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ABSTRACT: Recently we proposed a universal solvable irrelevant deformation of
AdS3/CFT; duality, which leads in the ultraviolet to a theory with a Hagedorn entropy [1].
In this note we provide a worldsheet description of this theory as a coset CFT, and compare
its spectrum to the field theory predictions of [2, 3].
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1 Introduction

In this note we continue our study [1] of a certain deformation of string theory on AdSs.
This study was motivated by two recent papers [2, 3], which argued that perturbing a two
dimensional conformal field theory (CFT3) by a particular dimension (2, 2) operator, which
behaves near the original CFT like the product of the holomorphic and anti-holomorphic
components of the stress tensor, 7T, leads to a well defined theory, despite the fact that
it corresponds to a flow up the renormalization group (RG). Moreover, the authors of
these papers argued that the model is in a certain sense exactly solvable, and in particular
computed its spectrum on IR x S'. An interesting property of the resulting spectrum is
that it smoothly interpolates between an entropy associated with a CFTs in the IR, and
one that exhibits Hagedorn growth in the UV [1].

In the context of holography, the irrelevant deformation studied in [2, 3] is a double
trace deformation, which corresponds to a change of the boundary conditions of the bulk
fields on AdSs [4, 5]. In [1], we pointed out that there is a single trace deformation of
string theory on AdSs that shares many elements with that of [2, 3], but may be more
interesting, since it modifies the local geometry of the bulk theory. Some of the features
the two deformations have in common are:

(1) The perturbing operator is a quasi-primary of the (boundary, or spacetime) Virasoro
algebra with dimension (2,2). Moreover, the OPE of the perturbing operator with
the stress tensor has the same structure in the two cases.

(2) The construction of [2, 3] is universal, in the sense that all CFTs’s contain the op-
erator T'T that drives the RG flow. Similarly, the construction of [1] is universal, in
the sense that the single trace operator that drives the RG flow exists in all vacua of
string theory on AdSs.

(3) In the string theory construction, the irrelevant deformation of the spacetime theory
corresponds to a marginal deformation of the worldsheet one. Therefore, from the
string theory perspective it is natural that the resulting spacetime theory is well
defined, as in [2, 3].



(4) The marginal worldsheet deformation is by an operator bilinear in worldsheet cur-
rents, and as such is exactly solvable, as in [2, 3]. In fact, as mentioned in [1] and
will be further discussed below, the deformed worldsheet theory can be thought of as
a coset CFT, and one can use current algebra techniques to study it.

(5) The string theory construction of [1] gives rise to a theory that interpolates between
a CFTy entropy in the IR and a Hagedorn entropy in the UV, like in [2, 3].

Despite the close analogy between the two constructions, the precise relation between
them is unclear, primarily due to our limited understanding of the spacetime CFT corre-
sponding to string theory on AdSs. In [1], it was pointed out that if we assume that the
spacetime CF'T takes the symmetric product form MP?/S,,, where M is a CFT with central
charge 6k, and k is the level of the worldsheet SL(2,IR) current algebra in string theory
on AdSs, as suggested in [6, 7], the string theory single trace deformation corresponds to a
TT deformation of the block M. The high energy behavior of the entropy of the deformed
symmetric product CF'T was shown to agree with the Bekenstein-Hawking entropy of black
holes in the deformed geometry induced by the single trace deformation.

In this note, we would like to comment on a few aspects of the construction of [1].
In section 2, we describe this construction in terms of a coset CFT, which involves null
gauging of a 10 4 2 dimensional background. We comment briefly on observables in the
theory, which are naturally described in terms of this coset CFT, and use it (in section 3)
to describe the spectrum of states of the resulting model on a spatial circle. We show
that for the superstring, in a particular vacuum with supersymmetry preserving boundary
conditions on the circle, the spectrum one gets is the same as that of [2, 3], assuming the
MP /S, structure mentioned above. In section 4, we discuss our results and their relation
to those of [8] on the string/black hole transition in AdS3 and linear dilaton backgrounds.

2 Coset description

A large class of (2,2) supersymmetric vacua of string theory on AdSs is obtained by study-
ing the worldsheet theory on AdSz x S* x N/, where N is a compact background described
by a (2,2) superconformal worldsheet theory (see e.g. [6, 9-11]). Spacetime SUSY leads
to a chiral GSO projection, which acts as an orbifold on this background. A useful way of
thinking about these backgrounds is as describing systems of N.S5-branes wrapped around
various surfaces in a way that preserves some supersymmetry, in a state with a large number
of fundamental strings bound to the fivebranes [6, 12].

A special case of this construction, which is sufficient for our purposes, is the back-
ground corresponding to k NS fivebranes wrapped around a four manifold M*(= T* or
K3), and p strings,

AdS3 x S x M*. (2.1)

As in [1], we are interested in deforming this background by adding to the worldsheet
Lagrangian the term
SL=X]"J , (2.2)



where J~ is the worldsheet SL(2,IR) current whose zero mode gives rise to the spacetime
Virasoro generator L_j. As described in [12-14], this marginal worldsheet deformation
leads to an asymptotically linear dilaton geometry, which interpolates between the (AdSs)
near-horizon geometry of both the strings and the fivebranes in the IR, and the linear
dilaton (CHS [15]) geometry of just the fivebranes in the UV.
To describe the deformed CFT as a coset, we start with the following 1042 dimensional
background:*
RM x AdS3 x 8% x M%. (2.3)

Later, when studying states on the cylinder, we will compactify the spatial direction in
IRY! on a circle. The uncompactified geometry is useful for studying off-shell correlation
functions, as in [16, 17].

We note in passing that the background (2.3) plays an important role in many studies
of fivebranes in string theory. For example, the system of fivebranes on a circle [18, 19],
known as Double Scaled Little String Theory (DSLST), involves the coset of (2.3) by the
null current J2 — K3, where J3 is the timelike U(1) in AdSz and K? is a CSA generator of
SU(2) [20]. Systems of fivebranes in motion are described by modifying the null current to
involve the time translation generator [21]. And, recently it has been shown [22] that some
of the Ramond ground states of the string-fivebrane system can be described by adding the
null translation generator in IR (more precisely IR x S') to the null generator J3 — K3
mentioned above. Other closely related cosets give rise to black holes (see e.g. [23, 24] and
appendix C of [8]) and cosmological backgrounds (see e.g. [25] for a review).

To describe the construction of [1] as a coset CFT, we gauge the null current

i0(y—t)+eJ, (2.4)

where (t,y) are coordinates on IR'! and, again, y may be compact. The current (2.4) is
null and thus anomaly free. We can also gauge the right-moving current i9(y +t) +eJ .

To understand the geometry that we get by gauging (2.4) and its right-moving analog
in (2.3), we start with the sigma model on AdSs3 x IR, which is described by the worldsheet
Lagrangian

L = k(0pd¢ + €2°07d7) + dx 0z (2.5)

The coordinates v = v — 4%, 7 = 4! + 0 parametrize the boundary of AdSz; a* =y + ¢
are coordinates on IR'.2 The symmetry we would like to mod out by is

r =1 +to; vy — v+ ea, (2.6)
et st 4@, 7y — 7+ ea, '

where o, @ are the gauge parameters of the two null U(1)’s.?

LOr, in the more general class of vacua mentioned above, IR™" x AdSz x S* x N.

2While we present the construction in section 2 as a Lorentzian one, one can describe it in Euclidean
space as well. This can be done by replacing ¢ in eq. (2.4) by it and 4° after eq. (2.5) by iv2, and taking =™, 7%
to be complex conjugates of 21, v, respectively. In fact, this Euclidean description is useful for considering
off-shell Green’s functions in this model, a topic mentioned below.

®In (2.6) we chose an axial gauging. One could also perform a vector gauging, for which ¥ — 7 — ea.
This gives rise to a singular geometry [1].



To implement the gauging, we modify (2.5) as follows:
L=k [8¢5¢ + 2Dy + eA) (7 + eA)| + 9zt + A) @z~ + A). (2.7)

Eliminating the gauge fields gives rise to the background

L = kdpdp + e y Iy —ex )0 — ex™), (2.8)

with a dilaton that goes like ® ~ —In(1 + ke2e??). The metric, B field and dilaton depend
on the gauge invariant coordinates ¢, 70 — et and v' — ey. We can fix the gauge 2% = 0,
which is natural in the infrared region ¢ — —o0, or v = 7 = 0, which is natural near the
boundary ¢ — +oo. This gives rise to the well known geometry of strings and fivebranes
(see e.g. appendix A of [12]).

The parameter € in (2.8) controls the transition from the near-horizon region of both
the strings and the fivebranes (e=® > eVk), and the region where we are in the near
horizon of the fivebranes but not of the strings (e=? < evk). We can set it to any
particular value by shifting ¢ and rescaling (v,7). The role of this parameter in the bulk
theory is very similar to that of the coefficient of the irrelevant operator in the Lagrangian
of the corresponding boundary theory. The latter determines the scale at which the theory
transitions from being dominated by the IR CFT, and the UV (Hagedorn) regime.

As mentioned above, the coset perspective is useful for studying correlation functions of
off-shell operators in the theory. We will postpone a detailed discussion of these correlation
functions to another publication, limiting our discussion here to a few comments.

Setting the deformation parameter A in (2.2) to zero (or, equivalently, setting € = 0
in the coset (2.4)), off-shell observables correspond to local operators on the boundary of
AdSs. A large class of such observables? is given by vertex operators in the (NS,NS) sector,
which take the form (in the (—1,—1) picture)

O(z) = /dzze_“"_w@)h(x;z)(’)(z). (2.9)

Here ¢,  are worldsheet fields associated with the superconformal ghosts, that keep track
of the picture. ®j(x;z) are natural vertex operators on AdSs, labeled by position on the
boundary, z, and on the worldsheet, z (see e.g. [26, 27] for more detailed discussions and
references), and O is an (N = 1 superconformal primary) operator in the worldsheet theory
on S3 x M*, or more generally S' x V. The operator (2.9) satisfies the mass-shell condition
—h<hk1)—|—Ao:;, (2.10)
which relates the scaling dimension of the operator O(z) in the spacetime (or boundary)
CFT, h, to the worldsheet scaling dimension of the operator O, Ap.
When we add to the theory the IRV factor in (2.3) and gauge the symmetry (2.6), the
observables change as follows. First, to facilitate the gauging, we need to Fourier transform

4The worldsheet CFT for the parabolic deformation (2.2) is not yet understood; this work presents some
of its properties.



the operators ®p(x; z) from the position (x) to the momentum (p) basis on the boundary.
This gives rise to operators, which we will denote by @ (p; z) (in a slight abuse of notation),
which are eigenfunctions of the currents (J~,.J ) with eigenvalues (p,p). These operators
behave like

Op(p) = fu(¢)e™. (2.11)

Near the boundary at ¢ — oo, one has f;(¢) ~ e®, with 8 proportional to h — 1. Gauge
invariance implies that the operators (2.9) must be replaced in the deformed theory by

O(p) = / d?ze? 7P, (p)e WHPW O, (2.12)

The mass-shell condition (2.10) is now deformed to

/

—h(hkl)JrZ(pz—wQ)JrA@:;. (2.13)
Moreover, gauge invariance sets w = epg and p, = ep;. Observables corresponding to
non-normalizable vertex operators, (2.12) with % < h € R, are labeled by two-dimensional
momentum (w, py), with h fixed by the mass-shell condition (2.13). One can use the coset
description to calculate off-shell correlation functions of such observables, and use them to
study the high (and low) energy behavior of the theory. Note that the observables (2.12)
are labeled by their momenta. One does not expect to be able to Fourier transform them
to position space, due to the non-locality of the theory. This is believed to be a general
feature of all vacua of Little String Theory, such as DSLST [17-19].

3 Comments on the spectrum

To study the spectrum of the theory, we would like to compactify the spatial direction on
the boundary of the geometry (2.8) on a circle. In the undeformed theory (i.e. for e = 0),
we can do this by identifying v ~ 71 + 2w Ry, with all fields satisfying periodic boundary
conditions on the circle. This gives rise to the M = J = 0 BTZ black hole geometry, which
describes a Ramond-Ramond ground state of the boundary CFT.

The spectrum of perturbative string states in this background is continuous. This is
easy to understand from the spacetime point of view. The background (2.1) is obtained by
adding to a linear dilaton background, of the form IRy x IR; x S L M* % 83, p fundamental
strings wrapping the S! [12]. The resulting state is BPS — the strings preserve some
of the supersymmetry of the original background. Thus, these strings do not feel a force
attracting them to the fivebranes, and their excitations form a continuum. This continuum
is described by the vertex operators of long strings constructed in [6, 28|.

The deformation (2.2) extends the background from the near-horizon geometry of both
the strings and the fivebranes to just that of the fivebranes. This extension does not change
the fact that the strings experience a flat potential; hence, one expects to find a continuum
of states corresponding to strings wound around the spatial circle in (2.8), and having an
arbitrary radial momentum in ¢ and oscillation level.



Such states can be described as follows using the coset description of the previous
section. Consider for example the (NS,NS) sector vertex operators in eq. (2.12). To describe
states carrying arbitrary momentum n and winding w around the y circle, we replace the
factor e™Pv¥ by

Py _y PLYLTIPRYR (3.1)
with
n wR n  wR
_n . - Tt 3.2
PL="Tn + o B PRTRT Y (3.2)

States carrying real radial momentum correspond to

1
h:j+1:§+is; seR. (3.3)

The mass-shell condition (2.13) now takes the form

o 5 a5 j+1) 1
— = — I A |\ .

and a similar equation for the other worldsheet chirality,

/ / S
o 5 o 45 g+ — 1
— W= —pp— L L Ap— = . .

w2_(n>2+<wR>2+2(—Zj(jgrl)JrAOJer—l). (3.6)

The difference of the two gives

Ao — Ao = nw. (3.7)

For w = 1, the mass-shell conditions (3.6), (3.7) describe a string winding once around
the spatial circle on the boundary in a particular excitation state labeled by O and with a
particular radial momentum labeled by s (3.3). To rewrite it in a more suggestive form, it
is useful to measure the energy of this state relative to the energy of a BPS string wrapping
the circle (which corresponds to the supersymmetric vacuum), i.e. write

R

«

(3.8)

It is also useful to recall that in the AdSs limit of the background (2.8), the last term
in (3.6) is related to the value of Lg, hy, for a long string with the same quantum



numbers [6, 28, 29],5

k (7 + 1 1
h1_4:_‘7(]k+)_|_A0_2’
. (3.9)
E—ﬁ*—j(‘]—i_l)ﬁ-z _1
17y k ©7 9

Plugging (3.8), (3.9) into (3.6), (3.7), we find (for w = 1) the mass-shell condition

2 2 9

<E—|— f/) - <f,> - % <h1 - I;) + (%) , (3.10)
and hy — h; = n. The mass-shell condition (3.10) agrees precisely with what one would
find for a state with the dimensions (3.9) in a CFT M of central charge cpq = 6k, upon a
deformation of the sort studied in [2, 3], 6£ = —tTT. To determine ¢ it is useful to recall
that the quantity R in [2, 3], Rgpr, is in our language the circumference of the spatial
coordinate on the boundary of AdSs, 71, and is related to the circumeference of the y
coordinate at infinity, 2R, by a factor of €,% i.e. Rgpr = 27 Re. Similarly, the energy in
these papers is related to the energy here by a factor of 1/e. Taking all this into account,
and comparing (3.10) to the spectrum in [2, 3], we find t = wa/€%.

As mentioned above, the physics is independent of €, since one can change it by rescal-
ing the coordinates (v,7) (which also rescales the radius R) and shifting ¢. A convenient
value is € = 1, since for that value the coordinates (7°,~!) are normalized in the same way
as the asymptotic coordinates (¢,y); this is the choice made in [1]. Note that the value
t = ma’, obtained here from the perturbative string spectrum (for e = 1), agrees with that
found in [1] from black hole thermodynamics.

One can think of the states (3.10) as belonging to the untwisted sector of the orbifold
MP/S,. States with w > 1 belong to the Z,, twisted sector of the orbifold. To see this,
one proceeds as follows. The analog of (3.8) for this case is

wR

Plugging this and (3.9) into (3.6) gives
wR\? wR\? 2 — k Ny \ 2
E+—) - (=) == S e 12
( N 0/> <0¢’> of <h1+h1 2>+(wR) ’ (3.12)

with n, = wn. Comparing (3.12) to (3.10), we see that the spectrum of strings with
winding w is the same as that of a string singly wound around a circle with radius wR

"Note that in [6, 28], this equation is valid for long strings in the NS sector of the spacetime CFT, while
the states we apply it to are Ramond sector states. The difference between the Ramond and NS sectors
from the AdSs point of view is that in the NS sector, strings feel an attractive potential to the origin [30, 31],
but that potential becomes flat above a gap, while in the Ramond sector (which we study) it is flat from
the outset and all the states are above the gap. Thus, if we are interested in the relation between the
worldsheet quantum numbers of long string states above the gap and the spacetime scaling dimensions in
the dual CFT2, the difference between the two is immaterial. This implies, in particular, that this equation
should be obtained in the worldsheet theory on the massless BTZ black hole, as well, which is in harmony
with the results obtained in [29].

5Due to the relation between y and ;1 mentioned above.



and momentum n,,. This agrees with the spectrum in the Z,, twisted sector of M" /Z,,,
with Z,, acting via cyclic permutation on the w copies of M. Note that in the IR limit,
R/l — o0, (3.12) reduces to well known results in string theory on AdSs [6, 28], such as, [§],

ho k 1
hw:1+<w—>, (3.13)

describing long strings winding w times around the boundary circle.

To recapitulate, we have shown that states with w > 0 in the background (2.8) agree
with those found in the symmetric product CFT MP/S,, with M deformed via a TT
deformation. Next we show that string theory on this background has states that do not
fit this description, however these states decouple in the infrared limit, and thus are not
visible in the IR CFT.

Since states with winding w correspond to the Z,, twisted sector, it is natural to expect
that states with w < 0 are not captured by the symmetric orbifold. For w = 0 (3.6) takes
the form

_2R? [ 2j(j+1)

(ER)? = o < A0 +Ap — 1) , (3.14)

where we also set the momentum n = 0 for simplicity. Thus, the dimensionless energy KR
diverges in the limit R?/a’ — oo, which means that the states (3.14) are not present in
the undeformed CFT dual to string theory on AdSs. In the language of the TT deformed
theory, these are states with energy E ~ 1/+/t, which decouple in the IR limit t — 0.
States with w < 0 decouple even faster when ¢ — 0, as their energy is bounded from below

by 2'2#.

4 Discussion

In the previous section we described perturbative string excitations of the system of strings
and fivebranes wrapping the circle labeled by y (or ;) in (2.8), with the fivebranes wrapping
an additional four dimensional surface M* (2.3). We saw that the excitations of this system
that correspond to one or more of the p strings creating the background moving away from
the fivebranes (while remaining in their near-horizon region) are well described by a dual
boundary theory MP/S,, where M is a CFT with central charge cyq = 6k, which roughly
corresponds to the theory of a single string. The worldsheet deformation (2.2), which corre-
sponds to € # 0 in (2.8), is dual to a T'T deformation (in the sense of [2, 3]) of the CFT M.

There are also states which do not fit the MP /S, structure, but they do not correspond
to small excitations of the string/fivebrane system. States with w < 0 can be thought of as
obtained from the system of p — 1 strings and k fivebranes by adding to it an F'1 — F1 pair,
while states with w = 0 correspond to adding to the string/fivebrane system an additional
short string. In contrast, states with w > 0 can be thought of as describing excitations of
the p strings forming the vacuum.

In this note, we focused on the spectrum of excitations of a particular Ramond-Ramond
vacuum of the spacetime CFT, corresponding to the M = .J = 0 BTZ black hole. Modular
invariance, spectral flow symmetry of the spacetime CFT, and explicit constructions imply



the existence of many other Ramond and Neveu Schwartz vacua, and it would be interesting
to extend our discussion to these vacua. We will postpone this to another publication.

Our results are related to those of [8], which discussed the transition between per-
turbative strings and black holes in AdS3 and linear dilaton backgrounds. The picture
presented in that paper was the following. As one increases the available energy, first one
creates perturbative long strings that can propagate towards the boundary. As the energy
of these strings increases, they propagate to larger and larger radial distance, where the
coupling of the theory on the strings grows, and eventually they cross over to black holes.
In this sense, one can think of the long strings as precursors of the black holes. Our results
reinforce and extend this picture. The agreement found in [1] and here suggests that the
symmetric product provides a good description of both the long strings and the black holes
in AdSs, and the deformation (2.2) corresponds to the 7T deformation in M.

Note that the above discussion is valid for the case where the level of the SL(2,IR)
current algebra k is larger than one. As discussed in detail in [8], for & < 1 the physics is
different — the black holes discussed in [8] are not normalizable, the coupling on the long
strings in AdS3; becomes weak near the boundary, and the generic high-energy states are
these long strings. All this agrees with the 7T deformed symmetric product theory, where
in this case the spacetime CFT on M is one in which the SL(2,IR) invariant vacuum is not
in the spectrum.
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