � � �c

zkhuh .EA � lv wkh h{shfwdwlrq ri wkh OU iru qr frlqwhjudwlrq lq d prgho zlwk
rqh odj1 Lq wkh prghov frqvlghuhg lq wklv sdshu wkh h{shfwdwlrq/ .EA �c ghshqgv
rq wkh vdpsoh vl}h/ wkh qxpehu ri frpprq wuhqgv/ dqg wkh w|sh ri ghwhuplqlvwlf
whupv lq wkh prgho/ exw qrw rq wkh sdudphwhuv1 Ohw .E4� ' *�4

A<"
.EA � eh

wkh phdq ri wkh olplw glvwulexwlrq1 Wkh fruuhfwlrq wdnhv wkh irup

.E4�

.EA �

�2 *L}u-

� n A3�KE	w�
'

�2 *L}u-

@EA �E� n A3�KE	w��
c

zklfk/ dw ohdvw wr wkh rughu A3�c kdv wkh vdph phdq dv wkh olplw glvwulex0
wlrq/ dqg khqfh suhvxpdeo| kdv ehwwhu �qlwh vdpsoh surshuwlhv1 Khuh @EA � '

.EA �*.E4�� Lq wklv sdshu zh ghulyh dq dqdo|wlf h{suhvvlrq iru KEw� dqg ghulyh
e| vlpxodwlrq dq h{suhvvlrq iru @EA �1

Wkh glvwulexwlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlf ghshqgv rq vdpsoh
vl}h/ Ac dqg sdudphwhu/ w� Iru A $ 4 wkh olplw lv qrw dssurdfkhg xqlirupo|

4



lq wkh sdudphwhu/ vlqfh wkh frqyhujhqfh lv vorz li w lv forvh wr d erxqgdu|
srlqw zkhuh wkh frlqwhjudwlqj surshuwlhv fkdqjh1 Wklv qrq0xqliruplw| lq wkh
sdudphwhu fdxvhv wkh dssur{lpdwlrq wr eh srru lq fhuwdlq duhdv ri wkh sdudphwhu
vsdfh/ vhh Qlhovhq +4<<:e, iru d glvfxvvlrq1 Lq vrph h{dpsohv zkhuh zh fdq
fdofxodwh wkh fruuhfwlrq whup zh fdq txdqwli| wklv skhqrphqrq1

Lq pdq| vlwxdwlrqv lq fodvvlfdo vwdwlvwlfv zlwk l1l1g1 revhuydwlrqv wkh Eduwohww
fruuhfwlrq jlyhv d uhpdundeoh lpsuryhphqw ri wkh �w/ vhh Eduwohww +4<6:, dqg
Odzoh| +4<89,/ exw lq wkh xqlw urrw fdvh zh vkrxog qrw h{shfw dv pxfk/ vhh
Mhqvhq dqg Zrrg +4<<8, dqg Eudyr +4<<;,/ hyhq wkrxjk Qlhovhq +4<<:d, vkrzv
wkdw rqh lq sudfwlfh fdq jhw d ehwwhu �w1

Wkh uhvw ri wklv vhfwlrq gh�qhv wkh prghov dqg wkh qh{w vhfwlrq jlyhv wkh
pdlq uhvxow iru wkh dssur{lpdwlrq ri wkh h{shfwdwlrq ri wkh olnholkrrg udwlr
whvw dqg wkh sursrvhg fruuhfwlrq idfwru1 Vhfwlrq 6 frqwdlqv vrph vlpsoh prghov
zkhuh wkh fruuhfwlrq fdq eh zrunhg rxw h{solflwo| dqg wkh uhvxowv duh looxvwudwhg
e| vlpxodwlrq1 Lq Vhfwlrq 7 zh glvfxvv wkh fdofxodwlrq ri wkh frh!flhqwv qhhghg
iru wkh fruuhfwlrq idfwru1 Lq Vhfwlrq 8 wkh pdlq vwhsv ri wkh surri duh jlyhq/ exw
prvw ghwdlov duh uhihuuhg wr dq Dsshqgl{1

414 Wkh prghov

Zh zrun wkurxjkrxw zlwk wkh dxwruhjuhvvlyh prgho P� iru wkh ?�glphqvlrqdo
surfhvv f

|
c | ' �c � � � c A gh�qhg e|

P� G {f
|
' �f

|3� nC(
|
n

&3�[
�'�

K
�
{f

|3�
nx_

|
n 0

|
c +4,

zkhuh wkh huuruv 0
|

duh l1l1g1 �
?

Efcl� dqg wkh lqlwldo frqglwlrqv duh �{hg1 Zh
frqvlghu wkh ghwhuplqlvwlf whupv (

|

' |?_ dqg x_
|

'
S

?
_
3�

�'f
x
�

|�� Wkh sdudp0
hwhuv �/ K�c � � � cK&3�c duh E? � ?�c x lv E? � ?

_
�c dqg C +? � ��1 Wkh qxoo

k|srwkhvlv zh zdqw wr whvw lv

� G � ' kq�cC ' k4��

Xqghu wkh qxoo k|srwkhvlv wkh prgho lv

P2 G {f
|

' kEq�f
|3� n 4�|?_� n

&3�[
�'�

K
�

{f
|3�

nx_
|

n 0
|

c +5,

zkhuh doo sdudphwhuv duh xquhvwulfwhg/ exw qrz k dqg q duh E?�o� dqg 4 lv +��o��

Wkh prghov zh jhw iru ?
_
' fc �c dqg shukdsv hyhq ?

_
' 2c duh xvhg lq sudfwlfh
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dqg wkh qrwdwlrq lv fkrvhq wr fryhu vxfk fdvhv1 Wkhvh prghov fruuhvsrqg wr wkh
wuhqg |?_ ehlqj uhvwulfwhg wr wkh frlqwhjudwlrq vsdfh1 Zh irupxodwh wkh pdlq
uhvxow lq Wkhruhp 4 derxw .d�2 *L}u-EP2mP��o wr fryhu wkh fdvh ri (|

' fc

+ru C ' f� vxfk wkdw zh rqo| whvw � ' kq�� Zh zloo lpsohphqw wkh fruuhfwlrq
rqo| lq wkh fdvh (

|

' |?_ �

Ri sduwlfxodu lqwhuhvw lv wkh k|srwkhvlv � ' f dqg C ' fc lq wkh prgho
zlwk rqo| rqh odj

{f
|
' �f

|3� nC|?_ nx_
|
n 0

|
c

zklfk jlyhv wkh Glfnh| Ixoohu whvw lq ? glphqvlrqv1 Wkh h{shfwhg olnholkrrg
udwlr whvw vwdwlvwlf lv

.EAc ?c ?
_

� ' �2A.d*L} mU
?

��3�

00�_

�
0�%�_�

3�

�%�%�_
��%0�_moc +6,

zkhuh zh kdyh xvhg wkh surgxfw prphqw qrwdwlrq

�
0�%�_ '

A[
|'�

0
|

�
f

|3�

|?_

���� _|
��

'
A[
|'�

0
|

�
ff n

S
|3�

�'�
E0

�
nx_

�
�

|?_

���� _|
��

c

dqg zkhuh EL
|

mT
|

� ghqrwhv wkh uhvlgxdov ri d uhjuhvvlrq ri L
|

rq T
|

� Wkh glv0
wulexwlrq lq +6, grhv qrw lqyroyh dq| sdudphwhuv exw rqo| vdpsoh vl}h A dqg
glphqvlrqv ? dqg ?

_
1 Wkh h{dfw dqdo|wlf h{suhvvlrq iru .EAc ?c ?

_
� lv gl!fxow/

vhh Oduvvrq +4<<;d/4<<;e,/ Qlhovhq +4<<:d,/ dqg Dedglu/ Kdgul dqg W}dydolv
+4<<<,/ dqg zh sursrvh wr wdexodwh lw dv d ixqfwlrq ri Ac ?c dqg ?

_
c dqg dsso|

lw dv qrupdol}dwlrq lq wkh fruuhfwlrq idfwru1

5 Wkh pdlq uhvxow

Lq rughu wr irupxodwh wkh uhvxowv zh qhhg d qrwdwlrq iru vrph ixqfwlrqv ri wkh
sdudphwhuv dqg vrph surgxfw prphqw pdwulfhv ghulyhg iurp d udqgrp zdon1

514 Sdudphwhu ixqfwlrqv

Xqghu wkh dvvxpswlrq wkdw wkh surfhvv f
|

lv UE�� zh ohw t
|

eh wkh surfhvv

Ef �

|

qc{f
|
c{f

|3�c � � � c{f
|3&n2�
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fruuhfwhg iru lwv phdq1 Wkhq t
|

lv d vwdwlrqdu| DU+4, surfhvv ri glphqvlrq
?
+
' o n E& � ��?c jlyhq e|

t
|

' �t
|3� n'0

|

zlwk

� '

3
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U
o
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f

4
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U
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f
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4
FFFFFD c +7,

dqg yduldqfh P 'YduEt
|
��

Zh gh�qh wkh shupdqhqw vkrfnv

�
|
' Ek�

z
lk

z
�3

�

2k�
z
0
|

+8,

ri glphqvlrq ?
K

' ?� oc dqg wkh wudqvlwru| vkrfnv

L
|
' Ek�l3�k�3

�

2k�l3�0
|

+9,

ri glphqvlrq ?
�
' oc vxfk wkdw E��

|

c L �

|

�� duh l1l1g1 �
?
Efc U

?
�c dqg �qg wkh uhsuh0

vhqwdwlrq

t
|
'
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�'f

Ew
�
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�
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z
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�
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Zh �qg wkh yduldqfhv dqg fryduldqfhv

P
w
' YduEt
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S
"
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w
�
w�
�

c P
�
' YduEt
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S
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�E�� ' FryEt
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w
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Zh gh�qh wkh orqj0uxq frh!flhqwv
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w
�
' EU
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dqg �qg wkh orqj0uxq yduldqfhv ww� dqg ��� ri t
w|
dqg t

�|
uhvshfwlyho|1 Ohw

T
w

' ww�P3� ' EU
?+

� � �3�'kEk�l3�k�3�k�'�EU
?+

� � ��3�P3�c

T
�
' ���P3� ' EU

?+
� � �3�'lk

z
Ek�

z
lk

z
�3�k�

z
l'�EU

?+
� � ��3�P3��

+;,

Ilqdoo| zh qhhg wkh pdwul{

T ' ��P3�
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�'f

�
�

|oiP3��E�n ��jn ��P3�
"[
�'f

�E�n ���P3��
�

� +<,

515 Surgxfw prphqwv ri udqgrp zdonv

Zh gh�qh wkh h{whqghg surfhvv �
|

ri glphqvlrq ?
@

' ?� o n �

�
|3� '

� S
|3�

�'�
�
�

|?_

���� _|
�
c

dqg iru wkh fdvh (
|

' f zh gh�qh �
|3� '

�S
|3�

�'�
�

�

n >|?_
�� _

|

�
c ri glphqvlrq

?
@
' ? � oc zkhuh > ' ?3�

_

Ek�
z
lk

z
�3

�

2k�
z
x
?
_
3� lv wkh frh!flhqw ri wkh wuhqg

|?_ lq Ek�
z
lk

z
�3

�

2k�
z
f

|

1 Zh gh�qh wkh surgxfw prphqwv
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+43,

dqg
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c
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K@

�3�

@@

�n

@K

�

+44,

Zh wkhq irupxodwh wkh pdlq uhvxow derxw dq dssur{lpdwlrq ri wkh h{shfwdwlrq
ri wkh orj olnholkrrg udwlr whvw1

Wkhruhp 4 Wkh h{shfwdwlrq ri wkh whvw iru � ' kq�cC ' k4� zkhq (
|
' |?_ c

+ru � ' kq� li (
|

' f� lq prgho +4, kdv wkh h{sdqvlrq

.d�2orju-EP2mP��o
�

' �2A.d*L} mU
?
K

��3�

KK�_

�
K@

�3�

@@

�
@K
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nA3�E|oi��j|oi��P3��jn |oi��j|oiU?+ � ww�P3� � ���P3�j�
n2A3�E|oi.d��oT j � ?

_
|oi.d��o�

�P3��j�
nA3�|oi.d�e � 2�D n E?� o��So�

�P3��j�
Khuh wkh prphqwv �

�
dqg �

��
duh jlyhq lq +43, dqg +44, dqg wkh frh!0

flhqwv wc �cPc T duh irxqg lq +:,/ +;,/ dqg +<,1
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Wkh surri zloo eh jlyhq lq wkh Dsshqgl{1 Zh kdyh xvhg wkh qrwdwlrq �

' wr
lqglfdwh wkdw zh kdyh nhsw whupv ri rughu A3�1

Zh qh{w dsso| wklv wr wkh vlwxdwlrq (
|

' |?_ c zkhuh wkh �uvw whup grhv qrw
ghshqg rq dq| sdudphwhuv dqg zh gh�qh wkh frh!flhqwv.EAc ?

K
c ?

_
�c @EAc ?

K
c ?

_
�c

dqg �E?
K

c ?
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� e|
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@@

�
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jo
+45,

D frqvhtxhqfh ri Wkhruhp 4 lv wkh iroorzlqj fruroodu| zklfk lpsohphqwv
wkh dssur{lpdwlrq wr d fruuhfwlrq idfwru iru wkh olnholkrrg udwlr whvw

Fruroodu| 5 Wkh fruuhfwlrq idfwru iru wkh whvw ri P2 lq P�c wkdw lv/ wkh whvw
iru frlqwhjudwlqj udqn o lq wkh yhfwru dxwruhjuhvvlyh prgho +4, zlwk (

|

' |?_

dqg _
|
' �c � � � c |?_3�c ?

_
' fc �c 2 lv

@EAc ?� oc ?
_
�E� n
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A
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_
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E?� o�2
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Wkh frh!flhqw @EAc ?� oc ?
_

� lv zhoo dssur{lpdwhg e|

@EAc ?� oc ?
_
� ' � n f�eDA3�E?� o� n ��2A32E?� o�2

dqg dssur{lpdwlrqv ri �E?� oc ?
_

� duh jlyhq lq Wdeoh 4 iru ?
_
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� EU
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Wkh ixqfwlrqv ri wkh sdudphwhuv duh ghvfulehg lq Vhfwlrq 5141

Surri1 Zh �qg iurp +65, dqg +66, ri Ohppd 7 lq wkh Dsshqgl{/ wkdw
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yduldqfh wr wkh vkruw0uxq yduldqfh ri wkh surfhvv t
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Vrph vlpxodwlrqv zhuh shuiruphg dqg duh jlyhq lq Wdeoh 5 wr looxvwudwh wkh
xvhixoqhvv ri irupxod +47,1 Wkh GJS kdv ? ' Dc � ' fcC ' fcK� ' 1U
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wkh dv|pswrwlf wdeohv iru wkh wudfh whvw duh qrw xvhixo1 Wkh fruuhfwlrq idfwru
pdqdjhv wr fruuhfw wkh vl}h wr d uhdvrqdeoh ohyho iru 1 � f�Sc vd|1 Wkh olplw iru
1 whqglqj wr 4 fruuhvsrqgv wr wkh surfhvv ehlqj UE2�1 Iru 1 ' f�Sc d qrplqdo 8(
whvw/ xvlqj wkh dv|pswrwlf fulwlfdo ydoxhv lv lq uhdolw| d ;7( whvw1 Wkh fruuhfwlrq
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Wkxv wkh sdudphwulf h{suhvvlrq iru wkh fruuhfwlrq doorzv xv wr glvfxvv zkhq
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Wkh hqwulhv vkrz wkh vlpxodwhg vl}h ri d qrplqdo 8( whvw ryhu wkh fruuhfwhg vl}h
dqg wkh idfwru lq sduhqwkhvlv1 Qxpehu ri vlpxodwlrqv lv 431333 dqg wkh GJS
kdv k ' E@�c @2c fc fc f�c dqg q ' E�c fc fc fc f�/ dqg l ' UD1

43



Lw lv hdv| wr vhh wkdw lq prgho +49, lw lv hqrxjk wr frqvlghu vlpxodwlrq
h{shulphqwv zlwk l ' U

?

c q ' E�c fc � � � c f� dqg @ ' E@�c @2c fc � � � c f�� Wkxv
Wdeohv 6 dqg 7 vxlwdeo| h{whqghg fryhu doo srvvleoh vlpxodwlrq uhvxowv iru ? '

Dc o ' �1 Lw lv vhhq wkdw iru @� n @2 � �f�ec wkh irupxod zrunv uhdvrqdeo| zhoo
iru A ' �ffc exw iru A ' Dfc zh qhhg @� n @2 � ���f�

616 Wkh Glfnh| Ixoohu whvw iru udqn }hur lq wkh prgho
zlwk n odjv

Zh frqvlghu wkh whvw ri � ' f dqg C ' f lq wkh prgho

{f
|
' �f

|3� n
&3�[
�'�

K
�
{f

|3�
nC|?_ nx_

|
n 0

|
� +4:,

Zh fdq hydoxdwh wkh h{shfwdwlrq ri wkh whvw vwdwlvwlf lq wkh vlpsoh fdvh zkhq
K� ' � � � ' K

&3� ' � ' f dqg C ' fc lq zklfk fdvh {f
|
' x_

|
n 0

|
c lq

rughu wr vhh wkh h�hfw ri odj ohqjwk1 Wkh vwdwlrqdu| surfhvv t
|
lv ri glphqvlrq

?
+

' E& � ��?c dqg zkhq doo K
�

' fc lw lv jlyhq e|

t �

|

' {f �

|

c � � � c{f �

|3&n2
�.d{f �

|

c � � � c{f �

|3&n2
o ' E0�

|

c � � � c 0�
|3&n2

��

Zh �qg

P ' T @oEt
|
� ' l U

&3�c � ' U
?
.

&3�c ' ' U
?
 e�c

zkhuh e
�

lv wkh �0wk xqlw yhfwru lq -&3� dqg .
&3� lv wkh E& � ��� E& � �� vkliw

pdwul{ gh�qhg e|

.
&3� '

3
EEEC

f f � � � f f

� f � � � f f
111

111
111

111
f f � � � � f

4
FFFD '

+ S
&3�

�'�
e
�n�e

�

�

& � �

f & ' �c 2
�

Qrwh wkdw .&3�

&3�
' E.

&3��
&3� ' fc dqg wkdw

� �' ' EU
?

.�

&3�
�EU

?

 e�� ' EU
?

 e
�n��c � ' fc � � � c & � �

EU
?+

� � �3�' ' U
?
 E�c � � � c ��� ' U

?
 c

44



vd|1 Zh �qg iru k
z
' U

?

wkdw

T
�

' EU
?+

� � �3�'lk
z
Ek�

z
lk

z
�3�k�

z
l'�EU

?+
� � ��3�P3�

' dU
?

 oldU
?

 �odl3�  U
&3�o ' dU

?

 �oc

dqg khqfh zh jhw S� ' ?E& � ��c dqg vlqfh ?
+
' |oiT

�
jc dqg T

w
' fc zh �qg

S2 ' f� Ilqdoo| wr �qg S� zh hydoxdwh

|oidEU
?+

� � �T
�

 � odU
?

2
+

� �  � o3�j
'

S
"

�'f
|oidEU

?+
� � �T

�

 � od� �  � �oj
'

S
"

�'f
|oiEU

?+
� � �T

�

� �  � �n�j '
S

"

�'f
|oiEU

?+
� � �T

�

� �j|oi� �n�j ' fc

vlqfh |oi� �n�j ' fc dqg khqfh

S� ' |oiT
�
� EU

?+
n � �3�j '

S
"

�'f
|oidU

?
 �odU

?
.odU

?
 E����.�oj

'
S

"

�'f
E����|oidU

?
 �.�n�oj '

S
"

�'f
E����?�.�n�

' ?
S

&32

�'f
E����E& � 2� �� ' ?d&3�

2
oc

wkdw lv/ ? wlphv wkh lqwhjhu sduw ri +& � ��*2� Wkxv

S� ' E& � ��?c S2 ' fc S� ' ?d
& � �

2
o�

Iurp Fruroodu| 5 zh jhw wkh uhvxow

@EAc ?c ?
_

�E� n
�

A
dE& � ��?n id& � �

2
o� ?

_

E& � ��j2�E?c ?_�
?

o�� +4;,

Wklv frlqflghv zlwk +47, dqg +48, iru & ' 2 dqg 1 ' fc ?
_

' fc �� Iru & ' �

zh mxvw jhw wkh fruuhfwlrq idfwru rqh @EAc ?c ?
_

�c fruuhvsrqglqj wr wkh qrupdo0
l}dwlrq rq wkh Glfnh| Ixoohu whvw lq wkh prgho zlwk rqh odj1 Ixuwkhu vlpxodwlrqv/
vhh iru lqvwdqfh Wdeoh 8/ vkrz wkdw dv orqj dv wkh qxpehu ri sdudphwhuv shu
revhuydwlrq/ &?*Ac lv ohvv wkdq 315/ wkh irupxod jlyhv d jrrg dssur{lpdwlrq1
Wkxv iru lqvwdqfh iru ? ' Dc & ' 2c A ' Df d qrplqdo 8( whvw xvlqj dv|pswrwlf
fulwlfdo ydoxhv lv lq idfw d 6;1;( whvw1 Wkh fruuhfwlrq jlyhv d whvw zlwk vl}h :1<(/
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Wdeoh 8= Whvw iru � ' fcC ' f lq prgho +4:,/ zkhq ? ' D dqg K
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' f1 Hqwulhv

duh vlpxodwhg vl}h ryhu fruuhfwhg vl}h ri d qrplqdo 8( whvw dqg wkh idfwru lq
sduhqwkhvlv1 Wkh fruuhfwlrq lv fdofxodwhg xvlqj +4;,1 Wkh qxpehu ri vlpxodwlrqv
lv 4313331

617 D uhdo olih h{dpsohv

Zh looxvwudwh wkh phwkrgv e| d gdwd vhwv wdnhq iurp Mrkdqvhq +4<<9,1 Zh
frqvlghu wkh Gdqlvk gdwd vhw frqvlvwlqj ri wkh irxu yduldeohv 6
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wkrxjk wkh wudfh vwdwlvwlf +7<147, zdv ehorz wkh <8( fulwlfdo ydoxh 86175 lq wkh
dv|pswrwlf glvwulexwlrq1 Zh khuh lqyhvwljdwh e| vlpxodwlrq wkh vl}h ri wkh whvwv
zklfk xvh wkh dv|pswrwlf glvwulexwlrq/ dqg wkh h�hfw ri dsso|lqj wkh fruuhfwlrq
idfwru1

Lq hdfk vlpxodwlrq zh xvh wkh hvwlpdwhg ydoxhv ri wkh sdudphwhuv iurp
wkh Gdqlvk gdwd wr gh�qh wkh gdwd jhqhudwlqj surfhvv1 Zh vlpxodwh 431333
wlph vhulhv zlwk 86 revhuydwlrqv/ zklfk zdv wkh qxpehu ri revhuydwlrqv lq wkh
h{dpsoh1 Wkh surfhvvhv duh vwduwhg dw wkh dfwxdo lqlwldo ydoxhv dqg wr vlpsoli|/
wkh vhdvrqdo gxpplhv kdyh ehhq ohiw rxw1 Lq hdfk vlpxodwlrq zh hvwlpdwh wkh
sdudphwhuv dqg wkh fruuhfwlrq idfwru1

Zh �uvw ohw o ' fc dqg khqfh ohdyh rxw wkh sdudphwhuv 	k dqg 	q iurp
wkh gdwd jhqhudwlqj surfhvv1 Zh qh{w dvvxph wkdw o ' � dqg vlpxodwh wkh
gdwd xvlqj wkh hvwlpdwhg dgmxvwphqw dqg frlqwhjudwlrq yhfwru 	k dqg 	q iurp wkh
Gdqlvk gdwd1

Zh frpsduh lq Wdeoh 9 wkh vlpxodwhg <8( txdqwlohv zlwk wkh dv|pswrwlf
rqhv1 Wkh vlpxodwhg duh odujhu wkdq wkh dv|pswrwlf rqhv dqg wklv lv zkdw
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jlyh wkh udqn dqg frpprq wuhqgv whvwhg/ wkh dv|pswrwlf <8( txdqwlohv dqg wkh
vlpxodwhg rqhv1 Qh{w wkh vlpxodwhg vl}h ryhu wkh fruuhfwhg vl}h ri d qrplqdo 8(
whvw dqg wkh idfwru lq sduhqwkhvlv1

lv fdswxuhg e| wkh fruuhfwlrq idfwru1 Wkhuh vhhpv wr eh yhu| olwwoh vwdwlvwlfdo
hylghqfh ri frlqwhjudwlrq lq wkh Gdqlvk gdwd1
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8 Glvfxvvlrq ri wkh sulqflsdo vwhsv lq wkh surri

Wklv vhfwlrq frqwdlqv wkh edvlf lghdv lq wkh hydoxdwlrq ri wkh h{shfwdwlrq ri
wkh olnholkrrg udwlr whvw vwdwlvwlf dqg khqfh wkh lghdv ri wkh surri ri Wkhruhp
41 Zh �uvw vkrz wkdw e| lqwurgxflqj d prgho zlwk d vlpsoh k|srwkhvlv rq
wkh frlqwhjudwlqj vsdfh/ zh fdq h{sorlw suhylrxv uhvxowv +Mrkdqvhq 5333, dqg
vlpsoli| wkh ghulydwlrqv1 Wkhq zh lqwurgxfh d frqyhqlhqw uhsdudphwul}dwlrq ri
prgho P� dqg xvh lw wr ghulyh dq h{sdqvlrq ri wkh whvw vwdwlvwlf lq Wkhruhp 61
Wkh ghwdlohg hydoxdwlrq ri wkh whupv lq wkh h{sdqvlrq duh ohiw wr wkh Dsshqgl{1
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Wkh sxusrvh ri wklv h{suhvvlrq lv wkdw zh fdq xvh uhvxowv iru �2 *L}u-EP�mP2�

iurp Mrkdqvhq +5333,/ zklfk ghdov zlwk wkh fruuhfwlrq idfwru iru d vlpsoh k|0
srwkhvlv rq q lq wkh frlqwhjudwlrq prgho1 Lq wkh suhvhqw sdshu zh �qg d fru0
uhfwlrq wr wkh mrlqw whvw ri udqn dqg q/ �2 *L}u-EP�mP��c e| ghulylqj dq
h{sdqvlrq ri wkh h{shfwdwlrq dqg �qdoo| zh �qg wkh uhtxluhg dssur{lpdwlrq wr
wkh h{shfwdwlrq ri wkh whvw iru frlqwhjudwlqj udqn e| vxewudfwlrq1 Wkh uhdvrq iru
lqwurgxflqj wkh prgho P� lv wkdw xqghu wkh qxoo k|srwkhvlv hvwlpdwlrq ri +53,
lv d vlpsoh uhjuhvvlrq/ zklfk idflolwdwhv wkh fdofxodwlrqv/ dqg lqwurgxflqj P�

dyrlgv dq h{sdqvlrq ri wkh hljhqydoxhv hqwhulqj lqwr wkh wudfh vwdwlvwlf/ vlqfh zh
fdq xvh suhylrxv uhvxowv rq whvw iru q�

814 D uhsdudphwul}dwlrq ri P4

Lw lv ri frxuvh hdv| wr ghulyh wkh whvw vwdwlvwlf ri P� lq P�c dsso|lqj wkh xvxdo
uhjuhvvlrq irupxodh edvhg xsrq htxdwlrqv +4, dqg +53,1 Zh �qg zlwk dq reylrxv
qrwdwlrq
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