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Abstract
A new higher-order accurate space-time discontinuous Galerkin (DG) method using the 
interior penalty flux and discontinuous basis functions, both in space and in time, is pre-
sented and fully analyzed for the second-order scalar wave equation. Special attention is 
given to the definition of the numerical fluxes since they are crucial for the stability and 
accuracy of the space-time DG method. The theoretical analysis shows that the DG discre-
tization is stable and converges in a DG-norm on general unstructured and locally refined 
meshes, including local refinement in time. The space-time interior penalty DG discre-
tization does not have a CFL-type restriction for stability. Optimal order of accuracy is 
obtained in the DG-norm if the mesh size h and the time step Δt satisfy h ≅ CΔt , with C a 
positive constant. The optimal order of accuracy of the space-time DG discretization in the 
DG-norm is confirmed by calculations on several model problems. These calculations also 
show that for pth-order tensor product basis functions the convergence rate in the L∞ and 
L2-norms is order p + 1 for polynomial orders p = 1 and p = 3 and order p for polynomial 
order p = 2.

Keywords Wave equation · Space-time methods · Discontinuous Galerkin methods · 
Interior penalty method · A priori error analysis

Mathematics Subject Classification 65M60 · 65M12 · 65M15

1 Introduction

The second-order scalar wave equation provides an important model for many hyperbolic 
wave problems in physics, engineering and life sciences. Direct applications are in acous-
tics and in the modeling of elastic wave propagation in mechanics and geophysics, but the 
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scalar wave equation also serves as a model for more complicated wave phenomena in elec-
trodynamics, fluid mechanics and quantum mechanics. This has resulted in a huge body 
of literature describing finite difference, finite volume and finite element discretizations of 
the second-order scalar wave equation. Many of these numerical discretizations follow the 
method of lines approach, where the wave equation is first discretized in space, after which 
the resulting system of ordinary differential equations is discretized with a suitable, often 
explicit, time integration method. This has resulted in many accurate and efficient numeri-
cal discretizations of the wave equation that can be found in nearly any text book on the 
numerical analysis of partial differential equations.

The need to be able to efficiently solve increasingly more complicated wave problems, 
however, still presents important challenges to the numerical solution of the second-order 
wave equation. Examples are highly heterogeneous materials and rapidly moving fronts, 
which require locally strongly refined unstructured meshes and local time stepping. Also, 
obtaining stable higher-order accurate conservative discretizations on general meshes that 
allow local mesh refinement, both in space and in time, without strong time step limita-
tions is challenging. An interesting approach to deal with this type of problems is presented 
by space-time methods, which currently receive significant attention. In space-time meth-
ods time is treated as an extra dimension, for instance, a three-dimensional time-depend-
ent problem is a four-dimensional problem in space-time, and the problem is then directly 
discretized in space-time. The space-time approach is particularly useful for problems on 
time-dependent domains, but is also very suitable for hp-adaptation, both in space and in 
time, and provides a conservative alternative to local time-stepping methods.

Several discretization approaches are possible in space-time. If one considers a fully 
unstructured mesh in space-time, then a “tent pitching algorithm” can be used [10, 30], and 
if the mesh is constructed properly, this can result in an explicit space-time discretization. 
Examples of the tent pitching approach and explicit in time space-time discretizations can 
be found in, e.g., [11, 13, 22, 23, 26]. For three-dimensional time-dependent spatial prob-
lems, the resulting four-dimensional unstructured polytopic mesh generation problem pre-
sents, however, significant challenges and still is an active area of research [10]. Also, the 
mesh “tent pitching algorithm” can result in locally very small time steps and/or poor mesh 
quality that are non-trivial to deal with in 4D space-time. The alternative is to subdivide 
the space-time domain into space-time slabs, that are possibly locally refined in space and/
or in time, and use a tensor product structure in time for the basis functions. This alleviates 
the meshing problem and allows for unstructured meshes in space, but the numerical dis-
cretization will then in general be implicit in time. If the basis functions are discontinuous 
in time at the connection of two space-time slabs, then a time marching algorithm, where 
the solution is computed one space-time slab at a time, is possible, which greatly facilitates 
computational efficiency.

For the second-order wave equation and related wave equations space-time discretiza-
tions that are discontinuous in time, but continuous in space, were presented and analyzed in, 
e.g., [1, 3, 12, 14–17, 29]. Both formulations that first rewrite the second-order equations as a 
first-order system and formulations that directly discretize the second-order formulation have 
been considered. Space-time discontinuous Galerkin discretizations of the wave equation, 
which use basis functions that are discontinuous both in space and in time, and therefore allow 
optimal flexibility for hp-adaptation in space and in time, were introduced in [4, 11, 22, 26]. 
Recently, also Trefftz space-time discontinuous Galerkin discretizations of the second-order 
wave equation using non-polynomial basis functions were presented [6, 9, 19, 23, 24]. Trefftz 
methods incorporate local solutions of the partial differential equation into the test and trial 
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spaces. The main benefit of this approach is that a discretization with less degrees of freedom 
can be obtained, which might result in improved computational efficiency.

In this article, we will present a new space-time interior penalty discontinuous Galerkin 
(IP-DG) discretization. The space-time IP-DG discretization uses tensor product basis func-
tions that are discontinuous in space and in time. This provides a very natural way to construct 
an arbitrary higher-order accurate conservative discretization of the wave equation that allows 
for local mesh refinement and local time stepping. Following Johnson [17], we first rewrite 
the second time derivative as a first-order system and impose a special compatibility condition 
between the primary variable and its time derivative. This condition is useful to provide the 
necessary coupling in the DG discretization between the equations for the primary variable 
and its time derivative and is also beneficial in the stability analysis. For the spatial discretiza-
tion, we use a similar approach to derive a space-time DG discretization as we presented in 
[27] for the parabolic advection diffusion equation, but instead of using local and global lifting 
operators as in [27] we now use an internal penalty method. In addition, we need to provide 
stable discretizations for mixed spatial-temporal derivatives. Special attention is, therefore, 
given to obtain a stable formulation of the time derivatives using the compatibility condition 
proposed in [17] and properly defined numerical fluxes. Since elements in the space-time DG 
discretization are only coupled through fluxes at the element faces local refinement in space 
and in time does not affect the discretization in neighboring elements and we will automati-
cally obtain a conservative discretization of the second-order wave equation that is completely 
flexible in the choice of meshes and the polynomial order in each element [31].

After the derivation of the space-time IP-DG discretization, the main part of this article is 
devoted to a detailed error and stability analysis. The key components in the error analysis are 
several stability bounds given by Theorems 1 and 2 and Corollary 1, which are used then in 
a backward in time error-analysis as outlined in [28, Chapter 12]. This allows us to prove in 
Theorem 3 stability, convergence and optimal order accuracy of the space-time IP-DG discre-
tization in a DG-norm for general locally refined space-time meshes and arbitrary order tensor 
product basis functions in space and in time and without a CFL constraint for stability.

The remainder of this work is as follows. In Sect. 2, we present the model problem and 
define several function spaces, followed by the definition of the space-time mesh, elements 
and faces and some standard DG notation in Sect. 3. In Sect. 4, the space-time IP-DG discre-
tization is derived, including the definition of the numerical fluxes. Section 5 first proves the 
consistency of the space-time IP-DG discretization, followed by several stability bounds that 
are crucial for the a priori error analysis, which is discussed in Sect. 6. Numerical experiments 
to verify the theoretical analysis are presented in Sect. 7.

2  Model Problem

Given the open domain 𝛺 ⊂ ℝd, d = 1, 2, 3, with Lipschitz continuous boundary ΓD∶=�� . 
We consider the wave equation for u, 

(1a)�2u

�t2
− ∇ ⋅ (A∇u) = f in � × (0, T),

(1b)u = gD at ΓD × (0, T),
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where ∇ is the nabla operator on ℝd , t represents time and T the final time. The source term 
f, Dirichlet boundary data gD , and initial conditions h0, h1 are given functions. The matrix 
A ∈ ℝd×d is a symmetric positive definite matrix satisfying

where the superscript T denotes the transpose and c0, c1 , and c are positive constants. We 
assume that the domain � can be subdivided into subdomains �j in which A(x) is continu-
ous. If we denote uj∶=u|�j

 and uk∶=u|�k
 , and similarly for A, we have the following trans-

mission conditions at Γjk = ��j ∩ ��k:

with n̄ the external normal vector at �j or �k.
We denote by Lp(�) , with 1 ⩽ p ⩽ ∞, the standard Lebesgue spaces on the domain � 

with norm ‖𝜈‖p,𝛺 < ∞ for any Lebesgue measurable function � . We denote by Wm,p(�) 
the Sobolev spaces of index m ⩾ 0 with norm 

with D� the weak derivative with multi-index symbol � = (�1,⋯ , �d) ∈ ℝd . The Wm,p(�) 
seminorm is denoted as |�|m,p,� . For p = 2 we denote Hm(�)∶=Wm,2(�) , with Hm

0
(�) 

the space Hm(�) with zero trace at �� . For p = 2 , m = 0 , we have L2(�) = H0(�) with 
‖v‖�∶=‖v‖0,2,� and similarly ‖v‖m,�∶=‖v‖m,2,� . We define the L2(�) inner product as 
(u, v)�∶= ∫

�
u v dx . The negative order Sobolev norm is defined as

Here, Wm,p

0
(�) denotes the space Wm,p(�) with zero trace at �� and C∞

0
(�) is the space 

of infinitely many times differentiable functions with compact support on � . For time-
dependent problems, we use the Bochner spaces Lr((0,T),Wm,p(�)) , 1 ⩽ r ⩽ ∞ with 
norms defined on the space-time domain E = � × (0, T) as

where for r = p = 2 , m = 0 , we use the simplified notation ‖v‖E = ‖v‖2,0,2,E .
Given f ∈ L2((0,T);L2(�)) , h0 ∈ H1

0
(�) , h1 ∈ L2(�) and gD = 0 , then (1) has a 

unique solution u on a bounded domain � with

(1c)u = h0,
�u

�t
= h1 at � × {0},

c0x
Tx ⩽ xTAx ⩽ c1x

Tx, ∀x ∈ ℝ
d with c1 ⩾ c0 ⩾ c > 0,

(2)uj = uk, n̄ ⋅ Aj∇uj = n̄ ⋅ Ak∇uk

(3)

⎧⎪⎪⎨⎪⎪⎩

‖v‖m,p,𝛺 ∶=

�
∫𝛺

�
�𝛼�⩽m

∣ D𝛼v ∣p dx

� 1

p

for 1 ⩽ p < ∞,

‖v‖m,∞,𝛺∶= sup
x∈𝛺,�𝛼�⩽m

�D𝛼𝜈(x)� for p = ∞

(4)
‖w‖−m,p,�∶= sup

� ≠ 0,∀� ∈ C∞

0
(�),

‖�‖m,p,� ⩽ 1

(w,�)�, ∀w ∈ W
m,p

0
(�),m ⩾ 0.

‖v‖r,m,p,E ∶=

�
∫

T

0

‖v(⋅, t)‖r
m,p,𝛺

dt

� 1

r

with 1 ⩽ r < ∞, 1 ⩽ p ⩽ ∞,

‖v‖∞,m,p,E∶= sup
t∈(0,T)

‖v(⋅, t)‖m,p,𝛺 with 1 ⩽ p ⩽ ∞,
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see [20, Chapter 3, Theorem 8.1]. Furthermore, see [20, Chapter 3, Theorem 8.2], the solu-
tion is continuous in time with

where C0 denotes the space of continuous functions. If in addition �f
�t

∈ L2((0,T);L2(�)) , 
u satisfies the Dirichlet boundary condition (1b), and the initial conditions (1c) satisfy 
h0 ∈ H2(�) and h1 ∈ H1(�) , and h0 is compatible with the Dirichlet boundary condition 
(1b) and the interface condition (2), then

see [21, Chapter 5, Theorem 2.1].

3  Mesh and DG Notation

3.1  Space‑Time Mesh

We aim to discretize the second-order wave equation by a new space-time interior penalty 
DG method (Fig. 1). For this purpose, the space-time formulation requires the introduction 
of a space-time slab, space-time elements and faces. We define the space-time domain as 
E∶=� × (0, T) with 𝛺 ⊂ ℝd , d = 1, 2, 3 , and (0,  T) a time interval with T > 0 the final 
time. The space-time domain E  has boundaries �(0)∶=� × {0},�(T)∶=� × {T} and 
Q∶=�E ⧵ (�(0) ∪�(T)) . For the space-time discretization we introduce space-time slabs. 
First, we partition the time interval [0,  T] by an ordered series of N + 1 time levels 
0 = t0 < t1 < ⋯ < tN = T  . Then a space-time slab is defined as E n

∶=E ∩ (ℝd × In) , with 

u ∈ L2((0,T);H1
0
(�)),

�u

�t
∈ L2((0, T);L2(�)),

�2u

�t2
∈ L2((0, T);H−1

(�)),

(5)u ∈ C0
((0,T);H1

0
(�)),

�u

�t
∈ C0

((0, T);L2(�)),

(6)u ∈ L2((0,T);H2
(�)),

�2u

�t2
∈ L2((0, T);L2(�)),

Fig. 1  Space time slab E n and the definition of space-time faces of a space-time element K n in the space-
time mesh T n

h
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In = (tn, tn+1) . The length of In is Δtn = tn+1 − tn . The space-time slab E n is approximated 
with a non-overlapping tessellation T n

h
 of (d + 1)-dimensional open hypercube space-time 

elements K ⊂ ℝd+1 , and is denoted as E n

h
 . The meshes in each space-time slab can be gen-

erated independently from one another, which allows local mesh refinement and coarsen-
ing in each space-time slab. Combining the space-time slabs E n

h
 for n = 0, 1,⋯ ,N − 1 

gives an approximation Eh to the space-time domain E  with tessellation Th∶=
⋃
n

T
n

h
 . Each 

space-time element K  is connected to the reference element K̂∶=(−1, 1)d+1 using the 
isoparametric mapping G n

K
∶ K̂ → K ∈ T

n

h
 . A space-time element K ∈ T

n

h
 has bounda-

ries Kn ⊂ 𝛺(tn)∶=𝛺 × {tn},K
n+1 ⊂ 𝛺(tn+1)∶=𝛺 × {tn+1} and Qn

K
∶=�K ⧵ (Kn ∪ Kn+1) , 

with exterior unit normal vector nK  . The spatial component of nK  is denoted as n̄K  . The 
space-time element faces Kn are collected into the set Fn,T

h
 , representing the time faces at 

time t = tn of the space-time elements K ∈ T
n

h
 . These faces are also indicated with F̄n

h
 if 

we want to emphasize that they constitute the spatial mesh at time tn . The domain � is 
independent of time, but in case of time-dependent spatial-temporal meshes, the interface 
of two connecting space-time slabs must be subdivided into subfaces such that each face 
connects to only one space-time element on each side of the interface. For notational sim-
plicity, we also denote this set as Fn,T

h
 . The spatial domain � is approximated as 

�h∶={∪K∶ ∀K ∈ F
n,T

h
} , which is the union of the spatial elements and does not depend on 

time. We assume that �h → � as the mesh size h goes to zero.
For the space-time element faces Qn

K
, K ∈ T

n

h
 we define the following sets: Fn,I

h
 

the set of all internal faces, Fn,D

h
 the set of faces with a Dirichlet boundary condi-

tion and Fn,I,D

h
= F

n,I

h
∪F

n,D

h
 . We will also use the trace of faces in Fn,I,D

h
 at times 

t+
n
∶= lim�↓0 tn + �, n = 0, 1,⋯ ,N . These traces will be denoted by F̄n,I

h
 for internal faces, 

F̄
n,D

h
 for Dirichlet faces and F̄n,I,D

h
∶=F̄

n,I

h
∪ F̄

n,D

h
.

In case of local time stepping, a space-time element K ∈ T
n

h
 , n = 0, 1,⋯ ,N − 1 in the 

space-time slab E n

h
 is split in the temporal direction into multiple space-time sub-elements Ki  , 

i = 1,⋯ , nt . Similarly, faces S ∈ F
n,I,D

h
 connected to the space-time element K  must be sub-

divided into sub-faces Si , i = 1,⋯ , nt such that each sub-face Si connects on at least one side 
to only one space-time element in the space-time slab. The same applies for faces in F̄n,I,D

h
 . 

At the intersection of two space-time sub-elements, the faces S = Ki ∩Kj  , i ≠ j are treated 
in the same way as faces in Fn,T

h
 . For details on the use of local refinement in a space-time 

DG discretization, where there is no fundamental difference between refinement in space or 
in time, see [31]. Finally, we merge the contributions of all subdivisions in time due to local 
time stepping into the sets T n

h
,F

n,T

h
,F

n,I,D

h
 , and F̄n,I,D

h
 , which provides the most straightfor-

ward way to deal with the local mesh refinement and local time stepping in a space-time DG 
discretization.

3.2  Finite Element Spaces

Given the space-time tessellation Th , we define for 1 ⩽ p ⩽ ∞ the following broken Sobolev 
spaces and norms:

with an equivalent formulation for the spatial tessellations T̄,n

h
 , n = 0, 1,⋯ ,N − 1 . For 

p = 2 , m = 0 , we use the notation ‖v‖Th
= ‖v‖ 0,2,Th

 . We denote Hm(Th)∶=W
m,2(Th) . The 

Wm,p
(Th)∶={v ∈ Lp(E)∶ v�K ∈ Wm,p

(K ), ∀K ∈ Th},

‖v‖m,p,Th
∶=

�
K∈Th

‖v‖m,p,K
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broken spatial gradient will be denoted by ∇h , and is defined as ∇hv ∣K ∶=∇v ∣K  for all 
K ∈ Th . For the space-time discontinuous Galerkin discretization we define the polyno-
mial spaces Qk

d+1
(K̂) as the d + 1 tensor product of the one-dimensional Legendre polyno-

mials Pk(−1, 1) , with d = dim(�) ⩾ 1 and k the order of the polynomial basis functions. 
The dimension of Qk

d+1
(K̂) is (k + 1)d+1 . The space-time finite element spaces in each 

space-time slab E n

h
, n = 0, 1,⋯ ,N − 1 , are defined as

The space-time finite element spaces on the space-time domain Eh are then defined as

3.3  Definition of Jump and Average Operators

Since the space-time discretization uses basis functions that are discontinuous both in space 
and in time at element faces we need to define jump and average operators to deal with the 
multi-valued traces at the space-time element faces. For scalar quantities v ∈ ℝ we define at 
interior and boundary faces jump and average operators that are, respectively, denoted as

and for vector quantities q ∈ ℝl as

Here, the L and R superscripts refer to the left and right traces at a face S ∈ F
n,I

h
 . When 

considering a space-time element K ∈ Th , the L-trace is always the trace taken from inside 
the element and the R-trace is the outside trace. At the space-time domain boundary L 
refers to the internal trace. The jumps in time for faces S ∈ F

n,T

h
 are defined as

with

We will denote the spatial mesh size by h, defined by h∶=max
S̄∈∪nF̄

n,T

h

diam(S̄).

V
k,n

h
∶={v ∈ L2(E

n
)∶ v◦Gn

K
∈ Qk

d+1
(K̂ ), ∀K ∈ T

n

h
},

W
k,n

h
∶={w ∈ (L2(E

n
))
d
∶w◦Gn

K
∈ (Qk

d+1
(K̂ ))

d
, ∀K ∈ T

n

h
},

U
k,n

h
∶=V

k,n

h
× V

k,n

h
.

Vk
h
∶={v ∈ L2(E)∶ v ∈ V

k,n

h
, n = 0,⋯ ,N − 1},

Wk
h
∶={w ∈ L2(E)∶w ∈ W

k,n

h
, n = 0,⋯ ,N − 1},

Uk
h
∶=Vk

h
× Vk

h
.

{{v}}∶=
1

2
(vL + vR) at F

n,I

h
; {{v}}∶=vL at F

n,D

h
,

≪ v ≫ ∶= vLn̄L + vRn̄R at F
n,I

h
; ≪ v ≫ ∶= vLn̄L at F

n,D

h
,

{{q}}∶=
1

2
(qL + qR) at F

n,I

h
; {{q}}∶=qL at F

n,D

h
,

≪ q ≫ ∶= qL ⋅ n̄L + qR ⋅ n̄R at F
n,I

h
; ≪ q ≫ ∶= qL ⋅ n̄L at F

n,D

h
.

[
vn
]
∶=vn,+ − vn,−,

[
qn
]
∶=qn,+ − qn,−

�n,±∶= lim
�↓0

�(⋅, tn ± �), qn,±∶= lim
�↓0

q(⋅, tn ± �).
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4  Space‑Time Discontinuous Galerkin Formulation

In this section, we will derive a space-time DG interior penalty discretization for the wave 
equation. First, we need to rewrite the scalar wave equation (1) as a first-order system. Intro-
duce the primary variables

and the auxiliary variables 

where an overdot represents differentiation with respect to time. The scalar wave equation 
(1) can then be written as in [17]

where we used the compatibility condition u̇0 = u1 , which follows from (7), and the aux-
iliary variables (8) to obtain (10). The use of the compatibility condition (10), instead of 
using u̇0 = u1 , which was proposed by Johnson [17], is important in the proofs of the stabil-
ity results presented in Sect. 5.2 and also provides, after integration by parts of the weak 
formulation of the space-time IP-DG discretization, a coupling between u̇0 and u1 at ele-
ment faces. The Dirichlet boundary condition and initial conditions for (9)–(10) are

4.1  Space‑Time DG Formulation for Primary Variables

We approximate now ui, �i, i = 0, 1 , respectively, as ui,h ∈ Vk
h
, �i,h ∈ Wk

h
 , multiply (9) and 

(10) with test functions vi ∈ Vk
h
, i = 0, 1 , and integrate over the space-time domain Eh . This 

results, after subtracting the weak formulation for (10) from (9), into the space-time for-
mulation for the scalar wave equation. Find u0,h, u1,h ∈ Vk

h
 , with �0,h, �1,h ∈ Wk

h
 , such that 

for all v0, v1 ∈ Vk
h
 , we have

Next, we rewrite (11) into a more suitable format to obtain the space-time DG discretiza-
tion. As a first step, we will use the following relation for the time derivative of u1,h ∈ Vk

h
:

(7)u0(x, t)∶=u(x, t), u1(x, t)∶=u̇(x, t),

(8a)�0∶=A∇u0,

(8b)�1∶=A∇u1,

(9)u̇1 − ∇ ⋅ 𝜎0 = f in 𝛺 × (0, T),

(10)∇ ⋅ �̇�0 = ∇ ⋅ 𝜎1 in 𝛺 × (0,T),

u0 = gD at ΓD × (0, T),

u0 = h0 and u1 = h1 at � × {0}.

(11)∫
Eh

(
(u̇1,h − ∇h ⋅ 𝜎0,h)v1 − v0(∇h ⋅ �̇�0,h − ∇h ⋅ 𝜎1,h)

)
dE = ∫

Eh

fv1dE.

(12)∫
Eh

u̇1,hv1dE =

N−1∑
n=0

∫
E

n
h

u̇1,hv1dE +

N−1∑
n=0

∑
S∈F

n,T

h

∫S

[
un
1,h

]
v
n,+

1
dS, ∀v1 ∈ Vk

h
,
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which is obtained by twice integrating by parts in time and using at the time levels 
tn, n = 0,⋯ ,N − 1 , the causality conditions ûn

1
= u

n,−

1,h
 , ûn+1

1
= u

n+1,−

1,h
 for the numerical 

fluxes of u1,h , which were introduced to account for the multivalued traces at time tn , and 
u
n,±

i,h
∶=ui,h(⋅, t

±

n
) , i = 0, 1 , with t±

n
∶= lim�↓0 tn ± � . We also need the following well-known 

relation between sums of integrals over element boundaries and faces [5], but now used in 
the space-time context [27]. For v ∈ Vk

h
 , w ∈ Wk

h
,

This relation can be directly verified by introducing the jump and average relations defined 
in Sect. 3.3.

After integration by parts in space and using (12)–(13) the space-time DG for-
mulation (11) can be expressed as: find u0,h, u1,h ∈ Vk

h
 , with �0,h, �1,h ∈ Wk

h
 , such that 

for all v0, v1 ∈ Vk
h
 we have

where the numerical fluxes �̂i, i = 0, 1, and the numerical flux for the time derivative �̇𝜎0 
account for the multivalued traces of �i,h, i = 0, 1, at the faces Fn,I,D

h
 of each space-time 

slab. For a stable and accurate space-time DG discretization, these numerical fluxes need to 
be carefully considered, which will be discussed in the next sections.

4.2  Space‑Time DG Formulation for Auxiliary Variables

The space-time DG formulation (14) contains the auxiliary variables �i,h ∈ Wk
h
, i = 0, 1, 

which approximate �i, i = 0, 1 , defined in (8), and the time derivative �̇�0,h . In this section, 
we will derive DG formulations for these auxiliary variables and define their numerical 
fluxes.

After multiplying, respectively, (8a) and (8b) with arbitrary test functions 
� = ∇hvj ∈ Wk

h
, vj ∈ Vk

h
 , j = 0, 1 , integrating by parts over each space-time element 

K ∈ Th , using A = AT , and for n = 0, 1,⋯ ,N − 1 the numerical fluxes

(13)

∑
K∈T

n
h

∫Qn
K

(w ⋅ n̄)vdS =

∑
S∈F

n,I,D

h

∫S

{{w}}⋅ ≪ v ≫ dS

+

∑
S∈F

n,I

h

∫S

≪ w ≫ {{v}}dS.

(14)

N−1∑
n=0

∫
E

n
h

(
u̇1,hv1 + 𝜎0,h ⋅ ∇hv1 + �̇�0,h ⋅ ∇hv0 − 𝜎1,h ⋅ ∇hv0

)
dE

−

N−1∑
n=0

∑
S∈F

n,I,D

h

∫S

(
{{�𝜎0}}⋅ ≪ v1 ≫ +{{�̇𝜎0}}⋅ ≪ v0 ≫ −{{�𝜎1}}⋅ ≪ v0 ≫

)
dS

−

N−1∑
n=0

∑
S∈F

n,I

h

∫S

(
≪ �𝜎0 ≫ {{v1}}+ ≪ �̇𝜎0 ≫ {{v0}}− ≪ �𝜎1 ≫ {{v0}}

)
dS

+

N−1∑
n=0

∑
S∈F

n,T

h

∫S

[
un
1,h

]
v
n,+

1
dS = ∫

Eh

fv1dE,
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and finally summing over all space-time elements K ∈ Th we obtain analogously to [27] 
the DG formulation for the auxiliary variables �i,h : find �i,h ∈ Wk

h
 , such that for all vj ∈ Vk

h
 , 

for i, j = 0, 1,

The DG formulation for �̇�0,h can be obtained analogously to the DG formulation for �0,h 
given by (16), but great care needs to be taken to account for the discontinuities in time at 
tn = 0, 1,⋯ ,N − 1 . Following the same steps as for (16), we obtain

Next, we twice integrate by parts in time the first two terms on the right-hand side of 
(17). To ensure causality, we use for the multivalued time traces at the faces S ∈ F

n,T

h
 the 

numerical fluxes ûn
0
= u

n,−

0,h
 for n = 0, 1,⋯ ,N.

The DG formulation for �̇�0,h then becomes: find �̇�0,h ∈ Wk
h
 , such that for all v0 ∈ Vk

h
,

(15)ûi =

⎧
⎪⎨⎪⎩

{{ui,h}} at S ∈ F
n,I

h
for i = 0, 1,

gD at S ∈ F
n,D

h
for i = 0,

u̇L
0,h

at S ∈ F
n,D

h
for i = 1,

(16)

N−1�
n=0

�
E

n
h

𝜎i,h ⋅ ∇hvjdE =

N−1�
n=0

�
E

n
h

A∇hui,h ⋅ ∇hvjdE

−

N−1�
n=0

�
S∈F

n,I,D

h

�S

{{A∇hvj}}⋅ ≪ ui,h ≫ dS

+

⎧
⎪⎪⎨⎪⎪⎩

N−1∑
n=0

∑
S∈F

n,D

h

∫
S
AL∇hv

L
j
⋅ n̄LgDdS, if i = 0,

N−1∑
n=0

∑
S∈F

n,D

h

∫
S
AL∇hv

L
j
⋅ n̄Lu̇L

0,h
dS, if i = 1.

(17)

N−1∑
n=0

∫
E

n
h

�̇�0,h ⋅ ∇hv0dE =

N−1∑
n=0

∫
E

n
h

A∇hu̇0,h ⋅ ∇hv0dE

−

N−1∑
n=0

∑
S∈F

n,I,D

h

∫S

{{A∇hv0}}⋅ ≪ u̇0,h ≫ dS

+

N−1∑
n=0

∑
S∈F

n,D

h

∫S

AL
∇hv

L
0
⋅ n̄Lu̇L

0,h
dS.

(18)

N−1∑
n=0

∫
E n
h

�̇�
0,h ⋅ ∇hv0dE =

N−1∑
n=0

∫
E n
h

A∇hu̇0,h ⋅ ∇hv0dE

+

N−1∑
n=0

∑
S∈F

n,T
h

∫S

A∇h

[
un
0,h

]
⋅ ∇hv

n,+

0
dS

−

N−1∑
n=0

∑
S∈F

n,I,D
h

∫S

{{A∇hv0}}⋅ ≪ u̇
0,h ≫ dS

−

N−1∑
n=0

∑
S̄∈F̄

n,I,D
h

∫S̄

{{A∇hv
n,+

0
}}⋅ ≪

[
un
0,h

]
≫ dS̄

+

N−1∑
n=0

∑
S∈F

n,D
h

∫S

AL
∇hv

L
0
⋅ n̄Lu̇L

0,h
dS.
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The numerical fluxes for the auxiliary variables �̂�i, i = 0, 1, and ̂̇𝜎0 in (14) are defined for 
n = 0, 1,⋯ ,N − 1 , as

Note that in (20), the numerical flux at faces S̄ ∈ F̄
n,I,D

h
 contains a time jump, which is 

important to link the stabilization in between space-time slabs. In addition to (19)–(20), we 
also need to add to (14) the following stabilization terms:

with positive stabilization coefficients �0 and �1 . In Sect. 5, we will prove that the choices 
of the numerical fluxes (19)–(20) and stabilization terms (21) result in a stable and consist-
ent space-time DG discretization.

4.3  Interior Penalty Space‑Time DG Formulation for the Wave Equation

In this section, we will first introduce some definitions that allow a more compact defi-
nition of the space-time DG formulation and will also be beneficial for the error analy-
sis. For all v,w ∈ V

k,n

h
 we define the following bilinear forms on the space-time slabs E n

h
 , 

n = 0, 1,⋯ ,N − 1 , 

(19)n̄ ⋅ �̂�i =

{
n̄ ⋅ {{A∇hui,h}} at S ∈ F

n,I

h
,

n̄ ⋅ AL∇hu
L
i,h

at S ∈ F
n,D

h
,

(20)n̄ ⋅ ̂̇𝜎0 =

⎧
⎪⎨⎪⎩

n̄ ⋅ {{A∇hu̇0,h}} at S ∈ F
n,I

h
,

n̄ ⋅ AL∇hu̇
L
0,h

at S ∈ F
n,D

h
,

n̄ ⋅ {{[A∇hu0,h]}} at S̄ ∈ F̄
n,I,D

h
.

(21)

N∑
n=1

∑
S̄∈F̄

n,I,D

h

𝜇0

h ∫S̄

{{A}} ≪ u
n,−

0,h
≫ ⋅ ≪ v

n,−

0
≫ dS̄

−

N∑
n=1

∑
S̄∈F̄

n,D

h

𝜇0

h ∫S̄

ALn̄Lg
n,−

D
⋅ n̄Lv

n,−,L

0
dS̄

+

N−1∑
n=0

∑
S̄∈F̄

n,I,D

h

𝜇0

h ∫S̄

{{A}} ≪
[
un
0,h

]
≫ ⋅ ≪ v

n,+

0
≫ dS̄

+

N−1∑
n=0

∑
S∈F

n,I,D

h

𝜇1

h ∫S

(
{{A}} ≪ u0,h ≫ ⋅ ≪ v0 ≫

+ {{A}} ≪ u1,h − u̇0,h ≫ ⋅ ≪ v1 − v̇0 ≫
)
dS

−

N∑
n=0

∑
S∈F

n,D

h

𝜇1

h ∫S

ALn̄LgD ⋅ n̄LvL
0
dS

(22a)(v,w)n∶=
∑

S∈F
n,T

h

∫S

vw dS,
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 The restriction of c̄n
𝜇
(v,w) to the set S̄ ∈ F̄

n,D

h
 with Dirichlet boundary faces is denoted as 

c̄n
D,𝜇

 . Next, we introduce for all v,w ∈ Vk
h
 the following bilinear forms over the space-time 

domain Eh : 

The restriction of b((v,w))  to the set S ∈ F
n,D

h
 is denoted as bD((v,w))  and the restriction of 

c�((v,w)) to the set S ∈ F
n,D

h
 is denoted as cD,�((v,w)) . After introducing (16) and (18)–(21) 

into (14), and using the notation introduced in (22)–(23), the space-time interior penalty 
method for the wave equation on the space-time domain Eh can be formulated as: find 
uh ∈ Uk

h
 such that for all v ∈ Uk

h
,

where uh∶=(u0,h, u1,h) and v∶=(v0, v1) . The bilinear form Bh ∶ Uk
h
× Uk

h
→ ℝ is defined as

(22b)ān(v,w)∶=
∑

S∈F
n,T

h

∫S

A∇hv ⋅ ∇hw dS,

(22c)b̄n(v,w)∶=
∑

S̄∈F̄h

n,I,D
∫
S̄

{{A∇hv}}⋅ ≪ w ≫ dS̄,

(22d)b̄n
S
(v,w)∶=b̄n(v,w) + b̄n(w, v),

(22e)c̄n
𝜇
(v,w)∶=

∑
S̄∈F̄h

n,I,D

𝜇

h ∫
S̄

{{A}} ≪ v ≫ ⋅ ≪ w ≫ dS̄.

(23a)((v,w))∶=

N−1∑
n=0

∑
K∈T

n
h

∫
K

vwdK,

(23b)a((v,w))∶=

N−1∑
n=0

∑
K∈T

n
h

∫
K

A∇hv ⋅ ∇hwdK,

(23c)b((v,w))∶=

N−1∑
n=0

∑
S∈F

n,I,D

h

∫S

{{A∇hv}}⋅ ≪ w ≫ dS,

(23d)bS((v,w))∶=b((v,w)) + b((w, v)),

(23e)c𝜇((v,w))∶=

N−1∑
n=0

∑
S∈F

n,I,D

h

𝜇

h ∫S

{{A}} ≪ v ≫ ⋅ ≪ w ≫ dS.

(24)Bh(uh, v) = Fh(v),
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The linear form Fh(v)∶U
k
h
→ ℝ is defined as

The space-time DG formulation over the complete space-time domain Eh is important for 
the stability and a priori error analysis, which will be discussed, respectively, in Sects. 5 and 
6, but actual computations are conducted by subsequently solving for n = 0, 1,⋯ ,N − 1 
the space-time DG discretization for each space-time slab E n

h
 . Using the causality in time 

resulting from the choice of the numerical fluxes at the time faces S ∈ F
n,T

h
 in Sect. 4.1, 

the space-time DG discretization in the space-time slabs E n

h
 can be expressed as: for 

n = 0, 1,⋯ ,N − 1 , find uh ∈ U
k,n

h
 such that for all v ∈ U

k,n

h
,

The bilinear form Bn
h
∶ U

k,n

h
× U

k,n

h
→ ℝ is defined as

The linear form Fn
h
(v)∶U

k,n

h
→ ℝ is defined as

(25)

Bh(uh, v)∶=
((
u̇1,h, v1

))
+

N−1∑
n=1

([
un
1,h

]
, v

n,+

1

)n

+ (u
0,+

1,h
, v

0,+

1
)
0

+ a
((
u0,h, v1

))
+ a

((
u̇0,h − u1,h, v0

))

+

N−1∑
n=1

ān
([

un
0,h

]
, v

n,+

0

)
+ ā0(u

0,+

0,h
, v

0,+

0
)

− bS
((
u0,h, v1

))
− bS

((
u̇0,h − u1,h, v0

))

−

N−1∑
n=1

b̄n
S

([
un
0,h

]
, v

n,+

0

)
− b̄0

S
(u

0,+

0,h
, v

0,+

0
) +

N∑
n=1

c̄n
𝜇0
(u

n,−

0,h
, v

n,−

0
)

+

N−1∑
n=1

c̄n
𝜇0

([
un
0,h

]
, v

n,+

0

)
+ c̄0

𝜇0
(u

0,+

0,h
, v

0,+

0
)

+ c𝜇1

((
u0,h, v0

))
+ c𝜇1

((
u1,h − u̇0,h, v1 − v̇0

))
.

(26)

Fh(v)∶=
((
f , v1

))
+ (h1, v

0,+

1
)
0
+ ā0(h0, v

0,+

0
) − b̄0

S
(h0, v

0,+

0
) − bD

((
v1, gD

))

+ c̄0
𝜇0
(h0, v

0,+

0
) +

N∑
n=1

c̄n
D,𝜇0

(gn
D
, v

n,−

0
) + cD,𝜇1

((
gD, v0

))
.

Bn
h
(uh, v) = Fn

h
(v).

(27)

Bn
h
(uh, v)∶=∫In

(
(u̇1,h, v1)

n
+ ān(u0,h, v1) + ān(u̇0,h − u1,h, v0)

− b̄n
S
(u0,h, v1) − b̄n

S
(u̇0,h − u1,h, v0)

)
dt

+ (u
n,+

1,h
, v

n,+

1
)
n
+ ān(u

n,+

0,h
, v

n,+

0
) − b̄n

S
(u

n,+

0,h
, v

n,+

0
)

+ c̄n+1
𝜇0

(u
n+1,−

0,h
, v

n+1,−

0
) + c̄n

𝜇0
(u

n,+

0,h
, v

n,+

0
)

+ ∫In

(
c̄n
𝜇1
(u0,h, v0) + c̄n

𝜇1
(u1,h − u̇0,h, v1 − v̇0)

)
dt.
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Note that after summation of (27)–(28) over all space-time slabs, we immediately obtain 
the relation

For the backward in time error analysis with t replaced by tN − t , which is discussed in 
Sect. 6, we also need the discrete dual problem: find zh ∈ Uk

h
 such that for all v ∈ Uk

h
,

using the following integrated by parts expression for the bilinear form (25):

and the linear form (26)

5  Stability and Consistency of Interior Penalty Space‑Time DG 
Discretization

5.1  Consistency

The first step in the analysis of the space-time DG discretization for the wave equation is 
to verify its consistency. Based on the properties of the exact solution, as stated in (5), we 
assume that

(28)

Fn
h
(v)∶=∫In

(f , v
1
)
n
dt + (u

n,−

1,h
, v

n,+

1
)
n
+ ān(u

n,−

0,h
, v

n,+

0
)

− ∫In

b̄n
D
(v

1
, gD)dt − b̄n

S
(u

n,−

0,h
, v

n,+

0
)

+ c̄n+1
D,𝜇0

(gn+1
D

, v
n+1,−

0
) + c̄n

𝜇0
(u

n,−

0,h
, v

n,+

0
) + ∫In

c̄D,𝜇1
(gD, v0)dt.

(29)
N−1∑
n=0

(
Bn
h
(uh, v) − Fn

h
(v)

)
= Bh(uh, v) − Fh(v).

(30)Bh(v, zh) = F(v),

(31)

Bh(wh, v) = −
((
w
1,h, v̇1

))
−

N−1∑
n=1

(
w
n,−

1,h
,
[
vn
1

])n

+ (w
N,−

1,h
, v

N,−

1
)
N
+ a

((
w
0,h, v1 − v̇

0

))
− a

((
w
1,h, v0

))

−

N−1∑
n=1

ān
(
w
n,−

0,h
,
[
vn
0

])
+ āN (w

N,−

0,h
, v

N,−

0
) − bS

((
w
0,h, v1 − v̇

0

))

+ bS
((
w
1,h, v0

))
+

N−1∑
n=1

b̄n
S

(
w
n,−

0,h
,
[
vn
0

])
− b̄N

S
(w

N,−

0,h
, v

N,−

0
)

+

N−1∑
n=0

c̄n
𝜇
0

(w
n,+

0,h
, v

n,+

0
) + c̄N

𝜇
0

(w
N,−

0,h
, v

N,−

0
) −

N−1∑
n=1

c̄n
𝜇
0

([
wn
0,h

]
, v

n,−

0

)

+ c𝜇
1

((
w
0,h, v0

))
+ c𝜇

1

((
w
1,h + ẇ

0,h, v1 + v̇
0

))
,

(32)

Fh(v) =
((
f , v1

))
+ (w

N,+

1,h
, v

N,−

1
)
N
+ āN(w

N,+

0,h
, v

N,−

0
) − b̄N

S
(w

N,+

0,h
, v

N,−

0
) − bD

((
v1, gD

))

+ c̄N
𝜇0
(w

N,+

0,h
, v

N,−

0
) +

N−1∑
n=0

c̄n
D,𝜇0

(gn
D
, v

n,+

0
) + cD,𝜇1

((
gD, v0

))
.
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with u1 = u̇0 . The initial solutions satisfy h0 ∈ H1(�) , h1 ∈ L2(�) . This implies, together 
with the interface condition (2), that the exact solutions ui for i = 0, 1 and n = 0,⋯ ,N − 1 
satisfy the following jump and average relations:

Introducing the relations u1 = u̇0 , u0|�� = gD , u0(⋅, t0) = h0 and h0|�� = g0
D
 for the exact 

solution into (25), together with the jump and average relations (33)–(35), we obtain for 
(u0, u1) ∈ V0 × V1,

Next, we use the following integration by parts formula:

where we used (36). Combined with (1a), namely �
2u0

�t2
− ∇ ⋅ (A∇u0) = f  on each space-

time element K ∈ Th , we immediately obtain for (u0, u1) ∈ V0 × V1 the relation

Hence, the space-time DG discretization is consistent, which implies the following Galer-
kin orthogonality: for (u0, u1) ∈ V0 × V1 , uh ∈ Uk

h
,

u0 ∈ V0∶=C
0
((0,T);H1

(�)) ∩ H2
(Th) + Vk

h
,

u1 ∈ V1∶=C
0
((0,T);L2(�)) ∩ H2

(Th) + Vk
h

(33)≪ un
i
≫= 0, {{un

i
}} = un

i
at S ∈ F

n,I

h
,

(34)
[
un
i

]
= 0 at S ∈ F

n,T

h
,

(35)≪ h0 ≫= 0 at S ∈ F
0,T

h
,

(36)≪ A∇un
0
≫= 0 at S ∈ F

n,I

h
.

(37)

Bh((u0, u1), v) =

((
𝜕2u0

𝜕t2
, v1

))
+ a

((
u0, v1

))
− b

((
u0, v1

))

+ (h1, v
0,+

1
)
0
+ ā0(h0, v

0,+

0
) − b̄0

S
(h0, v

0,+

0
) − bD

((
v1, gD

))

+ c̄0
𝜇0
(h0, v

0,+

0
) +

N∑
n=1

c̄n
D,𝜇0

(g
n,−

D
, v

n,−

0
) + cD,𝜇1

((
gD, v0

))
, ∀v ∈ Uk

h
.

a
((
u0, v1

))
= −

N−1∑
n=0

∑
K∈T

n
h

∫
K

v1∇h ⋅ (A∇hu0)dK + b
((
u0, v1

))
, ∀v1 ∈ Vk

h
,

(38)Bh((u0, u1), v) = Fh(v), ∀v ∈ Uk
h
.

(39)Bh((u0, u1) − uh, v) = 0, ∀v ∈ Uk
h
.
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5.2  Stability of Interior Penalty Space‑Time DG Discretization

In this section we will prove the main result, Theorem 1, which states that the bilinear form 
Bh(uh, uh) is bounded from below and above. This result is crucial for the a priori error 
analysis discussed in Sect. 6. We start with the following lemma.

Lemma 1 For all un
0,h

∈ V
k,n

h
, n = 1, 2,⋯ ,N − 1, and any 𝜖 > 0 the following inequality 

holds:

with Ctr,S the trace constant for faces S ∈ F
n,T

h
 and {{A}}

1

2 the matrix square root of the 
average of matrix A.

Proof Using the definition of the bilinear forms (22b), (22c), (22e) and the average of 
A, the Schwarz inequality and the arithmetic-geometric mean inequality, we obtain for 
n = 1,⋯ ,N − 1,

with 𝜖 > 0 , arbitrary. The superscripts L and R denote, respectively, the left and right traces 
at faces S̄ ∈ F̄h

n,I,D . Using the definition of the average we obtain the following relation for 
S̄ ∈ F̄h

n,I,D and n = 1, 2,⋯ ,N − 1,

with cS = 2 for faces S̄ ∈ F̄h

n,I and cS = 1 for faces S̄ ∈ F̄h

n,D . Since the (d − 1)-dimen-
sional faces S̄ ∈ F̄

n,I,D

h
 are boundary faces of the d-dimensional faces S ∈ F

n,T

h
 we can 

use the discrete trace theorem, as stated, e.g., in [8] (Lemma 1.46), to bound the norms at 
S̄ ∈ F̄

n,I,D

h
 with norms at S ∈ F

n,T

h
 . Combined with (42) estimate (41) then gives (40) for 

n = 1, 2,⋯ ,N − 1 . 

(40)

1

2
ān
([

un
0,h

]
,
[
un
0,h

])
− b̄n

([
un
0,h

]
,
[
un
0,h

])
+ c̄n

𝜇0

([
un
0,h

]
, u

n,+

0,h

)
+ c̄n

𝜇0

(
u
n,−

0,h
, u

n,−

0,h

)

⩾
∑

S∈F
n,T

h

(
1

2
− 𝜖2C2

tr,S

)‖‖‖‖A
1

2∇h

[
un
0,h

]‖‖‖‖
2

S

+

∑
S̄∈F̄

n,I,D

h

(
𝜇0 −

1

𝜖2

)
1

2h

(‖‖‖{{A}}
1

2 ≪ u
n,+

0,h
≫
‖‖‖
2

S̄

+
‖‖‖{{A}}

1

2 ≪ u
n,−

0,h
≫
‖‖‖
2

S̄

)

(41)

1

2
ān
([

un
0,h

]
,
[
un
0,h

])
− b̄n

([
un
0,h

]
,
[
un
0,h

])
+ c̄n

𝜇0

([
un
0,h

]
, u

n,+

0,h

)
+ c̄n

𝜇0
(u

n,−

0,h
, u

n,−

0,h
)

⩾
∑

S∈F
n,T

h

1

2

‖‖‖‖A
1

2∇h

[
un
0,h

]‖‖‖‖
2

S

−

∑
S̄∈F̄

n,I,D

h

1

2
h𝜖2

(‖‖‖‖A
1

2
,L
∇h

[
u
n,L

0,h

]‖‖‖‖
2

S̄

+
‖‖‖‖A

1

2
,R
∇h

[
u
n,R

0,h

]‖‖‖‖
2

S̄

)

−

∑
S̄∈F̄

n,I,D

h

1

4h𝜖2

(‖‖‖A
1

2
,L ≪ u

n,+

0,h
≫
‖‖‖
2

S̄
+
‖‖‖A

1

2
,R ≪ u

n,+

0,h
≫
‖‖‖
2

S̄

+
‖‖‖A

1

2
,L ≪ u

n,−

0,h
≫
‖‖‖
2

S̄
+
‖‖‖A

1

2
,R ≪ u

n,−

0,h
≫
‖‖‖
2

S̄

)

+

∑
S̄∈F̄

n,I,D

h

𝜇0

2h

(‖‖‖{{A}}
1

2 ≪ u
n,+

0,h
≫
‖‖‖
2

S̄
+
‖‖‖{{A}}

1

2 ≪ u
n,−

0,h
≫
‖‖‖
2

S̄

)

(42)‖‖‖A
1

2
,L ≪ u

n,±

0,h
≫
‖‖‖
2

S̄
+
‖‖‖A

1

2
,R ≪ u

n,±

0,h
≫
‖‖‖
2

S̄
= cS

‖‖‖{{A}}
1

2 ≪ u
n,±

0,h
≫
‖‖‖
2

S̄
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Lemma 2 For all uN,−
0,h

∈ V
k,N

h
 and any 𝜖 > 0 the following inequality holds:

with Ctr,S the trace constant for faces S ∈ F
n,T

h
 . An identical relation holds with N replaced 

by  0 and the superscript N,− replaced by 0,+.

The proof of Lemma 2 is completely analogous to the proof of Lemma 1.
For the analysis, we also need the following discrete Sobolev inequality, which is a 

slight modification of [7] (Theorem 2.1).

Lemma 3 There exists a constant cI , depending on k,   |�h| and the tessellation Th such 
that for all vh ∈ Vk

h

The discrete Sobolev inequality, stated in Lemma 3, immediately gives the following 
estimate.

Lemma 4 For all un
0,h

∈ V
k,n

h
, n = 0, 1,⋯ ,N, the following bound holds:

Next, we provide lower and upper bounds for the bilinear form Bh(uh, uh) , with Bh 
defined in (25).

Theorem 1 Given a zero Dirichlet boundary condition gD = 0 and a zero source term 
f = 0 . For uh ∈ Uk

h
, there exists a constant 𝛼 > 0, with 

�∶=
1

2
min(1,

1

2cI
)min(

1

4
,
1

2
�0 − C2

tr
,�1), �0,�1 sufficiently large and trace constant 

Ctr∶=maxn∈{0,1,⋯,N−1} maxS∈Fn,T Ctr,S, such that the bilinear form Bh(uh, uh) satisfies the 
bounds

(43)

1

2
āN(u

N,−

0,h
, u

N,−

0,h
) − b̄N(u

N,−

0,h
, u

N,−

0,h
) + c̄N

𝜇0
(u

N,−

0,h
, u

N,−

0,h
)

⩾
∑

S∈F
N,T

h

1

2
(1 − 𝜖2C2

tr,S
)
‖‖‖A

1

2∇hu
N,−

0,h

‖‖‖
2

S
+

∑
S̄∈F̄

N,I,D

h

(
𝜇0 −

1

2𝜖2

)
1

h

‖‖‖{{A}}
1

2 ≪ u
N,−

0,h
≫
‖‖‖
2

S̄

(44)
�

S∈F
n,T

h

�� vh��2S ⩽ cI

⎛⎜⎜⎝
�

S∈F
n,T

h

���A
1

2∇hvh
���
2

S
+

�
S̄∈F̄

n,I,D

h

1

h

���{{A}}
1

2 ≪ vh ≫
���
2

S

⎞⎟⎟⎠
.

(45)

1

cI

⎛
⎜⎜⎝
�

S∈F
N,T

h

��� u
N,−

0,h

���
2

S
+

N−1�
n=1

�
S∈F

n,T

h

����
�
un
0,h

�����
2

S

+

�
S∈F

0,T

h

��� u
0,+

0,h

���
2

S

⎞
⎟⎟⎠
⩽

�
S∈F

N,T

h

���A
1

2∇hu
N,−

0,h

���
2

S

+

�
S̄∈F̄

N,I,D

h

1

h

��� {{A}}
1

2 ≪ u
N,−

0,h
≫
���
2

S̄
+

N−1�
n=1

�
S∈F

n,T

h

����A
1

2∇h

�
un
0,h

�����
2

S

+

N−1�
n=1

�
S̄∈F̄

n,I,D

h

1

h

���� {{A}}
1

2 ≪
�
un
0,h

�
≫
����
2

S̄

+

�
S∈F

0,T

h

���A
1

2∇hu
0,+

0,h

���
2

S
+

�
S̄∈F̄

0,I,D

h

1

h

���{{A}}
1

2 ≪ u
0,+

0,h
≫
���
2

S̄
.
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Proof A. Lower bound for Bh(uh, uh) . Choose v = uh in (25), after integrating in time the 
contributions containing a time derivative and rearranging terms, we obtain

Using Lemmas 1 and 2, we obtain then the estimate

(46)

1

2
𝛼

⎛⎜⎜⎜⎝

�
S∈F

N,T
h

���� u
N,−

0,h

���
2

S
+
��� u

N,−

1,h

���
2

S
+
����A

1

2 ∇hu
N,−

0,h

����
2

S

�
+

�
S̄∈F̄

N,I,D
h

1

h

����{{A}}
1

2 ≪ u
N,−

0,h
≫
����
2

S̄

+

N−1�
n=1

�
S∈F

n,T
h

�����
�
un
0,h

�����
2

S

+
����
�
un
1,h

�����
2

S

+
����A

1

2 ∇h

�
un
0,h

�����
2

S

�

+

N−1�
n=1

�
S̄∈F̄

n,I,D
h

1

h

�����{{A}}
1

2 ≪ u
n,+

0,h
≫
����
2

S̄

+
����{{A}}

1

2 ≪ u
n,−

0,h
≫
����
2

S̄

�

+

�
S∈F

0,T
h

���� u
0,+

0,h

���
2

S
+
��� u

0,+

1,h

���
2

S
+
����A

1

2 ∇hu
0,+

0,h

����
2

S

�
+

�
S̄∈F̄

0,I,D
h

1

h

����{{A}}
1

2 ≪ u
0,+

0,h
≫
����
2

S̄

+

N−1�
n=0

�
S∈F

n,I,D
h

�
1

h

����{{A}}
1

2 ≪ u0,h ≫
����
2

S

+
1

h

����{{A}}
1

2 ≪ u1,h − u̇0,h ≫
����
2

S

�⎞⎟⎟⎟⎠
⩽ Bh(uh, uh)

⩽
1

2𝛼
(1 + 𝜇0)(1 + C2

tr
)
2

⎛⎜⎜⎜⎝

�
S∈F

0,T
h

�
�� h1��2S +

����A
1

2 ∇hh0
����
2

S

�
+

�
S̄∈F̄

0,I,D
h

1

h

����{{A}}
1

2 ≪ h0 ≫
����
2

S̄

⎞⎟⎟⎟⎠
.

Bh(uh, uh) =
∑

S∈F
N,T
h

(
1

2

‖‖‖ u
N,−

1,h

‖‖‖
2

S
+

1

2

‖‖‖‖A
1

2 ∇hu
N,−

0,h

‖‖‖‖
2

S

)
+

N−1∑
n=1

∑
S∈F

n,T
h

(
1

2

‖‖‖‖
[
un
1,h

]‖‖‖‖
2

S

+
1

2

‖‖‖‖A
1

2 ∇h

[
un
0,h

]‖‖‖‖
2

S

)

+

∑
S∈F

0,T
h

(
1

2

‖‖‖ u
0,+

1,h

‖‖‖
2

S
+

1

2

‖‖‖‖A
1

2 ∇hu
0,+

0,h

‖‖‖‖
2

S

)

−

∑
S̄∈F̄

N,I,D
h

∫S̄

{{A∇hu
N,−

0,h
}}⋅ ≪ u

N,−

0,h
≫ dS̄

−

N−1∑
n=1

∑
S̄∈F̄

n,I,D
h

∫S̄

{{A∇h

[
un
0,h

]
}}⋅ ≪

[
un
0,h

]
≫ dS̄

−

∑
S̄∈F̄

0,I,D
h

∫S̄

{{A∇hu
0,+

0,h
}}⋅ ≪ u

0,+

0,h
≫ dS̄

+

N∑
n=1

∑
S̄∈F̄

n,I,D
h

𝜇
0

h

‖‖‖‖{{A}}
1

2 ≪ u
n,−

0,h
≫
‖‖‖‖
2

S̄

+

N−1∑
n=1

∑
S̄∈F̄

n,I,D
h

𝜇
0

h ∫S̄

{{A}} ≪
[
un
0,h

]
≫ ⋅ ≪ u

n,+

0
≫ dS̄

+

∑
S̄∈F̄

0,I,D
h

𝜇
0

h

‖‖‖‖{{A}}
1

2 ≪ u
0,+

0,h
≫
‖‖‖‖
2

S̄

+

N−1∑
n=0

∑
S∈F

n,I,D
h

𝜇
1

h

(‖‖‖‖{{A}}
1

2 ≪ u
0,h ≫

‖‖‖‖
2

S

+
‖‖‖‖{{A}}

1

2 ≪ u
1,h − u̇

0,h ≫
‖‖‖‖
2

S

)
.
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Choose �1 =
1

2C2
tr

 in (47). Define �∶= 1

2
min(1,

1

2cI
)min(

1

4
,
1

2
�0 − C2

tr
,�1) , with trace constant 

Ctr given by Ctr∶=maxn∈{0,1,⋯,N−1} maxS∈Fn,T Ctr,S . We obtain then after using Lemma 4, 
and choosing the constants �0 and �1 large enough, the lower bound

(47)

Bh(uh, uh) ⩾
∑

S∈F
N,T

h

(
1

2

‖‖‖ u
N,−

1,h

‖‖‖
2

S
+

1

2
(1 − 𝜖2

1
C2
tr,S

)
‖‖‖A

1

2∇hu
N,−

0,h

‖‖‖
2

S

)

+

∑
S̄∈F̄

N,I,D

h

(
𝜇0 −

1

2𝜖2
1

)
1

h

‖‖‖{{A}}
1

2 ≪ u
N,−

0,h
≫
‖‖‖
2

S̄

+

N−1∑
n=1

∑
S∈F

n,T

h

(
1

2

‖‖‖‖
[
un
1,h

]‖‖‖‖
2

S

+
1

2
(1 − 𝜖2

1
C2
tr,S

)
‖‖‖‖A

1

2∇h

[
un
0,h

]‖‖‖‖
2

S

)

+

N−1∑
n=1

∑
S̄∈F̄

n,I,D

h

(
𝜇0 −

1

𝜖2
1

)
1

2h

(‖‖‖{{A}}
1

2 ≪ u
n,+

0,h
≫
‖‖‖
2

S̄
+
‖‖‖{{A}}

1

2 ≪ u
n,−

0,h
≫
‖‖‖
2

S̄

)

+

∑
S∈F

0,T

h

(
1

2

‖‖‖ u
0,+

1,h

‖‖‖
2

S
+

1

2
(1 − 𝜖2

1
C2
tr,S

)
‖‖‖A

1

2∇hu
0,+

0,h

‖‖‖
2

S

)

+

∑
S̄∈F̄

0,I,D

h

(
𝜇0 −

1

2𝜖2
1

)
1

h

‖‖‖{{A}}
1

2 ≪ u
0,+

0,h
≫
‖‖‖
2

S̄

+

N−1∑
n=0

∑
S∈F

n,I,D

h

𝜇1

h

(‖‖‖{{A}}
1

2 ≪ u0,h ≫
‖‖‖
2

S
+
‖‖‖{{A}}

1

2 ≪ u1,h − u̇0,h ≫
‖‖‖
2

S

)
.

(48)

Bh(uh, uh) ⩾ 𝛼

( ∑
S∈F

N,T

h

(‖‖‖ u
N,−

0,h

‖‖‖
2

S
+
‖‖‖ u

N,−

1,h

‖‖‖
2

S
+
‖‖‖A

1

2∇hu
N,−

0,h

‖‖‖
2

S

)

+

∑
S̄∈F̄

N,I,D

h

1

h

‖‖‖{{A}}
1

2 ≪ u
N,−

0,h
≫
‖‖‖
2

S̄

+

N−1∑
n=1

∑
S∈F

n,T

h

(‖‖‖‖
[
un
0,h

]‖‖‖‖
2

S

+
‖‖‖‖
[
un
1,h

]‖‖‖‖
2

S

+
‖‖‖‖A

1

2∇h

[
un
0,h

]‖‖‖‖
2

S

)

+

N−1∑
n=1

∑
S̄∈F̄

n,I,D

h

1

h

(‖‖‖{{A}}
1

2 ≪ u
n,+

0,h
≫
‖‖‖
2

S̄
+
‖‖‖{{A}}

1

2 ≪ u
n,−

0,h
≫
‖‖‖
2

S̄

)

+

∑
S∈F

0,T

h

(‖‖‖ u
0,+

0,h

‖‖‖
2

S
+
‖‖‖ u

0,+

1,h

‖‖‖
2

S
+
‖‖‖A

1

2∇hu
0,+

0,h

‖‖‖
2

S

)

+

∑
S̄∈F̄

0,I,D

h

1

h

‖‖‖{{A}}
1

2 ≪ u
0,+

0,h
≫
‖‖‖
2

S̄

+

N−1∑
n=0

∑
S∈F

n,I,D

h

1

h

(‖‖‖{{A}}
1

2 ≪ u0,h ≫
‖‖‖
2

S
+
‖‖‖{{A}}

1

2 ≪ u1,h − u̇0,h ≫
‖‖‖
2

S

))
.
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B. Upper bound for Fh(uh) . Choose vh = uh in (26). Using the Schwarz, Hölder and arith-
metic geometric mean inequalities and the trace inequality, we obtain

Choose �2
2
=

�

(1+C2
tr
)(1+�0)

 , then we obtain the bound

Using (24), we can connect the lower bound (48) and the upper bound (49). The terms 
with norms containing u0,h and u1,h in (49) can be directly balanced with the corresponding 
terms in (48). 

For the a priori error analysis in Sect. 6, we also need bounds on the time derivative 
of u0,h and u1,h , which are given by Theorem 2. Before we state these results we first give 
some definitions that we need in the subsequent analysis.

Definition 1 The conforming finite element space Vk,c

h
 on Eh is defined as

For n = 0, 1,⋯ ,N , the conforming finite element space V̄k,n,c

h
 is the restriction of Vk,c

h
 to �h 

at time t = tn , and is defined as

We denote with V̄k,n,c

0,h
 the space V̄k,n,c

h
 with zero trace at ��h.

We assume that V̄k,n,c

h
 satisfies on shape and contact regular meshes for all 

s ∈ {0,⋯ , k + 1} and for all v ∈ Hs(�h) the optimal polynomial approximation

||Fh(uh)
|| ⩽

∑
S∈F

0,T

h

(
1

2𝜖2
2

‖‖ h1‖‖2S + 1

2
𝜖2
2

‖‖‖ u
0,+

1,h

‖‖‖
2

S
+

1

2𝜖2
2

‖‖‖A
1

2∇hh0
‖‖‖
2

S
+

1

2
𝜖2
2

‖‖‖A
1

2∇hu
0,+

0,h

‖‖‖
2

S

)

+

∑
S∈F

0,T

h

1

2
𝜖2
2
C2
tr,S

‖‖‖A
1

2∇hu
0,+

0,h

‖‖‖
2

S
+

∑
S̄∈F̄

0,I,D

h

1

2𝜖2
2

1

h

‖‖‖{{A}}
1

2 ≪ h0 ≫
‖‖‖
2

S̄

+

∑
S∈F

0,T

h

1

2𝜖2
2

C2
tr,S

‖‖‖A
1

2∇hh0
‖‖‖
2

S
+

∑
S̄∈F̄

0,I,D

h

𝜖2
2

1

2h

‖‖‖{{A}}
1

2 ≪ u
0,+

0,h
≫
‖‖‖
2

S̄

+

∑
S̄∈F̄

0,I,D

h

𝜇0

2h

(
𝜖2
2

‖‖‖{{A}}
1

2 ≪ u
0,+

0,h
≫
‖‖‖
2

S̄
+

1

𝜖2
2

‖‖‖{{A}}
1

2 ≪ h0 ≫
‖‖‖
2

S̄

)
.

(49)

��Fh(uh)
�� ⩽ 1

2
𝛼

⎛
⎜⎜⎝
�

S∈F
0,T

h

���� u
0,+

1,h

���
2

S
+
���A

1

2∇hu
0,+

0,h

���
2

S

�
+

�
S̄∈F̄

0,I,D

h

1

h

���{{A}}
1

2 ≪ u
0,+

0,h
≫
���
2

S̄

⎞⎟⎟⎠

+
1

2𝛼
(1 + 𝜇0)(1 + C2

tr
)
2

⎛⎜⎜⎝
�

S∈F
0,T

h

��� h1��2S + ���A
1

2∇hh0
���
2

S

�

+

�
S̄∈F̄

0,I,D

h

1

h

���{{A}}
1

2 ≪ h0 ≫
���
2

S

⎞⎟⎟⎠
.

V
k,c

h
∶={v ∈ C0

(E
n

h
), n = 0, 1,⋯ ,N − 1 | v ∈ Pk

(K),∀K ∈ Th} ⊂ Vk
h
.

V̄
k,n,c

h
∶={v ∈ C0

(𝛺h) | v ∈ Pk
(K),∀K ∈ T̄

n

h
} ⊂ V

k,n

h
|
T̄

n

h
.
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Definition 2 The spatial L2-interpolation operator �̂�n
h
∶ L2(𝛺h) → V̄

k,n,c

h
 is defined as

Correspondingly, we have

Lemma 5 (Karakashian and Pascal [18], Thms.  2.2 and 2.3) Let T̄h be a conforming 
quasi-uniform polyhedral mesh satisfying the angle condition, namely, there exists a con-
stant 𝜃0 > 0 s.t. hK∕𝜌K ⩾ 𝜃0, ∀K ∈ T̄h, where hK and �K denote, respectively, the diam-
eters of the circumscribed and inscribed balls to K. Then for any vh ∈ V̄

k,n

h
 there exists a 

�̂�n
h
vh ∈ V̄

k,n,c

h
 satisfying

where C is independent of h and vh, but may depend on the minimum angle �0 in the mesh.

Remark 1 Since the interpolant �̂�n
h
vh constructs a conforming Lagrangian interpolant 

using at each mesh point the average value of the DG solution of all elements connected to 
that mesh point this procedure can also be used for hexahedral elements. For instance by 
subdividing each hexahedral element into polyhedra, or by directly generating a polyhedral 
mesh based on the vertices in the mesh. If necessary extra mesh points can be added in this 
procedure.

Theorem 2 If u0,h, u1,h ∈ Vk
h
 satisfy (24) with a homogeneous Dirichlet boundary condi-

tion, namely gD = 0, and zero source term f = 0, then the time derivatives of u0,h, u1,h sat-
isfy the inequalities

with C a constant independent of u0,h, u1,h and h.

Proof A. Define the bilinear form a
n

h
(v,w) ∶ V̄

k,n,c

0,h
× V̄

k,n,c

0,h
→ ℝ with 

a
n

h
(v,w)∶=(A∇v,∇w)�h

 for n = 0, 1,⋯ ,N − 1 . Consider the auxiliary problem: given 
u0,h, u1,h ∈ V

k,n

0,h
 , find v0,h(⋅, t) ∈ V̄

k,n,c

0,h
 such that

inf
vh∈V̄

n,k,c

h

||v − vh
||m,𝛺h

⩽ Chs−m|v|s,𝛺 ∀m ∈ {0,⋯ , s}.

(50)(�̂�n
h
w(⋅, t), v)𝛺h

= (w(⋅, t), v)𝛺h
, ∀v ∈ V̄

k,n,c

h
.

(51)�̂�hw = �̂�n
h
w(t), t ∈ In, n = 0, 1,⋯ ,N − 1.

(52)
∑

K∈T̄
n

h

‖‖‖A
1

2∇(vh − �̂�n
h
vh)

‖‖‖
2

K
⩽ C

∑
S̄∈F̄

n,I,D

h

1

h

‖‖‖{{A}}
1

2 ≪ vh ≫
‖‖‖
2

S̄
,

(53)��u1,h − u̇0,h
��Eh ⩽ C

⎛⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

���{{A}}
1

2 ≪ u1,h − u̇0,h ≫
���
2

S

⎞
⎟⎟⎠

1

2

,

(54)

��u̇1,h��1,−1,2,Eh ⩽ C(1 + h)

⎛
⎜⎜⎜⎝
���A

1

2∇hu0,h
���Eh +

⎛⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

���{{A}}
1

2 ≪ u0,h ≫
���
2

S

⎞⎟⎟⎠

1

2 ⎞⎟⎟⎟⎠
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Define

and set v1 = 0 . The space-time DG discretization (24) then reduces to: find uh ∈ Uk
h
 such 

that

Next, we use the spatial L2-interpolator �̂�h , given by (51), to write (56) as

Using (55) with w = �̂�n
h
(u̇0,h − u1,h) and (50)–(51) we can express the first term on the left-

hand side of (57) as

Next, using the Schwarz inequality, Lemma 5 we can estimate the second term on the left-
hand side of (57) as

where in the last step we used (55) with w = v0,h(⋅, t) and Poincare’s theorem, resulting in

Using the discrete trace theorem, as stated, e.g., in [8] (Lemma 1.46), and (60), we have for 
v0 ∈ V̄

k,n,c

0,h
 the bound

The third term on the left-hand side of (57) then can be estimated as

(55)a
n

h
(v0,h(⋅, t),w) =

(
(t − tn)(tn+1 − t)(u̇0,h − u1,h),w

)
𝛺h

, ∀w ∈ V̄
k,n,c

0,h
, t ∈ In.

v0 = v0,h(⋅, t), t ∈ In, v0,h(⋅, t) ∈ V̄
k,n,c

0,h
,

(56)Bh(uh, v) = a
((
u̇0,h − u1,h, v0

))
− b

((
v0, u̇0,h − u1,h

))
= 0, ∀v0 ∈ V

k,c

h
.

(57)
a
((
�̂�h(u̇0,h − u1,h), v0

))
+ a

((
u̇0,h − u1,h − �̂�h(u̇0,h − u1,h), v0

))

− b
((
v0, u̇0,h − u1,h

))
= 0, ∀v0 ∈ V

k,c

h
.

(58)a
((
�̂�h(u̇0,h − u1,h), v0

))
=

N−1∑
n=0

∫
tn+1

tn

(t − tn)(tn+1 − t)‖‖u̇0,h − u1,h
‖‖2𝛺h

dt.

(59)

a
��
u̇0,h − u1,h − �̂�h(u̇0,h − u1,h), v0

��

⩽ C

N−1�
n=0

∫
tn+1

tn

⎛⎜⎜⎝
�

S̄∈F̄
n,I,D

h

1

h

���{{A}}
1

2 ≪ u̇0,h − u1,h ≫
���
2

S̄

⎞⎟⎟⎠

1

2

���A
1

2∇v0
���𝛺h

dt

⩽ C

⎛⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

���{{A}}
1

2 ≪ u̇0,h − u1,h ≫
���
2

S

⎞⎟⎟⎠

1

2�N−1�
n=0

∫
tn+1

tn

��u̇0,h − u1,h
��2𝛺h

dt

� 1

2

,

(60)
‖‖‖A

1

2∇v0
‖‖‖𝛺h

= (t − tn)(t − tn+1)
‖‖u̇0,h − u1,h

‖‖𝛺h

.

∑
S̄∈F̄

n,I,D

h

h
1

2
‖‖‖{{A∇hv0}}

‖‖‖S̄ ⩽ C
‖‖‖A

1

2∇v0
‖‖‖𝛺h

⩽ C(t − tn)(tn+1 − t)‖‖u̇0,h − u1,h
‖‖𝛺h

.
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Introducing now (58), (59) and (61) into (57), using the standard inverse estimate

since u̇0,h − u1,h ∈ Vk
h
 (see, e.g., Thm. 2.2 in [2]), and  division of all terms by 

‖‖u̇0,h − u1,h
‖‖Eh = ‖‖u̇0,h − u1,h

‖‖2,0,2,Eh then gives (53).
B. Choose for each space-time slab E n

h
 , n = 0, 1,⋯ ,N − 1 , the test functions as v0 = 0 , 

v1 = (t − tn)(tn+1 − t)ṽ1 , with ṽ1(x, t) ∈ C∞

0
(𝛺h) × Pk(In) and gD = 0 , f = 0 . Note, this 

implies ≪ v1 ≫= 0, for all S ∈ F
n,I

h
, n = 0, 1,⋯ ,N − 1 . The function space C∞

0
(�h) is 

dense in Wm,p

0
(�h) , and also in the broken Sobolev space Wm,p

0
(T̄h) with zero trace at ��h , 

hence we can define the negative order Sobolev norm ‖ v‖−m,p,T̄h
 for Ws,p

0
(T̄h) analogously 

to (4).
For this choice of test functions, we obtain from (24)

Applying the Schwarz inequality and using ṽ1(x, ⋅) ∈ C∞

0
(𝛺h) , we obtain then the estimate

Next, we use the continuous trace inequality, e.g., [8, Lemma 1.49], to estimate the ṽ1(x, ⋅) 
contribution in the second term on the right-hand side as

Since ṽ1(x, ⋅) ∈ C∞

0
(𝛺h) and |�h| ⩽ C we have ||ṽ1|| 2,𝛺h

⩽ C2 . Taking the supremum of (62) 
for all ṽ1(x, ⋅) ∈ C∞

0
(𝛺h) , with ‖‖ ṽ1‖‖1,𝛺h

⩽ 1 and using a standard inverse estimate in time 
then gives

(61)

b
��
v0, u̇0,h − u1,h

��

⩽ C

⎛
⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

���{{A}}
1

2 ≪ u̇0,h − u1,h ≫
���
2

S

⎞
⎟⎟⎠

1

2�N−1�
n=0

∫
tn+1

tn

��u̇0,h − u1,h
��2𝛺h

dt

� 1

2

.

1

C0
∫

tn+1

tn

‖‖u̇0,h − u1,h
‖‖2𝛺h

dt ⩽ ∫
tn+1

tn

(t − tn)(tn+1 − t)‖‖u̇0,h − u1,h
‖‖2𝛺h

dt

((
u̇1,h, v1

))
+ a

((
u0,h, v1

))
− b

((
v1, u0,h

))
= 0.

(62)

N−1�
n=0

∫
tn+1

tn

(t − tn)(tn+1 − 1)(u̇1,h, ṽ1)𝛺h
dt

⩽ C0

�
N−1�
n=0

∫
tn+1

tn

���A
1

2∇hu0,h
���T̄n

h

���∇ṽ1
���𝛺h

dt

+

N−1�
n=0

∫
tn+1

tn

�
S̄∈F̄

n,I,D

h

h
1

2
���∇ṽ1

���S̄
1

h
1

2

���{{A}}
1

2 ≪ u0,h ≫
���S̄dt

⎞⎟⎟⎠
.

∑
S̄∈F̄

n,I,D

h

h
1

2
‖‖‖∇ṽ1

‖‖‖S̄ ⩽ C1

(
h||ṽ1||2,𝛺h

+
‖‖‖∇ṽ1

‖‖‖𝛺h

)
.



927Communications on Applied Mathematics and Computation (2022) 4:904–944 

1 3

Finally, multiplying both sides with C2 gives (54). 

Corollary 1 If u0,h, u1,h ∈ Vk
h
 satisfy (24) with a homogeneous Dirichlet boundary con-

dition, namely gD = 0 , and zero source term f = 0 , then the time derivatives of u0,h , u1,h 
satisfy the inequalities

with C a constant independent of u0,h , u1,h and h.

Proof Using the upper bound for the right-hand side in (53), provided by Theorem  1, 
immediately gives (63). The same applies for the second term on the right-hand side of 
(54). For the first term on the right-hand side define

Theorem  1 then gives the following upper bounds:

with constants C1,C2 . Here, we used that Tn,T

h
⊆ T̄

,n

h
 and the fact that Theorem  1 is valid 

for any time level t = tn , n = 0, 1,⋯ ,N . Since u0,h ∈ Vk
h
 is a polynomial in space and in 

time in each space-time element K ∈ T
n

h
 this implies that q2

h
(t) ∈ P2k(In) . This, together 

with the bounds on q2
h
(t) at times t = t+

n
 and t = t−

n+1
 , implies that q2

h
(t) is continuous and 

bounded on Īn . Hence,

which completes the proof of the bound (64). 

1

C2

N−1�
n=0

�
tn+1

tn

��u̇1,h��−1,2,𝛺h

dt

⩽

N−1�
n=0

�
tn+1

tn

(t − tn)(tn+1 − t) sup

ṽ1 ≠ 0,∀ṽ1(x, ⋅) ∈ C∞

0
(𝛺h),�� ṽ1�� 1,𝛺h

⩽ 1

(u̇1,h, ṽ1)𝛺h
dt

⩽ C0C1(1 + h)

⎛⎜⎜⎝

�
N−1�
n=0

�
tn+1

tn

���A
1

2∇hu0,h
���
2

T̄
n

h

dt

� 1

2

+

⎛
⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

���{{A}}
1

2 ≪ u0,h ≫
���
2

S

⎞
⎟⎟⎠

1

2 ⎞⎟⎟⎟⎠
.

(63)‖‖u1,h − u̇0,h
‖‖Eh ⩽ C,

(64)‖‖u̇1,h‖‖1,−1,2,Eh ⩽ C(1 + h)

q2
h
(t) =

∑
K∈T̄

n

h

‖‖‖A
1

2∇u0,h(⋅, t)
‖‖‖
2

K
with t ∈ In.

q2
h
(t+
n
) ⩽ C1 and q2

h
(t−
n+1

) ⩽ C2 for n = 0, 1,⋯ ,N − 1

‖‖‖A
1

2∇hu0,h
‖‖‖
2

Eh

=

N−1∑
n=0

∫
tn+1

tn

∑
K∈T̄

n

h

‖‖‖A
1

2∇u0,h(⋅, t)
‖‖‖
2

K
dt =

N−1∑
n=0

∫
tn+1

tn

q2
h
(t)dt ⩽ C,
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6  A Priori Error Analysis

In this section, we will provide an a priori error analysis of the space-time IP-DG dis-
cretization of the second-order wave equation (24). The main tool we use is the back-
ward in time error analysis and the bounds stated in Theorems  1, 2 and Corollary  1. 
Before we state our main result, we first give some definitions.

Definition 3 (Riesz projection) For n = 0, 1,⋯ ,N , the spatial H1-interpolation operator 
�̄�n
h
∶ H1

0
(𝛺h) → V̄

k,n,c

0,h
 is defined as

Correspondingly, we have

In the a priori error analysis, we will use the following bounds on the error in the 
Riesz projection.

Lemma 6 Let T̄ n

h
 , n = 0, 1,⋯ ,N , be shape and contact regular meshes. Then for 

w ∈ Hk+1(�h) ∩ H1
0
(�h) with k ⩾ 1 , the Riesz projection �̄�n

h
w , given by (65), satisfies

A proof for error estimate (67) can be found in, e.g., [28, Lemma  1.1]. Error esti-
mates (68)–(69) are a direct consequence of (67) using the continuous trace inequality, 
see, e.g., [8, Lemma 1.49 and also Lemma 1.59].

Definition 4 For n = 0, 1,⋯ ,N − 1 , the temporal interpolation operator 
Jh ∶ C0(Īn) → Pk(Īn) is defined as 

Lemma 7 For w ∈ Hk+1(In) with k ⩾ 1 the temporal projection Jhw satisfies

A proof for error estimate (71) can be found in [28] in the proof of Theorem 12.1.

(65)(∇�̄�n
h
w(⋅, t),∇v)𝛺h

= (∇w(⋅, t),∇v)𝛺h
, ∀v ∈ V̄

k,n,c

0,h
.

(66)𝜋hw = �̄�n
h
w(t) for t ∈ In, n = 0, 1,⋯ ,N − 1.

(67)��w − �̄�n
h
w��𝛺h

+ h
���∇(w − �̄�n

h
w)
���𝛺h

⩽ Chk+1‖w‖k+1,𝛺h
,

(68)
�

S̄∈F̄
n,I,D

h

��w − �̄�n
h
w��S̄ ⩽ Ch

k+
1

2 ‖w‖k+1,𝛺h
,

(69)
�

S̄∈F̄
n,I,D

h

���{{∇w − �̄�n
h
w}}

���S̄ ⩽ Ch
k−

1

2 ‖w‖k+1,𝛺h
.

(70a)∫In

(Jhw) vdt = ∫In

wv dt, ∀v ∈ Pk−1
(In),

(70b)(Jhw)
n+1,−

= wn+1,−.

(71)‖‖w − Jhw
‖‖ In

⩽ C(Δt)k+1|w| k+1,∞,In
.



929Communications on Applied Mathematics and Computation (2022) 4:904–944 

1 3

Definition 5 For uh ∈ U
k,N−1

h
 , with uN,−

h
= uh|tN,− , the DG norm at time t = tN is defined as

Next, we state our main result, which provides an error estimate for the space-time 
IP-DG discretization (24).

Theorem  3 Let u ∈ C0((0, T);H1
0
(�)) ∩ Hk+1(Th) , with time derivative 

u̇ ∈ C0((0, T);H1
0
(𝛺)) ∩ Hk+1(Th) , solve the second-order wave equation (1) with a homo-

geneous Dirichlet boundary condition. The error at time t = tN in the solution of the space-
time IP-DG discretization of the second-order wave equation (24), given by uh ∈ Uk

h
 with 

k ⩾ 1 , can be bounded as

with mesh size h = maxK∈T̄h
hK and time step Δt = maxn∈{0,⋯,N−1} Δtn.

Proof A. Split the error into two parts �h = Jh�hu − u and �h = uh − Jh�hu . Next, using 
(30), we define the discrete dual problem

Choose v = �h in (73) then, analogously to Lemma 2 and using Lemma 3, we obtain for 
(�h, zh) ∈ Uk

h
× Uk

h
 the estimate

with 𝛽 =
1

2
min(

1

2
,𝜇0 − 2CN

tr
)min(1,

1

Cp

) ⩾ 𝛽0 > 0 , with CN
tr
∶=maxS∈FN−1,T Ctr,S the maxi-

mum trace coefficient for the faces S ∈ F
N−1,T

h
 . Next, we use the orthogonality relation for 

Bh (39)

and also the relation u − Jh�hu = u − �hu + �hu − Jh�hu to obtain the estimate

(72)

|||
|||
||| u

N,−

h

|||
|||
|||
2

=

∑
S∈F

N,T

h

(‖‖‖ u
N,−

0,h

‖‖‖
2

S
+
‖‖‖ u

N,−

1,h

‖‖‖
2

S
+
‖‖‖A

1

2∇hu
N,−

0,h

‖‖‖
2

S

)

+

∑
S̄∈F̄

N,I,D

h

1

h

‖‖‖{{A}}
1

2 ≪ u
N,−

0,h
≫
‖‖‖
2

S̄
.

���
���
��� (u, u̇)

N,−
− u

N,−

h

���
���
��� < C

�
hk + 𝛥tk

�‖u‖∞,k+1,2,Eh

(73)Bh(v, zh) = (v
N,−

1
, 𝜃N,−

1,h
)
N
+ āN(v

N,−

0
, 𝜃N,−

0,h
) − b̄N

S
(v

N,−

0
, 𝜃N,−

0,h
) + c̄N

𝜇0
(v

N,−

0
, 𝜃N,−

0,h
).

(74)

Bh(𝜃h, zh) ⩾ 𝛽

⎛
⎜⎜⎝
�

S∈F
N,T

h

���� 𝜃
N,−

0,h

���
2

S
+
��� 𝜃

N,−

1,h

���
2

S
+
���A

1

2∇h𝜃
N,−

0,h

���
2

S

�

+

�
S̄∈F̄

N,I,D

h

1

h

���{{A}}
1

2 ≪ 𝜃N,−
0,h

≫
���
2

S̄

⎞⎟⎟⎠
= 𝛽

���
���
���𝜃

N,−

h

���
���
���
2

Bh(�h, zh) = Bh(uh − Jh�hu, zh) = Bh(u − Jh�hu, zh), ∀zh ∈ Uk
h
× Uk

h
,

(75)�
|||
|||
|||�

N,−

h

|||
|||
|||
2

⩽ Bh(u − �hu, zh) + Bh(�hu − Jh�hu, zh), ∀zh ∈ Uk
h
× Uk

h
.
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B. Using the time integrated by parts form of Bh (31) the upper bound in (75) can be writ-
ten in terms of the interpolation errors and the discrete dual solution zh as

Many terms in (76) are zero due to the interpolants (66) and (70b). 
(76)

𝛽
|||
|||
|||𝜃

N,−

h

|||
|||
|||
2

⩽ −
((
u1 − 𝜋hu1, ż1,h

))
−

N−1∑
n=1

(
(u1 − 𝜋hu1)

n,−,
[
zn
1,h

])n

+

(
(u1 − 𝜋hu1)

N,−, z
N,−

1,h

)N

+ a
((
u0 − 𝜋hu0, z1,h − ż0,h

))
− a

((
u1 − 𝜋hu1, z0,h

))

−

N−1∑
n=1

ān
(
(u0 − 𝜋hu0)

n,−,
[
zn
0,h

])

+ āN((u0 − 𝜋hu0)
N,−, z

N,−

0,h
) − bS

((
u0 − 𝜋hu0, z1,h − ż0,h

))

+ bS
((
u1 − 𝜋hu1, z0,h

))
+

N−1∑
n=1

b̄n
S

(
(u0 − 𝜋hu0)

n,−,
[
zn
0,h

])

− b̄N
S
((u0 − 𝜋hu0)

N,−, z
N,−

0,h
) +

N−1∑
n=0

c̄n
𝜇0
((u0 − 𝜋hu0)

n,+, z
n,+

0,h
)

+ c̄N
𝜇0
((u0 − 𝜋hu0)

N,−, z
N,−

0,h
) −

N−1∑
n=1

c̄n
𝜇0

([
(u0 − 𝜋hu0)

n
]
, z

n,−

0,h

)

+ c𝜇1

((
u0 − 𝜋hu0, z0,h

))
+ c𝜇1

((
u1+u̇0 − 𝜋h(u1+u̇0), z1,h+ż0,h

))

−
((
𝜋hu1 − Jh𝜋hu1, ż1,h

))

−

N−1∑
n=1

(
(𝜋hu1 − Jh𝜋hu1)

n,−,
[
zn
1,h

])n

+ ((𝜋hu1 − Jh𝜋hu1)
N,−, z

N,−

1,h
)
N

+ a
((
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h

))
− a

((
𝜋hu1 − Jh𝜋hu1, z0,h

))

−

N−1∑
n=1

ān
(
(𝜋hu0 − Jh𝜋hu0)

n,−,
[
zn
0,h

])
+ āN((𝜋hu0 − Jh𝜋hu0)

N,−, z
N,−

0,h
)

− bS
((
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h

))
+ bS

((
𝜋hu1 − Jh𝜋hu1, z0,h

))

+

N−1∑
n=1

b̄n
S

(
(𝜋hu0 − Jh𝜋hu0)

n,−,
[
zn
0,h

])
− b̄N

S
((𝜋hu0 − Jh𝜋hu0)

N,−, z
N,−

0,h
)

+

N−1∑
n=0

c̄n
𝜇0

(
(𝜋hu0 − Jh𝜋hu0)

n,+, z
n,+

0,h

)
+ c̄N

𝜇0
((𝜋hu0 − Jh𝜋hu0)

N,−, z
N,−

0,h
)

−

N−1∑
n=1

c̄n
𝜇0

([
(𝜋hu0 − Jh𝜋hu0)

n
]
, z

n,−

0,h

)
+ c𝜇1

((
𝜋hu0 − Jh𝜋hu0, z0,h

))

+ c𝜇1

((
𝜋h(u1+u̇0) − Jh𝜋h(u1+u̇0), z1,h+ż0,h

))
=∶

32∑
i=1

Ei.
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 (i) Since ∫
In
(Jhw − w)v dt = 0, for all v ∈ Pk−1(In) we have E17 = 0.

 (ii) From condi t ion  (70b) ,  (Jhw)
n,− = wn,− for  n = 1,⋯ ,N  we obta in 

E18 = E19 = E22 = E23 = E26 = E27 = E29 = 0.
 (iii) S ince  u0(⋅, t), u1(⋅, t) ∈ H1

0
(�h) and  𝜋hu0(⋅, t),𝜋hu1(⋅, t) ∈ V̄

k,n,c

h
 we  have 

≪ u0 − 𝜋hu0 ≫= 0 and ≪ u1 − 𝜋hu1 ≫= 0 at faces S ∈
∑

S∈F
n,I,D

h

 , n = 0, 1,⋯ ,N − 1 
and at faces S̄ ∈

∑
S̄∈F̄

n,I,D

h

 , n = 0, 1,⋯ ,N . This implies that in E8 , E9 and E24 , E25 we 
can replace bS((u, v)) with b((u, v)) . Similarly, in E10 , E11 we have b̄n

S
(u, v) = b̄n(u, v) 

fo r  n = 1,⋯ ,N  .  A l s o ,  we  h ave  E
12

= E
13

= E
14

= E
15

= E
16

= E
28

= E
29

= E
30

= E
31

= E
32

= 0.

Collecting the non-zero terms in (76) gives

C. Next, we provide estimates for some of the terms in (77). The remaining terms are sim-
ple applications of the Schwarz and Hölder inequalities. 

i) Assume that ‖‖u1 − 𝜋hu1
‖‖1,𝛺h

> 0 , then using the fact that � ∈ C∞

0
(�h) is dense in 

H1
0
(�h) we obtain 

ii) Using the L2 interpolation (66), the term a
((
u0 − 𝜋hu0, z1,h − ż0,h

))
 can be split into 

(77)

𝛽
|||
|||
|||𝜃

N,−

h

|||
|||
|||
2

⩽ −
((
u1 − 𝜋hu1, ż1,h

))
−

N−1∑
n=1

(
(u1 − 𝜋hu1)

n,−,
[
zn
1,h

])n

+ ((u1 − 𝜋hu1)
N,−, z

N,−

1,h
)
N

+ a
((
u0 − 𝜋hu0, z1,h − ż0,h

))
− a

((
u1 − 𝜋hu1, z0,h

))

−

N−1∑
n=1

ān
(
(u0 − 𝜋hu0)

n,−,
[
zn
0,h

])

+ āN((u0 − 𝜋hu0)
N,−, z

N,−

0,h
) − b

((
u0 − 𝜋hu0, z1,h − ż0,h

))

+ b
((
u1 − 𝜋hu1, z0,h

))

+

N−1∑
n=1

b̄n
(
(u0 − 𝜋hu0)

n,−,
[
zn
0,h

])
− b̄N((u0 − 𝜋hu0)

N,−, z
N,−

0,h
)

+ a
((
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h

))

− a
((
𝜋hu1 − Jh𝜋hu1, z0,h

))
− b

((
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h

))

+ b
((
𝜋hu1 − Jh𝜋hu1, z0,h

))
.

��
u1 − 𝜋hu1, ż1,h

��
=

N−1�
n=0

�
tn+1

tn

(u1 − 𝜋hu1, ż1,h)𝛺h

�� u1 − 𝜋hu1
��1,𝛺h

�� u1 − 𝜋hu1
��1,𝛺h

dt

⩽

N−1�
n=0

�
tn+1

tn

sup
𝜙 ≠ 0, ∀𝜙 ∈ C∞

0
(𝛺h),‖𝜙‖ 1,𝛺h

⩽ 1

(𝜙, ż1,h)𝛺h

�� u1 − 𝜋hu1
��1,𝛺h

dt

⩽ �� ż1,h��1,−1,2,Eh�� u1 − 𝜋hu1
��∞,1,2,Eh

.
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 Since �̂�h(z1,h − ż0,h) ∈ V
k,c

h
 the Riesz projection (66) implies that the first term on 

the right-hand side of (78) is zero. For the second term on the right-hand side we use 
Lemma 5, resulting in the estimate 

 Analogously, we obtain 

iii) The term a
((
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h

))
 is estimated as 

 Here, the first term on the right-hand side is integrated by parts in space and we used 
𝜋hu0(x, ⋅), �̂�h(z1,h − ż0,h) ∈ V̄

k,n,c

0,h
 and the Schwarz inequality. For the second term, we 

used Lemma 5.

(78)
a
((
u0 − 𝜋hu0, z1,h − ż0,h

))
= a

((
u0 − 𝜋hu0, �̂�h(z1,h − ż0,h)

))

+ a
((
u0 − 𝜋hu0, z1,h − ż0,h − �̂�h(z1,h − ż0,h)

))
.

���a
��
u0 − 𝜋hu0, z1,h − ż0,h

�����

⩽ C
���A

1

2∇h(u0 − 𝜋hu0)
���Eh

⎛⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

��� {{A}}
1

2 ≪ z1,h − ż0,h ≫
���
2

S

⎞⎟⎟⎠

1

2

.

���a
��
u1 − 𝜋hu1, z0,h

�����

⩽ C
���A

1

2∇h(u1 − 𝜋hu1)
���Eh

⎛⎜⎜⎝

N−1�
n=0

�
S∈F

n,I,D

h

1

h

��� {{A}}
1

2 ≪ z0,h ≫
���
2

S

⎞⎟⎟⎠

1

2

,

���ā
N
((u0 − 𝜋hu0)

N−1, z
N,−

0,h
)
���

⩽ C
���A

1

2∇h(u0 − 𝜋hu0)
N,−���T̄ N

h

⎛⎜⎜⎝
�

S̄∈F̄
N,I,D

h

1

h

��� {{A}}
1

2 ≪ z
N,−

0,h
≫
���
2

S̄

⎞⎟⎟⎠

1

2

,

���
N−1�
n=1

ān
�
(u0 − 𝜋hu0)

n,−,
�
zn
0,h

�����

⩽ C

�
N−1�
n=1

���A
1

2∇h(u0 − 𝜋hu0)
n,−���

2

T̄
n

h

� 1

2 ⎛⎜⎜⎝

N−1�
n=0

�
S̄∈F̄

n,I,D

h

1

h

���� {{A}}
1

2 ≪
�
zn
0,h

�
≫
����
2

S̄

⎞⎟⎟⎠

1

2

.

���a
��
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h

�����
⩽
���a
��
𝜋hu0 − Jh𝜋hu0, �̂�h(z1,h − ż0,h)

�����
+
���a
��
𝜋hu0 − Jh𝜋hu0, z1,h − ż0,h − �̂�h(z1,h − ż0,h)

�����
⩽
���∇h ⋅ (A∇h(𝜋hu0 − Jh𝜋hu0))

���Eh
��z1,h − ż0,h

��Eh

+ C

N−1�
n=0

���∇h(𝜋hu0 − Jh𝜋hu0)
���E n

h

⎛⎜⎜⎝
�

S∈F
n,I,D

h

1

h

��� {{A}}
1

2 ≪ z1,h − ż0,h ≫
���
2

S

⎞⎟⎟⎠

1

2

.
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D. Combining all terms we obtain the following estimate for |||
|||
|||�

N,−

h

|||
|||
|||
2

:

All terms in (79) containing norms of zh can be bounded using Theorem 1 and Corollary 1, 
applied to the backward problem (30). Using the interpolation error estimates given by 
Lemmas 6 and 7, it is straightforward to bound the different interpolation error terms in 
(79), which then gives a bound for |||

|||
|||�

N,−

h

|||
|||
||| . For the bound on |||

|||
|||�

N,−

h

|||
|||
||| , we use that 

(�hu − Jh�hu)(x, t
N,−) = 0 , which follows directly from the definition of Jh in (70b), and 

also the continuity of �hu(x, tN,−) , resulting in

which can be estimated using Lemma 6. Combining the bounds for |||
|||
|||�

N,−

h

|||
|||
||| and ||||||�N,−n

|||||| 
gives the error estimate in Theorem 3. 

(79)

𝛽
|||
|||
|||𝜃

N,−

h

|||
|||
|||
2

⩽ C

(
‖‖u1 − 𝜋hu1

‖‖2∞,1,2,Eh
+

N∑
n=1

‖‖(u1 − 𝜋hu1)
n,−‖‖2𝛺h

+
‖‖‖A

1

2∇h(u0 − 𝜋hu0)
‖‖‖
2

Eh

+
‖‖‖A

1

2∇h(u1 − 𝜋hu1)
‖‖‖
2

Eh

+

N∑
n=1

‖‖‖A
1

2∇h(u0 − 𝜋hu0)
n,−‖‖‖

2

T̄
n

h

+

N−1∑
n=0

∑
S∈F

n,I,D

h

h
(‖‖‖{{∇h(u0 − 𝜋hu0)}}

‖‖‖
2

S

+
‖‖‖{{∇h(u1 − 𝜋hu1)}}

‖‖‖
2

S

)

+

N∑
n=1

∑
S̄∈F̄

n,I,D

h

h
‖‖‖{{∇h(u0 − 𝜋hu0)

n,−
}}
‖‖‖
2

S̄
+
‖‖‖∇h ⋅ (A

1

2∇h(𝜋hu0 − Jh𝜋hu0))
‖‖‖
2

Eh

+
‖‖‖A

1

2∇h(𝜋hu0 − Jh𝜋hu0)
‖‖‖
2

Eh

+
‖‖‖A

1

2∇h(𝜋hu1 − Jh𝜋hu1)
‖‖‖
2

Eh

+

N−1∑
n=0

∑
S∈F

n,I,D

h

h
(‖‖‖{{∇h(𝜋hu0 − Jh𝜋hu0)}}

‖‖‖
2

S
+
‖‖‖{{∇h(𝜋hu1 − Jh𝜋hu1)}}

‖‖‖
2

S

)) 1

2

×

(
‖‖ż1,h‖‖21,−1,2,E + ‖‖z1,h − ż0,h

‖‖2Eh +
N−1∑
n=1

‖‖‖‖
[
zn
1,h

]‖‖‖‖
2

𝛺h

+
‖‖‖z

N,−

1,h

‖‖‖
2

𝛺h

+

N−1∑
n=1

‖‖‖‖A
1

2∇h

[
zn
0,h

]‖‖‖‖
2

𝛺h

+

N−1∑
n=0

∑
S∈F

n,I,D

h

(
1

h

‖‖‖{{A}}
1

2 ≪ z1,h − ż0,h ≫
‖‖‖
2

S
+

1

h

‖‖‖{{A}}
1

2 ≪ z0,h ≫
‖‖‖
2

S

)

+

N−1∑
n=1

∑
S̄∈F̄

n,I,D

h

1

h

‖‖‖‖{{A}}
1

2 ≪
[
zn
0,h

]
≫
‖‖‖‖
2

S̄

+

∑
S̄∈F̄

N,I,D

h

1

h

‖‖‖{{A}}
1

2 ≪ z
N,−

0,h
≫
‖‖‖
2

S̄

) 1

2

.

|||
|||
|||𝜌

N,−

h

|||
|||
|||
2

=

∑
K∈T̄

N

h

(‖‖‖ (u0 − 𝜋hu0)
N,−‖‖‖

2

K
+
‖‖‖ (u1 − 𝜋hu1)

N,−‖‖‖
2

K

+
‖‖‖A

1

2∇h(u0 − 𝜋hu0)
N,−‖‖‖

2

K

)
,
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Remark 2 The space-time DG discretization for the scalar wave equation (24) has no 
CFL-type restriction for stability or convergence. As long as h = Ct , with a constant C, the 
discretization has optimal convergence in the DG-norm (72).

7  Numerical Experiments

In this section, we will provide results of numerical experiments aimed to verify the order 
of accuracy obtained from the a priori error analysis discussed in Sect.  6. This analysis 
provides bounds for the error at time t = T  and the order of accuracy of the space-time DG 
discretization in the DG-norm ||| ⋅||| . In addition, we will also compute the error at time 
t = T  and the order of accuracy in the L∞(�) and L2(�)-norms. We will consider solutions 
of the wave equation (1) on a domain with a constant material coefficient matrix A, with a 
smoothly varying material coefficient matrix A(x), and on a domain with a discontinuous 
material coefficient matrix A(x).

7.1  Constant Material Coefficients

In the first set of computations, we use the square domain � = [0, 2�]2 . The second-order 
wave equation (1) on the domain � with homogeneous Dirichlet boundary conditions at 
�� and zero source term f is solved with the space-time IP-DG discretization presented 
in Sect. 4. The matrix A in (1) is the 2 × 2 identity matrix. The exact solution of this test 
problem is given by

Apart from the scaling to the domain � = [0, 1]2 , this test case is the same as in [6, 
Section 7.2].

The space-time slab E n is tessellated with a uniform N × N hexahedral mesh, with 
N the number of elements in each spatial direction. Each space-time element has length 
h = 2�∕N in the spatial directions and length Δt in the temporal direction. In the computa-
tions of the order of accuracy the CFL number is close to one. For the details, see Tables 1, 
2 and 3. In the space-time DG discretization tensor product polynomial basis functions, 
both in space and in time, are used with polynomial order p in each direction. The polyno-
mial orders are, respectively, p = 1, 2 and 3. Hence, the tensor product basis functions have 
the same polynomial order in space and in time. The stabilization coefficients �0 and �1 in 
the space-time IP-DG discretization are chosen as �0 = �1 = Cp2 , with the constant C = 10 
in all computations. The element and face quadrature is done using a tensor-product of 1D 
Gauss-Legendre quadrature rules. The order of the product Gauss quadrature rules is suf-
ficient such that all integrals with polynomial integrants are computed exactly.

The results are shown in Tables 1, 2 and 3 for, respectively, u = (u0, u1) in the DG-norm, 
and u0 and u1 in the L∞ and L2-norms. The results in Table 1 show that the order of accu-
racy of uh = (u0,h, u1,h) in the DG-norm is order p, which confirms the theoretical analysis 
given in Sect. 6 (Theorem 3). Tables 2 and 3 show that the order of accuracy of u0,h and u1,h 
in both the L∞ and L2-norms is p + 1 for p = 1 and p = 3 , which gives an optimal order of 
accuracy, but for p = 2 the computed order of accuracy is p. A further theoretical analysis 

(80)u0(x, y, t) = cos(
√
2t) sin x sin y,

(81)u1(x, y, t) = −

√
2 sin(

√
2t) sin x sin y.
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would be necessary to explain this result. A comparison of the results in Table 1 with the 
results for the Trefftz space-time DG method presented in [6, Table 7.3], whose error norm 
is contained in the DG-norm used in Table 1, shows that the space-time DG discretization 

Table 1  Error in u = (u0, u1) at 
time T = 3 and order of accuracy 
in the DG-norm of the space-
time DG discretization of the 
second-order wave equation on 
the domain �= [0, 2�]2 with 
material coefficient matrix A 
equal to the identity matrix and 
exact solution (80)–(81)

p N × N Δt ||||||u(⋅,T) − uh(⋅,T)
|||||| Order

1 10 × 10 0.600 0 5.485 157E−01 –
20 × 20 0.300 0 2.086 210E−01 1.394 6
40 × 40 0.150 0 9.459 857E−02 1.141 0
80 × 80 0.075 0 4.602 898E−02 1.039 3
160 × 160 0.037 5 2.285 445E−02 1.010 1
320 × 320 0.018 7 1.140 672E−02 1.002 6

2 10 × 10 0.600 0 6.767 988E−02 –
20 × 20 0.300 0 8.868 485E−03 2.932 0
40 × 40 0.150 0 1.942 308E−03 2.190 9
80 × 80 0.075 0 4.765 304E−04 2.027 1
160 × 160 0.037 5 1.186 240E−04 2.006 2

3 10 × 10 0.600 0 1.717 659E−03 –
20 × 20 0.300 0 1.976 279E−04 3.119 6
40 × 40 0.150 0 2.458 385E−05 3.007 0
80 × 80 0.075 0 3.069 995E−06 3.001 4

Table 2  Error in u0 at time T = 3 and order of accuracy in the L∞ - and L2-norms of the space-time IP-DG 
discretization of the second-order wave equation on the domain �= [0, 2�]2 with material coefficient 
matrix A equal to the identity matrix and exact solution (80)

p N × N Δt ‖u
0
(⋅,T) − u

0,h(⋅,T)‖∞,� Order ‖u
0
(⋅,T) − u

0,h(⋅,T)‖� Order

1 10 × 10 0.600 0 8.595 303E−02 – 2.350 666E−01 –
20 × 20 0.300 0 1.972 859E−02 2.123 3 5.282 080E−02 2.153 9
40 × 40 0.150 0 4.317 619E−03 2.192 0 1.116 073E−02 2.242 7
80 × 80 0.075 0 9.300 060E−04 2.214 9 2.340 323E−03 2.253 7
160 × 160 0.037 5 2.089 035E−04 2.154 4 5.068 068E−04 2.207 2
320 × 320 0.018 7 4.988 226E−05 2.066 2 1.165 989E−04 2.119 9

2 10 × 10 0.600 0 2.382 634E−03 – 5.357 496E−03 –
20 × 20 0.300 0 2.595 137E−04 3.198 7 5.928 514E−04 3.175 8
40 × 40 0.150 0 4.429 276E−05 2.550 7 1.274 393E−04 2.217 9
80 × 80 0.075 0 1.086 493E−05 2.027 4 2.995 437E−05 2.089 0
160 × 160 0.037 5 2.674 616E−06 2.022 3 7.274 026E−06 2.041 9

3 10 × 10 0.600 0 6.966 799E−05 – 1.091 550E−04 –
20 × 20 0.300 0 4.852 533E−06 3.843 7 6.786 986E−06 4.007 5
40 × 40 0.150 0 3.214 805E−07 3.915 9 4.171 736E−07 4.024 1
80 × 80 0.075 0 2.279 714E−08 3.817 8 2.785 861E−08 3.904 5
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(24) converges for the polynomial orders p = 1, 2 and 3 at an optimal rate, whereas the 
Trefftz space-time DG discretization in [6] does not converge at an optimal rate for p = 1.

7.2  Smooth Material Coefficients

In the second test case, we solve the second-order wave equation (1) with periodic bound-
ary conditions and zero source term f on the domain � = (0, 1) . The matrix A(x) in (1) has 
smoothly varying coefficients, A(x) = diag(a2(x), a2(x)) with a2(x) = 1 +

1

2
sin2(�x) . The 

initial conditions are

Except for the computational mesh, which now contains N-elements in the spatial direc-
tion, all numerical parameters are the same as in Sect. 7.1. Since we do not have an analyti-
cal solution that is suitable for error computations we use Richardson extrapolation [25] to 
compute the order of accuracy of the space-time DG discretization at time t = T  , both in 
the DG-norm and in the L∞(�) and L2(�)-norms. In this procedure, we assume

h0(x) = sin(2�x) and h1(x) = 0.

u(x,T) − uh(x, T) = hsE(x, u) + O(hs+1)

Table 3  Error in u1 at time T = 3 and order of accuracy in the L∞ - and L2-norms of the space-time IP-DG 
discretization of the second-order wave equation on the domain �= [0, 2�]2 with material coefficient 
matrix A equal to the identity matrix and exact solution (81)

p N × N Δt ‖u
1
(⋅,T) − u

1,h(⋅,T)‖∞,� Order ‖u
1
(⋅,T) − u

1,h(⋅,T)‖� Order

1 10 × 10 0.600 0 9.339 632E−02 – 1.911 122E−01 –
20 × 20 0.300 0 3.986 354E−02 1.228 3 6.293 808E−02 1.602 4
40 × 40 0.150 0 1.521 787E−02 1.389 3 1.918 214E−02 1.714 2
80 × 80 0.075 0 5.035 022E−03 1.595 7 5.346 373E−03 1.843 1
160 × 160 0.037 5 1.445 785E−03 1.800 1 1.429 745E−03 1.902 8
320 × 320 0.018 7 3.775 549E−04 1.937 1 3.759 800E−04 1.927 0

2 10 × 10 0.600 0 4.162 530E−02 – 5.918 999E−02 –
20 × 20 0.300 0 4.297 455E−03 3.275 9 4.219 180E−03 3.810 3
40 × 40 0.150 0 4.467 894E−04 3.265 8 4.315 008E−04 3.289 5
80 × 80 0.075 0 5.416 716E−05 3.044 1 7.608 254E−05 2.503 7
160 × 160 0.037 5 7.556 100E−06 2.841 7 1.678 269E−05 2.180 6

3 10 × 10 0.600 0 2.955 500E−04 – 5.855 609E−04 –
20 × 20 0.300 0 1.135 111E−05 4.702 5 1.914 374E−05 4.934 9
40 × 40 0.150 0 8.293 469E−07 3.774 7 1.228 597E−06 3.961 8
80 × 80 0.075 0 6.209 340E−08 3.739 5 7.871 654E−08 3.964 2
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with s the order of accuracy, h the mesh size and E(x, u) the error term, which is independ-
ent of h for a sufficiently fine mesh and sufficiently regular solutions. Using three uniform 
meshes with sizes h, h/2 and h/4 we can eliminate the exact solution u, and after neglect-
ing the residual term O(hs+1) and taking the norm, we obtain the following estimate for the 
order of accuracy:

Note ‖ ⋅ ‖ can be any norm here, not just the L2 norm. This procedure will provide accurate 
estimates of the order of accuracy provided that the mesh is sufficiently fine and the solu-
tion is regular. The orders of accuracy of the space-time DG discretization for the test case 
with smoothly varying material coefficients are shown in Tables  4, 5 and 6 for, respec-
tively, uh = (u0,h, u1,h) in the DG-norm, and u0,h and u1,h in the L∞ and L2-norms. For poly-
nomial orders p = 1, 2, 3 optimal order of accuracy for, respectively, uh in the DG-norm, 
and for u0,h and u1,h in the L∞ and L2-norm are obtained, except for u1,h for p = 2 . The 
results in these tables confirm the theoretical results stated in Theorem 3 and verify that a 
smoothly varying material coefficient A(x) has no effect on the numerical accuracy of the 
space-time DG discretization.

s ≅ log

� ‖uh∕2 − uh‖
‖uh∕4 − uh∕2‖

��
log 2.

Table 4  Order of accuracy 
of uh = (u0,h, u1,h) in the 
DG-norm of the space-time DG 
discretization of the second-order 
wave equation on the domain 
� = (0, 1) with smoothly varying 
material coefficients A(x), with 
A(x) = diag(a2(x), a2(x)) and 
a2(x) = 1 +

1

2
sin

2
(�x)

The order of accuracy is estimated using Richardson extrapolation 
based on |||

|||
|||uh∕2(⋅,T) − uh(⋅,T)

|||
|||
||| for uh at time T = 3

p N Δt |||
|||
|||uh∕2(⋅,T) − uh(⋅,T)

|||
|||
||| Order

1 10 6.666 667E−02 – –
20 3.333 333E−02 1.552 426E+00 –
40 1.666 667E−02 5.021 339E−01 1.628 4
80 8.333 333E−03 1.542 846E−01 1.702 5
160 4.166 667E−03 5.686 230E−02 1.440 0
320 2.083 333E−03 2.521 798E−02 1.173 0
640 1.041 667E−03 1.217 329E−02 1.050 7

2 10 6.666 667E−02 – –
20 3.333 333E−02 6.075 258E−02 –
40 1.666 667E−02 9.778 744E−03 2.635 2
80 8.333 333E−03 2.290 333E−03 2.094 1
160 4.166 667E−03 5.684 050E−04 2.010 6
320 2.083 333E−03 1.419 205E−04 2.001 8

3 10 6.666 667E−02 – –
20 3.333 333E−02 2.835 174E−03 –
40 1.666 667E−02 3.197 632E−04 3.148 4
80 8.333 333E−03 3.951 830E−05 3.016 4
160 4.166 667E−03 4.931 235E−06 3.002 5
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7.3  Discontinuous Material Coefficients

In the third test case, we solve the second-order wave equation (1) with homogeneous 
Dirichlet boundary conditions and zero source term f on the domain � = (−1, 1) . The 
matrix with material coefficients A(x) is chosen such that A = diag(1, 1) if x < 0 and 
A = diag(

1

4
,

1

4
) if x > 0 . The initial conditions are

The initial condition h0 satisfies the interface condition (2). Satisfying this compatibility 
condition is important since otherwise at t = 0+ immediately a jump in the velocity at x = 0 
will occur. It will then not be possible to compute the order of accuracy of the space-time 

h0(x) =

{
sin(𝜋(x + 1)), if x < 0,

4 sin(𝜋(x + 1)), if x > 0,
and h1(x) = 0.

Table 5  Order of accuracy of u0,h in the L∞ - and L2-norms of the space-time DG discretization of the sec-
ond-order wave equation on the domain � = (0, 1) with smoothly varying material coefficients A(x), with 
A(x) = diag(a2(x), a2(x)) and a2(x) = 1 +

1

2
sin

2
(�x)

The order of accuracy is estimated using Richardson extrapolation based on ‖‖‖u0,h∕2(⋅,T) − u
0,h(⋅,T)

‖‖‖⋅,� for 
u
0,h at time T = 3

p N Δt ‖u
0,h∕2(⋅,T) − u

0,h(⋅,T)‖∞,� Order ‖u
0,h∕2(⋅,T) − u

0,h(⋅,T)‖� Order

1 10 6.666 667E−02 – – – –
20 3.333 333E−02 1.847 461E−01 – 1.155 498E−01 –
40 1.666 667E−02 7.884 740E−02 1.228 4 4.374 305E−02 1.401 4
80 8.333 333E−03 2.016 340E−02 1.967 3 1.142 362E−02 1.937 0
160 4.166 667E−03 5.009 961E−03 2.008 9 2.864 434E−03 1.995 7
320 2.083 333E−0 1.248 779E−03 2.004 3 7.167 488E−04 1.998 7
640 1.041 667E−03 3.118 780E−04 2.001 5 1.792 855E−04 1.999 2

2 10 6.666 667E−02 – – – –
20 3.333 333E−02 6.886 089E−03 – 3.370 037E−03 –
40 1.666 667E−02 5.161 834E−04 3.737 7 2.320 758E−04 3.860 1
80 8.333 333E−03 3.931 571E−05 3.714 7 1.682 145E−05 3.786 2
160 4.166 667E−03 3.421 960E−06 3.522 2 1.472 208E−06 3.514 2
320 2.083 333E−0 3.410 144E−07 3.326 9 1.553 646E−07 3.244 3

3 10 6.666 667E−02 – – – –
20 3.333 333E−02 9.865 425E−05 – 4.708 460E−05 –
40 1.666 667E−02 4.297 505E−06 4.520 8 1.660 718E−06 4.825 4
80 8.333 333E−03 2.793 519E−07 3.943 3 9.765 012E−08 4.088 0
160 4.166 667E−03 1.886 200E−08 3.888 5 6.096 515E−09 4.001 6
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discretization for this problem due to lack of regularity. Except for the computational mesh, 
all numerical parameters are the same as in Sect. 7.1. The solution u of the wave equation 
(1) and its time derivative both have a discontinuity in the spatial derivative at x = 0 . The 
regularity of the exact solution is given by (5)–(6). Note for higher-order discretizations, 
this limited regularity will affect the order of accuracy of the numerical discretization.

The orders of accuracy of the space-time DG discretization for the test case with 
a discontinuous material coefficient are shown in Tables  7, 8 and 9 for, respectively, 
uh = (u0,h, u1,h) in the DG-norm, and u0,h and u1,h in the L∞ and L2-norms. The results in 
Table 7 show that the order of accuracy in the DG-norm ||| ⋅||| for p = 1 and p = 2 is order 
p, which confirms the theoretical analysis given in Sect.  6 (Theorem  3). For p = 3 , the 

Table 6  Order of accuracy of u1,h in the L∞ - and L2-norms of the space-time DG discretization of the sec-
ond-order wave equation on the domain � = (0, 1) with smoothly varying material coefficients A(x), with 
A(x) = diag(a2(x), a2(x)) and a2(x) = 1 +

1

2
sin

2
(�x)

The order of accuracy is estimated using Richardson extrapolation based on ‖‖‖u1,h∕2(⋅,T) − u
1,h(⋅,T)

‖‖‖⋅,� for 
u
1,h at time T = 3

p N Δt ‖u
1,h∕2(⋅,T) − u

1,h(⋅,T)‖∞,� Order ‖u
1,h∕2(⋅,T) − u

1,h(⋅,T)‖� Order

1 10 6.666 667E−02 – – – –
20 3.333 333E−02 2.197 136E+00 – 1.184 621E+00 –
40 1.666 667E−02 2.881 823E−01 2.930 6 1.809 098E−01 2.711 1
80 8.333 333E−03 9.284 320E−02 1.634 1 5.342 320E−02 1.759 7
160 4.166 667E−03 2.508 165E−02 1.888 2 1.472 743E−02 1.859 0
320 2.083 333E−0 6.396 477E−03 1.971 3 3.783 301E−03 1.960 8
640 1.041 667E−03 1.608 650E−03 1.991 4 9.542 030E−04 1.987 3

2 10 6.666 667E−02 – – – –
20 3.333 333E−02 5.799 435E−02 – 1.986 339E−02 –
40 1.666 667E−02 7.620 807E−03 2.927 9 2.297 845E−03 3.111 8
80 8.333 333E−03 1.062 344E−03 2.842 7 2.814 035E−04 3.029 6
160 4.166 667E−03 1.466 420E−04 2.856 9 4.111 717E−05 2.774 8
320 2.083 333E−0 2.096 264E−05 2.806 4 7.005 976E−06 2.553 1

3 10 6.666 667E−02 – – – –
20 3.333 333E−02 4.266 654E−03 – 1.247 253E−03 –
40 1.666 667E−02 1.983 365E−04 4.427 1 6.071 673E−05 4.360 5
80 8.333 333E−03 9.832 203E−06 4.334 3 3.344 010E−06 4.182 4
160 4.166 667E−03 6.535 017E−07 3.911 3 2.039 363E−07 4.035 4
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order of accuracy in the DG-norm is 2, which is not optimal and caused by the lack in reg-
ularity, see Sect. 2, and is also visible in the order of accuracy for the velocity u1 . For p = 1 
the order of accuracy in the L∞ and L2-norms is approximately 2, which is the optimal 
order. Just as for the constant coefficient case considered in Sect. 7.1, for p = 2 the order 
of accuracy in the L∞ and L2-norms is approximately 2. For p = 3 , the order of accuracy in 
the L∞ and L2-norms is affected by the limited regularity of the exact solution.

Table 7  Order of accuracy 
of uh = (u0,h, u1,h) in the 
DG-norm of the space-time DG 
discretization of the second-order 
wave equation on the domain 
� = (−1, 1) with discontinuous 
material coefficient A(x), with 
A = diag(1, 1) if x < 0 and 
A = diag(

1

4
,

1

4
) if x > 0

The order of accuracy is estimated using Richardson extrapolation 
based on |||

|||
|||uh∕2(⋅,T) − uh(⋅,T)

|||
|||
||| for uh at time T = 3

p N Δt |||
|||
|||uh∕2(⋅,T) − uh(⋅,T)

|||
|||
||| Order

1 10 2.000 0E−01 – –
20 1.000 0E−01 1.099 337E+00 –
40 5.000 0E−02 4.513 883E−01 1.284 2
80 2.500 0E−02 2.070 237E−01 1.124 6
160 1.250 0E−02 1.010 710E−01 1.034 4
320 6.250 0E−03 4.987 026E−02 1.019 1
640 3.125 0E−03 2.470 113E−02 1.013 6
1 280 1.562 5E−03 1.229 152E−02 1.006 9
2 560 7.812 5E−04 6.132 502E−03 1.003 1

2 10 2.000 0E−01 – –
20 1.000 0E−01 1.444 122E−01 –
40 5.000 0E−02 3.504 549E−02 2.042 9
80 2.500 0E−02 8.417 827E−03 2.057 7
160 1.250 0E−02 2.100 701E−03 2.002 6
320 6.250 0E−03 5.315 801E−04 1.982 5
640 3.125 0E−03 1.355 984E−04 1.970 9

3 10 2.000 0E−01 – –
20 1.000 0E−01 2.582 876E−02 –
40 5.000 0E−02 3.467 462E−03 2.897 0
80 2.500 0E−02 6.972 543E−04 2.314 1
160 1.250 0E−02 1.527 201E−04 2.190 8
320 6.250 0E−03 3.597 525E−05 2.085 8
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Table 8  Order of accuracy of u0,h in the DG-norm of the space-time DG discretization of the second-order 
wave equation on the domain � = (−1, 1) with discontinuous material coefficient A(x), with A = diag(1, 1) 
if x < 0 and A = diag(

1

4
,

1

4
) if x > 0

The order of accuracy is estimated using Richardson extrapolation based on ‖‖‖u0,h∕2(⋅,T) − u
0,h(⋅,T)

‖‖‖⋅,� for 
u
0,h at time T = 3

p N Δt ‖u
0,h∕2(⋅,T) − u

0,h(⋅,T)‖∞,� Order ‖u
0,h∕2(⋅,T) − u

0,h(⋅,T)‖� Order

1 10 2.000 0E−01 – – – –
20 1.000 0E−01 3.015 643E−01 – 1.907 044E−01 –
40 5.000 0E−02 6.964 228E−02 2.114 4 3.860 230E−02 2.304 6
80 2.500 0E−02 1.357 263E−02 2.359 3 8.651 134E−03 2.157 7
160 1.250 0E−02 3.623 416E−03 1.905 3 2.820 617E−03 1.616 9
320 6.250 0E−03 1.119 501E−03 1.694 5 8.817 243E−04 1.677 6
640 3.125 0E−03 3.029 074E−04 1.885 9 2.535 268E−04 1.798 2
1 280 1.562 5E−03 9.359 529E−05 1.694 4 6.982 001E−05 1.860 4
2 560 7.812 5E−04 2.636 046E−05 1.828 1 1.847 202E−05 1.918 3

2 10 2.000 0E−01 – – – –
20 1.000 0E−01 3.034 944E−02 – 1.299 348E−02 –
40 5.000 0E−02 3.676 613E−03 3.045 2 1.619 355E−03 3.004 3
80 2.500 0E−02 5.356 847E−04 2.778 9 3.259 189E−04 2.312 8
160 1.250 0E−02 1.012 747E−04 2.403 1 7.919 282E−05 2.041 1
320 6.250 0E−03 2.630 166E−05 1.945 0 1.979 433E−05 2.000 3
640 3.125 0E−03 6.755 287E−06 1.961 1 4.966 333E−06 1.994 8

3 10 2.000 0E−01 – – – –
20 1.000 0E−01 4.703 992E−03 – 1.431 009E−03 –
40 5.000 0E−02 4.297 626E−04 3.452 3 1.117 194E−04 3.679 1
80 2.500 0E−02 6.841 987E−05 2.651 1 1.300 030E−05 3.103 3
160 1.250 0E−02 1.067 120E−05 2.680 7 1.536 255E−06 3.081 1
320 6.250 0E−03 1.735 577E−06 2.620 2 1.937 976E−07 2.986 8
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Table 9  Order of accuracy of u1,h in the DG-norm of the space-time DG discretization of the second-order 
wave equation on the domain � = (−1, 1) with discontinuous material coefficient A(x), with A = diag(1, 1) 
if x < 0 and A = diag(

1

4
,

1

4
) if x > 0

The order of accuracy is estimated using Richardson extrapolation based on ‖‖‖u1,h∕2(⋅,T) − u
1,h(⋅,T)

‖‖‖⋅,� for 
u
1,h at time T = 3

p N Δt ‖u
1,h∕2(⋅,T) − u

1,h(⋅,T)‖∞,� Order ‖u
1,h∕2(⋅,T) − u

1,h(⋅,T)‖� Order

1 10 2.000 0E−01 – – – –
20 1.000 0E−01 7.949 356E−01 – 5.195 824E−01 –
40 5.000 0E−02 3.687 194E−01 1.108 3 1.759 222E−01 1.562 4
80 2.500 0E−02 1.057 332E−01 1.802 1 5.073 276 E−02 1.793 9
160 1.250 0E−02 8.185 902E−02 0.369 2 1.651 508E−02 1.619 1
320 6.250 0E−03 4.681 266E−02 0.806 2 5.382 507E−03 1.617 4
640 3.125 0E−03 1.710 360E−02 1.452 6 1.529 823E−03 1.814 9
1 280 1.562 5E−03 4.923 062E−03 1.796 7 4.191 893E−04 1.867 7
2 560 7.812 5E−04 1.294 086E−03 1.927 6 1.192 792E−04 1.813 3

2 10 2.000 0E−01 – – – –
20 1.000 0E−01 3.603 271E−01 – 7.614 734E−02 –
40 5.000 0E−02 6.765 794E−02 2.413 0 1.244 897E−02 2.612 8
80 2.500 0E−02 1.032 655E−02 2.711 9 2.181 448E−03 2.512 7
160 1.250 0E−02 1.826 414E−03 2.499 3 4.914 227 E−04 2.150 2
320 6.250 0E−03 5.533 361E−04 1.722 8 1.201 820E−04 2.031 7
640 3.125 0E−03 1.910 510E−04 1.534 2 2.999 337E−05 2.002 5

3 10 2.000 0E−01 – – – –
20 1.000 0E−01 2.924 378E−02 – 1.225 888E−02 –
40 5.000 0E−02 6.090 632E−03 2.263 5 1.844 934E−03 2.732 2
80 2.500 0E−02 1.627 436E−03 1.904 0 3.729 545E−04 2.306 5
160 1.250 0E−02 5.230 329E−04 1.637 6 8.834 949E−05 2.077 7
320 6.250 0E−03 1.883 767E−04 1.473 3 2.224 675E−05 1.989 6
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