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Abstract. The single facility location model with Euclidean distances and its
multi-facility and Qp distance generalizations are considered. With present
algorithms a user is unable to decide how close to optimal any given feasible
solution is. This article describes a procedure for calculating a lower bound

on the optimal objective function when a proposed solution is given.

Location problems concern themselves with finding the best location for
new facilities (one or more warehouses for example) with respect to a number of
existing facilities (retailers to be supplied from the warehouses). In contin-—
uous location problems the cost elements are the transportation costs between
the new facility and each of the existing facilities. The transportation costs
are usually assumed to be proportional to some measure of the distance between
the facilities, with the constant of proportionality incorporating the annual
volume transported and the transportation cost per unit volume per unit distance.
A practical application of a continuous location model involved the location of
two new machines in an existing plant layout [11].

This article proposes a rational stopping criterion for use with iterative
algorithms used to solve continuous facility location problems. The method is
developed for both single and multi-facility location problems with
generalized lp distance measures. In practice, the advantages of computing a

lower bound on the optimal cost of a location problem is the computer time
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savings that may be achieved and the confidence gained by the user that his
solution is as close to optimality as he desires while using an iterative
solution procedure. Computation time savings are achieved by knowing exactly
when to stop the iterative procedure rather than carrying on needless calcu-
lations attempting to satisfy an arbitrary stopping rule. Computational
savings may be especially significant when very large numbers of individual
location problems must be solved during a single computer run. This occurs,
for example, when one utilizes a location-allocation algorithm to solve ware-
house and plant location problems [8].

The single-facility location problem is to

n
minimize W(x) = Z w, d(x,a.). @D)
819 j

where
n is the number of existing facilities, wj converts the distance
between the new facility and existing facility j into cost,
X = (xl,xz) is the location of the new facility on the plane,
aj = (ajl’ajZ) is the location of existing facility j, and
d(x,aj) is the Euclidean distance between the new facility
and existing facility j.
It is generally conceded that the first iterative procedure fqr solving
(1) was proposed by Weiszfeld [15]. The stopping rule given here is not res-
tricted to be used only with Weiszfeld's procedure. However, since the
Weiszfeld procedure is so well known, we shall use it and a new generalized
version of it to demonstrate the method.
At the kth iteration of Weiszfeld's procedure, a point X, = (xi,xg) is

generated as follows:



Ktl n w.a. . E W3
x =y == / ——1— | for i=1,2. (2)
1 j=1 d(xk,aj) j=1 d(xk,aj)

The convergence properties of the sequence (2) have been discussed by
Weiszfeld [15], Katz [4,5], Kuhn [6] and Ostresh [14], among others. From a
practical computing aspect, however, the important issue of a useable stopping
criterion has been ignored. It has generally been the practice to stop the
sequence when an iteration produces an improvement in the objective function
which is less than a pre-specified value, or when the partial derivatives of
W(x) become "small". However, these types of criteria are arbitrary and give
no assurance that the present solution is close to optimal, either in decision
or value space. In this article, we develop a computational procedure which
enables the user to compute at each step of (2) and a generalized versipn of
(2) a lower bound on the optimal objective function value. The iterative pro-
cedure given by (2) can then be automatically terminated when the difference
between the current solution value and the lower bound is within a prespecified

tolerance set by the user.

Development of the Stopping Criterion

The points of interest for the sequence generated by (2) do not include
thevaj, j=1,...,n. These points are generally tested for optimality using the
following criterion given by Kuhn [7].

W(x) is minimum at (arl,arz) if and only if

- -a. 2| 1/2
n wj(arl ajl) 2 s § wj(ar2 a 2) S ()
j=1 d(ar,aj) j=1 d(ar'aj) r

#r #r



The aj are tested using (3) before the computation of the sequence (2) is
started, since it is only in the event that none of the aj are optimal that
we are interested in generating the sequence. For our purposes, we ignore
the aj and assume that none of them will become part of the sequence generated
by (2).

Note that W(x) is a convex function, and except for the points

aj, j=1l,...,n, W(x) is differentiable. Thus

W(y) > W(x) + W (x)'(y-x) for all x, y € E2, (4)

where VW(x) is the gradient of W(x) and the prime denotes transpose. Let
. 2 .

be the convex hull generated by the fixed points aj’ j=1,...,n, and for x € E,

let

0(x) = max {d(x,y)}.
yeQ

Since the maximum of a convex function defined on a compact convex set occurs

at an extreme point, it follows that

o(x) = max {d(x,a.)} (5)
j=1,...,n ]

Proposition

For the single facility location problem, let x, be the solution

k
point given by the Weiszfeld procedure at the kth iteration. Then a bound on

the improvement in the objective function value in succeeding iterations is

given by S(Xk) “Vw(xk)” .

Proof

The optimum solution x* for the single facility location problem

is in Q, and the Weiszfeld procedure generates the sequence {xk};=l such that

X, =+ x*, Let ye such that y # xk. Then v = X, + 0r, where ¢ > 0, and r

k

is the unit directional vector from X to y.

k



Since W(x) is convex,

W(y)

v

W) + TG (y-x,)

1
W(xk) + GVW(xk) r

VW(xk)
> W(xk) + OVW(xk) ﬁgﬁrgiyﬁ
A
= w(x) - o |lvwex) ||
> Wix) = ox) [[Wwix)]]

Since the above inequality holds for all yeQ,
W(Xk) - W(X*) f o‘(xk) ”VW(Xk)” .

This result suggests the following stopping criterion for the
Weiszfeld procedure. At iteration k, let xk be the current solution point
given by the Weiszfeld procedure, with current objective function value
W(Xk)' Compute G(Xk) and ”VW(xk)” . Then, if
o(x, ) “VW(X )“

k k o o .
X 100% < a%, stop and accept X as an adequate solution for
W(xk) -

problem (1), where oo > 0 is a prespecified tolerance.

Exctension to the Multi-Facility Zp Distance Problem

The multi-facility Rp distance location problem is to

m n p p /e
minimize WMp(x) = izl jzl Y143 ﬂxil B aj1| ¥ Ixi2 ) aj2| ]
1/p
P p
* 2 Yoir [‘xil - x|l lXi2 - xr2| ] ' e
i<r



where
m is the number of new facilities,
n is the number of existing facilities,
w... is the parameter which converts the distance between new
facility i and existing facility j into cost,
w,. 1s the parameter which converts the distance between the

ith and rth new facilities into cost (ifr), and

xi = (Xil'xi2) are the location coordinates of new facility i,
aj = (ajl'aj2) are the location coordinates of existing facility Jj, and
p is the 2p distance parameter. (Note the notational difference

between xi, i=1,2, in this section as compared to that used

in discussing the single facility model.)

We shall now illustrate how one could generalize the stopping

rule to any iterative algorithm used to solve problem (6). Define Q¢E

Q= {x = (xll,xlz,. Ly m2)I(x i2) e Q, i=1,...,m}. For any

X € E2m, let 0(x) = max {d(x,y) |yeQ}. sSince for any yeQ,

m m '
axy)= |lxy|| = ( ]ty 1A < 2 1912 merefore,
i=1 i=1

QII

m
z (o (x )) 1/2 k k ) be a point generated

Let xk = (xll,...,xml,xm2

by any 1terative procedure at the kth iteration and let WMP(Q) = min WMP(x).

Using a result by Juel (3], the optimal solution X is in @, and we have,

by analogous argument to the single facility case
W (x) - W () < O (x) “VWMp(xk)” - (7)

The first order derivatives of WMp(x) are not defined at the
existing facility locations [9]. In an effort to overcome this problem,

Wesolowsky and Love [16] and Eyster, White and Wierwille [1] proposed the

the following hyperbolic approximating function to replace WMp(x):



and

(&)

_ 2 p/2 - 2 p/2,1/p
+ iErwzir[((xil a )"+ )T (x -k )+ )PP,

where € > 0. The function WMph(x) is strictly convex and is differentiable

to any order everywhere. It can easily be shown that WM

Ph(x) is uniformly

convergent to WMp(x) as € -+ 0 since

m
max (WMph(x)-WMp(x)) = ol/P 81/2 D) Te + 3w

By setting BWMph(x)/BxrS to zero, the iterative sequence given by (2)
generalizes to the multi-facility case for r=1,2,...,m; and s=1,2 as:
k+1

X = (A+B)/(C+D), (10)
rs

where

xk
2ri“is
k __k 2 .p/2 k k. 2 _.p/2,(p-1)/p; Kk _ k2 _.(2-p)/2
1 {[(Xrl Xil) +€] + l(x,, xi2) +€] } [(xrS xis) +e]

b
I
I o8

n W -

B = z v lrj js v
L k _ 2 .p/2 k _ 2__.p/2,(p-1)/p, Kk _ 2 (2-p)/2
j=1 {[(xrl ajl) +€] + x,, ajz) +€] } [(xrS ajs) +e)

c = ? w2ri
NG k _k .2, .p/2 k __k 2 .p/2,(-1)/p  k _k 2 . (2-p)/2
i=1 {[(xrl xil) +e) + [(xr2 xiz) +€] } [(xrs xis) +e]

5= § Y1r
L k _ 2 .p/2 k 2, _.p/2,(p-1)/p,, .k _ 2 (2-p)/2
j=1 {[(xrl ajl) +€] + [(xr2 aj2) +€] } [(xrS éjs) +€]

Ostresh [13] has proved that for p=2 this generalized Weiszfeld sequence is
strictly decreasing and Morris[12] has given a convergence proof for -1<p<2.
In numerical tests run by the authors and others, the sequence has always

come within any specified tolerance to an optimum solution [10].
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Let x* be the optimal solution of WMPh(x) and x, be the point

k
generated by "(10) at the kth iteration. Then

WMph(xk) - WMp(x) WMph(xk) - WMph(x*) + WMph(x*) - WMP(x)

LA

WMph(xk) - WMph(x*) + WMph(x) - WMP(X)

< olx) o, )] (11)
m n
1 1/2 :
+ 2 /P € / ( z z W15 + E W)

i=1 j=1 i<r ‘2ir’"

Hence, by rearranging (11) a lower bound for WMP(;) can be

obtained at each iteration of the generalized Weiszfeld procedure (10).

Computational Experiéﬁce

The stopping criterion has been tested on several single and
multi-facility test problems. The added computational cost is slight since
the criterion uses values which have been computed in the course of the

Weiszfeld procedure anyway. In all examples that the authors have run, the
total cost function was strictly decreasing as is proved theoretically by
Weiszfeld [15], Katz [4,5], and Morris [12]. The following example has 5

existing facilities and 3 new facilities.

(3 ot oqo2 | 3 a | 5 |
| a 2 a1 @2l ool G5 1 6 Dl
Table 1

Existing Facility Locations



) wllj
\ 1 } 2 3 4 5
1 !
i
1 11 10 1 6
2 4 11 1 1 1
3 1 1 1 1 1
Table 2

New=-to-Existing Facility Weights

2ir
I 1 2 3
= ~
1 -- 11
{
2 - -~ | 1
Table 3

Weights Between New Facilities

With p = 1.8, and ¢ = 10-6, the following table contains computational results

for the problem using the generalized Weiszfeld procedure. The initial solution

points taken were:
(xll’xlz) = (XZl’XZZ) = (x3l,x32) = (0, 0).

After 20 iterations the objective function has come within .877% of the optimal
solution; after 40 iterations it is within .127% of the optimal solution.

Multi-facility problems are usually much slower to converge than single
facility problems on average (based on our experiences with running about 20
multi-facility problems and about 50 single facility problems). A single fa-
cility problem will usually converge to within .1% of the optimal solution in

less than 5 iterations. There are, of course, exceptions. R. L. Francis has



TABLE 4: COMPUTATIONAL RESULTS FOR EXAMPLE
Iteration x, X, Xq SszxV qzzm%?wv Lower Bound —Szwﬁxv -L.B.] #(L.B.)
No. On Szmvﬁxv

(L.B.)

0 ( .0000, .0000) ( .0000, .0000) ( .0000, .0000) :210.7866 | 21.8458 .0000 -
1 ( .0030, .0132) ( .0023, .0102) ( .0183, .0445) 210.1930 { 22.3861 .0000 -
2 ( .0347, .1906) ( .1544, .4791) ( -3065, . 8064) 201.2360 } 23.2518 .0000 -
3 (1.8084, 3.2586) (1.3233, 2.5660) (2.6273, 3.2464) 108.6370 | 20.3162 .0000 -
4 (3.3494, 3.9221) (2.4800, 3.2035) (2.7707, 3.4146) 75.0533 §12.4520 .0000 -
5 (4.3133, 4.1231) (2.5473, 3.2736) (2.9978, 3.5704) 63.7436 9.6475 .0000 -
6 (4.8041, 4.0844) (2.6383, 3.3290) (3.1973, 3.6766) 59.0732 7.8966 1.2401 46.6367
7 (4.9541, 4.0412) (2.7380, 3.3770) (3.4117, 3.7518) 57.6079 6.6123 10.433 4.5216
8 (4.9882, 4.0187) (2.8389, 3.4184) (3.5803, 3.8012) 57.1308 5.8829 15.989 2.5735
9 (4.9961, 4.0084) (2.9326, 3.4546) (3.7054, 3.8326) 56.9143 5.6086 18.337 2.1037
10 (4.9985, 4.0037) (3.0129, 3.4852) (3.7963, 3.8528) 56.798 5.4583 19.748 1.8762
11 , (4.9993, 4.0017) (3.0732, 3.5088) (3.8623, 3.8664) 56.7365 5.1638 22.026 1.5759
12 (4.9997, 4.0008) (3.1259, 3.5280) (3.9101, 3.8756) 56.7001 4.2147 28.587 .9834
13 (4.9998, 4.0004) (3.1694, 3.5435) (3.9447, 3.8819) 56.6787 2.3391 41.165 .3769
14 (4.9999, 4.0002) (3.2050, 3.5560) (3.9696, 3.8864) 56.6661 .8027 51.359 .1033
15 (4.9999, 4.0002) (3.2338, 3.5661) (3.9873, 3.8895) 56.6585 .2584 54.947 .0311
16 (4.9999, 4.0002) (3.2570, 3.5743) (3.9994, 3.8916) 56.654 .1499 55.658 .0179
17 (4.9999, 4.0002) (3.2757, 3.5808) (4.0063, 3.8930) 56.6514 .1141 55.892 .0135
18 (4.9999, 4.0002) (3.2906, 3.5862) (4.0117, 3.8938) 56.6497 .0905 56.046 .0108
19 (4.9999, 4.0002) (3.3026, 3.5905) (4.0157, 3.8944) 56.6486 .0723 56.164 .0086
20 (4.9999, 4.0002) (3.3122, 3.5939) (4.0186, 3.8948) 56.6479 .0073 56.161 .0087
21 (4.9999, 4.0002) (3.3199) 3.5967) (4.0208, 3.8951) 56.6475 .0470 56.328 .0057
22 (4.9999, 4.0002) (3.3261, 3.5989) (4.0224, 3.8954) 56.6472 .0456 56.337 .0055
23 (4.9999, 4.0002) (3.3309, 3.6007) (4.0236, 3.8955) 56.6471 .0305 56.436 .0037
24 (4.9999, 4.0002) (3.3349, 3.6021) (4.0244, 3.8957) 56.6469 .0258 56.466 .0032
25 (4.9999, 4.0002) (3.3381, 3.6032) (4.0251, 3.8957) 56.6469 .0207 56.499 .0026
30 (4.9999, 4.0002) (3.3467, 3.6063) (4.0265, 3.8959) 56.6468 .0108 56.563 .0015
35 (4.9999, 4.0002) (3.3495, 3.6074) (4.0269, 3.8959) 56.6468 .0092 56.574 .00129
40 (4.9999, 4.0002) (3.3505, 3.6077) (4.0270, 3.8959) 56.6467 .0090 56.575 .00127
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noted that if one cluster of fixed facilities is near the origin and another
fixed facility or cluster of fixed facilities is relatively far away from the
origin, given certain weight structures convergence may be very slow [2]. In

cases of this type the stopping criterion is especially useful.
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