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The aim of this paper is to introduce a natural generalization of the well-known, interesting, and useful Fox H-function into
generalized function of several variables, namely, the I-function of “” variables. For » = 1, we get the I-function introduced and
studied by Arjun Rathie (1997) and, for r = 2, we get I-function of two variables introduced very recently by ShanthaKumari et al.

(2012). Convergent conditions, elementary properties, and special cases have also been given. The results presented in this paper

generalize the results of H-function of “r” variables available in the literature.

1. Introduction

In 1997, Rathie introduced the generalization of the well-
known Fox’s H-function [1] which has very recently found
interesting applications in wireless communication [2-4].
Motivated by the I-function, very recently Shantha Kumari,
Nambisan, and Rathie introduced I-function of two variables
[5] which is a natural generalization of the H-function of
two variables introduced earlier by Mittal and Gupta [6] and
discussed some of its important properties.

In the present paper, we aim to develop I-function of “r”
variables which may be regarded as the natural generalization
of the H-function of “r” variables introduced earlier by
Srivastava and Panda [7]. We also discussed some of the
important properties.

The remainder of this paper is organized as follows.

« »

In Section 2, we have defined the I-function of “r
variables by means of multiple Mellin-Barnes type contour
integrals. In Section 3, we have given the convergence con-
ditions for this function. In Section 4, we obtained the series
representation and behaviour of the function for small values
of the variables. In Section 5, we have mentioned special cases
of our function giving relations with other functions available
in the literature. Finally, in Section 6, we have mentioned a
few important properties.

2. The I-Function of Several Variables

«

The generalized Fox H-function, namely, I-function of “r
variables, is defined and represented in the following manner:
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Also,
(i) z;#0,fori=1,...,1;
(i) i = V-1;
(iii) an empty product is interpreted as unity;
(iv) the parameters mj, nj, p;»q; (j = 1,...,7), n, p, and

q are nonnegative integers such that 0 <n < p,q > 0,
0<n;<p,and0<m; <g; (j=1,...,r) (notall
zero simulataneously);

Wa (G=1.pi=L. B (j=1....q i=
Loty (=1 pp i=1,...,r),and 87 (j =
l,...,q;5 i = 1,...,r) are assumed to be positive
quantities for standardisation purpose. However, the
definition of I-function of “¢” variables will have a
meaning even if some of the quantities are zero or
negative numbers. For these, we may obtain cor-
responding transformation formulas which will be
given in a later section;

Vi) a; = 1,..p by (G = Loos@) ) (= 1, s
i=1..,r,andd) (j=1,...,q, i=1,..
complex numbers;

, 1) are

(vii) thcj: exponents A ; (G =1...,p) B; (G = 1,'...,q),
C§’) (G = L...,ppi = 1,...,7), and Dg” G =
I,...,q; i = 1,...,r) of various gamma functions
involved in (2) and (3) may take noninteger values;

(viii) the contour Z; in the complex s;-plane is of Mellin-
Barnes type which runs from ¢ —ico to ¢ +i00, (c real)
with indentation, if necessary, in such a manner that
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to the right and <’ (1-
to the left of &;.

+y] s),j=1,...

,1; are

« »

Following the results of Braaksma [8] the I-function of “r
variables is analytic if
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3. Convergence Conditions

Integral (1) converges absolutely if

|arg (z;.)| < %Akﬂ, k=1,....r, (5)
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and if |arg(z,)| = (1/2)Arand A, > 0,k = 1,...,71,
then integral (1) converges absolutely under the following
conditions:

(i) 4 = 0, Q. < —1, where p is given by (4) and
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(ii) e #0 with s, = oy + ity, (0} and t; are real, k =
1,...,7), and o are chosen so that for |t,| — oo we
have Oy + oy < —1.

Outline of the Proof. The convergence of integral (1) depends
on the asymptotic behaviour of the functions ¢(s;,...,s,),
0,(s;),i = 1,...,r defined by (2) and (3), respectively. Such
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asymptotic behaviour is based on the following relation for
the gamma function I'(z), z = x + iy, x, y € R [9]:
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Hence, substituting (10)-(11) in (1) and using (12) we have,
after much simplification,

16 (s15--->5,) Ok () 2|
0o m (13)
~ Cp |t % exp [—tk arg(z;) — 5 [ti| Ak] ,

where C, is independent of t; and A, p, and Q, are given
by (6), (7), and (8), respectively, for each k = 1,2,...,r

Hence, the result follows.
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This result can be proved on computing the residues at the



International Journal of Engineering Mathematics

poles as follows:
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ShY 19)
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The behaviour of the function I [
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5. Elementary Special Cases

In this section, we mention some interesting and useful
special cases of the I-function of “r” variables.
(i) If all the e)fponents A;(j = 5p) B (j =
L....q, CE.’) (G = L...,ppi = 1,...,r), and
Dy) (j=1...,95 1 = 1,...,r) in (1) are equal to
unity, we obtain H-function of “+” variables defined
by Srivastava and Panda [7].

(ii) When p = g = n = 0, (1) degenerates into the product
of r mutually independent I- functions of one variable
introduced by Rathie [1].

(iii) When p = g = n = 0 and r = 1, (1) reduces to the
I-function defined by Rathie [1].

(iv) Whenn = p,m; = 1, n :(gyi, f.): l(,‘). .orand A =
B; = C; =.Dj = lgnd (d;",6;";D;") is replaced by
(0,1,1), (d;’), s D;’)), (1) reduces to the generalized
Lauricella function [10].
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where the functions ,i = 1,...,r are Wright’s general-
ized hypergeometric ffmctlons [11].

Z]
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V) Igonion| 1| (0, 151), (g3 1) 5.5 (0, 151, (=g 051) | - 1:1[]%. (zi), (26)

where the functions I;‘_"(zi) are Wright’s generalized Bessel
functions [12].
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where ®(z;, 4;,«;), i = 1,...,r are the generalized Riemann tions of Hurwitz zeta functions and Riemann zeta functions
zeta functions [13, page 27, 1.1, (1)], which are the generaliza- [13, page 24, 1.10, (1) and 112, (1)].
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where F(z;, y4;) are the polylogarithms of order y;. For y; =2, 6. Elementary Properties and

i=1,...,r,the RH.S. of (28) reduces to the product of Euler’s Transformation Formulas

dilogarithm [13, page 31, 1.11.1, equation (2)].
The properties given below are immediate consequence of the
definition (1) and hence they are given here without proof:
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z o)) M. A W. o 0-C) - ). )
( ) Io’n:mpn];...;m 1, : (a],oc‘l oc‘l )A])l’P '( ' ’Y] , )’Pl_l)(c,O)C),“. ( j )Y‘l C ))Pr
X1 mr :
PGProQis-5Pror : . p) ). A AD SO D) L (g s )
2 | (OB BT By) o (7,855 D) s (d, 075 00)
(39)
z RN ORI W, o0 ) RO c®
1 0,1:111 1y 5,510, .1 (a]"x" j ’A])I’P'( . >Y] 3¢ Y )1’P1*1’.”’( . )Y] 3¢ ] )1,[’7
T IC(c) " prPTLanepedr | e (GH (D S DY (40 80, 1) ’
() Z,, (b])/g] ,---)ﬁj ’Bj)qu.(dj ’6] ’D] )1,q1)--~3(dj ’6] ’D] )l)qr
where p; —1>n; >0, R(c) >0,
21 | (aal?,.. .ol A (W, WMt 5o (e, 90 C(r
(Xii) IO,n:ml,nl;..‘;m,,n, ) ( 77 J ])l,p ( Y] j )I’Pl ( V] )»Pr
PEPo@issprdr | o) . (A0 M s, D) 1) §0). 1)
. (b B, B; ,Bj)l)q.(d,O,D),(dj , 87 D )Zq 5(d, 80D )qu
(40)
o o). el <1> (1) (D0, )
o Z (aj,oc e ,AJ) (] ;3G )1, ,...,(cj ;5 C; )1)
_ rD (d) > IO,n.ml Lngs.sm,,n, . Lp P Pr
- PAPLA L3Pt | g ", (40 s, H1) (4D §0). )
o | (OB B5By), < (a6 D), 5o (d), 87 D)
where ¢, >m; > 1, R(d) >0,
z (o) M. 4 DD e L (D0, o)
T ! (“;’“J 8 ’Az)l,p-( DL )1,p1""’(cj Y55 )lp
i) Lpgpiasipeg, | (b B B, B) ( 40 8(1)-D“)) L (d:0:D);. ( 40 6(r) )
z, |\PPjooPj o)\ 0% 5 ), b; L4,
(41)
z L) M. 4\ . W, cMY) (D)0, )
1 0,711 11y 5000311, 11 .1 (a")“j ).“aj ’AJ)I)P.( ’Y] ’ j )l,pl’”"(cj ’yj ’Cj )lp
TTD(1=4d) papodLesped, | ) o). (4D 1), D ® §0.p
(1-d) . (b B, B ,B].)Lq.(dj .85 D )1,%_1 (a0, 6 ),q,

provided that g, — 1 >m; >0, R(1-d) >0,

IO,n:ml S 5ens My 51y

(V) Lpgipyarisprdr

(o), (056 Pafh),

Z:r (hﬁﬁﬁl)""’5§’);BJ)1,,,_1’ (“mxgl),---’“i’);Al) : (d}’a;l);Dy))l,ql—l’ (Cl(l)’Vil);C(ll));~--;(d?)ﬁﬁ-’);Dﬁ«”)L%_l (C1(r>)y(r) C )

z (1) ("), A . (1) 1), oM R N e )

=1 et Lt | aD) a0, M) 51, 1) O CRG)
o | (v BB ’B')lql (dJ 0,5 D; )l,ql_l""’(dj 675 0")

1,g,-1

(42)

providedthat p>n=>1, p;>m;>1,i=1,...,r,andg > 1,
g zm;+1,i=1,...,r

>
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0,1:111,1115...5M,.,1,
XV I 5 151551,
( ) p’q:Pl’ql;'";pr’qr

Zy (aj;oc(.l),...,oc(.’);Aj)lp : ( (1)))}}(1) C(l))

. (dgl), 5&1); D(ll)) Dol
-

(b B2 5758, + (42,605 D0), 5 5(df, 67 D)

International Journal of Engineering Mathematics

({5, (.00:00)

z, j j 1,4,
z FpweY) (r), D1, A1) . (r) (r)
Oy —Lns i, —1, ‘1 (aJ,(X] e O AJ) p'(cj s ’Cj )lp—l’ "’( j ’VJ ’Cj )1,p,—1
PPl —Lipy =g =1 | R ), OO (") (). (1) ’
. (6 B, B ,Bj)l’q.(dj , 84 D )qu ;(d), 80 DS )z,q,
(43)
provided that p>n+1,g2> 1, p; > n; + 1, and ¢; >
m;>21,i=1,...,r,
. 0,7:1M1,115..5M,,1,
(xvi) I v e it
PG P1>q15--5Pr9r
z (1) (r), 4 . (1), (1) L) (), ()
‘1 (a],(XJ ...,(Xj ’AJ)I ( ; ;YJ ;C j )l’plw--,(cj ’YJ )CJ )l,p,
: (r). (1), ~(1) 1) o(1), (D) . (r) 7) (r) (), (1)
. (5, ‘3 LB Bf>1,q'( e ) (d]. 84 DS )z,ql""’( Dyl ),(dj ,87; DY )2% )
2 [(asa® L a™A) (DD cD) (0 0. o0
_0m my=Lngs. mo=Ln, . ( 7 ] J)I’P ( Y] ] )1>P1—1 (] yJ J )I’Pr_l
P Pmba=lies probgeml | e @) (4D (gD S0, 0 ’
o | B BBy, o (a6 D), s (d) 675D,
provided that p; > m; +1,q; >m;,i = 1,...,1,
) . (D s DY (D (1) ), 50, D) Q) "
o z (a sa s ...,ocjr AJ)I)P.(dqlﬁql,Dql),(cj ,yj C )2p1 (d »8, D ) ( g y] J’ )2,17,
(xvii) Pa:P1>q15-5Pr > . (b-'ﬁ(l) ,B(r)'B-) . (d(l) 5(1)'D(1)) . .(d(,) 6(,,) ,)
2y PEG R T g T \TF T T g NG T Lay
(45)

1
2] (aj;ocE),...,

where p>n,gq>1,p;2m>1,q,-12>2m;i=1,...,r

7. Special Cases

When r = 2 and all the exponents A; (j = L,...,p),
Bi(j = 1.9, COG = Loppi = 1.
D;') (L,...,g; i = 1...,r) the I-function of “¢” variables
reduces to H-function of two variables and therefore we

obtain the corresponding results in H-function of two vari-
ables [14].

,7), and

a;r);Aj)l,p : (

(1), ~(1) ) (1), A1)
Vi 56 )z,pl’“"(cj 755G )z,p,
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