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A recently developed Eulerian finite element method (FEM) is applied to solve advection—diffusion equa-
tions posed on hypersurfaces. When transport processes on a surface dominate over diffusion, FEMs tend
to be unstable unless the mesh is sufficiently fine. The paper introduces a stabilized FE formulation
based on the streamline upwind Petrov-Galerkin (SUPG) technique. An error analysis of the method is
given. Results of numerical experiments are presented, which illustrate the performance of the stabilized
method.
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1. Introduction

Mathematical models involving partial differential equations (PDEs) posed on hypersurfaces occur in
many applications. Often surface equations are coupled with other equations that are formulated in a
(fixed) domain which contains the surface. This happens, for example, in common models of multiphase
fluid dynamics if one takes the so-called surface active agents into account (Gross & Reusken, 2011).
The surface transport of such surfactants is typically driven by convection and surface diffusion and the
relative strength of these two is measured by the dimensionless surface Peclet number Pe; = UL/D.
Here U and L denote typical velocity and length scales, respectively, and Dj is the surface diffusion
coefficient. Typical surfactants have surface diffusion coefficients in the range Ds ~ 107°~1075 cm?/s
(Agrawal & Neumann, 1988), leading to (very) large surface Peclet numbers in many applications.
Hence, such applications result in advection—diffusion equations on the surface with dominating advec-
tion terms. The surface may evolve in time and be available only implicitly (for example, as a zero level
of a level-set function).

It is well known that finite element (FE) discretization methods for advection—diffusion prob-
lems need an additional stabilization mechanism, unless the mesh size is sufficiently small to resolve
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boundary and internal layers in the solution of the differential equation. For the planar case, this topic
has been studied extensively in the literature and a variety of stabilization methods has been developed;
see, for example, Roos er al. (2008). However, we are not aware of any studies of stable finite element
methods (FEMs) for advection—diffusion equations posed on surfaces.

In the past decade the study of numerical methods for PDEs on surfaces has been a rapidly growing
research area. The development of FEMs for solving elliptic equations on surfaces can be traced back
to the paper Dziuk (1988), which considers a piecewise polygonal surface and uses an FE space on a
triangulation of this discrete surface. This approach has further been analysed and extended in several
directions; see, for example, Dziuk & Elliott (2011) and the references therein. Another approach was
introduced in Deckelnick et al. (2010) and builds on the ideas of Bertalmio et al. (2001). The method
in that paper applies to cases in which the surface is given implicitly by some level-set function and the
key idea is to solve the PDE on a narrow band around the surface. Unfitted FE spaces on this narrow
band are used for discretization. Another surface FEM based on an outer (bulk) mesh was introduced in
Olshanskii et al. (2009) and further studied in Olshanskii & Reusken (2009) and Demlow & Olshanskii
(2012). The main idea of this method is to use FE spaces that are induced by triangulations of an outer
domain to discretize the PDE on the surface by considering traces of the bulk FE space on the surface,
instead of extending the PDE off the surface, as in Bertalmio ez al. (2001) and Deckelnick et al. (2010).
The method is particularly suitable for problems in which the surface is given implicitly by a level set
or a volume of fluid (VOF) function and in which there is a coupling with a differential equation in a
fixed outer domain. If in such problems one uses FE techniques for the discretization of equations in
the outer domain, this setting immediately results in an easy-to-implement discretization method for the
surface equation. The approach does not require additional surface elements.

In this paper we reconsider the volume mesh FEM from Olshanskii et al. (2009) and study a
new aspect, which has not been studied in the literature so far, namely the stabilization of advection-
dominated problems. We restrict ourselves to the case of a stationary surface. To stabilize the discrete
problem for the case of large mesh Peclet numbers, we introduce a surface variant of the SUPG method.
For a class of stationary advection—diffusion equations, an error analysis is presented. Although the con-
vergence of the method is studied using a SUPG norm similar to the planar case (Roos et al., 2008), the
analysis is not standard and contains new ingredients: some new approximation properties for the traces
of FEs are needed and geometric errors require special control. The main theoretical result is given in
Theorem 3.11. It yields an error estimate in the SUPG norm which is almost robust in the sense that
the dependence on the Peclet number is mild. This dependence is due to some insufficiently controlled
geometric errors, as will be explained in Section 3.7.

The remainder of the paper is organized as follows. In Section 2, we recall equations for transport—
diffusion processes on surfaces and present the stabilized FEM. Section 3 contains the theoretical results
of the paper concerning the approximation properties of the FE space and discretization error bounds for
the FEM. Finally, in Section 4 results of numerical experiments are given for both stationary and time-
dependent advection-dominated surface transport—diffusion equations, which show that the stabilization
performs well and that numerical results are consistent with what is expected from the SUPG method
in the planar case.

2. Advection—diffusion equations on surfaces

Let £2 be an open domain in R3 and I" be a connected C?> compact hypersurface contained in £2. For a
sufficiently smooth function g : £2 — R, the tangential derivative at I” is defined by

Vrg=Vg—(Vg-nr)nr, 2.1
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where ny denotes the unit normal to I". Denote by A the Laplace—Beltrami operator on I". Let
w: 2 — R? be a given divergence-free (divw = 0) velocity field in £2. If the surface I" evolves with
a normal velocity of w - n, then the conservation of a scalar quantity u with a diffusive flux on I"(7)
leads to the surface PDE

i+ (divpPwyu —eAru=0 on I'(1), 2.2)

where i denotes the advective material derivative and ¢ is the diffusion coefficient. In Dziuk & Elliott
(2007) problem (2.2) was shown to be well posed in a suitable weak sense.

In this paper, we study an FEM for an advection-dominated problem on a steady surface. Therefore,
we assume that w - nj = 0, that is, the advection velocity is everywhere tangential to the surface. This
and divw = 0 imply div; w = 0, and the surface advection—diffusion equation takes the form

u;+w-Veu—eAru=0 onlr. 2.3)

Although the methodology and numerical examples of the paper are applied to equation (2.3), the error
analysis will be presented for the stationary problem

—eAru+w-Vru+cX)u=f onl, 2.4)

with f € L*(I") and ¢(x) > 0. To simplify the presentation we assume c(-) to be constant, that is, c(x) =
¢ > 0. The analysis, however, also applies to nonconstant c; cf. Section 3.7. Note that (2.3) and (2.4) can
be written in intrinsic surface quantities, since w - Vru = wr - Vru, with the tangential velocity wp =
w — (w-np)np. We assume wp € H-°(7) N L>®(I") and scale the equation so that [|wp ||z~ =1
holds. Furthermore, since we are interested in the advection-dominated case we take ¢ € (0, 1]. Introduce
the bilinear form and the functional

a(u,v) 228/ Vru~vads+/(w~Vpu)vds+/cuvds,
r r r

f):= / fvds.
r
The weak formulation of (2.4) is as follows: find # € V such that
a(u,v)=f() forallveV, 2.5)

with

{v eH (I / vds:O} ifc=0,

= r
HY\(I) if ¢ > 0.

Owing to the Lax—Milgram lemma, there exists a unique solution of (2.5). For the case ¢ =0, the
following Friedrich’s inequality (Sobolev, 1991) holds:

IVIIZ2y < CENVPVIIZ2 gy forallveV. (2.6)

2.1 The stabilized volume mesh FEM

In this section, we recall the volume mesh FEM introduced in Olshanskii et al. (2009) and describe its
SUPG-type stabilization.
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F1G. 1. Approximate interface I, for a sphere, resulting from a coarse tetrahedral triangulation (left) and after one refinement
(right).

Let {7,}5-0 be a family of tetrahedral triangulations of the domain 2. These triangulations are
assumed to be regular, consistent and stable. To simplify the presentation we assume that this family
of triangulations is quasi-uniform. The latter assumption, however, is not essential for our analysis. We
assume that for each 7j, a polygonal approximation of I", denoted by I}, is given: I}, is a C*! surface
without boundary and I, can be partitioned into planar triangular segments. It is important to note that
I, is not a ‘triangulation of I"” in the usual sense (an O (h*) approximation of I, consisting of regular
triangles). Instead, we (only) assume that I, is consistent with the outer triangulation T}, in the following
sense. For any tetrahedron S € 7, such that meas, (S N I},) > 0, define T = Sy N I};,. We assume that
every T € I, is a planar segment and thus it is either a triangle or a quadrilateral. Each quadrilateral
segment can be divided into two triangles, so we may assume that every 7 is a triangle. An illustration
of such a triangulation is given in Fig. 1. The results shown in this figure are obtained by representing a
sphere I" implicitly by its signed distance function, constructing the piecewise linear nodal interpolation
of this distance function on a uniform tetrahedral triangulation 7, of £2 and then considering the zero
level of this interpolant.

Let F;, be the set of all triangular segments 7'; then I}, can be decomposed as

= U T. 2.7

TeF,

Note that the triangulation Fj, is not necessarily regular, that is, elements from 7" may have very small
internal angles and the size of neighbouring triangles can vary strongly; cf. Fig. 1. In applications with
level-set functions (that represent I” implicitly), the approximation /7, can be obtained as the zero level
of a piecewise linear FE approximation of the level-set function on the tetrahedral triangulation 7j,.

The surface FE space is the space of traces on I}, of all piecewise linear continuous functions with
respect to the outer triangulation T,. This can be formally defined as follows. We define a subdomain
that contains I7,:

o= |J Sr. (2.8)

TeF,

and a corresponding volume mesh FE space:

Vh = {Vh S C(wh) | VhlST € P1 forall T € .7:11}, (29)
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where P; is the space of polynomials of degree one. V), induces the following space on [7},:
VI = {yy, € H'(I},) | v, € Vj, such that v, = v, |1, ). (2.10)

When ¢ = 0, we require that any function v, from V" satisfies /] r,Vh ds = 0. Given the surface FE space
VI, the FE discretization of (2.5) is as follows: find u;, € V| such that

8/ Viu-Vrvds + (we~V1~,1u)vds+/ cuvds= [ fvds (2.11)
Iy

Ty Iy Ty

for all v, € V. Here w® and f° are the extensions of wr and f, respectively, along normals to I” (the
precise definition is given in the next section). Similarly to the plain Galerkin FE for advection—diffusion
equations, method (2.11) is unstable unless the mesh is sufficiently fine such that the mesh Peclet number
is less than 1.

We introduce the following stabilized FEM based on the standard SUPG approach (cf. Roos et al.,
2008): find u;, € V;[ such that

ay(up, vi) = fi(vy) forall v, e V[, (2.12)

with
ap(u,v) :=s/ Vphu-Vphvds—i—/ cuvds
I Ty

1
+ = [/ (W° - Vpuyvds — / (W - Vpvu ds} (2.13)
2 1n I
+> 5 /(—eAphu + W Viu+4 cu)w' - Vi vds,
Te]-',, T
L= | fovds+ > 8r / FEW - Vi, v) ds. (2.14)
T TeF, r

The stabilization parameter 67 depends on 7' C S7. The diameter of the tetrahedron Sy is denoted by
hg,. Let Pey := hg, ||[W°|| () /2¢ be the cell Peclet number. We take

Sohs,

W if PeT > 1,
5y = 5Wh2 LD and 87 = min{3y, ¢!}, (2.15)
20 if Per < 1,
£

with some given positive constants &y, §; > 0.
Since uy, € V,f is linear on every T we have Ap,u;, =0 on T, and thus ay,(u;, v,) simplifies to

1
ap(up, vp) = 8/ Vrup - Vvpds + 3 [ (W - Vup)vy — (W - Vi vp)uy, ds
I )

+ / cup(vp + (X)W’ - Vi vy) ds + / S(X) (W - V5up) (W - Vivp) ds, (2.16)
I Iy,

where §(x) =6y forxeT.
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3. Error analysis

The analysis in this section is organized as follows. First we collect some definitions and useful results
in Section 3.1. In Section 3.2, we derive a coercivity result. In Section 3.3, we present interpolation
error bounds. In Sections 3.4 and 3.5, continuity and consistency results are derived. Combining this
analysis we obtain the FE error bound given in Section 3.6. In the error analysis we use the following
mesh-dependent norm:

1/2
flull, == (a/ |Vphu|2ds—|—/ 8(x)|we.Vphu|2ds+/ c|u|2ds> . (3.1
I I Iy

Here and in the remainder, | - | denotes the Euclidean norm for vectors and the corresponding spectral
norm for matrices.

3.1 Preliminaries

For the hypersurface I, we define its 4-neighbourhood,
Uy = {x e R®|dist(x, I') < ¢ h}, (3.2)

and assume that ¢ is sufficiently large such that w;, C U, and h sufficiently small such that

1
Scoh < ({E% ||Ki||L°“(1“)> (3.3)

holds, with «; being the principal curvatures of I". Here and in what follows, 4 denotes the maximum
diameter for tetrahedra of the outer triangulation: 4 = maxge,, diam(S).

Letd : U, — R be the signed distance function, |d(x)| = dist(x, I") for all x € U;,. Thus, I is the zero
level set of d. We assume d < 0 in the interior of I" and d > 0 in the exterior and define n(x) := Vd (x)
for all x € Uj,. Hence, n=n; on I" and |n(x)| = 1 for all x € Uj. The Hessian of d is denoted by

H(x) :=V%d(x) eR¥3, xeU,. (3.4)
The eigenvalues of H(x) are denoted by «;(x), x2(x) and 0. For x € I" the eigenvalues «;, i = 1,2 are

the principal curvatures.
For each x € Uy, define the projection p: U, — I" by

p(x) =x — d(x)n(x). (3.5)

Owing to assumption (3.3), the decomposition X = p(x) + d (x)n(x) is unique. We will need the orthog-
onal projector
Px):=I—-nx)nx)" forxeU,.

Note that n(x) = n(p(x)) and P(x) = P(p(x)) for x € U}, holds. The tangential derivative can be written
as Vrg(x) =PVg(x) for x € I". One can verify that for this projection and for the Hessian H the relation

#7102 ‘9 AN U0 SO 'S80UB 103 WRISAS pue solfewsyre N Jo Awepeoy e /B10'sfeulnopioxoeu few i/ :dny woiy pspeojumod


http://imajna.oxfordjournals.org/

738 M. A. OLSHANSKII ET AL.

HP = PH = H holds. Similarly, define
P,(x) ;=1 —np,(x)np,(x)" forx € I}, xis not on an edge, (3.6)

where np; is the unit (outward-pointing) normal at x € I, (not on an edge). The tangential derivative
along I}, is given by V,¢(x) =P, (x) Vg(x) (not on an edge).

AssuMPTION 3.1 In this paper, we assume that for all T € Fy,

ess sup |[d(x)| < c1hg,, (3.7)
xeT
ess sup [n(x) — np, (x)| < c2hg;, (3.8)

xeT

where hg, denotes the diameter of the tetrahedron Sy that contains 7, that is, 7 = Sy N I, and constants
c1 and ¢; are independent of 4 and 7.

Assumptions (3.7) and (3.8) describe how accurate the piecewise planar approximation I, of I is.
If I}, is constructed as the zero level of a piecewise linear interpolation of a level-set function that char-
acterizes I" (as in Fig. 1), then these assumptions are fulfilled; cf. Gross & Reusken (2011, Section 7.3).

In the remainder, A < B means A < ¢B for some positive constant ¢ independent of 4 and of the
problem parameters ¢ and ¢. A >~ B means that both A < B and B < A.

For x € I}, define

n () = (1 = d®r1 (®) (1 = d(®r2(0)n" (X)my(X).
The surface measures ds and ds;, on I" and I}, respectively, are related by
pn(X) dsy(x) =ds(p(x)), X €I} (3.9)
Assumptions (3.7) and (3.8) imply that

ess sup(1 — ) <2 (3.10)

xel},

cf. Olshanskii et al. (2009, (3.37)). The solution of (2.4) is defined on I", while its FE approximation
uy € V{ is defined on I',. We need a suitable extension of a function from I” to its neighbourhood. For
a function v on I we define

v (x) :=v(p(x)) forallxe U,. (3.11)
The following formulas for this lifting function are known (cf. Demlow & Dziuk, 2007, Section 2.3):
Vul(x) = I —dx)H)Vru(p(x)) a.e.on Uy, (3.12)
Viu'(x) =P,(x)I — dx)H)Vru(p(x)) ae.on [}, (3.13)
with H= H(x). By direct computation one derives the relation
V2ut (x) = (P — dH) VEu(p(x) (P — d(H) —n' Vru(p(x))H
— (HVru(p))n" —nHVru(px))" —dVrH: Vru@x). (3.14)
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For sufficiently smooth u and || < 2, using this relation one obtains the estimate

IDu )| S | D IDFu@®)| + Vru(p)| | ae. on U, (3.15)

|ul=2
(cf. Dziuk, 1988, Lemma 3). This further leads to (cf. Olshanskii et al., 2009, Lemma 3.2)
1D u 2wy S Vil |ul <2 (3.16)
The next lemma is needed for the analysis in the following section.
LemMA 3.2 The following holds:
Idivr, Wllzery S AIVEWllzr).
Proof. We use the following representation for the tangential divergence:
divy wx) =tr(Vrw(x)) = tr(PVw(x)). (3.17)
Take x € I}, not lying on an edge. Using (3.12) we obtain
divy, wx) = tr(P, VW (x)) = tr(P,(I — dx)H) V,w(p(x)))
=t (PVrw(p(x))) + (P, —P)V,rw(p(Xx))) — d(x) r(P,HV w(p(x))).

The first term vanishes due to tr(PV,w(p(x))) = div; w(p(x)) = 0. The second and the third terms can
be bounded using (3.7) and (3.8):

P, —P|<h, |dXPH| < W

This proves the lemma. (]

3.2 Coercivity analysis
In the next lemma we present a coercivity result. We use the norm introduced in (3.1).

LeEmMA 3.3 The following holds:
app, vi) = SlvallZ  forall v, € V. (3.18)

Proof. For any v, € Vhr , we have

) =il + [ ot V) ds. (3.19)
)

The choice of §7 (cf. (2.15)) implies ¢ §(x) < 1. Hence the last term in (3.19) can be estimated as
follows:

/ c§(X)vp(W° - V,vy) ds
I

l 2 1 2 e 2 l 2
< cv, ds + c§(X)"(W° - Vv~ ds < < |lvalls.
2 J/n 2/ 2

h

This yields (3.18). O
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As a consequence of this result, we obtain the well-posedness of the discrete problem (2.12).

3.3 Interpolation error bounds

Let I, : C(w,) — V), be the nodal interpolation operator. For any u € H 2(I") the surface FE function
()|, € VI is an interpolant of u¢ in V.
For any u € H(I") the following estimates hold (Olshanskii et al., 2009):

2
lu® — Unu) 5 l2ery S ANl (3.20)
I1Vru® =V, @) |z S hllullgz . (3.21)
Using these results we easily obtain an interpolation error estimate in the || - ||, norm.

LemMA 3.4 For any u € H>(I") the following holds:
= ) 1l SR + 172 Pyl e - (3:22)
Proof. Define ¢ :=u¢ — (I,u¢)|, € H'(I},). Using definition (2.15) of §(x), we obtain

/B(X)IW6~Vn,<p|2dS=Z/Srlwe-vrmzds
T TeF, T (3.23)

2 3 2
gh”VFhQD”LZ(r‘h) Sh ”u”Hz(r)-

The remaining two terms in |u® — ([,u®)||. are estimated in a straightforward way using (3.20) and
(3.21). This and (3.23) imply the inequality (3.22). O

The next lemma estimates the interpolation error on the edges of the surface triangulation. In the
remainder, &, denotes the set of all edges in the interface triangulation F,.

LemMA 3.5 For all u € H*(I") the following holds:

1/2
(Z /(ue — L), ds> S ull g2y, (3.24)
Eeg&, E

Proof. Define ¢ :=u® — Iju¢ € H' (wy,). Take E € &, and let T € F}, be a corresponding planar segment
of which E is an edge. Let W be a side of the tetrahedron S7 such that E C W. From Hansbo & Hansbo
(2002, Lemma 3), we have

2 -1 2 2
16122 S H 12, + AID 12 -

From the standard trace inequality
Wl Z2s,) SH WG, + RIWlG s, forallwe H'(S7),
applied to ¢ and 9,,¢, where i = 1, 2, 3, we obtain

—1 2 -2 2 2
W12 S BBy + 101215,

2 2 2 2
ISy S N1 215,y + W21 s, -
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FIG. 2. Two neighboring triangles may not lie in the same plane, so the normal vectors m,*l' and m; to a common edge E are not
necessarily collinear.

From standard error bounds for the nodal interpolation operator /; we obtain
2 24012 2 2 2 2 2
”¢”L2(E) Sh “d)”LZ(ST) + ||¢”H'(ST) +h “ue”[-}Z(ST) Sh ”ue”HZ(sT)-

Summing over E € &, and using [|u¢ || 2w, S h1/2||u||H2(r), (cf. (3.16)) results in

2 2 2 3 2
D 17w S I gy S Nl
EEE},

which completes the proof. O

3.4 Continuity estimates

In this section we derive a continuity estimate for the bilinear form a;,(-, -). If one applies partial inte-
gration to the integrals that occur in a (-, -) then jumps across the edges E € &£, occur. We start with a
lemma that yields bounds for such jump terms. Related to these jump terms we introduce the following
notation. For each T € Fy,, denote by my, |z the outer normal to an edge E in the plane which contains
element 7. Let [m]|z = m; + m; be the jump of the outer normals to the edge in two neighbouring
elements; cf. Fig. 2.

LemMA 3.6 The following holds:

Px)[m;](x)| <h* ae.xeE. (3.25)
Proof. Let E be the common side of two elements 7 and 75 in Fj, and n;:, n,, m,’: and m,, are the
unit normals as illustrated in Fig. 2. Denote by s;, the unit (constant) vector along the common side E,
which can be represented as s, =n;” x m =m, x n; . The jump across E is given by

[m,] =s;, x (n; —ny).

For each x € E and p(x) € I', let n =n(p(x)) be the unit normal to I" at p(x) and P=P(x) =1 — nn’
the corresponding orthogonal projection. Using (3.8), we obtain

o, — 0y | <ny —n|+ |0, —n| Shy, +hs, Sh
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Since |n;, | = |n;[| = |n| = 1, the above estimate implies

nj —n, =ch’n+e;, e Ln, |e|h
We also have

si=nf xm; =+ m —n) xm=nxm; +e, e Ih.

We use the decomposition

P[m,] =P[(n x m;” + e;) x (ch’n+ e))].
Since e; L n we have (n x mh+) x €1 || m and thus P((n x m,f) x e1) = 0. Therefore, we obtain

IPlm; ]| S A+ len] le2] S A2, (3226)

that is, the result (3.25) holds. ]

In the analysis below, we need an inequality of the form [[v4 |2, S llvall« for all v, € V[ . This
result can be obtained as follows. First we consider the case ¢ = 0. Then the functions v;, € V] satisfy
/, 1, vnds =0. We assume that in VI a discrete analogy of Friedrich’s inequality (2.6) holds uniformly
with respect to A, that is, there exists a constant Cr independent of 4 such that

IVallZ2cry) < CellVrvallzr, forallv, e V. (3.27)

Now we reduce the parameter domain ¢ € (0, 1], ¢ > 0 as follows. For a given generic constant ¢y with
0 < ¢ < 1, in the remainder we restrict our attention to the parameter set

e€(0,1], ce{0}U]coe,00). (3.28)
For ¢ > 0 we then have
eollvallZas, < cf%%uc”vhniw < ﬁuvhni <——nlf,
and combining this with the result in (3.27) for the case ¢ = 0 we obtain
1 r
Ivallizcsy S Il forall vy € ;] (3.29)

and arbitrary ¢ € (0, 1], ¢ € {0} U [cog, 00).
In the proof of Theorem 3.9 we need a bound for [|v; |2 (g,) in terms of [|v;]|.. Such aresult is derived
with the help of the following lemma.

LEmMA 3.7 Assume that the outer tetrahedra mesh size satisfies h < &y, with some sufficiently small

hy >~ 1, depending only on the constant ¢, from (3.8). The following holds:

> /vﬁ ds Sh7 ' allacry + 1IVEvalGa g, forallv, eV (3.30)
EGS}, E
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Proof. Let E € &, be an edge of a triangle T € F), and St € 7, is the corresponding tetrahedron of the
outer triangulation. Consider the patch o (S7) of all S € 7, touching S7. Denote w(St) = @(St) N I},
Let v, be an arbitrary fixed function from V;". We shall prove the bound

2 —1 2 2
/Vh dssh ||vh”L2(w(ST)) +h||V[‘th”L2(w(ST)). (331)
E

Then summing over all £ € &, and using that »(S7) consists of a uniformly bounded number of tetra-
hedra (due to the regularity of the outer mesh), we obtain (3.30).

Let P be a plane containing 7. We can define, for sufficiently small %, an injective mapping
¢ : @ (St) — P such that [V¢| <1 and |V(¢~!)| < 1. For example, ¢ can be built by the orthogonal
projection on P. Then |V¢| <1 and |V(¢~")(x)| < (sinar) ™!, where « is the angle between P and
n;, (¢! (x)). Because of assumption (3.8) we have 1 < sin « for sufficiently small 4. If ¢ is the orthogo-
nal projection on P, then ¢ (E) = E. Thus, we obtain

/ vids = / (vh o p~1)2ds,
E ¢ (E)

_ 3.32
Villz2 s = Vi 0 @~ 2 @i (532

IV rvillzwss) = 1VeWr 0 @D 2 ws) -
Owing to the shape regularity of S € ®(S7) we have
h < dist(E, 0 o(St)) < dist(E, d w(S7)).

Hence, from |[V¢~!| < 1 it follows that & < dist(¢(E), d ¢ (w(S7))). Thus, we may consider a rectangle
0 C ¢ (w(St)) such that E=¢(E) is a side of Q and |Q| =~ h|E|. By the standard trace theorem and a
scaling argument we obtain

/¢(E)(Vh o dsSh voo! ||i2(Q) + Ve, o ‘7’71)”32(@'

This together with (3.32) and Q C ¢ (w(S7)) implies (3.31). O

An immediate consequence of the lemma and (3.29) is the following corollary.
CorOLLARY 3.8 The following estimate holds:
hZ/vzds< L+h—2 Ivall?> forall v, e V/ (3.33)
£ h ~ P + c P * h :
EEgh
We are now in a position to prove a continuity result for the surface FE bilinear form.
LEMMA 3.9 Forany u € H*(I') and v, € V', we have

3

h? h
Z 5 . 3.34
m+ﬁ) Nl vl (3.34)

lan(u® — (u)| 5, vi) | S (81/2 +h'2 4 VPh 4
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Proof. Define ¢ = u® — (Iu®)|r,, then
an(e,vp) = 8/ V¢ - Vr,vids
I
1 € e
+ 5((W “Vr,@)vi — (W' - Vivp)@) + ¢ pvp ds
I

+ Z or /(—SAFh¢ + we - VF,,¢ + C¢)W€ . Vphvh ds. (3.35)
TeF, T

We estimate a;, (¢, v;) term by term. Because of (3.20) and (3.21), for the first term on the right-hand
side of (3.35) we obtain

1/2
,S 8h||'4||H2(F)”VF;,Vh”LZ(Fh) <e¢ / h||u||H2(F) [Ivalls. (3.36)

8/ Vﬂl(ﬁ . VF“V/, ds
Iy

To the second term on the right-hand side of (3.35) we apply integration by parts:
l e e
E((W “Vr,@)vip — (W Vrvp)) + chv, ds
T
Z/ C¢Vh ds — (We . Vrhvh)¢ ds
T, r,

1 1
+- ) / (W - my) vy, ds — — / (divy, w*)pvy ds
2iF Jor 2/,

=5 +5L+5+I. (3.37)

The term /; can be estimated by

12 210
1L S MMl IV evallizany S R lull gy vall«

To estimate /;, we consider the advection-dominated case and the diffusion-dominated case separately.
If Per > 1, we have

1/2
/ W - Ve ds <87 bl ( / Sr(we - vrhvh)zds)
T T
1/2
<max(h™2, "ol 2 ( / S (W - vrhvhfds) ,
T
and if Per < 1,

/(We V)@ ds SIW e IV vallza 1@l 2 er
T

1/27.—1 1/2
SRV vnllzan 1@l 2

#7102 ‘9 AN U0 SO 'S80UB 103 WRISAS pue solfewsyre N Jo Awepeoy e /B10'sfeulnopioxoeu few i/ :dny woiy pspeojumod


http://imajna.oxfordjournals.org/

A STABILIZED FEM FOR ADVECTION-DIFFUSION EQUATIONS ON SURFACES 745
Summing over T € F), we obtain
—-1/2 1/27—1 1/2 1/2 1/2
LIS (2 + Yl lvalls S AE R+ 1Y2 + ) ull gz or) valls-

The term /5 is estimated using Pw* = w¢, Lemmas 3.5 and 3.6 and Corollary 3.8:

1] <

S [ o tminygus ds
E

EG:‘:;,

172 1/2
< (Z / |¢|2ds> (Z / |P[mh]|2vids>
E€&) E E€&), E

12
3 2 ! n h*
SENullpzry | b E v, ds N NeEw: +7§ el 2y lvalls. (3.38)
E

E€E&,

The term /4 in (3.37) can be bounded due to Lemma 3.2, the interpolation bounds and (3.29):

1
. 3
|14 < §||d1Vr,, Wil IOl 2 Vel zcny S B Nl gz 1vallz o,

3

< ——|ullw2cry Vil -

Finally, we treat the third term on the right-hand side of (3.35). Using 87 [|W°|| 1y S h, 87 S 1, 87¢ < 1
and the interpolation estimates (3.20) and (3.21) we obtain

> 6r / (—eAng + W V¢ + cp)W - Vv ds
TeF, T

12

2 2 2 2 2

S (Z St (2| Ar 32y + W - Vi @2y + € ||¢||Lzm>> vl
TeF,

S E2 R 4 AP ylullge ) vl (3.39)

Combining the inequalities (3.36-3.39) proves the result of the lemma. O

3.5 Consistency estimate

The consistency error of the FEM (2.12) is due to geometric errors resulting from the approximation of
I' by I,. To estimate these geometric errors we need a few additional definitions and results, which can
be found in, for example, Demlow & Dziuk (2007). For x € I}, define f’h x)=I—n,(x)nx)T/(n,(x) -
n(x)). One can represent the surface gradient of u € H'(I") in terms of V, u¢ as follows:

Viul(p(x)) =1 - d(X)H(X))_]f)h(X)V[‘hMe(X) ae. xely. (3.40)
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Owing to (3.9), we obtain

/vpuvpvds=/ ApVruVpeds forallve H'(IN), (3.41)
r T

with A, (x) = ,uh(x)f)Z(x)(I — d(x)H(x))2P,(x). From w-n=0 on I" and w*(x) = w(p(x)), n(x) =
n(p(x)) it follows that n(x) - w*(x) = 0 and thus w(p(x)) = f’h (x)w¢(x) holds. Using this, we obtain the
relation

/ (W-Vruyvds= | Bw - Vu)r°ds, (3.42)
r

I
with B, = uy (X)IN’Z (I — dH)~'Py,. In the proof we use the lifting procedure I, — I given by
v, (p(X)) 1= (x) for x € I (3.43)

It is easy to see that vi e H\(IN).
The following lemma estimates the consistency error of the FEM (2.12).

LEMMA 3.10 Let u € H*(I") be the solution of (2.5); then we have

(i) — an(®, vy)| < | h
SR+ VPh 4+ ——=—= ) hlulzry + I 2y (3.44)
w,EVhr “Vh”* e+ € A LS
Proof. The residual is decomposed as
L) — an@®,vy) = fr(vn) — £ OV + a(u,vh) — apu, vy). (3.45)

The following holds:

o) = / S ds = / v ds,
r I

a(u,vi):a/ Vrquvﬁlds—i—/(w-Vru)vﬁlds—k/ cuvﬁlds
r r r

1
8/ Vpquvﬁlds—i—E/(w-Vpu)vﬁl—(w~vaﬁ,)uds+/ cuvﬁ,ds
r r r

1
= 8/ AthhueVrth ds + — Bywe - Vr,,ue)vh ds
I 2Jn

1
— = [ Bpw* - Vvpuds+ / wpculvy, ds.
2Jr, I
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Substituting these relations into (3.45) and using (2.13), (2.14) results in

fovn) — apu®,vy)

(1-— uh)fevh ds+ ¢ (A, — Ph)Vp,,u" . Vrhvh ds
Iy I,

1
2 ((Bh —Py)wW* - V5u®)v,ds — 3 (By = Pp)W* - Vi vp)u’ ds
I,

/ (up, — Deulvy, ds + Z ST/(f +eApru’ —w - Vnu® —cu’)w’ - Vv, ds
T TeF),

=L+L+L+1L+ 15+ 1. (3.46)

We estimate the /; terms separately. Applying (3.10) and (3.29) we obtain

2

2

L SEN ey vallza S 7\/6_‘_—8 W ez emy llvalls (3.47)
2.1/2 2 2.1/2

Is SE 21l 2y IV evallzany SR w2y lvalls. (3.48)

One can show (cf. Olshanskii et al., 2009, (3.43)) the bound
Py — Asl = [Py — Ap| S K.
Using this we obtain
L S el IVl IV nvallaay S &R0 e vl (3.49)
Since (I — dH) "' =1+ O(h?), we also estimate
By, — P S° + [Ay — Pyl S

This yields

h2
L < UVEu la Ivallzay < ——— lullg2cm 1valls. 3.50
IVru iz vellzzany m” 2y Vel (3.50)

To estimate I, we use definition (2.15) of 8. If Per < 1, then &= "/2||W*|| o (r) < v/2[|W° IIEQ(T)h_l/2

holds. If Pe; > 1, then 8, /> < max(c"/2, 8, /|| ell,]ﬁ(T)h_l/z) holds. Using the assumption that the
outer triangulation is quasi-uniform we obtain hS_T1 < h~!. Thus, we obtain

1/2

min{e~ ||we||Lx(T),8;l/2} <max(c?, h7?) <V p 12
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and

1/2 1/2
I erlgx By — Py § (e / Vvl + 3T/ ||W§~,l “Vvallaa)
h
TeF,

. 12 o —1/2 >
x min{e ™2 We |l 1y, 87 P I 2

S Ph4 B2 il ull 2. (3.51)
Now we estimate I7,. Using the equation —¢Aru + W - Vyu+ cu=f on I we obtain

M=y 6 /(f op+eAnu’ —w - Vrul — cu)We - Vv, ds
TeF, r

=Y o /(—S(Apu) op+ AU )W - Vi, v, ds
TeF, T

+ > 6 /((wf Vru)op — W Viu)We - Vi, v, ds
TeF, T

+ Z St /T(cu op — cu’)W’ - Vv, ds

TeF,
=11} + I} + IT;. (3.52)
From u® =u o p it follows that Hf =0 holds. For 1712 we obtain, using (3.40) and |,u;]Bh —P,| <
ln — Ulal ™ Byl 4 By — Pyl S A2,

mi=7 o /((MilBh —Pp)wW - V5 u)w® - Vv, ds
TeF), T

1/2 1/2
<K (Z arnweniw||vrhue||izm> (Z Srllwe - vr,lvhnizm)

TeFy TeFy

SEP [ullery [valla- (3.53)
Since 87& < h%, we obtain

12 172
m'< (Z 257 ([(Aru) op — Ar,,ufnizm) (Z Srllwe - Vr,,vhlli%)

TeF, TeF),

172
S he'l? (Z I(Arwop— Ap,lufnizm) vl (3.54)

TeF,

We finally consider the term between brackets in (3.54). Using the identity divp f=tr(Vf) and
n - Vu(p(x)) = 0 we obtain for x € T, with V> :=VVT,

Aru(p(x)) =divy Veu(px) = r(PYPVU‘ (p(x))) = tr(PV2u‘ (p(x))P). (3.55)
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From the same arguments it follows that
Arué (x) = tr(P, VP, Vit (x)) = tr(P, V2u (X)Py) (3.56)
holds. Using (3.14) and |d(x)| < A2, [P — P,| < h, [H| <1, [VH| < 1 we obtain
P,Vu ()P, = PVu‘ (p(x))P + R,
IR| S h(IV2u (p(x)] + [ Vi (p(x))).
Thus, using (3.55) and (3.56), we obtain

|Aru(p(x)) — Apu(x)| < [tr(PVZu (p(x))P — P, V2l (x)Py) |
Sh(IVAuE(p(x)| + |Vl (p(x))]),

and combining this with (3.54) yields
1/2
y She'? (Z I(Aru)op— Arhuenizm) Ivalle < &0 [ull e [vall -
TeF,

Combining this with the results (3.46-3.51) and (3.53) proves the lemma. U

3.6 Main theorem
Now we put together the results derived in the previous sections to prove the main result of the paper.
THEOREM 3.11 Let Assumption 3.1 be satisfied. We consider problem parameters ¢ and c as in (3.28).

Assume that the solution u of (2.5) has regularity u € H>(I"). Let uy, be the discrete solution of the SUPG
FEM (2.12). Then the following holds:

h3
= unll S (W +e'2 4+ cPh+ Tt ﬁ) (ullzery + 1 lzer)- (3.57)
Proof. The triangle inequality yields
I = wnlle < Nl = @i 1yl + 1Tt 1, = (3.58)

The second term in the upper bound can be estimated using Lemmas 3.3, 3.9 and 3.10:

1 e 2 e e
§||(1hu N, — unlly < an(u) |, — up, Upu)| 1, — un)

= ap((Lu) |, — u, L), — wp) + an@ — up, Tu)\n, — up)
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2

NN

+ lap(u®, Tnu) |, — un) — fi(pu) |, — un)l

h s
Sh{h?+e 4 Ph+ +>
~ < e NET RN

X (Nl gzery + W lzar) 1 Tn) 1y — upls.

<h (W +e'? ! Ph4 —— ) lleell g2y | (Epu) |y —

This results in

3

h h
N + \/§> Ulellgzcry + W lzzery)- (3.59)

The error estimate (3.57) follows from (3.22) and (3.59).

L)\, — unll« Sh (h]/z +e 24 Ph+

3.7 Further discussion

We comment on some of the aspects related to the main theorem. With regard to the analysis, we note
that the norm || - ||, which measures the error on the left-hand side of (3.57), is the standard SUPG norm
as found in standard analyses of planar streamline-diffusion FEMs. The analysis in this paper contains
new ingredients compared to the planar case. To control the geometric errors (approximation of I" by
I},), we derived a consistency error bound in Lemma 3.10. To derive a continuity result (Lemma 3.9),
as in the planar case, we apply partial integration to the term || 1, (W= V,¢)vyds; cf. (3.37). However,
differently from the planar case, this results in jumps across the edges E € £, which have to be con-
trolled; cf. (3.38). For this the new results in Lemmas 3.6 and 3.7 are derived. These jump terms across
the edges cause the term /4*/./¢ in the error bound in (3.57).

Consider the error reduction factor %% + &'/2h + ¢'/2h? + h? /\/e + ¢ + h*/ /e on the right-hand
side of (3.57). The first three terms are typical for the error analysis of planar SUPG FEMs for P1
elements. In the standard literature for the planar case (cf. Roos et al., 2008), one typically considers
only the case ¢ > 0. Our analysis also applies to the case ¢ = 0; cf. (3.28). Furthermore, the estimates
are uniform w.r.t. the size of the parameter c. For a fixed ¢ > 0 and ¢ < A, the first four terms can be
estimated by < 4%/, a bound similar to the standard one for the planar case. The only ‘suboptimal” term
is the last one, which is caused by (our analysis of) the jump terms. Note, however, that h*/\/e < h’/?
if 1> < & holds, which is a very mild condition.

The norm || - ||, provides a robust control of streamline derivatives of the solution. Crosswind oscil-
lations, however, are not completely suppressed. It is well known that nonlinear stabilization methods
can be used to get control over crosswind derivatives as well. Extending such methods to surface PDEs
is not within the scope of the present paper.

The error estimates in this paper are in terms of the maximum mesh size over tetrahedra in wy,
denoted by 4. In practice, the stabilization parameter 7 is based on the local Peclet number and the
stabilization is switched off or reduced in the regions, where the mesh is ‘sufficiently fine’. To prove
error estimates accounting for local smoothness of the solution u# and the local mesh size (as available
for the planar SUPG FE method), one needs local interpolation properties of FE spaces, instead of (3.20)
and (3.21). Since our FE space is based on traces of piecewise linear functions, such local estimates are
not immediately available. The extension of our analysis to this nonquasi-uniform case is left for future
research.
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Finally, we remark on the case of a varying reaction term coefficient c. If the coefficient c in the
third term of (2.4) varies, the above analysis is valid with minor modifications. We briefly explain these
modifications. The stabilization parameter §7 should be based on elementwise values c; = maxyer ¢(X).
For the well-posedness of (2.4), it is sufficient to assume c to be strictly positive on a subset of I" with
positive measure:

A:=meas{xe I : c(x) >co} >0,

with some ¢y > 0. If this is satisfied, the Friedrich’s-type inequality (Sobolev, 1991; see, also Olshanskii
et al., 2009, Lemma 3.1),

2 2 2
”V”LZ(r) < CF(”VFV”LZ(]‘) + ”\/EV”LZ(F)) forallveV,

holds, with a constant Cr depending on ¢y and .A. Using this, all arguments in the analysis can be
generalized to the case of a varying c(x) with obvious modifications. With cp, := ess infycrc(x) and
Cmax = €8S Sup, . -¢(X), the final error estimate takes the form

3

h h
lu¢ —uplls Sh <h1/2 +e!? 42 p 4 T + JE) (lullzzry + W llzzcry)-

4. Numerical experiments

In this section we show the results of a few numerical experiments which illustrate the performance of
the method.

ExaMPLE 4.1 The stationary problem (2.4) is solved on the unit sphere I", with the velocity field

T
W(X) = <—xz\/l —x%,xl \/1 —X%,O) 5

which is tangential to the sphere. We set ¢ = 107, ¢ = 1 and consider the solution

X1X2 X3
u(x) = ——arctan [ — | .
7 JE

Note that u# has a sharp internal layer along the equator of the sphere. The corresponding right-hand side
function f is given by

fx) =

8322 + ¢ + 2;(%2)x1x2x3 n 6exi1xy + /X3 + 333 —13) arctan (x3) u
(e + 4x3) T Je

We consider the standard (unstabilized) FEM in (2.11) and the stabilized method (2.12). A sequence

of meshes was obtained by the gradual refinement of the outer triangulation. The induced surface FE

spaces have dimensions N = 448, 1864, 7552,30412. The resulting algebraic systems are solved by a

direct sparse solver. FE errors are computed outside the layer: the variation of the quantities err;> = |lu —
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upllr2py, errg = ||u — upl| g1 oy and erripe = [|u — up || 1oy, with D ={x € I" : |x3] > 0.3}, are shown in
Fig. 3. The results clearly show that the stabilized method performs much better than the standard one.
The results for the stabilized method indicate an O(h*) convergence in the L?>(D) norm and L (D)
norm. In the H'(D) norm, first-order convergence is observed. Note that the analysis predicts (only)

log 1o(e"|_z)

M. A. OLSHANSKII ET AL.

L? errors H' errors L> errors

-1 0.5 -0.5
—©6— stablized FEM
—*— standard FEM
~15} . o stablized FEM -1 —o— stablized FEM
—%— standard FEM —*— standard FEM
2 slope -1/2
~ -05 ~
I £
(=2 D
2 1 slope -1/2 2
_3
slope -1
-15
-3.5
-4 -2 -4
25 3 3.5 4 45 25 3 3.5 4 4.5 25 3 3.5 4 4.5
Iogw(N) Iogm(N) Iogw(N)

Fi1G. 3. Discretization errors for Example 4.1.

(b)

FiG. 4. Example 4.1: solutions using the stabilized method and the standard method (2.11).

O(h*?) order of convergence in the (global) L? norm.

Figure 4 shows the computed solutions with the two methods. Since the layer is unresolved, the
FEM (2.11) produces a globally oscillating solution. The stabilized method gives a much better approx-

imation, although the layer is slightly smeared, as is typical for the SUPG method.

ExaMPLE 4.2 Now we consider the stationary problem (2.4) with ¢ = 0. The problem is posed on the
unit sphere I", with the same velocity field w as in Example 4.1. We set € = 107°, and consider the

solution

X1X2 X3
u(x)=——arctan | — | .
b JE
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streamline diffusion errors L errors
-0.1
—=©— stablized FEM —&— stablized FEM
—*— standard FEM —02} —%*— standard FEM
| e .
051
-0.3F
0 L
-0.4
?‘% -0.5 = 05
s 8
2 2
EJ -1t !_033 -0.6
slope —1/2 -0.7 slope =1/2
-1.5}
-0.8
_2 L
-0.9
-2.5 - - - ’ -1 - - - g
25 3 3.5 4 4.5 25 3 3.5 4 4.5
log, ,(N) log,(N)

Fi1G. 5. Discretization errors for Example 4.2.

The corresponding right-hand side function f is now given by

8e32(2 4+ & + 2x%)x1x2x3 n 6ex1x7 + \/x% +x%(x% — x%) . X3
arctan (| — | .
7 (e + 4x3)? P

N

Note that for ¢ = 0 one loses explicit control of the L, norm in || - ||,. Thus, we consider the stream-
line diffusion error,

fx) =

errsp = |Wr - Vi (u — up)|l2p)-

Results for this error quantity and for ertins = |[u — uy |1 (py are shown in Fig. 5. We observe an O(h)
behaviour for the streamline diffusion error, which is consistent with our theoretical analysis. The L™
norm of the error also shows first-order convergence.

ExaMPLE 4.3 We show how this stabilization can be applied to a time-dependent problem and illustrate
its stabilizing effect. We consider a nonstationary problem (2.3) posed on the torus

2
1
=< (x1,%2,x3) | (\/x%—i-x%—l) +x§:1—6 . .1)

We set ¢ = 1079 and define the advection field,
1
w(x) = —— (=X, %1, 0)7,
\VXT X3

which is divergence free and satisfies w - np = 0. The initial condition is

X1X2 X3
up(x) = — arctan ﬁ .

The function uy possesses an internal layer, as shown in Fig. 6(a).

#7102 ‘9 AN U0 SO 'S80UB 103 WRISAS pue solfewsyre N Jo Awepeoy e /B10'sfeulnopioxoeu few i/ :dny woiy pspeojumod


http://imajna.oxfordjournals.org/

754 M. A. OLSHANSKII ET AL.

FI1G. 6. Example 4.3: solutions for r =0, 0.6, 1.2, 1.8 using the SUPG stabilized FEM.

The stabilized spatial semidiscretization of (2.3) reads as follows: determine u;, = uy(t) € Vhr such
that

m(d;up, viy) + an(up, vi) =0 forall v, € V| (4.2)

with

m(0,u, v) :=/ o,uvds + Z e / u(w® -V, v)ds,
r T

TeF)

A 1
ap(u,v) = e/ Viu-Vpvds+ = [ (W - Vpuwvds — [ (W Vpvu ds]
I, 2 I, Iy

+ Z o7 /(_8Al’hu + w- Vrhu)w" . Vphvds.
TeF, T

Note that ay(-, ) is the same as ay, (-, -) in (2.13) with ¢ = 0. The resulting system of ordinary differential
equations is discretized in time by the Crank—Nicolson scheme.

For ¢ = 0 the exact solution is the transport of #y(X) by a rotation around the x3-axis. Thus, the inner
layer remains the same for all # > 0. For ¢ = 107, the exact solution is similar, unless ¢ is large enough
for dissipation to play a noticeable role. The space V] is constructed in the same way as in the previous
examples. The spatial discretization has 5638 degrees of freedom. The fully discrete problem is obtained
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(a) (b)

FiG. 7. Example 4.3: solutions for r = 1.2, 1.8 using the standard FEM.

by combining the SUPG method in (4.2) and the Crank—Nicolson method with time step 8§ =0.1. The
evolution of the solution is illustrated in Fig. 6 demonstrating a smoothly ‘rotated’ pattern.

We repeated this experiment with §7 = 0 in the bilinear forms m(-,-) and a,(-,-) in (4.2), that is,
the method without stabilization. As expected, we obtain (on the same grid) much less smooth discrete
solutions (Fig. 7).

REMARK 4.4 With respect to mass conservation of the scheme we note the following. For v, = 1 in (4.2)
we obtain, with My (1) := || 1, (X, 1) ds,

4y (1)
ar "

1 e
Ew - V,upds
I

1 1
:‘—2Z/Ewe.[m]uhds—}-Z/thivﬂw"uhds

EGS},

§h22/|uh|ds+Ch |uy| ds.
Eeé&), E T

Here we used estimates from Lemmas 3.2 and 3.6. Using Lemma 3.7 we obtain

12
> [ lds s (Z / ugds>
Eeé‘h E EES}, E

i
Sh™ (lupllizcny + AV unll2 )

Assume that for the discrete solution we have a bound ||uy||z2(r,) + Al Vr,unll2r,) < ¢ with ¢ indepen-
dent of h. Then we obtain |%M (t)| < h and thus |M;,(t) — M;,(0)| < cth, with a constant ¢ independent
of h and . Hence, with respect to mass conservation we have an error that is (only) first order in 4. With
regard to mass conservation, it would be better to use a discretization in which in the discrete bilinear
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9.9

9.850—=—5—=8 = - & e oo

9.8 ¢k kg Nk —h—h—F——h—h—* —t—h—k

9.75

9.7+

mass

——©—— meshsize=1/4
—%—— meshsize=1/8

—&—— meshsize=1/16

9.6

9.55

9.5

Fi1G. 8. Total mass variation for Example 4.3.

form in (2.13) one replaces

1
= [ (W° - Vpuyvds —
I

5 (W° - Vpvu ds] by — [ (W°-Vpv)uds. 4.3)

I T,

This method results in optimal mass conservation: (d/df)M;(t) = 0. It turns out, however, that (with
our approach) it is more difficult to analyse. In particular, it is not clear how to derive a satisfactory
coercivity bound.

In numerical experiments, we observed that the behaviour of the two methods (that is, with
the two variants given in (4.3)) is very similar. In particular, the mass conservation error bound
[M (1) — M (0)] < cth for the first method seems to be too pessimistic (in many cases). To illustrate
this, we show results for the problem described above, but with initial condition

1

uy(x) =1+ — arctan <x3) , / up ds = 772 2~ 9.8696.
T \/E r

Figure 8 shows the quantity M, () for several mesh sizes h. For t =0 we have, due to interpolation of

the initial condition ug, a difference between M, (0) and f  Uo ds that is of order h%. For t > 0 we see,

except for the very coarse mesh with 7 = }1, very good mass conservation.

ExAMPLE 4.5 As a final illustration we show results for the nonstationary problem (2.3), but now on a
surface with a ‘less regular’ shape. We take the surface given in Dziuk (1988):

I={(x1,x2,x3) | (61 —x3)* + x5+ =1} (4.4)

We set ¢ = 107° and define the advection field as the I"-tangential part of W = (—1,0, 0)T. This velocity
field does not satisfy the divergence-free condition. The initial condition is taken as uy(x) = 1. We apply
the same method as in Example 4.3. The mesh size is % and the time step is ¢ = 0.1. Figure 9 shows
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(a) (b)
(c) (d)

FiG. 9. Example 4.5: solutions for r =0, 0.5, 1.0, 2.0 using the SUPG stabilized FEM.

the solution for several ¢ values. We observe that as time evolves, mass is transported from the two
poles on the right to the pole on the left just as expected. Our discretization yields, for this strongly
convection-dominated transport problem, a qualitatively good discrete result, even with a (very) low
grid resolution.
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