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Abstract. In this paper, we define the notion of the complex Coxeter group associated
with a proper complex equifocal submanifold in a symmetric space of non-compact type. We
prove that a proper complex equifocal submanifold is decomposed into a non-trivial (extrinsic)
product of two such submanifolds if and only if its associated complex Coxeter group is de-
composable. Its proof is performed by showing a splitting theorem for an infinite-dimensional
proper anti-Kaehlerian isoparametric submanifold.

1. Introduction. In 1995, the notion of an equifocal submanifold in a symmetric
space was defined as a submanifold with globally flat and abelian normal bundle such that
the focal radii for each parallel normal vector field are constant [12]. This notion is a general-
ization of isoparametric submanifolds in anEuclidean space and isoparametric hypersurfaces
in a sphere or a hyperbolic space. The investigation of equifocal submanifolds in a symmetric
space of compact type is reduced to that of isoparametric submanifolds in a (separable) Hilbert
space through a Riemannian submersionφ̃ of a Hilbert space onto the symmetric space. Con-
cretely, a submanifoldM in the symmetric space is equifocal if and only if each component
of φ̃−1(M) is isoparametric (see [12]). For each equifocal submanifoldM in a symmetric
space of compact type, a Coxeter group is defined as a discrete group generated by reflec-
tions with respect to hyperplanes in the normal spaceT ⊥

x M whose images under the normal
exponential map constitute the focal set of(M, x) (wherex is an arbitrary point ofM). Simi-
larly, a Coxeter group is defined for each isoparametric submanifold in a Hilbert space. Note
that the Coxeter groups associated with the equifocal submanifoldM and the isoparametric
submanifoldφ̃−1(M) are isomorphic. In 1997, Heintze and Liu [4] showed that an isopara-
metric submanifold in a Hilbert space is decomposed into a non-trivial (extrinsic) product of
two such submanifolds if and only if the associated Coxeter group is decomposable. In 1998,
by using this splitting theorem of Heintze-Liu, Ewert [2] showed that an equifocal submani-
fold in a simply connected symmetric space of compact type is decomposed into a non-trivial
(extrinsic) product of two such submanifolds if and only if the associated Coxeter group is
decomposable.

For non-compact submanifolds in a symmetric space of non-compact type, the equifo-
cality is a rather weak condition (see [3, 8]).So, we have recently introduced the stronger
condition of complex equifocality for submanifolds in the symmetric space [7]. Note that
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isoparametric hypersurfaces in a hyperbolic space are complex equifocal. Furthermore, we
defined the notion of a proper complex equifocal submanifold as a subclass of the class
consisting of complex equifocal submanifolds [9]. LetG/K be a symmetric space of non-
compact type, where we assume thatG is a connected semi-simple Lie group admitting a
faithful linear representation and thatK is a maximal compact subgroup ofG. AsG admits
a faithful linear representation, we can define the complexificatonGc (respectivelyKc) of
G (respectivelyK). Let G̃c be the universal covering ofGc andK̃c be the connected sub-
group ofG̃c corresponding toKc. Then(G̃c, K̃c) is a symmetric pair and̃Gc/K̃c is a simply
connected (pseudo-Riemannian) symmetric space. Also,G̃c/K̃c is an anti-Kaehlerian man-
ifold in a natural manner. We call this anti-Kaehlerian manifoldG̃c/K̃c theanti-Kaehlerian
symmetric space associated with G/K. For simplicity, we denotẽGc andK̃c byGc andKc,
respectively. For a completeCω-submanifoldM inG/K, we defined its extrinsic complexifi-
cationMc as an anti-Kaehlerian submanifold inGc/Kc, whereCω means real analyticity [8].
Also, we defined an anti-Kaehlerian submersionφ̃c of an infinite-dimensional anti-Kaehlerian
spaceH 0([0,1], gc) ontoGc/Kc, wheregc is the Lie algebra ofGc andH 0([0,1], gc) is the
space of all paths which areL2-integrable with respect to an inner product ofgc defined in a
natural manner [8]. We showed that the following three conditions are equivalent [8]:

(i) M is complex equifocal;
(ii) Mc is anti-Kaehlerian equifocal;
(iii) each component of̃φc−1(Mc) is anti-Kaehlerian isoparametric;

where an anti-Kaehlerian equifocal submanifold and an anti-Kaehlerian isoparametric one are
notions introduced in [8] (see Section 2 aboutthe definitions of these notions). We defined
the notion of a proper anti-Kaehlerian isoparametric submanifold as a subclass of the class
consisting of anti-Kaehlerian isoparametric submanifolds. It is easy to show thatM is proper
complex equifocal if and only if̃φc−1(Mc) is proper anti-Kaehlerian isoparametric.

LetM be a proper anti-Kaehlerian isoparametric submanifold in an infinite-dimensional
anti-Kaehlerian spaceV . It is shown that the focal set ofM atx consists of some complex hy-
perplanes in the normal spaceT ⊥

x M, wherex is an arbitrary point ofM (see [8, Theorem 2]).
LetW be the complex reflection group generated by complex reflections of order 2 with re-
spect to these complex hyperplanes. Note thatW is independent of the choice ofx ∈ M up to
isomorphism. It is shown thatW is discrete (see Proposition 3.7). In that case, we callW the
complex Coxeter group associated with M.

In the sequel, we assume that all proper complex equifocal submanifolds are complete
Cω-ones and that all proper anti-Kaehlerian isoparametric submanifolds are complete unless
otherwise mentioned.

We first prove the following splitting theorem of Heintze-Liu type for a proper anti-
Kaehlerian isoparametric submanifold.

THEOREM 1. Let M be a proper anti-Kaehlerian isoparametric submanifold in an
infinite-dimensional anti-Kaehlerian space and W be the complex Coxeter group associated
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with M . Then M is decomposed into an extrinsic product of two proper anti-Kaehlerian
isoparametric submanifolds if and only if W is decomposable.

REMARK 1.1. LetG/K be a symmetric space of non-compact type andH be a sym-
metric subgroup ofG. Let P(Gc,H c × Kc) := {g ∈ H 1([0,1],Gc) | (g(0), g(1)) ∈
H c × Kc}, which acts on the path spaceH 0([0,1], gc) as gauge actions. It is shown that
the principal orbits of this action are proper anti-Kaehlerian isoparametric submanifolds (see
[8, 9]).

LetM be a proper complex equifocal submanifold in a symmetric spaceG/K of non-
compact type andW be the complex Coxeter group associated with the proper anti-Kaehlerian
isoparametric submanifold̃φc−1(Mc). We callW thecomplex Coxeter group associated with
M. Note thatW is obtained by analyzing the complex focal normal vectors ofM (without an-
alyzing the focal set of̃φc−1(Mc)) (see [8, Theorem 1]). Next, by using Theorem 1, we prove
the following splitting theorem of Ewert-type for a proper complex equifocal submanifold.

THEOREM 2. LetM be a proper complex equifocal submanifold in a symmetric space
G/K of non-compact type andW be the complex Coxeter group associated with M . ThenM
is decomposed into an extrinsic product of two proper complex equifocal submanifolds if and
only if W is decomposable.

REMARK 1.2. (i) All isoparametric submanifolds inG/K in the sense of Heintze-
Liu-Olmos (see [5] for the definition) are complex equifocal (see [8, Section 11]). It is con-
jectured that the converse is also true.

(ii) It is shown that all principal orbits of the action of Hermann type (i.e. the action of
a (not necessarily compact) symmetric subgroup ofG) on a symmetric spaceG/K of non-
compact type are curvature adapted and proper complex equifocal (see [9]). See [1] for the
definition of the curvature adaptedness. Hence it is shown that those orbits are isoparametric
submanifolds with flat sections in the sense of Heintze-Liu-Olmos (see [8, Section 11]).

(iii) An action H of Hermann type on a symmetric spaceG/K of non-compact type
has the dual actionH ∗ (by taking its conjugate action if necessary), which is a Hermann
action on the compact dualG∗/K. Thus, the principal orbits of theH -action are obtained
as the duals of equifocal submanifolds inG∗/K. However, it is not clear that any proper
complex equifocal submanifolds inG/K are obtained as the duals of equifocal submanifolds
in G∗/K. Thus, we cannot reduce the study of proper complex equifocal submanifolds in
G/K to that of equifocal submanifolds inG∗/K.

Here we propose the following questions.

QUESTION 1. Are all complex equifocal submanifolds homogeneous?

According to the classification by Kollross [10] of hyperpolar actions on irreducible
symmetric spaces of compact type, all homogeneous equifocal submanifolds of codimen-
sion larger than one are obtained as principal orbits of Hermann actions. From this fact,
Remark 1.2(ii) and Question 1, the following question is naturally proposed.
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QUESTION 2. Are all complex equifocal submanifolds of codimension larger than one
curvature adapted and proper complex equifocal (hence isoparametric with flat section in the
sense of Heintze-Liu-Olmos)?

In Section 2, we recall basic notions and facts. In Section 3, we define the notion of the
complex Coxeter group associated with a proper anti-Kaehlerian isoparametric submanifold.
In Sections 4 and 5, we prove Theorems 1 and 2, respectively.

Throughout this paper, the notation ‘G/K ’ means that(G,K) is a symmetric pair.

2. Basic notions and facts. In this section, we first recall the notion of a proper com-
plex equifocal submanifold. LetM be an immersed submanifold with abelian normal bundle
in a symmetric spaceN = G/K of non-compact type. Denote byA the shape tensor ofM.
Let v ∈ T ⊥

x M andX ∈ TxM (x = gK). Denote byγv the geodesic inN with γ̇v(0) = v.
The Jacobi fieldY alongγv with Y (0) = X andY ′(0) = −AvX is given by

Y (s) = (Pγv |[0,s] ◦ (Dco
sv − sDsi

sv ◦ Av))(X) ,
whereY ′(0) = ∇̃vY, Pγv |[0,s] is the parallel translation alongγv|[0,s],

Dco
sv = g∗ ◦ cos(

√−1 ad(sg−1∗ v)) ◦ g−1∗
and

Dsi
sv = g∗ ◦ sin(

√−1 ad(sg−1∗ v))√−1 ad(sg−1∗ v)
◦ g−1∗ .

Here ad is the adjoint representation of the Lie algebrag of G. All focal radii ofM alongγv

are obtained as real numberss0 with Ker(Dco
s0v

− s0D
si
s0v

◦ Av) �= {0}. So, we call a complex
numberz0 with Ker(Dco

z0v
− z0D

si
z0v

◦ Ac
v) �= {0} a complex focal radius of M along γv

and call dim Ker(Dco
z0v

− z0D
si
z0v

◦ Ac
v) themultiplicity of the complex focal radiusz0, where

Dco
z0v

(respectivelyDsi
z0v

) implies the complexification of a map(g∗ ◦ cos(
√−1z0 ad(g−1∗ v)) ◦

g−1∗ )|TxM (respectively(g∗ ◦ sin(
√−1z0 ad(g−1∗ v))/

√−1z0 ad(g−1∗ v) ◦ g−1∗ )|TxM ) from TxM

to TxN c. Also, for a complex focal radiusz0 ofM alongγv, we callz0v (∈ T ⊥
x M

c
) acomplex

focal normal vector of M at x. Furthermore, assume thatM has globally flat normal bundle.
Let ṽ be a parallel unit normal vector field ofM. Assume that the number (which may be
0 and∞) of distinct complex focal radii alongγṽx is independent of the choice ofx ∈ M.
Furthermore, assume that the number is not equal to 0. Let{ri,x | i = 1,2, . . . } be the set of
all complex focal radii alongγṽx , where|ri,x | < |ri+1,x | or ‘|ri,x | = |ri+1,x | and Reri,x >
Reri+1,x ’ or ‘ |ri,x | = |ri+1,x | and Reri,x = Reri+1,x and Imri,x = −Im ri+1,x > 0’. Let ri
(i = 1,2, . . . ) be complex valued functions onM defined by assigningri,x to eachx ∈ M.
We call these functionsri (i = 1,2, . . . ) complex focal radius functions for ṽ. We callri ṽ a
complex focal normal vector field for ṽ. If, for each parallel unit normal vector field̃v of M,
the number of distinct complex focal radii alongγṽx is independent of the choice ofx ∈ M,
each complex focal radius function forṽ is constant onM and it has constant multiplicity,
then we callM a complex equifocal submanifold. Let φ : H 0([0,1], g) → G be the parallel
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transport map forG (see [7] for this definition) andπ : G → G/K be the natural projection.
It is shown thatM is complex equifocal if and only if each component of(π ◦ φ)−1(M)

is complex isoparametric (see [7]). In particular, if each component of(π ◦ φ)−1(M) is
proper complex isoparametric (see [7] about this definition), then we callM aproper complex
equifocal submanifold.

Next we recall the notion of an infinite-dimensional anti-Kaehlerian isoparametric sub-
manifold. LetM be an anti-Kaehlerian Fredholm submanifold in an infinite-dimensional anti-
Kaehlerian spaceV andA be the shape tensor ofM. See [8] for the definitions of an infinite-
dimensional anti-Kaehlerian space and anti-Kaehlerian Fredholm submanifold in the space.
Denote by the same symbolJ the complex structures ofM andV . Fix a unit normal vectorv
ofM. If there existsX( �= 0) ∈ TM with AvX = aX+ bJX, then we call the complex num-
bera+b√−1 aJ -eigenvalue of Av (or acomplex principal curvature of direction v) and call
X aJ -eigenvector for a+b√−1. Also, we call the space of allJ -eigenvectors fora+b√−1
a J -eigenspace for a + b

√−1. TheJ -eigenspaces are orthogonal to one another and each
J -eigenspace isJ -invariant. We call the set of allJ -eigenvalues ofAv theJ -spectrum of Av
and denote it by SpecJAv. The set SpecJAv \ {0} is described as follows:

SpecJAv \ {0} = {λi | i = 1,2, . . . }
( |λi | > |λi+1| or ‘|λi | = |λi+1| and Reλi > Reλi+1’

or ‘|λi | = |λi+1| and Reλi = Reλi+1 and Imλi = −Imλi+1 > 0’

)
.

Also, theJ -eigenspace for eachJ -eigenvalue ofAv other than 0 is of finite dimension. We
call theJ -eigenvalueλi theith complex principal curvature of direction v. Assume thatM has
globally flat normal bundle. Fix a parallel normal vector fieldṽ ofM. Assume that the number
(which may be∞) of distinct complex principal curvatures of directionṽx is independent of
the choice ofx ∈ M. Then we can define functionsλ̃i (i = 1,2, . . . ) onM by assigning the
ith complex principal curvature of directioñvx to eachx ∈ M. We call this functioñλi the
ith complex principal curvature function of direction ṽ. We consider the following condition.

CONDITION (AKI). For each parallel normal vector field̃v, the number of distinct
complex principal curvatures of directioñvx is independent of the choice ofx ∈ M, each
complex principal curvature function of directioñv is constant onM and it has constant
multiplicity.

If M satisfies Condition (AKI), then we callM an anti-Kaehlerian isoparametric sub-
manifold. Let {ei}∞i=1 be an orthonormal system ofTxM. If {ei}∞i=1 ∪ {J ei}∞i=1 is an orthonor-
mal base ofTxM, then we call{ei}∞i=1 aJ -orthonormal base. If there exists aJ -orthonormal
base consisting ofJ -eigenvectors ofAv, thenAv is said tobe diagonalized with respect to the
J -orthonormal base. If M is anti-Kaehlerian isoparametric and, for eachv ∈ T ⊥M, the shape
operatorAv is diagonalized with respect to aJ -orthonormal base, then we callM a proper
anti-Kaehlerian isoparametric submanifold. For arbitrary two unit normal vectorsv1 andv2

of a proper anti-Kaehlerian isoparametric submanifold, the shape operatorsAv1 andAv2 are
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simultaneously diagonalized with respect to aJ -orthonormal base. As stated in the intro-
duction, we assume that all proper anti-Kaehlerian isoparametric submanifolds are properly
immersed complete submanifolds. LetM be a proper anti-Kaehlerian isoparametric subman-
ifold in an infinite-dimensional anti-Kaehlerian spaceV . Let {Ei | i ∈ I } be the family of
distributions onM such that, for eachx ∈ M, {Ei(x) | i ∈ I } is the set of all commonJ -
eigenspaces ofAv (v ∈ T ⊥

x M). The relationTxM = ⊕
i∈I Ei holds. Letλi (i ∈ I ) be the sec-

tion of (T ⊥M)∗ ⊗ C such thatAv = Reλi(v)id + Imλi(v)J onEi(π(v)) for eachv ∈ T ⊥M,
whereπ is the bundle projection ofT ⊥M. We callλi (i ∈ I ) complex principal curvatures
of M and call distributionsEi (i ∈ I ) complex curvature distributions of M. It is shown that
there uniquely exists a normal vector fieldvi ofM with λi(·) = 〈vi, ·〉−√−1〈Jvi, ·〉 (see [8,
Lemma 5]). We callvi (i ∈ I ) thecomplex curvature normals of M. Note thatvi is parallel
with respect to the normal connection∇⊥.

3. The complex Coxeter group associated with a proper anti-Kaehlerian isopara-
metric submanifold. In this section, we introduce the new notion of the complex Coxeter
group associated with a proper anti-Kaehlerian isoparametric submanifold. LetM be a proper
anti-Kaehlerian isoparametric submanifold in an infinite-dimensional anti-Kaehlerian space
V , {λi | i ∈ I } (respectively{vi | i ∈ I }) be the set of all complex principal curvatures
(respectively the set of all complex curvature normals) ofM andEi (i ∈ I ) be the complex
curvature distribution forλi . Then we showed that the following facts (i) and (ii) hold [8].

(i) The focal set of(M, x) coincides with the sum
⋃
i∈I (λi)−1

x (1) of the complex
hyperplanes(λi)−1

x (1) (i ∈ I ).
(ii) Ei (i ∈ I ) are totally geodesic onM. If λi �= 0, then the leaves ofEi are complex

spheres of radius
√
λi(vi)/|λi(vi)| (this quantity is constant overM) and the mean curvature

vector of leaves ofEi is equal tovi . Also, if λi = 0, then the leaves ofEi are complex affine
subspaces.

Let T xi be the complex reflection of order 2 with respect to the complex hyperplane
lxi := (λi)

−1
x (1) of T ⊥

x M (i.e. the rotation of angleπ havinglxi as the axis), which is an affine
transformation ofT ⊥

x M. WhenT xi is regarded as a linear transformation ofT ⊥
x M, we denote

it by Rxi . Also, whenlxi is regarded as a linear subspace ofT ⊥
x M, we denote it bŷlxi . Let

WA
x (respectivelyWL

x ) be the group generated byT xi (respectivelyRxi ) (i ∈ I ). Now we
shall show the finiteness ofWL

x . For its purpose, we prepare some lemmas. Letv be a parallel
normal vector field ofM and define an immersionηv : M → V byηv(x) = exp⊥ vx (x ∈ M).
Denote byf the original immersion ofM intoV . WhenM is regarded as a submanifold inV
immersed byηv , we denote it byMv. Denote byA (respectivelyAv) the shape tensor ofM
(respectivelyMv). Then we have the following relation.

LEMMA 3.1. For each x ∈ M, we have

ηv∗x = f∗x − f∗x ◦ Avx
and hence ηv∗xTxM = f∗xTxM, where we identify Tf (x)V and Tηv(x)V with V in the natural
manner.
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PROOF. LetX ∈ TxM. Take a curvec(: (−ε, ε) → M) in M with ċ(0) = X, where
ċ(0) is the velocity vector ofc at 0. Then we have

ηv∗xX = d

dt

∣∣∣∣
t=0
ηv(c(t)) = d

dt

∣∣∣∣
t=0
(f (c(t))+ vc(t))

= f∗xX + (f ∗∇̃)Xv = f∗x(X − AvxX) ,

wheref ∗∇̃ is the connection onf ∗T V induced from∇̃ by f . Thus we can obtainηv∗x =
f∗x − f∗x ◦ Avx , which together with dimηv∗x(TxM) = dimf∗x(TxM) implies that
ηv∗x(TxM) = f∗x(TxM). �

By using this lemma, we can show the following relation.

LEMMA 3.2. For w ∈ T ⊥
x M = T ⊥

x Mv , we have

Avw|Ei(x) = (λi)x(w)

1 − (λi)x(vx)
idEi(x) ,

where idEi(x) is the identity transformation of Ei(x).

PROOF. LetX ∈ Ei(x). Take a curvec(: (−ε, ε) → M) in M with ċ(0) = X. Let w̃
be the parallel normal vector field ofM with (w̃)x = w. This vector fieldw̃ is also regarded
as a parallel normal vector field of the parallel submanifoldMv ofM under the identification
T ⊥
y M = T ⊥

y Mv (wherey is an arbitrary point ofM). Then it follows from Lemma 3.1 that

(η∗
v∇̃)Xw̃ = (f ∗∇̃)Xw̃ = −f∗x(AwX)

= −(λi)x(w)f∗X = (λi)x(w)

(λi)x(vx)− 1
ηv∗X ,

whereη∗
v∇̃ is the connection onη∗

vT V induced from∇̃ by ηv . On the other hand, we have
(η∗
v∇̃)Xw̃ = −ηv∗AvwX. Therefore, we can obtain the desired relation. �

Let wi be the focal vector field of leaves ofEi defined by(wi)x = −−−−→
f (x)ox (x ∈ M),

whereox is the center of the complex sphereLEix . Clearly we haveη2wi (M) = f (M). Define
a diffeomorphismφi : M → M by f (φi(x)) = η2wi (f (x)) (x ∈ M). Next we prepare the
following lemma.

LEMMA 3.3. For each x ∈ M, we have Rxi ((vj )x) = (vj )φi(x) and hence Rxi (l̂
x
j ) =

l̂
φi (x)
j , where we identify T ⊥

x M with T ⊥
φi(x)

M .

PROOF. Let LEix be the leaf ofEi throughx, which (precisely,f (LEix )) is a complex
sphere inV . LetX ∈ Ei(x). Asvj is parallel with respect to the normal connection ofM, we
have

(f ∗∇̃)Xvj = −(λi)x(vj )f∗X ∈ f∗(TxLEix ) .
This fact implies thatvj |

L
Ei
x

is parallel with respect to the normal connection ofL
Ei
x . In gen-

eral, ifw is a parallel normal vector field of a complex sphereS (which may not be a complex
hypersurface) in a finite-dimensional anti-Kaehlerian spaceV1, then for eachy ∈ S, we have
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R(wy) = wy∗ , wherey∗ is the anti-podal point ofy in S andR is the complex reflection of
order two with respect to the complex hyperplanel := o + V ′

1 in T ⊥
y S (whereo is the center

of S, V ′
1 is the orthogonal complement of the anti-Kaehlerian subspace ofV1 containingS

as a complex hypersurface). Hence, we haveRxi ((vj )x) = (vj )φi (x). This relation deduces

Rxi (l̂
x
j ) = l̂

φi (x)
j directly. �

Fromη2wi (M) = f (M) and Lemma 3.2, we have{Ej(x) | j ∈ I } = {Ej(φi(x)) | j ∈
I }.

LEMMA 3.4. Let Ej(φi(x)) = Eσi(j)(x) (i, j ∈ I). Then we have

(1/2)(〈vi, vi〉2 + 〈Jvi, vi〉2)(vσi(j))x

= {(1/2)〈vi, vi 〉2 + (1/2)〈Jvi, vi〉2 − 〈vi, vi 〉〈vσi (j), vi 〉 − 〈Jvi, vi〉〈Jvσi (j), vi〉
+ (〈vi, vi 〉〈Jvσi (j), vi〉 − 〈Jvi, vi〉〈vσi (j), vi〉)

√−1}Rxi ((vj )x) .
PROOF. According to Lemma 3.2, we have

(λj )φi(x) = (λσi (j))x

1 − (λσi(j))x(2wi)
,

that is,

(vj )φi (x) = (vσi (j))x

1 − (λσi (j))x(2wi)
,

where we identify
√−1(·) with J (·). On the other hand, according to Lemma 3.3, we have

Rxi ((vj )x) = (vj )φi (x). Also, we have

wi = 1

|(λi)x((vi)x)|2 (〈vi, vi 〉(vi)x + 〈Jvi, vi〉J (vi)x) .
From these relations, the desired relation follows. �

By this lemma, we can show the following fact.

LEMMA 3.5. Each T xi (i ∈ I) permutes {lxj | j ∈ I }.
PROOF. LetEj(φi(x)) = Eσi(j)(x) (i, j ∈ I ). We shall showT xi (l

x
j ) = lxσi(j)

(i, j ∈ I ).
From Lemma 3.4, we see thatTi(lxj ) andlxσi(j) are parallel. Hence, we have only to show that

these complex hyperplanes have a common point. If(vi)x ∈ l̂xj , then we haveT xi (l
x
j ) = lxj

(σi(j) = j ). Hence, we consider the case of(vi)x /∈ l̂xj . Let Π be the complex line

through the origin ofT ⊥
x M that is orthogonal tolxi , that is,Π = Span{(vi)x, J (vi)x}. De-

note byp1 (respectivelyp2) the intersection point oflxσi (j) (respectivelyT xi (l
x
j )) with Π .

Also, denote byqi (respectivelyqj ) that of lxi (respectivelylxj ) with Π . By using−→op1 ∈
Span{(vi)x, J (vi)x}, (λσi(j))x(−→op1) = 1, we can explicitly express−→op1 as a linear combina-
tion of (vi)x andJ (vi)x , where we also use(λσi (j))x(∗) = 〈(vσi (j))x, ∗〉−√−1〈J (vσi (j))x, ∗〉
and〈Rxi (∗), ·〉 = 〈∗, Rxi (·)〉. On the other hand, by using−→op2 ∈ Span{(vi)x, J (vi)x}, −→op2 =
2−→oqi − −→oqj and (λi)x(

−→oqi) = (λj )x(
−→oqj ) = 1, we can explicitly express−→op2 as a linear

combination of(vi)x andJ (vi)x . By comparing these expressions in terms of the relation
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in Lemma 3.4, we can show−→op1 = −→op2, that is,p1 = p2. Therefore, we obtainT xi (l
x
j ) =

lxσi(j)
. �

Also, we can show the following fact.

LEMMA 3.6. We have that {lxi | i ∈ I } is locally finite.

PROOF. First we show thatIw := {i ∈ I | w ∈ lxi } is finite for eachw ∈ T ⊥
x M.

The J -spectrum SpecJAw of Aw is given by{(λi)x(w) | i ∈ I }. Assume thati ∈ Iw.
Then we have(λi)x(w) = 1, that is,Ei(x) ⊂ Ker(Aw − idTxM). As the multiplicity of
eachJ -eigenvalue other than 0 ofAw is finite, we have dim Ker(Aw − idTxM) < ∞. Hence,
we see thatIw is finite. Take an arbitraryw0 ∈ T ⊥

x M. As SpecJAw0 has no accumulating
point other than 0, there existsδ > 0 such that theδ-neighborhoodBδ(1) of 1 in C does
not intersect with SpecJAw0 \ {1}. For eachi ∈ I \ Iw0, we havew0 /∈ (λi)

−1
x (Bδ(1))

because 1�= (λi)x(w0) ∈ SpecJAw0. Fix an inner product〈·, ·〉0 of T ⊥
x M such thatJ |T ⊥

x M
is

skew-symmetric with respect to〈·, ·〉0. The set(λi)−1
x (Bδ(1)) is a tubular neighborhood oflxi

foliated by complex hyperplanes(λi)−1
x (z)’s (z ∈ Bδ(1)). As supi∈I |(λi)x(w)| < ∞ for each

w ∈ T ⊥
x M, we can show supi∈I 〈vi, vi〉0 < ∞. Furthermore, we can show that there exists

i0 ∈ I \ Iw such that〈vi0, vi0〉0 = supi∈I\Iw0
〈vi, vi〉0. Clearly there existsε > 0 such that

theε-tubular neighborhood oflxi0 with respect to〈·, ·〉0 is contained in(λi0)
−1
x (Bδ(1)). Then,

for eachi ∈ I \ Iw0, it follows from 〈vi , vi〉0 ≤ 〈vi0, vi0〉0 that theε-tubular neighborhood
of lxi with respect to〈·, ·〉0 is contained in(λi)−1

x (Bδ(1)). Hence, for eachi ∈ I \ Iw0, we
haved0(w0, l

x
i ) > ε, that is,Bε(w0) ∩ lxi = ∅, whered0 is the Euclidean distance function

associated with〈·, ·〉0 andBε(w0) is theε-neighborhood ofw0 with respect to〈·, ·〉0. This
fact together with the arbitrariness ofw0 implies that{lxi | i ∈ I } is locally finite. �

From Lemmas 3.5 and 3.6, we can show the following fact by imitating the proof of the
theorem in the Appendix of [11].

PROPOSITION 3.7. The groupWA
x is discrete.

It is clear thatWA
x (x ∈ M) are isomorphic to one another. Hence, we denote this

discrete group byWA. We callWA the complex Coxeter group associated with the proper
anti-Kaehlerian isoparametric submanifold M. For simplicity, we denoteWA by W . We
have the following fact with respect to the decomposability of the complex Coxeter group in
a similar manner to that of a Coxeter group.

LEMMA 3.8. The complex Coxeter group W is decomposable (i.e. it is decomposed
into a non-trivial product of two discrete complex reflection groups) if and only if there exist
two J -invariant linear subspaces P1 ( �= {0}) and P2 ( �= {0}) of T ⊥

x M such that T ⊥
x M =

P1 ⊕ P2 (orthogonal direct sum), P1 ∪ P2 contains all complex curvature normals of M at x
and that Pi (i = 1,2) contains at least one complex curvature normal ofM at x.

4. Proof of Theorem 1. In this section, we prove Theorem 1. LetM be a proper anti-
Kaehlerian isoparametric submanifold in an infinite-dimensional anti-Kaehlerian spaceV .
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Denote by the same symbolJ the complex structures ofM andV . It follows from Lemma 3.8
that, ifM is decomposed into an extrinsic product of two proper anti-Kaehlerian isoparametric
submanifolds, thenW is decomposable. In the sequel, we prove the converse. Assume that
W is decomposable. Without loss of generality, we may assume thatM contains the zero
elemento of V . According to Lemma 3.8, there existJ -invariant linear subspacesP1 ( �= 0)
andP2 ( �= 0) of T ⊥

o M such thatT ⊥
o M = P1 ⊕ P2 (orthogonal direct sum),P1 ∪ P2 contains

all complex curvature normals ofM at o and thatPi (i = 1,2) contain at least one complex
curvature normal ofM at o. Let P̃i (i = 1,2) be the a∇⊥-parallel subbundle ofT ⊥M
with P̃i (o) = Pi , where∇⊥ is the normal connection ofM. SetVPi := SpanJ

⋃
x∈M P̃i(x)

(i = 1,2) andV ′ := SpanJ
⋃
x∈M T ⊥

x M, whereP̃i(x) (i = 1,2) andT ⊥
x M are regarded as

linear subspaces ofV and SpanJ (·) implies theJ -invariant linear subspace spanned by(·).
Clearly we haveVP1 + VP2 = V ′. SetV0 := (V ′)⊥ andM ′ := M ∩ V ′, which is regarded as
an immersed submanifold inV ′. Denote byι′ the immersion ofM ′ intoV ′ and byι that ofM
into V . We first prove the following fact by imitating the proof of Lemma 3.1 of [4].

PROPOSITION 4.1. (i) There exist an isometry F̃ of V ′ ×V0 onto V and an isometry
F of the anti-Kaehlerian product manifoldM ′ ×V0 ontoM satisfying F̃ ◦ (ι′ × idV0) = ι ◦F ,
where idV0 is the identity transformation of V0.

(ii) M ′ is totally geodesic in M .
(iii) M ′ is proper anti-Kaehlerian isoparametric in V ′.

PROOF. First we shall showV0 ⊂ E0(x), wherex is an arbitrary point ofM and
E0(x) = ⋂

v∈T⊥
x M

KerAv. From the definition ofV0, we haveV0 ⊂ TxM. LetX ∈ Ei(x)

(i ∈ I ). The leafLEix of Ei throughx is a complex sphere. Letc be the center of this complex
sphere andγ be a geodesic inLEix with γ̇ (0) = X. AsLEix is totally geodesic inM, we have
γ (t) − c ∈ T ⊥

γ (t)M ⊂ V ′ and hencėγ (t) ∈ V ′. In particular, we haveX ∈ V ′. From the

arbitrarinesses ofX andi, we have
⊕

i∈I Ei(x) ⊂ V ′ = V ⊥
0 . This together withT ⊥

x M ⊂ V ′

deducesV0 ⊂ E0(x). AsLE0
x is aJ -invariant affine subspace ofV , we havex + V0 ⊂ L

E0
x

and hence
⋃
x∈M ′(x + V0) ⊂ M. It is clear that

⋃
x∈M ′(x + V0) is complete and open inM.

Hence, we have
⋃
x∈M ′(x + V0) = M. This implies that there exist isometriesF̃ andF as in

the statement (i). Also, the statement (ii) also follows from this fact. Next we show thatM ′ is
a proper anti-Kaehlerian isoparametric inV ′. It is clear that the normal spaceT ⊥

x M
′ ofM ′ in

V ′ coincide with the normal spaceT ⊥
x M of M in V . Let ṽ be a parallel normal vector field

of M. It is clear that the restriction of̃v toM ′ is a parallel normal vector field ofM ′. Hence,
the globally flatness of the normal bundle ofM ′ follows from that of the normal bundle of
M. Furthermore, it is easy to show that the restrictions of the complex principal curvatures
of M to M ′ are the complex principal curvatures ofM ′, the tangent spaceTxM ′ coincides
with

⊕
i∈I Ei(x)(⊂ TxM) and thatTxM ′ = ⊕

i∈I Ei(x) is the commonJ -eigenspace de-
composition ofA′

v (v ∈ T ⊥
x M

′), whereA′ is the shape tensor ofM ′. Thus,M ′ is a proper
anti-Kaehlerian isoparametric submanifold inV ′. �
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Define a distributionDPj (j = 1,2) onM byDPj (x) := E0(x)⊕ (
⊕

i∈Ij Ei(x)) (x ∈
M), whereIj := {i ∈ I | (vi)o ∈ Pj } (j = 1,2). Next we prove the following fact.

PROPOSITION 4.2. The subspace V ′ is the orthogonal direct sum of VP1 and VP2.

To show this fact, we prepare the following lemma.

LEMMA 4.3. Let ṽ be a parallel normal vector field of M with ṽo ∈ Pj . Then ṽ is

parallel along L
DPi
x (i �= j) with respect to the Levi-Civita connection ∇̃ of V , where x is an

arbitrary point of M .

PROOF. Take an arbitraryX ∈ TyL
DPi
x (= DPi (y)). LetX = X0 + ∑

k∈Ii Xk, where
X0 ∈ E0(y) andXk ∈ Ek(y). Then we have

∇̃Xṽ = −
∑
k∈Ii

(λk)y(ṽy)f∗Xk

= −
∑
k∈Ii

(〈(vk)y, ṽy〉f∗Xk − 〈J (vk)y, ṽy〉Jf∗Xk) .

As ṽy ∈ P̃j (y) and(vk)y ∈ P̃i (y) (k ∈ Ii ), we have〈(vk)y, ṽy〉 = 〈J (vk)y, ṽy〉 = 0. Hence,
we have∇̃Xṽ = 0. Thus, the statement of this lemma follows. �

By using this lemma, we show Proposition 4.2.

Proof of Proposition 4.2. AsV ′ = VP1 + VP2, it suffices to showVP1 ⊥ VP2. Let ṽi
(i = 1,2) be a parallel normal vector field onM with (ṽi )o ∈ Pi . We have only to show that

(ṽ1)x1 ⊥ (ṽ2)x2 for arbitrary two pointsx1 andx2 of M. SetU(x1) := ⋃
x∈LDP2

x1

L
DP1
x . It is

clear thatU(x1) is open inM. By using Lemma 4.3, we can show that(ṽ1)x1 ⊥ (ṽ2)x for
everyx ∈ U(x1). Hence, asU(x1) is open and̃v2 : M → V is real analytic, we see that
(ṽ1)x1 ⊥ (ṽ2)x for everyx ∈ M. In particular, we have(ṽ1)x1 ⊥ (ṽ2)x2. �

Let∆ be the interior of a fundamental domain containingo of the complex Coxeter group
WA
o ofM ato, where we note that the choice of∆ is not unique. Define a mapF : M×∆ →

V by F(x, v) := exp⊥(ṽx) ((x, v) ∈ M × ∆), whereṽ is the parallel normal vector field
of M with ṽo = v and exp⊥ is the normal exponential map ofM. SetU := F(M × ∆).
This setU is a connected open dense subset ofV consisting of non-focal points ofM andF
is a diffeomorphism ofM × ∆ into V . Define a distributionD̃Pj onU by D̃Pj (F (x, v)) =
P̃j (x)⊕ηṽ∗DPj (x) ((x, v) ∈ M×∆), whereP̃j (x) is regarded as a subspace ofTF(x,v)U and
ηṽ is a map ofM into U defined byηṽ(x) = F(x, v) (x ∈ M). We can show the following
fact by imitating the proof of Proposition 2.3 of [4].

LEMMA 4.4. The distributions DPi (i = 1,2) are totally geodesic onM .

PROOF. TakeX,Y ∈ Γ (DP1) andZ ∈ Γ (D⊥
P1
), whereΓ (∗) is the space of all sections

of ∗. LetX = X0 + ∑
k∈I1 Xk, Y = Y0 + ∑

k∈I1 Yk andZ = ∑
k∈I2 Zk, whereX0, Y0 ∈

Γ (E0),Xk, Yk ∈ Γ (Ek) (k ∈ I1) andZk ∈ Γ (Ek) (k ∈ I2). Denote by∇ (respectivelyh) the
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Levi-Civita connection (respectively the second fundamental form) ofM. Also, denote byh1

the second fundamental form ofDP1. We have

〈h1(X, Y ), Z〉 = 〈∇XY,Z〉 =
∑

k1∈I1∪{0}

∑
k2∈I1∪{0}

∑
k3∈I2

〈∇Xk1Yk2, Zk3〉 ,

where we note that the termwise differentiability as in Lemma 2.2 of [4] also holds on a
pseudo-Riemannian Hilbert manifold. It suffices to show〈∇Xk1Yk2, Zk3〉 = 0 (k1, k2 ∈ I1 ∪
{0}, k3 ∈ I2) in order to show thatDP1 is totally geodesic. As〈Xk1, Zk3〉 = 〈Xk1, JZk3〉 = 0,
we have

〈∇Yk2Xk1, Zk3〉 + 〈Xk1,∇Yk2Zk3〉 = 0 ,(4.1)

and

〈∇Yk2Xk1, JZk3〉 + 〈JXk1,∇Yk2Zk3〉 = 0 .(4.2)

For anyui ∈ Ei, uj ∈ Ej and anyv ∈ T ⊥M, we have

〈h(ui, uj ), v〉 = 〈Avui, uj 〉 = 〈λi(v)ui , uj 〉
= 〈〈vi , v〉ui − 〈Jvi, v〉Jui , uj 〉
= 〈〈ui, uj 〉vi − 〈Jui, uj 〉Jvi, v〉

and hence

h(ui, uj ) = 〈ui, uj 〉vi − 〈Jui, uj 〉Jvi .(4.3)

Let ∇̄ := ∇∗ ⊗ ∇∗ ⊗ ∇⊥, where∇∗ is the dual connection of∇ and∇⊥ is the normal
connection ofM. From (4.3), we have

(∇̄Xk1h)(Yk2, Zk3) = ∇⊥
Xk1
(h(Yk2, Zk3))− h(∇Xk1Yk2, Zk3)− h(Yk2,∇Xk1Zk3)

= 〈∇Xk1Yk2, Zk3〉(vk2 − vk3)− 〈∇Xk1Yk2, JZk3〉J (vk2 − vk3) .
(4.4)

Similarly we have

(∇̄Yk2h)(Xk1, Zk3) = 〈∇Yk2Xk1, Zk3〉(vk1 − vk3)− 〈∇Yk2Xk1, JZk3〉J (vk1 − vk3) .(4.5)

As ∇̄h is totally symmetric by the Codazzi equation, the left-hand side of (4.4) is equal to that
of (4.5), that is,

〈∇Xk1Yk2, Zk3〉(vk2 − vk3)− 〈∇Xk1Yk2, JZk3〉J (vk2 − vk3)

= 〈∇Yk2Xk1, Zk3〉(vk1 − vk3)− 〈∇Yk2Xk1, JZk3〉J (vk1 − vk3) .
(4.6)

Similarly, we have

〈∇Zk3Yk2,Xk1〉(vk2 − vk1)− 〈∇Zk3Yk2, JXk1〉J (vk2 − vk1)

= 〈∇Yk2Zk3,Xk1〉(vk3 − vk1)− 〈∇Yk2Zk3, JXk1〉J (vk3 − vk1) .
(4.7)

According to (4.1) and (4.2), the right-hand sides of (4.6) and (4.7) coincide with each other.
Hence, we have

〈∇Xk1Yk2, Zk3〉(vk2 − vk3)− 〈∇Xk1Yk2, JZk3〉J (vk2 − vk3)

= 〈∇Zk3Yk2,Xk1〉(vk2 − vk1)− 〈∇Zk3Yk2, JXk1〉J (vk2 − vk1) .
(4.8)
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At each point ofM, the left-hand side of (4.8) does not belong toP̃1 or is equal to the zero
vector. On the other hand, the right-hand side of(4.8) is a section ofP̃1. Hence, we have
〈∇Xk1Yk2, Zk3〉 = 0. Thus,DP1 is totally geodesic. Similarly, it is shown thatDP2 is totally
geodesic. �

By imitating the proof of Lemma 3.2 of [4], we can show the following fact in terms of
Lemma 4.4.

LEMMA 4.5. The distributions D̃Pi (i = 1,2) are totally geodesic on U and hence
leaves of D̃Pi (i = 1,2) are open potions of closed complex affine subspaces of V .

PROOF. For each tangent vector fieldX and eachw ∈ ∆, vector fieldsX̂ andŵ onU are
defined byX̂F (x,v) = Xx andŵF (x,v) := w̃x for (x, v) ∈ M×∆, where we identifyTF(x,v)U
with TxU . The parallel submanifoldMw̃ ofM is a proper anti-Kaehlerian isoparametric sub-
manifold in V . Define distributionsEwi (i ∈ I ∪ {0}) onMw̃ by Ewi (F (x,w)) := Ei(x)

(x ∈ M). According to Lemma 3.2,{Ewi | i ∈ I ∪ {0}} is the set of all complex curvature
distributions ofMw̃. Define a distributionD̃TPi (respectivelyD̃NPi ) onU by

D̃TPi (F (x, v)) := {X̂F (x,v) | Xx ∈ DPi (x)}
(respectivelyD̃NPi (F (x, v)) := {ŵF (x,v) | w ∈ Pi ∩∆, x ∈ M})

for (x, v) ∈ M × ∆. Then it is clear that̃DPi = D̃TPi ⊕ D̃NPi and thatD̃NPi is totally geodesic

(hence integrable). To show thatD̃Pi is totally geodesic onU , we suffice to show that̃∇
X̂
Ŷ ,

∇̃
X̂
ŵ, ∇̃ŵŶ and∇̃ŵv̂ (X,Y are tangent vector fields onM, v,w ∈ ∆) are sections of̃DPi .

It is clear that∇̃ŵŶ and∇̃ŵ v̂ vanish, that is, they are sections ofD̃Pi . We show that∇̃
X̂
Ŷ is

a section ofD̃Pi . Denote by∇u, Au andhu the Levi-Civita connection, the shape tensor and
the second fundamental form ofMũ (u ∈ ∆), respectively. By the Gauss equation, we have

(∇̃
X̂
Ŷ )F (x,u) = ηũ∗(∇u

XY )x + hu(Xx, Yx) ((x, u) ∈ M ×∆) .(4.9)

According to Lemma 4.4,D̃TPi is integrable and the leaf of̃DTPi throughF(x, u) is totally
geodesic inMũ. Hence, we have

ηũ∗(∇u
XY )x ∈ D̃TPi (F (x, u)) .(4.10)

Let Xx = (Xx)0 + ∑
k∈Ii (Xx)k, where(Xx)0 ∈ E0(x) and(Xx)k ∈ Ek(x) (k ∈ Ii ). Then,

for anyν ∈ T ⊥
F(x,u)Mũ � D̃NPi (F (x, u)), we have

〈hu(Xx, Yx), ν〉 = 〈hu((Xx)0, Yx), ν〉 +
∑
k∈Ii

〈hu((Xx)k, Yx), ν〉

= 〈Auν(Xx)0, Yx 〉 +
∑
k∈Ii

〈Auν(Xx)k, Yx〉

=
∑
k∈Ii

〈
(λk)x(ν)

1 − (λk)x(ũx)
(Xx)k, Yx

〉
= 0 ,
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where we use Lemma 3.2 and(λk)x(ν) = 0. Thus, we havehu(Xx, Yx) ∈ D̃NPi (F (x, u)).

From (4.9), (4.10) and this fact, we have(∇̃
X̂
Ŷ )F (x,u) ∈ D̃Pi (F (x, u)). Next we show that

∇̃
X̂
ŵ is a section ofD̃Pi . As ŵ|Mũ

is parallel with respect to the normal connection ofMũ,
we have

(∇̃
X̂
ŵ)F (x,u) = −ηũ∗(AuŵF(x,u)Xx)

= −
∑
k∈Ii

(λk)x(w̃x)

1 − (λk)x(ũx)
ηũ∗(Xx)k ∈ D̃TPi (F (x, u)) .

Thus, it is shown thatD̃Pi is totally geodesic. The rest of the statement follows from the
following general fact. �

FACT 1. Any connected totally geodesic submanifold in a pseudo-Hilbert space, whose
tangent spaces are closed subspaces of the pseudo-Hilbert space, is an open potion of a closed
affine subspace of the pseudo-Hilbert space, where closedness is one for the original topology
of the pseudo-Hilbert space.

Next we prepare the following lemma.

LEMMA 4.6. The leaf L
DPi
x ofDPi through x is a proper anti-Kaehlerian isoparamet-

ric submanifold in x + D̃Pi (x).

PROOF. From Lemma 4.5, we haveL
DPi
x ⊂ x + D̃Pi (x). Let ṽ be a parallel normal

vector field ofM with ṽo ∈ Pi . It is clear that the restriction of̃v to L
DPi
x is a parallel

normal vector field ofL
DPi
x in x + D̃Pi (x). Also the normal spaceT ⊥

y L
DPi
x of L

DPi
x at y is

equal toP̃i (y). These facts imply thatL
DPi
x has globally flat normal bundle. Furthermore,

it is easy to show that the restrictions of the complex curvature normals ofM belonging to

P̃i to L
DPi
x are the complex curvature normals ofL

DPi
x , the tangent spaceTyL

DPi
x coincides

with E0(y)⊕ (
⊕

j∈Ii Ej (y)) and thatTyL
DPi
x = E0(y)⊕ (

⊕
j∈Ii Ej (y)) is the common

J -eigenspace decomposition ofAiv (v ∈ T ⊥
y L

DPi
x ), whereAi is the shape tensor ofL

DPi
x .

Thus,L
DPi
x is a proper anti-Kaehlerian isoparametric submanifold inx + D̃Pi (x). �

Forx ∈ M, we setMi(x) := M ∩ (x+VPi ) (i = 1,2) andM ′(x) := M ∩ (x+V ′). The
setMi(x) (respectivelyM ′(x)) is regarded as an immersed submanifold inx + VPi (respec-
tively x + V ′).

PROPOSITION 4.7. The submanifoldMi(x) is a proper anti-Kaehlerian isoparametric
submanifold in x + VPi .

PROOF. We show this fact in the casei = 1. According to Lemma 4.3, the subbundleP̃1

of T ⊥M is parallel along each leaf ofDP2 with respect to the Levi-Civita connectioñ∇ of V .

From this fact and the real analyticity of̃P1, we haveVP1 = SpanJ
⋃
y∈LDP1

x

P̃1(y). Denote
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by T ⊥LDP1
x the normal bundle ofL

DP1
x in x + D̃P1(x). As T ⊥

y L
DP1
x = P̃1(y) (y ∈ L

DP1
x ),

we haveVP1 = SpanJ
⋃
y∈LDP1

x

T ⊥
y L

DP1
x . Let V ⊥

P1
be the orthogonal complement ofVP1 in

D̃P1(x). On the other hand, by Lemma 4.6,L
DP1
x is a proper anti-Kaehlerian isoparametric

submanifold inx+ D̃P1(x). Therefore, it follows from Proposition 4.1 thatL
DP1
x ∩ (x +VP1)

is a proper anti-Kaehlerian isoparametric submanifold inx +VP1. It is clear thatL
DP1
x ∩ (x+

VP1) = M1(x). Hence, we obtain this statement. �

Define a distributionD′
i (i = 1,2) (respectivelyD′) on M by D′

i (x) := TxMi(x)

(respectivelyD′(x) := TxM
′(x)) (x ∈ M).

LEMMA 4.8. (i) The distributionsD′
i (i = 1,2) are totally geodesic.

(ii) The distributionD′ is the orthogonal direct sum ofD′
1 and D′

2.

PROOF. Applying Proposition 4.1 toL
DPi
x ⊂ D̃Pi (x),Mi(x) is totally geodesic inL

DPi
x .

Also, by Lemma 4.4,L
DPi
x is totally geodesic inM. Hence,Mi(x) is totally geodesic inM.

This implies thatD′
i is totally geodesic. Clearly we have dimVPi−dimD′

i = dimPi (i = 1,2)
and dimV ′ −dimD′ = codimM = dimP1 +dimP2. According to Proposition 4.2,V ′ is the
orthogonal direct sum ofVP1 andVP2. From these facts, we have dimD′ = dimD′

1 + dimD′
2

and furthermoreD′ = D′
1 ⊕D′

2 (orthogonal direct sum). �

For simplicity, we denoteMi(o) (i = 1,2) byMi . Denote byι′ the immersion ofM ′
into V ′ and byιi that ofMi into VPi (i = 1,2). Then we have the following proposition.

PROPOSITION 4.9. (i) There exist an isometry F̃ of VP1 ×VP2 onto V ′ and an isom-
etry F of M1 ×M2 onto M ′ satisfying F̃ ◦ (ι1 × ι2) = ι′ ◦ F .

(ii) Mi is proper anti-Kaehlerian isoparametric in VPi (i = 1,2).

We prepare the following lemma to show this proposition.

LEMMA 4.10. Let γ be a curve in M1 and βs be a one-parameter family of geodesics
in M ′ with βs(0) = γ (s), β̇0(0) ⊥ M1 and ∇′̇

γ (s)β̇s(0)|s=0 = 0, where ∇′ is the Levi-Civita
connection ofM ′. Then we have (∂/∂s)βs(t)|s=0 ∈ D′

1(β0(t)).

PROOF. From Lemma 4.8, we can show this statement by imitating the proof of Lemma
3.9 of [4]. �

From this lemma, we have the following fact.

LEMMA 4.11. For every x1 ∈ M1 and every x2 ∈ M2, we haveM1(x2)∩M2(x1) �= ∅.

PROOF. From Lemma 4.10, we can show this statement by imitating the proof of
Lemma 3.10 of [4]. �

For x1 ∈ M1 ⊂ VP1 ⊂ V ′, we define an isometryFx1 of V ′ by Fx1(u) := u + x1

(u ∈ V ′).

LEMMA 4.12. (i) For xi ∈ Mi (i = 1,2),M1(x2) ∩M2(x1) = {Fx1(x2)} holds.
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(ii) This isometry Fx1 mapsM2 isometrically ontoM2(x1).

PROOF. From Lemma 4.11, we can show these statements by imitating the proof of
Corollary 3.11 of [4]. �

By using this lemma, we prove Proposition 4.9.

PROOF OFPROPOSITION4.9. Define an isometryF̃ of VP1 × VP2 onto V ′ by
F̃ (u1, u2) := u1 + u2 ((u1, u2) ∈ VP1 × VP2). From (ii) of Lemma 4.12, we have

F̃ (M1 ×M2) =
⋃
x1∈M1

F̃ ({x1} ×M2) =
⋃
x1∈M1

Fx1(M2)

=
⋃
x1∈M1

M2(x1) ⊂ M ′.

Furthermore, it follows from the completenesses ofMi (i = 1,2) thatF̃ (M1 ×M2) = M ′.
This implies the statement (i). The statement (ii) is shown by imitating the proof of Proposi-
tion 4.1(iii). �

Now we prove Theorem 1.

PROOF OFTHEOREM 1. From Propositions 4.1 and 4.9, it follows that there exist an
isometryF̃ of VP1 × VP2 × V0 onto V and an isometryF of the anti-Kaehlerian product
manifoldM1 ×M2 × V0 ontoM satisfyingF̃ ◦ (ι1 × ι2 × idV0) = ι ◦F . Thus,M is regarded
as an (extrinsic) product of the proper anti-Kaehlerian isoparametric submanifoldsM1 (in
VP1) andM2 × V0 (in VP2 × V0). This completes the proof of Theorem 1. �

5. Proof of Theorem 2. In this section, we prove Theorem 2. LetM be a proper
complex equifocal submanifold in a symmetric spaceG/K of non-compact type andMc be
the extrinsic complexification ofM, where we note thatMc is an anti-Kaehlerian equifocal
submanifold in the anti-Kaehlerian symmetric spaceGc/Kc associated withG/K. Let φc :
H 0([0,1], gc) → Gc be the parallel transport map forGc andπc : Gc → Gc/Kc be the
natural projection. See [8] for the definitions ofH 0([0,1], gc) andφc. Note thatφc andπc

are anti-Kaehlerian submersions. Setφ̃c := πc ◦ φc. LetW be the complex Coxeter group
associated withM. AsM is proper complex equifocal,̃φc−1(Mc) is a proper anti-Kaehlerian
isoparametric submanifold and it extends to a complete submanifold by Theorem 1 of [8].
Denote the complete extension by the same symbolφ̃c−1(Mc). Hence,Mc also extends to a
complete anti-Kaehlerian equifocal submanifold, which we denote by the same symbolMc.
If M is decomposed into an extrinsic product of two proper complex equifocal submanifolds,
thenMc is decomposed into an extrinsic product of two proper anti-Kaehlerian equifocal
submanifolds. Hence,̃φc−1(Mc) is decomposed into an extrinsic product of two proper anti-
Kaehlerian isoparametric submanifolds, that is,W is decomposable. In the sequel, we prove
the converse. Assume thatW is decomposable. For simplicity, we setM̃c := φ̃c−1(Mc) and
V := H 0([0,1], gc). Without loss of generality, we may assume thatM̃c contains the zero
element̂0 ofV . Denote byJ the complex structure ofV . According to Lemma 3.8, there exist
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twoJ -invariant linear subspacesP1 ( �= 0) andP2 ( �= 0) of T ⊥
0̂
M̃c such thatT ⊥

0̂
M̃c = P1⊕P2

(orthogonal direct sum),P1 ∪ P2 contains all complex curvature normals ofM̃c at 0̂ and that
Pi (i = 1,2) contain at least one complex curvature normal ofM̃c at 0̂. Let P̃i (i = 1,2)

be∇⊥-parallel subbundle ofT ⊥M̃c with P̃i(0̂) = Pi . SetVPi := SpanJ
⋃
x̃∈M̃c P̃i (x̃) (i =

1,2), V ′ := SpanJ
⋃
x̃∈M̃c T

⊥
x̃
M̃c andV0 := (V ′)⊥. According to Proposition 4.2, we have

V = VP1 ⊕ VP2 ⊕ V0 (orthogonal direct sum), which we write asV = VP1 × VP2 × V0. Set
M̃c′(x̃) := M̃c ∩ (x̃ + V ′) andM̃c

i (x̃) := M̃c ∩ (x̃ + VPi ), wherex̃ ∈ M̃c. For simplicity,

we denoteM̃c′(0̂) (respectivelyM̃c
i (0̂)) by M̃c′ (respectivelyM̃c

i ). According to the proof of
Theorem 1 in Section 4, there exists an isometryF of M̃c

1 × M̃c
2 × V0 onto M̃c satisfying

ι̃ ◦ F = ι̃1 × ι̃2 × idV0, whereι̃ is the immersion ofM̃c into V andι̃i (i = 1,2) is that ofM̃c
i

into VPi . Note thatF(M̃c
1 × M̃c

2 × {0̂}) = M̃c′. For simplicity, we setMc∗ := φc(M̃c). Set
P ∗
i := φc

∗0̂
Pi (i = 1,2). Let P̃ ∗

i (i = 1,2) be the∇⊥∗-parallel subbundle ofT ⊥Mc∗ with

P̃ ∗
i (e) = P ∗

i , where∇⊥∗ is the normal connection ofMc∗. Define idealsgc′ andgc
i (i = 1,2)

of gc by

gc′ := Spanc
⋃

x∗∈Mc∗
{g0∗v(x∗)−1∗ g−1

0∗ | v ∈ T ⊥
x∗Mc∗, g0 ∈ Gc}

and

gc
i := Spanc

⋃
x∗∈Mc∗

{g0∗v(x∗)−1∗ g−1
0∗ | v ∈ P̃ ∗

i (x
∗), g0 ∈ Gc} .

Also, setgc
0 := (gc′)⊥, which is also an ideal ofgc. LetGc′, Gc

0 andGc
i (i = 1,2) be the

connected Lie subgroups ofGc whose Lie algebras aregc′, gc
0 andgc

i (i = 1,2), respectively.
As Gc is simply connected andgc, gc

0 andgc
i (i = 1,2) are ideals ofgc, we haveGc =

Gc′ ×Gc
0 andGc′ = Gc

1 ×Gc
2. First we prepare the following lemma.

LEMMA 5.1. We have V ′ ⊂ H 0([0,1], gc′) and VPi ⊂ H 0([0,1], gc
i ) (i = 1,2).

PROOF. Let v ∈ T ⊥
x∗Mc∗ andx̃ ∈ φc−1(x∗). By the fact (v) in [8, Section 6], we can

express as̃x = g ∗ 0̂ in terms of someg ∈ P(Gc,Gc × e), whereP(Gc,Gc × e) := {ḡ ∈
H 1([0,1],Gc) | ḡ(1) = e}. We can show that the horizontal liftvL

x̃
of v to x̃ is equal to

g∗v(x∗)−1∗ g−1∗ , where we identifyTx̃H 0([0,1], gc) with H 0([0,1], gc). Hence, asT ⊥
x̃
M̃c is

the horizontal lift(T ⊥
x∗Mc∗)L

x̃
of T ⊥

x∗Mc∗ to x̃, we have

V ′ = SpanJ
⋃

x∗∈Mc∗
{g∗v(x∗)−1∗ g−1∗ | g ∈ P(Gc,Gc × e), v ∈ T ⊥

x∗Mc∗} ,

which implies thatV ′ ⊂ H 0([0,1], gc′). Similarly, asP̃i (x̃) is the horizontal liftP̃ ∗
i (x

∗)L
x̃

of

P̃ ∗
i (x

∗) to x̃, we have

VPi = SpanJ
⋃

x∗∈Mc∗
{g∗v(x∗)−1∗ g−1∗ | g ∈ P(Gc,Gc × e), v ∈ P̃ ∗

i (x
∗)}

(i = 1,2), which implies thatVPi ⊂ H 0([0,1], gc
i ). �
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REMARK 5.1. We cannot conclude whether Lemma 3.3 of [2] is true because the
curveα ◦λ in its proof does not necessarily belong toV0 (i.e. the statement

∫ 1
0 φ(λ(t)) dt = 0

in the proof cannot follow from the assumption forα). Similarly, we cannot conclude whether
H 0([0,1], gc′) = V ′ is true.

Let φc′ : H 0([0,1], gc′) → Gc′ (respectivelyφc
0 : H 0([0,1], gc

0) → Gc
0) be the parallel

transport map forGc′ (respectivelyGc
0). It is clear thatφc ◦ F̃ = φc′ × φc

0, whereF̃ is an
isometry ofH 0([0,1], gc′)×H 0([0,1], gc

0) ontoH 0([0,1], gc) defined byF̃ (u′, u0) = u′+u0

((u′, u0) ∈ H 0([0,1], gc′) × H 0([0,1], gc
0)). From0̂ ∈ M̃c, we havee ∈ Mc∗, wheree is

the identity element ofGc. SetMc∗′ := Mc∗ ∩ Gc′, which is regarded as an immersed
submanifold inGc′. Denote byι∗′ the immersion ofMc∗′ intoGc′ and byι∗ that ofMc∗ into
Gc.

PROPOSITION 5.2. (i) There exists an isometry F of the anti-Kaehlerian product
manifoldMc∗′ ×Gc

0 ontoMc∗ satisfying ι∗ ◦ F = ι∗′ × idGc
0
.

(ii) Mc∗′ is proper anti-Kaehlerian equifocal in Gc′.

PROOF. AsV ′ ⊂ H 0([0,1], gc′) by Lemma 5.1 andV = V ′ ⊕ V0 = H 0([0,1], gc′)⊕
H 0([0,1], gc

0) (orthogonal direct sum), we haveH 0([0,1], gc
0) ⊂ V0. Let V ′

0 be the or-
thogonal complement ofH 0([0,1], gc

0) in V0. Clearly we haveH 0([0,1], gc′) = V ′ ⊕ V ′
0

(orthogonal direct sum). According to (i) of Proposition 4.1, the submanifoldM̃c is regarded
as the anti-Kaehlerian product submanifoldM̃c′ × V0. From these facts, we have

Mc∗ = φc(M̃c) = φc(M̃c′ × V0)

= (φc′ × φc
0)(M̃

c′ × V ′
0 ×H 0([0,1], gc

0))

= φc′(M̃c′ × V ′
0)×Gc

0

= φc′(M̃c ∩H 0([0,1], gc′))×Gc
0 = Mc∗′ ×Gc

0 .

This implies the statement (i). According to (iii) of Proposition 4.1,M̃c′ is proper anti-
Kaehlerian isoparametric inV ′ and henceM̃c′ × V ′

0 is proper anti-Kaehlerian isoparametric

in H 0([0,1], gc′). On the other hand, it is clear that̃Mc′ × V ′
0 = φc′−1

(Mc∗′). Therefore, it
follows from Proposition 4 of [8] and its proof thatMc∗′ is proper anti-Kaehlerian equifocal
in Gc′. �

We can show the following lemma by imitating the proof of Lemma 3.7 of [2].

LEMMA 5.3. We have gc
1 ⊥ gc

2 and hence H 0([0,1], gc′) = H 0([0,1], gc
1) ⊕

H 0([0,1], gc
2) (orthogonal direct sum).

PROOF. First we showgc
1 ⊥ gc

2. Let gi∗vi(x∗
i )

−1∗ g−1
i∗ ∈ gc

i (i = 1,2), wherex∗
i ∈

Mc∗, gi ∈ Gc and vi ∈ P̃ ∗
i (x

∗
i ) (i = 1,2). We have only to show〈g1∗v1(x

∗
1)

−1∗ g−1
1∗ ,

g2∗v2(x
∗
2)

−1∗ g−1
2∗ 〉 = 0. Suppose that〈g1∗v1(x

∗
1)

−1∗ g−1
1∗ , g2∗v2(x

∗
2)

−1∗ g−1
2∗ 〉 �= 0. Takeg̃0

i ∈
P(Gc, e ×Gc) with φc(g̃0

i ∗ 0̂)(= g̃0−1
i (1)) = x∗

i andg̃0
i (1/2) = gi (i = 1,2). Set

ψ(t) := 〈g̃0
1(t)∗v1(x

∗
1)

−1∗ g̃0
1(t)

−1∗ , g̃0
2(t)∗v2(x

∗
2)

−1∗ g̃0
2(t)

−1∗ 〉
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(t ∈ [0,1]). As g̃0
i∗vi(x∗

i )
−1∗ g̃0−1

i∗ = (vi)
L

g̃0
i ∗0̂

∈ P̃i (g̃0
i ∗0̂) (i = 1,2) andP̃1(g̃0

1∗0̂) ⊥ P̃2(g̃2∗0̂)

by Proposition 4.2, we have
∫ 1

0 ψ(t)dt = 0. There existsε > 0 such thatψ(t)ψ(1/2) > 0
for all t ∈ [1/2 − ε,1/2 + ε] because ofψ(1/2) �= 0. For simplicity, sett1 = 1/2 − ε and
t2 = 1/2 + ε. Define a functionλ over[0,1] by

λ(t) :=




3t2t (0 ≤ t ≤ 1/3)

2t2 − t1 − 3(t2 − t1)t (1/3 ≤ t ≤ 2/3)

t1 − 2t2 + 3t2t (2/3 ≤ t ≤ 1) .

Then we have

∫ 1

0
ψ(λ(t))dt = 1

3t2

∫ 1

0
ψ(t)dt + 2t2 − t1

3t2(t2 − t1)

∫ t2

t1

ψ(t)dt �= 0.

On the other hand, we have

∫ 1

0
ψ(λ(t))dt = 〈(g̃0

1 ◦ λ)∗v1(x
∗
1)

−1∗ (g̃0
1 ◦ λ)−1∗ , (g̃0

2 ◦ λ)∗v2(x
∗
2)

−1∗ (g̃0
2 ◦ λ)−1∗ 〉0

= 〈(v1)
L

(g̃0
1◦λ)∗0̂

, (v2)
L

(g̃0
1◦λ)∗0̂

〉0 = 0

because ofP̃1((g̃0
1 ◦ λ) ∗ 0̂) ⊥ P̃2((g̃0

2 ◦ λ) ∗ 0̂), where we note thatφc((g̃0
i ◦ λ) ∗ 0̂) =

(g̃0
i ◦ λ)(1)−1 = g̃0

i (1)
−1 = x∗

i and hence(vi)L
(g̃0
i ◦λ)∗0̂

is defined. Thus, a contradiction

arises. Hence, we obtain〈g1∗v1(x
∗
1)

−1∗ g−1
1∗ , g2∗v2(x

∗
2)

−1∗ g−1
2∗ 〉 = 0. Thus,gc

1 ⊥ gc
2 is shown.

Furthermore, asT ⊥
x∗Mc∗ = P̃ ∗

1 (x
∗)⊕ P̃ ∗

2 (x
∗), we havegc′ = gc

1 ⊕ gc
2 (orthogonal direct sum)

and henceH 0([0,1], gc′) = H 0([0,1], gc
1)⊕H 0([0,1], gc

2) (orthogonal direct sum). �

Let φc
i : H 0([0,1], gc

i ) → Gc
i (i = 1,2) be the parallel transport map forGc

i . Set
Mc∗
i := Mc∗ ∩Gc

i (i = 1,2), which is regarded as an immersed submanifold inGc
i . Denote

by ι∗i the immersion ofMc∗
i intoGc

i .

PROPOSITION 5.4. (i) There exists an isometry F of the anti-Kaehlerian product
manifold Mc∗

1 ×Mc∗
2 onto Mc∗′ satisfying ι∗′ ◦ F = ι∗1 × ι∗2.

(ii) Mc∗
i is proper anti-Kaehlerian equifocal in Gc

i (i = 1,2).

PROOF. LetV ′
i (i = 1,2) be the orthogonal complement ofVPi inH 0([0,1], gc

i ). From
Lemma 5.3, we haveφc′ = φc

1 × φc
2. Also, from the proof of Proposition 5.2, we have

Mc∗′ = φc′(M̃c′ × V ′
0), whereV ′

0 is as in the proof of Proposition 5.2. It is clear thatV ′
0 =

V ′
1 ⊕ V ′

2 (orthogonal direct sum). Also, according to Proposition 4.9(i), the submanifoldM̃c′
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is regarded as the anti-Kaehlerian product submanifoldM̃c
1 × M̃c

2. From these facts, we have

Mc∗′ = (φc
1 × φc

2)(M̃
c
1 × M̃c

2 × V ′
0)

= (φc
1 × φc

2)((M̃
c
1 × V ′

1)× (M̃c
2 × V ′

2))

= φc
1(M̃

c
1 × V ′

1)× φc
2(M̃

c
2 × V ′

2)

= φc
1(M̃

c ∩H 0([0,1], gc
1))× φc

2(M̃
c ∩H 0([0,1], gc

2))

= Mc∗
1 ×Mc∗

2 .

This implies the statement (i). According to Proposition 4.9(ii),M̃c
i is proper anti-

Kaehlerian isoparametric inVPi and henceM̃c
i × V ′

i is proper anti-Kaehlerian isoparametric
in H 0([0,1], gc

i ). On the other hand, it is clear that̃Mc
i × V ′

i = φc−1
i (Mc∗

i ). Therefore, it
follows from Proposition 4 of [8] and its proof thatMc∗

i is proper anti-Kaehlerian equifocal
in Gc

i . �

We have the following splitting theorem forMc∗ from Propositions 5.2 and 5.4.

THEOREM 5.5. There exists an isometry F of the anti-Kaehlerian product manifold
Mc∗

1 ×Mc∗
2 ×Gc

0 ontoMc∗ satisfying ι∗ ◦ F = ι∗1 × ι∗2 × idGc
0
.

Next we prove a splitting theorem forMc. Let s : G → G be the involution ofG such
that the set of all fixed points ofs is equal toK and setθ := s∗e(: g → g). Also, letθ c : gc →
gc be the complexification ofθ . Then it is clear that(gc, θ c) is the orthogonal symmetric Lie
algebra associated withGc/Kc. First we show the following lemma by imitating the argument
in [2, Section 4].

LEMMA 5.6. We have θ c(gc
i ) = gc

i (i = 0,1,2).

PROOF. Let g = h1 ⊕ · · · ⊕ hr be the simple ideal decomposition ofg. Then it is clear
thatgc = hc

1 ⊕ · · · ⊕ hc
r is the simple ideal decomposition ofgc. As gc

i (i = 0,1,2) are ideals
of gc, we can express asgc

i = hc
i1

⊕· · ·⊕hc
imi

(i = 0,1,2). Let(g, θ) = (i1, θ1)×· · ·×(il , θl)
be the irreducible orthogonal symmetric Lie algebra decomposition of(g, θ), whereθj = θ |�j
(j = 1, . . . , l). Then it is clear that(gc, θ c) = (ic1, θ

c
1) × · · · × (icl , θ

c
l ) is the orthogonal

symmetric Lie algebra decomposition of(gc, θ c). For each(ij , θj ), one of the following
holds:

(I) ij = hj ′ for somej ′ ∈ {1, . . . , r}; or
(II) ij = hj ′ ⊕ hj ′′ for somej ′, j ′′ ∈ {1, . . . , r} andθj (hj ′) = hj ′′ ;

(see [6]). Suppose thatθ c(gc
1) �= gc

1. Then there exists(k0, j1, j2) ∈ {1, . . . , l}×
{11, . . . ,1m1} × ({01, . . . ,0m0} ∪ {21, . . . ,2m2}) satisfyingick0

= hc
j1

⊕ hc
j2

. Clearly we have

{X+ θ c(X) | X ∈ hc
j1

} ⊂ fc. Also, fromMc∗ = πc−1(Mc), we havefc ⊂ TeM
c∗. Hence, for

eachX ∈ hc
j1

, we have

X + θ c(X) ∈ TeMc∗ = TeM
c∗
1 ⊕ TeM

c∗
2 ⊕ gc

0 ,

that is,X ∈ TeM
c∗
1 and θ c(X) ∈ TeM

c∗
2 ⊕ gc

0. Thus, we havehc
j1

⊂ TeM
c∗
1 andhc

j2
⊂

TeM
c∗
2 ⊕ gc

0. Therefore, we haveick0
⊂ TeM

c∗. Next we show thatg0∗ick0
⊂ Tg0M

c∗ for each



PROPER COMPLEX EQUIFOCAL SUBMANIFOLDS 413

g0 ∈ Mc∗. We denote the quantities forg−1
0 Mc∗ corresponding togc

i (i = 0,1,2) (defined for
Mc∗) by ĝc

i (= 0,1,2). Then we have

ĝc
i = Spanc

⋃
x∗∈g−1

0 Mc∗
{g1∗v(x∗)−1∗ g−1

1∗ | v ∈ g−1
0∗ P̃

∗
i (g0x

∗), g1 ∈ Gc}

= Spanc
⋃

x∗∈g−1
0 Mc∗

{g1∗(g−1
0∗ v)(g0x

∗)−1∗ g0∗g−1
1∗ | v ∈ P̃ ∗

i (g0x
∗), g1 ∈ Gc}

= Spanc
⋃

x∗∈Mc∗
{(g1g−1

0 )∗v(x∗)−1∗ (g1g−1
0 )−1∗ | v ∈ P̃ ∗

i (x
∗), g1 ∈ Gc} = gc

i

(i = 1,2). Hence, we also havêgc
0 = gc

0. Therefore, we can showick0
⊂ Te(g−1

0 Mc∗) in a
similar manner toick0

⊂ TeM
c∗. That is, we haveg0∗ick0

⊂ Tg0M
c∗. Let I c

j (j = 1, . . . , l) be
the connected Lie subgroup ofGc whose Lie algebra isicj . We haveGc = I c

1 × · · · × I c
l . For

simplicity, we express asGc = I c
k0

× H , whereH := I c
1 × · · · × I c

k0−1 × I c
k0+1 × · · · × I c

l .
As Tg0g0I

c
k0

= g0∗ick0
⊂ Tg0M

c∗, we haveMc∗ = ⋃
g0∈Mc∗ g0I

c
k0

. That isMc∗ is expressed
asMc∗ = ⋃

g0∈Mc∗∩H (I c
k0

× {g0}). This fact deducesI c
k0

⊂ Gc
0, that is, ick0

⊂ gc
0, which

contradictsick0
∩ gc

1 = hc
j1

�= {0}. Therefore, we obtainθ c(gc
1) = gc

1. Similarly, we can obtain
θ c(gc

2) = gc
2. Hence, we also haveθ c(gc

0) = gc
0. �

Let fc
i (i = 0,1,2) be the eigenspace ofθ |�c

i
for 1, where we note thatθ |�c

i
is an involution

of gc
i by Lemma 5.6. LetKc

i (i = 0,1,2) be the connected Lie subgroup ofGc whose Lie
algebra isfc

i . Let gi := gc
i ∩ g (i = 0,1,2) andGi (i = 0,1,2) be the connected Lie

subgroup ofG whose Lie algebra isgi . We can show(gi )c = gc
i (i = 0,1,2). It follows

from this fact andθ c(gc
i ) = gc

i that θ(gi ) = gi (i = 0,1,2). Let fi (i = 0,1,2) be the
eigenspace ofθ |�i for 1 andKi be the connected Lie subgroup ofG whose Lie algebra isfi .
It is shown thatGc

i /K
c
i (i = 0,1,2) is the anti-Kaehlerian symmetric space associated with

Gi/Ki ,Gc/Kc = Gc
1/K

c
1 ×Gc

2/K
c
2 ×Gc

0/K
c
0 and thatG/K = G1/K1 ×G2/K2 ×G0/K0.

RegardGc
i /K

c
i (respectivelyGi/Ki) (i = 0,1,2) as totally geodesic submanifolds inGc/Kc

(respectivelyG/K) througheKc (respectivelyeK). SetMc
i := Mc ∩ Gc

i /K
c
i (i = 1,2),

which is regarded as an immersed submanifold inGc
i /K

c
i . Denote byιi the immersion ofMc

i

intoGc
i /K

c
i and byι that ofMc intoGc/Kc. We have the following splitting theorem forMc

from Theorem 5.5.

THEOREM 5.7. (i) There exists an isometry F of the anti-Kaehlerian product mani-
fold Mc

1 ×Mc
2 ×Gc

0/K
c
0 ontoMc satisfying ι ◦ F = ι1 × ι2 × idGc

0/K
c
0
.

(ii) Mc
i is proper anti-Kaehlerian equifocal in Gc

i /K
c
i (i = 1,2).

PROOF. Denote byπc
i (i = 0,1,2) the natural projection ofGc

i ontoGc
i /K

c
i . Clearly

we haveπc−1
i (Mc

i ) = Mc∗
i (i = 1,2). AsMc∗ is identified with the anti-Kaehlerian product

submanifoldMc∗
1 ×Mc∗

2 ×Gc
0 by Theorem 5.5, we have

Mc = πc(Mc∗) = (πc
1 × πc

2 × πc
0)(M

c∗
1 ×Mc∗

2 ×Gc
0)

= πc
1(M

c∗
1 )× πc

2(M
c∗
2 )×Gc

0/K
c
0 = Mc

1 ×Mc
2 ×Gc

0/K
c
0 ,
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which implies the statement (i). AsMc∗
i is proper anti-Kaehlerian equifocal inGc

i by (ii) of
Proposition 5.4 andMc∗

i = πc−1
i (Mc

i ), it follows from Proposition 4 of [8] and its proof that
Mc
i is proper anti-Kaehlerian equifocal inGc

i /K
c
i . �

SetMi := M ∩ Gi/Ki (i = 1,2), which is regarded as an immersed submanifold in
Gi/Ki . Denote bȳιi the immersion ofMi intoGi/Ki and byῑ that ofM intoG/K.

PROOF OFTHEOREM 2. Let ιG/K be the natural immersion ofG/K into Gc/Kc and
ιGi/Ki (i = 1,2) be that ofGi/Ki into Gc

i /K
c
i (i = 0,1,2). Clearly we haveιG/K =∏2

i=0 ιGi/Ki . AsMc is identified with the anti-Kaehlerian product submanifoldMc
1 ×Mc

2 ×
Gc

0/K
c
0 by Theorem 5.7, we have

ι−1
G/K(M

c) = ι−1
G1/K1

(Mc
1)× ι−1

G2/K2
(Mc

2)×G0/K0 .

Let M ′
i (i = 1,2) be the maximal connected open submanifold ofι−1

Gi/Ki
(Mc

i ) containing

eK. AsM is the maximal connected open submanifold ofι−1
G/K(M

c) containingeK, we have
M = M ′

1 ×M ′
2 × G0/K0. This fact impliesM ′

i = Mi (i = 1,2). Therefore, it follows that
there exists an isometryF of the Riemannian product manifoldM1 ×M2 ×G0/K0 ontoM
satisfyingῑ ◦ F = ῑ1 × ῑ2 × idG0/K0. AsMc

i is proper anti-Kaehlerian equifocal inGc
i /K

c
i

(i = 1,2) by Theorem 5.7(ii), it follows from Theorem 6 of [8] and its proof thatMi is
proper complex equifocal inGi/Ki (i = 1,2). Thus,M is decomposed into the extrinsic
product of two proper complex equifocal submanifoldsM1 (in G1/K1) andM2 ×G0/K0 (in
G2/K2 ×G0/K0). �

6. The complex Coxeter groups of the principal orbits of actions of Hermann type.
In this section, we recall examples of proper complex equifocal submanifolds given in [9] and
describe explicitly the generators of the complex Coxeter groups associated with them. Let
G/K be a symmetric space of non-compact type andH be the subgroup ofG consisting of all
fixed points of an involutionσ of G. Note that theH -action onG/K is conjugate to the dual
action of a Hermann action on the compact dualG∗/K ofG/K. Hence, we call such an action
onG/K anaction of Hermann type. Denote byθ the Cartan involution associated withG/K.
We may assume thatσ ◦ θ = θ ◦ σ by replacingH to a suitable conjugate group if necessary.
Then the orbitHeK is totally geodesic (see [9, Lemma 4.2]). Letp be the eigenspace ofθ∗e
for −1. In [9], we showed the following fact.

FACT 2. The principal orbits of the H -action on G/K are curvature adapted and
proper complex equifocal.

Now we describe explicitly the generators of the complex Coxeter group associated with
the principal orbit. LetH(expZ)K (Z ∈ p) be a principal orbit of theH -action. Denote
this orbit byM and its shape tensor byA. For simplicity, setg := expZ. There exists
an r-dimensional abelian subspacet of p′ := T ⊥

eKHeK(⊂ p) containingZ, wherer is the
cohomogeneity of theH -action. Leta be a maximal abelian subspace ofp containingt and
p = a + ∑

α∈∆+ pα be the root space decomposition with respect toa. As HeK has Lie triple
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systematic normal bundle andM is a partial tube overHeK (see [9, Lemma 4.2]), we have

TgKM =
( ⊕
α∈∆+∪{0}

{X̃Z | X ∈ pα ∩ TeKHeK}
)

⊕
( ⊕
β∈∆+

g∗(pβ ∩ p′)
)
,(6.1)

whereX̃Z is the horizontal lift ofX to Z andp0 = a. For simplicity, we setHα := {X̃Z |
X ∈ pα ∩ TeKHeK} (α ∈ ∆+ ∪ {0}) andVβ := g∗(pβ ∩ p′) (β ∈ ∆+). Furthermore, asHeK
is totally geodesic, it follows from Corollary 3.2 of [9] that

AvX̃Z = −α(g−1∗ v) tanhα(Z)X̃Z (X̃Z ∈ Hα, v ∈ T ⊥
gKM) .(6.2)

LetL be the group of all fixed points ofσ ◦θ . Then we can show thatL/H ∩K is a symmetric
space,p′ is regarded asTe(H∩K)L/H ∩ K and that∆′+ := {α|� | α ∈ ∆+} is regarded as a
positive root system with respect to a maximal abelian subspacet of p′ = Te(H∩K)L/H ∩K.
AsM ∩ exp⊥(p′) is catched as a principal orbit of the isotropy action ofL/H ∩K, we have

AvY = β(g−1∗ v)

tanhβ(Z)
Y (Y ∈ Vβ, v ∈ T ⊥

gKM)(6.3)

in terms of Proposition 3.1(i) in [9], where we noteβ(Z) �= 0 becauseH(expZ)K is a
principal orbit, that is,Z is a regular element of the linear isotropy action ofL/H ∩ K. On
the other hand, we have

g−1∗ T ⊥
gKM = t(⊂ a) , g−1∗ Hα = pα ∩ TeKHeK and g−1∗ Vβ ⊂ pβ ∩ p′ .

These facts together with (6.2) and (6.3) imply that

(Dco
zv − zDsi

zv ◦ Av)(X̃Z) = (cosh(zα(g−1∗ v)) + sinh(zα(g−1∗ v)) tanhα(Z))X̃Z(X̃Z ∈ Hα) ,

(Dco
zv − zDsi

zv ◦Av)(Y ) =
(

cosh(zβ(g−1∗ v))− sinh(zβ(g−1∗ v))

tanhβ(Z)

)
Y (Y ∈ Vβ) .

According to these relations and (6.1), the set of all complex focal radii alongγv is given by{
1

α(g−1∗ v)

(
−α(Z)+

(
j + 1

2

)
π

√−1

) ∣∣∣∣ j ∈ Z, α ∈ ∆H \∆v
}

⋃ {
1

β(g−1∗ v)
(β(Z)+ jπ

√−1)

∣∣∣∣ j ∈ Z, β ∈ ∆V \∆v
}
,

(6.4)

where∆H := {α ∈ ∆+ | pα ∩ TeKHeK �= {0}}, ∆V := {α ∈ ∆+ | pα ∩ p′ �= {0}} and
∆v := {α ∈ ∆+ | α(g−1∗ v) = 0}. Denote byÃ the shape tensor of(π ◦ φ)−1(M), where
φ is the parallel transport map forG andπ is the natural projection ofG ontoG/K. Then,
according to [8, Theorem 1], itfollows from (6.4) that theJ -spectrum SpecJ Ã

c
vL

of Ãc
vL

(wherevL is the horizontal lift ofv) is given by

SpecJ Ã
c
vL

=
{

α(g−1∗ v)

−α(Z)+ (j + 1/2)π
√−1

∣∣∣∣ j ∈ Z, α ∈ ∆H \∆v
}

⋃ {
β(g−1∗ v)

β(Z)+ jπ
√−1

∣∣∣∣ j ∈ Z, β ∈ ∆V \∆v
}
.
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Set

α̃H
j := αc|�c

−α(Z)+ (j + 1/2)π
√−1

(α ∈ ∆H)
and

β̃V
j := βc|�c

β(Z)+ jπ
√−1

(β ∈ ∆V ) .
The complex Coxeter group associated withM is isomorphic to the group generated by the
complex reflections (of order two) with respect to the complex hyperplaneslHα,j := (α̃H

j )
−1(1)

(j ∈ Z, α ∈ ∆H ) andlVβ,j := (β̃V
j )

−1(1) (j ∈ Z, β ∈ ∆V ) in tc. These complex hyperplanes
are described as

lHα,j = (αc|�c)−1(−α(Z)+ (j + 1/2)π
√−1) ,

lVβ,j = (βc|�c)−1(β(Z)+ jπ
√−1) .

(6.5)

Thus, we can describe explicitly the generators of the complex Coxeter groups associated
with principal orbits of theH -action in terms of the positive root system of the associated
symmetric spaceL/H ∩K.

REMARK 6.1. (i) The complex hyperplaneslHα,j (j ∈ Z) are parallel and so arelVβ,j
(j ∈ Z). Also, forα ∈ ∆H ∩∆V , lHα,j andlVα,j are parallel.

(ii) If H = K, then the complex Coxeter group associated withM is generated by the
complex reflections of order two with respect tolVβ,j (j ∈ Z, β ∈ ∆V ) becauseHeK consists

of one point. The complex hyperplanelVβ,j is described as

lVβ,j = (βc)−1(β(Z)+ jπ
√−1)(6.6)

because oft = a.
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