A STUDY OF R. A. FISHER'S z DISTRIBUTION AND THE RELATED
F DISTRIBUTION'
By Leo A. Aroian
Hunter College
1. Nature of the problem. Consider two samples of Ny and N, drawings,

each sample drawn from one of two populations consisting of variates normally
distributed with equal population variances ¢>. We define the two sample

N Ng
Z T Z Ty
= je=

means ; = ]i’ , By = —]%/;— , #’s and z;'s independent variates. We calculate
1 2
from the two samples
N1 N2
Z (x: — &)’ Z (z; — )’
ss="= _ and ss=122_ | np=Ny—1,n =Ny — 1.
m N2
s2
The distribution of z = § log —; is well known.
S2
iny , dne n12
(1.1) P() = 2ni" s > ¢ s 9%
B("‘ "2) (ny€* 4 ng)* ™ ™
23

We shall denote the ordinates by y(z). The purpose of this study is to discuss
the seminvariants of the z distribution and also to find useful approximations
for them; to show that as n; and n, approach infinity in any manner whatever
the distribution of z approaches normality; to find the upper bound of the ab-
solute value of the difference between the distribution function of 2z and the
function determined by the approximate seminvariants of the distribution of z
for n, and ns large; to approximate the z distribution by the Type III distribu-
tion, the Gram-Charlier Type A series, and the logarithmic frequency curve;
and finally to inves2tigate the same properties with respect to the F distribution,
81

2 . ‘ .
where F' = ¢ = 5 - The non-existence of the moments of F for certain values

S2
of n, and n, is noted and explained on the basis of the distribution of the quo-

tient Y
z
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2. General features of the z distribution. The z distribution is always uni-
modal, asymmetrical if n; # 7, and symmetrical if n; = n,. We see that
interchanging n, and n. is the same as replacing z by —z. Fisher [7] noted that
the two parameter family of curves includes as special cases the normal curve,
the x* distribution, and Student’s distribution. The mode is at z = 0, the
maximum ordinate is

onim ni"

y(O) = "< (m+ nz)_i(nﬁ"?)
g™ ™
(%)
or approximately
1 1, 1\*
2.1) y(0) = \/2 —I— — for n, and n, large.
2

The two points of inflection are

(22) z= }log {"1"2 + it ne £ Va4 0l 4 2ning + 200l + 2n1n2}.

nLNe
They are equidistant from the mode, a property also of the Pearson system of

frequency curves [24]. Also lim z"ddiiz) =0
z—+koo

3. The moment generating function and seminvariants. The moment gen-
erating function of the z distribution is

ng— 6 ni+8

R A
272 2 2

The seminvariants of Thiele are defined by the following identity in 6:

3 4
(3.2) IOgM(0)—>\10+>\2 +>\30+>\40+-~.

To find A, we take the logarithm of the moment generating function, expand it

0 . .
in powers of 8 and choose the coefficient of —. A complete discussion of proper-

ties of seminvariants may be found elsewhere [4].

4. The seminvariants of z. Now by the following formulas [11] p. 38:

(4.1) logT(d + 2) = lz| < 1,

1 2 3 T
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2 3 4
(4.2) logI‘(l—x)=slx+‘%+'§5’§x~+s“Tx+---, lz] <1,

where in both formulas

n—*w0

. 1,1 ,1 1
s1 = lim <1+-2—+—3;+£I+---+%-—10gn>,

1 1

1 1
= __ — —_ — “en >
Sn 1n+2n+3n+4"+ , nz 2
Also
7 7 z
1 1) — _ r _ . x L.
4.3) log B([1 + z}, £ logm — o1z + o g %3 + o4 i ,
|z ] <1,
where
1 1 1 1
= - - — — — >
o= 2n+3" 4n-l- , nzl
and

Hence from (4.1) and (4.3)

2
logl‘<1;x>=%logr—x(al+%>+%<oz+;—22>
153 83 154 84
"“;‘,;(tfa'{'ii +Z(04+§4>_"’

Since g, = (1 - J—) $n, N = 2, we may write (4.4) as

(4.4)

2n—1
® 0 1Yk
(4.5) lOgI‘(l;x) = %log'n’—x(tﬁ +§2—1) +kz;( ]}c) ad (1 —%)sk,
From (3.1)
it (55 1 (55
(4.6)

(]
+ 5 (log ny — log ny) — log T (%) —logT (%)
The results assume slightly different forms for (A) n, and n; each even; (B) n,
and 7z each odd; (C) n, even, n, odd; (D) n; odd, nz even. The general formula
for A, for all cases is
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_ (=1 =1t | -1 } .
4.7) Aris = k_o{ e + 2 + e T 20 | , = 2.

This result is not so useful from the point of view of numerical applications as
the formulas which follow.

6. Case A, n, and n; each even. From (4.6)

10gr("’_;_") ~ log (71%2;9>+10g (ﬁ%ﬂ) 4.
+Iog(1——>+logr(1—%).

Now log (1 - f ) = —Zw:l ( 4 )k. There will be 22 — 1 series of
ng — 2 =1k \n — 2 2
[/

L) k
this sort, and only one series of the type log T (1 — ~) => .s_,,(%) as given by

(5.1)

2 =k
(4.1). In the above expansion and those succeeding, terms not involving 6 are
omitted, since such terms are not needed in finding the seminvariants of z. The

series log T (1 — g) will always occur. Then

wer (5) - ~Zi[ () + (G5) +
ORRON

(5.3) log T (@7—j> = ,;1 k ( > kf: 1% *::1 (2%>k

We remark that the double sum is zero if n, = 2. Similarly

oer () - £ G +GE)
%ﬁﬂ@ﬂ
or

60 uer(n3) =550+ £ 8 ()

k=1 k=1 =1 2]

By use of (5.3) and (5.5) we have for the seminvariants of 2, when n; and n,
are even

(5.6) Ap.= r ;1)! { (s, - *:Z: 151‘> + (—1)'(sf - pf %)} r

=l

v

2.
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For M\, = Z we have by (4.6), (4.3), and (4.5)

1 {ng—1 i {n;—1 1
65 owm e (=]
2 k=21 k k=1 kl

6. Case B, n; and n; odd. We have

logF(n2;0> = log (”_2—_22;“’> +log (’l_z:;_—_"> 4+
1 -6y , 1-—-20
-+ log <~—§——> -rlogl‘(————2 )

(6.1)

Expanding log T (1 ) by (4.5)

lo r<"2“’)——[f) ¢ ¢ +~--+0—k]
& 5 )T Tl &k =2 " ke — 4 2
81 °°0k _1
+9(01+§>+’§E<1 E;)sk.
1

However sk<1 — ?> = 11% + % + 517 +~7-,1; + -, k > 1, which we shall denote

hereafter by & . Hence (6.2) becomes

ng — 6\ _ 81 _”1*‘"2"3>< ; )"
(6.3) 1ogr< 5 )_0<1+ )+k‘;2ktk =i = \ari)

(6.2)

Also
er () e (577) e (37)
(6.4)
+ log <1——+0) + log T <L-;—_—£)> )
and
m 0 _ 0 (_1)k—1[ Bk ek o ek]
©.5) 10gp< 3 )“Z P lm—pr Tt T
. _ 81 & (—l)k k
9<01+-2—>+kz_:2 % 0"l .
logl‘("‘+0>— —e( 1+§3>
(6.6)
( l)k ( l)k— l=4(n1-3) ek
kzd‘z be + Z ~ @I+ 1),

Combining both these results (6.3) and (6.6) we have
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S

+ (.—1>'(‘f - Hg) (”2k1T1)>} ’

69 nmt= (s =8 ) (oem -5
: ne = 2= (glogm = 2 Sy “(5 BT Ly 2k+1>'

6.7)

1%

2.

7. Cases C, D, and values of sz, ox, tr. The formulas for case C, n; even,
7y odd are

_ $(n3=3) i (_l)r tnj—1 1
(71) )\r:z - (T - 1)'{<tr - ; (Zk + 1)r> + 2r (Sr - I; IE)}, r g 2

S TN B ub T |
(7.2) )\1:z—z—§10g771+§ ,; % ,;0 %1t

The results for case D, n; odd, n, even are

(7.3) hw= (r — 1)1{1 (s,—*'fl>+ (—1>f(t,—“”_3) 1 )} reo.
: P\ A & @ty =
1

$(n1-3) 1

1 1 1
P=glog ot X g5 2 g

(74) )\1;; =< =

We list the numerical values of s; and &, k < 10. The values of s are from
Stieltjes [20],

(7.5) s = 0.57721 56649 (7.6) o1 = log 2 = 0.69317 0206
s = 1.64493 40668 fr = 1.23370 00550
ss = 1.20205 69032 t; = 1.05179 97903
s = 1.08232 32337 t = 1.01467 80316
ss = 1.03692 77551 ts = 1.00452 37628
ss = 1.01734 30620 ts = 1.00144 70767
s, = 1.00834 92774 t; = 1.00047 15487
ss = 1.00407 73562 ts = 1.00015 51790
s = 1.00200 83928 ty = 1.00005 13452
s = 1.00099 45751 . tn = 1.00001 70413

1
2
From the well known results for the Zeta function of Riemann {(s), [22], (p. 265,
p. 267),

had 1 8—1
@7 f=s= 2 a = r(s)fl—e—z s21, k>1.

By means of the formula ¢ = sk(l - ), k > 1, t, was calculated from s; .

k=1
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78 o (1 —53:) ¢(s) —F(s)f F s, and
79 =) <1 - %)

8. The mean of the z distribution. From our previous formulas for z we
prove thatif ny = ny,2 = 0,and 2 < Oforny > n,,2 > Oformny > ny. The
maximum absolute value of Ay., will occur whenn; = 1,73 = ©,0rn, = ©,n, =1,

%4 liog2 = 6352

and from (7.4) or (6.8) wehave max | A\, | = 5

9. Formulas for A, pi2:z y Auizy M3z y Mz, @0d ug. . We have four cases from
(5.6), (6.7), (7.1), (7.3):

H(n1-2) $(na—2)
Az:z = l|:282 - -1* ‘l‘,:l

9.1

|
™

4

$ng—3) 1 H(n1-9) 1

1
(9.2) Ao = 2.467401 _Z< kg (WT_%)?_'- 2 GID

1(‘)("1—2) 1 H(n2-2) 1

= 822467 — - 2 + P E—2>, Ny, Ng €Ven.

) y ny, Ny odd.

1 $(n-1) 1 $(n2-3) 1

(9.3) Az = 1.644934 — 1( PR + & G+ ny even, ne odd.
1 1(n1-3) 1 $(ng—2) 1

(9.4) Ag.. = 1.644934 — 4:( % Y + 1; P)’ n1 odd, n. even.

In all cases of course As.; > 0 and moreover A.. —» 0 asny and ny — . We list

1 iny1—1 1 dng—1 1
(9.5) Az, = ;( P ’; @) ny, Mg €Ven.
1 $(n1-3) 1 1(n2-3) 1 )
. = — . — SR , dd.
09 2w=i(E gap- & grp) mne

H(n1-2) 1 (n2-3) 1

(9.7) A = 1.803085 + i( 2

HFT & G §>> i even, fa odd

LAz Hagsd) |
(9.8). A3z, = —1.803085 + ;( zé m - X I?*)’ n; odd, n, even.
§ﬂ2—1 }nl—l 1
(9.9) s, = 811742 — —( E gl IF*)" n1, Ny even.
$(na=3) 1 1(n1-3) 1
(9.10) Ay, = 12.17614 — 6( % BT 4+ 2 (m), 1y, ng odd.
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H(na—3) 1 }nl:l 1
(9.11) Aeo = 6.493939 — 6( > o+ >

= Ck+1) T &k my even, ne odd.

inaz? g $(n1-3)

1
9.12) M= -6( 2 ) D
(9.12) i = 6.493939 6< k4+ = @i 1)“)’ ny odd, 7z even

We see A.. > 0 whenever riseven. If ris odd A, < 0ifny > ny,and .. > 0
if ng>mng. Also p., >0, ny > ny, 7 odd, greater than one. Similarly u.. < 0,
rodd > 1, n, > n,.

10. Skewness, excess, and values of o, . We take for our measure of skew-

M3 .

ness az = ;3,'2 = For n; > n;, as < 0. Further the skewness increases
2

A8
A
negatively if n; remains constant as n; — «. Thus negative skewness will be a
maximum for ng = o, n; = 1, and positive skewness will be a maximum when

= 1, n; = ». The absolute value of maximum a. is

2t
(10.1) las| = ts—,i = 1.5351.
2
As our measure of kurtosis we use as = Z—; =3+ )T:; As a measure of excess,
2 2
A
E weuse B = o, — 3 = )\—; The excess is always positive.
2

11. Approximations for A,.. by the Euler-Maclaurin sum formula. The exact
results given previously for the seminvariants become unwieldy for n; and n,
large. Hence we develop useful approximations for the seminvariants, and give
the maximum error of the approximation. We find first our results for A,
when 7, and ns are even and r > 1. We begin with (5.6)

M= O & 1)!{(& - MZ? kr) + (=1 ( *:‘il l%)}

and rewrite this as

(11.1) Ais = "‘”'{i IS 1\

k=iny k=}ny kr

Now find the two sums of (11.1) by the Euler-Maclaurin sum formula {21]
using the first three terms, and obtain

= 05 2”[("”" —14 (- 1)'731_+_r_>

r

2 ny n;
rr—1)( 1 (=1
(11.2) +—3 <n;+1 + s )
=D+ D+ 2)< + (—1)')1
45 n2+3 n;+3 —”
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We use the following theorem [10] (p. 539), to find the error:

If f(z) is of constant sign for z > 0, and together with all of its derivatives,
tends monotonely to zero as x — «, Euler’s summation formula may be <:ated
in the simplified form

3= [1@de 4300+ B -+

(—=1D* " By k1) _ pla-) 6Bsrio @) _ ki)
@t tarra )

whereO <9< 1 and Bz = 1/6, B4 = 1/30, Bﬁ = 1/42, Ba = 1/30, BlO = 5/66,
ete. If we use

—_ 1 — _
(113) Apiz = (r 2)(n2 : 71-‘ 1 + ('—1)r 71____1 i 7; 1>7
2 Ng ni
then the error committed is of the same sign and less than
rtf 1 (_1),}
3!\n;+1 + it [
If we take
— 21
>\r:z = (T 2)-[(7’&2 + 7; + ( 1)r@L)
2 nh n
(11.4)

52+ 2]

then our error is less than, and has the same sign as

+2)1 —1y
(TQO){r+3+(_;':-3l}'

Y2 n

Finally if we use (11.2), our error has the same sign as, and is less than
4+ 1 + (—1)
945 |ni™ Ml

12. Approximations for other values of », and ny, » > 1. Now in case m
and 7, are odd we have from (6.7)

= i > 1
121) Ao = (¢ — 1! e -1y —_— .
(12.1) ( ) {k=§(§£‘2—1> 2k + 1) + (=) k=§§—1) 2k + 1)'}
Applying the Euler-Maclaurin sum formula to each of the sums in (12.1) we
are led to exactly the same results given in paragraph (11). The other cases
are obvious combinations of the sums in (11.1) and (12.1), and so for ail values
of n; and n, the approximate results for .., » > 1 are
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Ay = (r—2)!{n2+r— 1 (Cyymtr= 1}

2 ni ni

Ll +(—1)'}_(r+2)!{1 +(_‘_1l}

@ 1 1
6 In? e 90 it it

Formulas (11.1) and (12.1) prove the result previously given for \,.. (4.7).

(12.2)

13. The approximate values of A\;.,. From (5.7)
1 $ng—1 1 in1-1 1

ALz = = l:(log ne— 2, —) — (log m— 2, —)], n; and n; even.,
2 =k =k

We use the Euler-Maclaurin sum formula on the sum

§n2—11_ ing—1 1 ) 2}
; E‘{kz:% (k+1 e

and the similar sum involved in Ay.,. Hence we have

1/1 1 1/1 1 1/1 1
181) Ma=A(=—=)+:(=-=)-=(=-= , ,
(3 ) AL 2<n2 ’ﬂl)+6<n§ n%) 15(7’&; n%), Ny, Ny > 2

The errors committed by using one, two, or three terms of (13.1) are less than,
and of the same sign respectively as

1<1_1> _1<1_1> 8<1_1)

6\nz ni/’ 15\n; ni/’ 63\n} ni/’

For n, and n, both odd we find the same result as (13.1). The restriction n,,
ny > 2, may easily be replaced by n,, n. = 2 (for n;, n; even) and n;, ny = 1
(for n;, ng both odd). When 7, is odd, n, even, the formula is again the same
as (13.1) if n, and n, are sufficiently large; but if #; and n, are small we find

in this case
1/1 1 1/1 1 1/1 1
A R A R R O
1 1 1 1 1 1 1
+§<1_§)+6<l—i)—ﬁ(l_—lf)‘)_ﬁl()gz'

Another method of finding (12.2) would have been to use the asymptotic ex-
pression for log T'(x).

(13.2)

14. Approximate values of )., for values of ». We list the approximate
values of )., to three terms.

1/1 1 1/1 1 1 /1 1
Mo=o(=~ — = 2y 222
v 2(714 n1> + 6<n§ nf) 15 <n§ nf)
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n1+1> (1 1> 4(1 1)
+ol5+5) - =15+~
( 3\n; a} 15 n§+n?
_m+2 1 1
(-2 G- 3)-
n1 Mo 71

Ng

e +"‘+3>+4(1 +l5)—8<l,+—1—,>
2

n 2 ni

< 2 (i) -w (-2
'ng n1 N2 ni Ne ni

12<”‘2+5+"‘+5>+120( +l,)—448<1§+ %)
ng 1 Yz n

Na nl n

A~ NI =

(14.1)

Az =

The approximate values given by Cornish and Fisher [8] (p. 319), are similar,
but have fewer terms. Cornish and Fisher give no remainder term. From
(14.1) and (12.2) we see the maximum absolute values of Agry1:., r = 1, occur
whenn, = ©,m; = l,orny = 1, n = «. Similarly Ae,.., r 2 1, has its maxi-
mum value for n; = ny = 1. The standard seminvariants of z are defined

£y = ;\; r = 2. We also note that for ns > n1, f2r11:. < 0, 7 = 1 and hence

2
azrp1 < 0 also where a,, = % . Moreover the maximum absolute values of

M2
&2 and &,41., occur when n; = 1, ny = o orny = 1, n;y = o ; and also for aer

and ap.,1. Approximately then

(r — D

(14.2) max &.. = (—1) 2 s

=
v
N

The exact value for maximum ay., is 3 + G—ti‘ = 7.07.

3

15. Approach to normality of the z distribution. We prove the theorem: The
distribution of z approaches normality as #; and n; — o in any manner what-
ever, with 2 = %(i - nll) , 00 = %(7%2 + %) . We also find an upper bound
of the absolute value of the difference between the 2z distribution and the fune-
tion determined by the approximate seminvariants of z when n; and 7ns become
large. To prove the theorem we start with the original distribution of 2, and
find when 7n; and n; are large,

1 Ny + g $(ny+ng)
15.1 P = S [ A ™2 dz.
(15.1) @ = o {ne e 1

We change to standard units z = to. + Z, then
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1 Hnitng) nitodmiz
(15.2) P(t) = o= {nleﬁ; ’:_2 m} e MGl — w0 <1< .

We rewrite this as

$(n1+na)
(153) P() = 1__{ _ mtm . } e

V2r g @M@ Gina) =t (et 8 (nrFag)

2ng(to+2)/(ny1+ng)

Expand nse and npe "M UHH/ M) and add term by term. Divide

this result by n, 4+ n, from the numerator of P(f) to obtain
2n1n2(ta + 2)2 { 1 }
15.4 14+ —= = + O {—.
(15.4) + (n1 + ne)? O (N1 + ng)t

Hence

1 2'n1 ng(to' + 2)2}-“"1“-"2)
15. Pl) = ——<1 —_ 7 :
(15.5) ® W_T{ 4 Bunlle 4 at

We evaluate (15.5) for n; and n, large by using logarithms.
Mt log {1 + 211 nolle + 2)2}

2 (ny + n2)?
_ _ Mt ,:{2n1 ny(te + 2)2} 1 [2n1n9(to + z)2\2
2 (1 + n2)? 2\ tu+m)? |
(— 1)’+1 {2711 no(te + 2)2}'
rz_:s (nl -+ 7'/2)2 ]

This gives

=\2yr
_ -——(t20'2+2t0'2+ )+ nlnz (t0'+2)4+ Z( 1) 2n1n2(t¢r+z)} i

(n1 + na)? 2r(ny + na)?r!
We réduce this then to
LBy @) 1 2nin } (te + 2)*
2 2 \(m + no)2f my + ng
4+ terms involved in the above summation. Let U = ¢ 2 < o¢. Since
=2 —2 2
im ¢=0, lim U=0. Similartly lim %2 = lim % =0. Con-
n1,ngre0 N1 Ng—rR N1 Ng—*0 N1, ng—0
2 2 —4 =\4 ! 4 4
) ni Ny o (e +32) t+U) t+ U)
d lo = . Hen I
sider o= 3 Ge T8 = 2 ) Am ) O i Tty

0. In like fashion
= (—1)'{2%11@2 } te + 28" _ (=)0 (te +2)
= 2r mtn) (mdn)t S 2r(m + ng)m?

Now clearly from our previous discussion for r = 2, we see
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. ) (_l)r a_—-2r(to_ + 2)21‘
Ii =
nl,nr:l—voo ; 2r (nl + ’nfz)”_l
This completes the proof.

We now consider the function, f(z), determined by the approximate semin-
variants of z. We start with

)\1:2'_’l 1_—];) and }\rzz:(7_2)!{n2+r_1+(_1)r7}_1_-_j‘__7;:_}}’ 7'>1,

2\n: m 2 ny Ny

from (12.2) using only the first term. We may easily prove then that as n,
and 7, approach infinity in any manner whatever the function f(z) represents
a normal frequency distribution with

= (L) and = (T AT,

2\n: m 2\ nl n

This further shows the identity of f(2) and y(2) in the limit as n, and n, — .
Since the moment generating function of f(2) is

$(ng—1—6) $(n1—1+6)
(-2 ()
N mn
we have

L 0\ Hng—1—if) -0\ $iny—1+i8)
(15.6) f@) = 511; f e (1 - 39) (1 + :70) ds.
L L

N2

I have not been able to evaluate (15.6). ‘'We instead shall find an upper bound
to the difference | f(2) — y(2) | as n: and ns become large. We form f(z) — y(2).
Then by use of Stirling’s formula for n! with the remainder term and by the
Fourier Integral Theorem,

(15.7) | f(2) — y(@) | S ("™ — 1)y(z) where 0 <B; < 1,0 <8 <1,
and

(15.8) lim |f(z) — y(@) | = 0, and for this case f(z) = y(z).
ny,ng—0
Of course (15.7) furnishes the upper bound of the absolute value between the
frequency distribution of z and the function determined by the approximate
seminvariants of z for any values of n; and n, .
Up to this point we have assumed that there exists a function determined by
the seminvariants

m=1(1_1) and )\nz:(r—2)!{n2+r+1+(_1)r7L7;_1}, r>1.

pn
2 No 71

This may readily be proved by using the following theorem [18] (p. 536): The
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determined character of the moments problem for an infinite interval is insured if

> ™ diverges (c,, = / 2" dF(x)>_

nml

16. The Pearson types of approximating curve. In discussing the types of
the Pearson system which may be expected to approximate the z distribution
we shall use the results of H. C. Carver [1], and the further exposition of C. C.
2as — 32 — 6
—_— W

@+ 3 ¢
shall find it convenient to use the approximations a; = ﬂ_m:*ﬁ-@ and

Vmna(n + ng)

Craig [3]. To find the Pearson type we compute § =

(ni — mang + n3)

to obtain
mNa(ny + ny)

Ol4=3+4

5 = (ny + ny)®
3ning + 3nini + 2n? — 2n1ng + 202’

(16.1)

and consequently 0 < § < 4. The only possibilities are Types IV, VII, VI,
or V since the greatest value of o5 by (14.1) is 2.3565. Now if n; = ns, we have
Type VII, since as = 0, § > 0. In all other cases we shall have Types IV, V,
or VI according as a5 < 48(8 + 2), o} = 4505 + 2), o} > 4506 + 2). We
neglect 8*. Hence o3 < 85 implies

na(n — 2) + n3(15n% + 6ny) + ni(15n — 8nd)

16.2
(162) + m(nt 4+ 6nd) — 2nt > 0.

A simple investigation reveals then the following results:

Type IV for ni, nes 2 2, ny 5 ns.

Type IVforn, = 1,1 S m < 2l50orme =1,1 £ n, £ 21.

(16.3) Type Viforn, = 1, n, > 22.
for N = 1, ny > 22.

Type VII for ny = n,.

Clearly the z distribution has features comparable to Type IV since both have
infinite range. However, Type IV is irksome to fit in practice.

17. The Type III approximating curve, the logarithmic curve, and the
Gram-Charlier Type A. The criterion for Type IIT is 6 = 0, a5 = 0. We see
that as n; and n, increase the value of § will decrease. Even for small values
of n; and n, Type III will furnish a fair approximation to the z distribution.
For example n, = 10, n, = 5,8 = .094. The advantage of the Type III approxi-
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mation rests on the fact that Salvosa’s tables may be used. From the chart in
[16] since of = 2.3565, we are assured that the approximating Type III curve
is bell shaped. For n; = 1, 2, n. = any value, this approximation is not all
that could be desired, although even in such cases it does have value. We note

Qs
the z distribution is (—, ®). Salvosa’s tables extend as far as as = 1.1,
and since max a3 = 1.5351, we see in some cases, and these only for n; = 1,
ne large, we shall be obliged to make use of Pearson’s Tables of the Incomplete
Gamma Function [14]. The logarithmic frequency curve

10 = e | = L (l0g "0 ]
21 cw — a) 2¢? b

will be useful in approximating the z distribution. While it has been discussed
by many authors we shall follow Pae-Tsi Yuan [23], where a full bibliography
may be found. In our discussion we use the 8, = ai, B: = a4 chart of the
Pearson system as given by S. J. Pretorius [16] (p. 147), since the logarithmic
frequency locus connecting of and a4 is already drawn in. The justification of
this curve for fitting is due to the fact that in the 8, , 8: chart of the Pearson
system as given by 8. J. Pretorius {16] (p. 147), the logarithmic frequency locus
lies in the Type VI region between the Type III locus and the Type V locus,
and consequently closer to the Type IV region than Type I1I itself does. Hence
since Type III fits fairly well under certain conditions and Type IV fits well we
can expect the same for the logarithmic curve. Furthermore when «; is small
the logarithmic curve is similar to Type III [23] (p. 42), and as «; becomes
larger, a3 = 1, the difference between the two types is pronounced. However,
it is-just when a; becomes large in the region n; = 1, n, = 22 that we find the
logarithmic curves give a fine fit, since in such cases the point (a3, 8;) lies prac-
tically on the logarithmic locus [16]. To fit the curve [23] (pp. 37, 48, 49), we
find the values of the three parameters a, b, c. To find ¢ we solve the equation
w + 3w’ — (4 4+ ok,) = 0forw using the table [23] (p. 48) given by Pae-Tsi
Yuan. Knowing w we can easily solve for

that Type III has limited range at one extreme <— E, oo> while the range of

¢ = (log w)}, = (w + 2> wio,,
(17.1) s
. (w4 2, L z—3 ¥
a=z— — "7 t= =y :
o3z g (6 - 1)

where the value of x must be obtained from the table of areas under the normal
curve, if the z distribution is approximated by use of areas.

Since the Gram-Charlier Type A series generally approximates a Pearson
Type IV fairly well when o3 is not too large, it is to be expected that the Type A
series will approximate the z distribution in those cases when n; = 7, , and also
when o2 is not too Jarge.
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18. Levels of significance and approximation methods. We shall apply the
results of the previous paragraphs to the determination of the value of z for

any level of significance a, i.e. the value of z such that L y@@)de = 1 — a.

We have such levels as the median (the 509 point of significance), the 209,
5%, 1%, and .19, points as given in [9]. Where these tables apply there is no
need for other methods. It would be desirable to extend the results for any
level of significance whatever. The methods which we shall use are (1) the
logarithmic frequency curve, (2) the Gram-Charlier Type A, and (3) the Type I11
approximation. For finding the levels of significance by the Incomplete Beta
function, the reader is referred to [13], (p: 1viii, topic (viii)). The logarithmic
curve is very simple to use in conjunction with the table of areas under the
normal curve. ¥rom Pae-Tsi Yuan we have

(18.1) b = e -1 here (¢ — 1)}

. eyt where (¢

takes the same sign as as. The value of z is obtained from the table of the
normal curve, 1.64 for the 5%, level, 2.33 for the 19, level; the value of ¢ is
obtained from w (17.1), and consequently the value of ¢ (18.1). Then we have

Za — 2

if z, = value of z for any level of significance, { = to solve for z, , where 2,

Tz
and o, are the values of the mean and standard deviation of z as given by the
proper formulas in (5), (6), (7). We illustrate with examples:
(18.2) 5% point of z, 7y = ©,ne = 1. s = 1.5351, w = 1.2264, 2 = 1.64,
= 1.88,% = .6352, 0, = 1.11, and as a result 55, = 2.72.  Fisher [9] gives 2.7693.

We can also find 2, easily forng = 1,m, = . Hereas = —1.5351, w = 1.2264,

r = —164, t = 1197, 2 = — 8352, 0, = L.11, z9, = .694 compared with
Tisher [9] zs, = 6729.
(18.3) 19, point for n; = 4, np = 3, § = —.0701, 5, = 4819, a5, = —.3619,

w = i.0144, i = 2.17 and 21y, = .976, while the accurate resulit is .9734.

From experience the values of zTor any level of signiticance obtained by the loga-
rithmic frequency curve will possess an error less than 2%, of the true value of z
for the ievei of sigmficance i a2; and np are greater than twenty. It would
seem that for ovher vaiues of n; and 7, the error could not be greater than 10%,
and usually would be much less.

19. The Gram-Charlier Type A. "V : take the series in she form
412
T = od) = 4000 ¢ dadE, 2D = s
YA 3

- Ay A4

S L 4y o Ay o= OB
P ' 31 S ¥

Some examples follow.
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(19.1) We use the material of (18.3) and employ three terms of F(f). 3 =
—.0701, 0. = 4819, A\;;, = —.0405, Ay, = 0336, A; = .06032, 4, = .02596.

Fitting F(f) by ordinates we have { = 2.17, and consequently z = .976.

(19.2) We taken, = np = 5,2 = 0, 0, = 4952, N\s:. = 0, Ay, = .02798, 4; = 0,
A4, = .01939.

5% point: By ordinates ¢ = 1.57, 259, = .777, while Fisher gives .8097.

19, point: By ordinates t = 2.325, 219, = 1.15, while Fisher gives 1.1974.

(19.3) We take n1 = 3, ny = 20, 2 = —.15909, o, = .5099, \;.; = —.10222,
Ai; = 08822, A; = 12854, A, = .05438. By ordinates t = 1.523, 2, = .618,
Fisher gives .5654. ¢ = 1.989, z1, = .855, Fisher gives .7985. The Gram-

Charlier Type A is recommended only for n; = nz and n;, ny = 20.

20. Type III approximation, the median, and 69, point. Since for Type III
the median, m,, is approximately two-thirds of the distance from the mode
to the median if a; is moderate [12], [6], then we have further assuming 7,

1/1 1 1/1 1
@01) =z -5) 5

From experience this result will furnish an accuracy with an error less than 29,
of the true value in the range above indicated.

(20.2) tso, = 1.6437 + .2760a; — 045060 .
This was found by use of Salvosa’s tables and for a3 > 1.1 by [14].
(20.3) zsp = 0.[1.644 + 276005, — .0451a3..] + 2.

We illustrate the use of (20.3) with some examples.

(204) ny = Ng = 1, 0, = 15706, A3:z = 0, zZ = 0, 250, = 2582,

while the accurate value is 25, = 2.5421.

(205) g = 0, my =1, a3 = 1.5351, 2 = .6352, 0, = 1.11, 259, = 2.81. The
accurate value is 2.7693.

(206) nm1=1my =050, = 4952, g, =0, Z=0, zg = .8141, while the
accurate value is z5, = .8097.

(20.7) my=4,m = 8,72 = —.0701, 0, = 4819, a5 = —.3619, 25, = .6712,
while the accurate value is .6725.

(20.8) my = 1,7ny = 10,2 = —.5835, 0, = 1.1353, a3 = —1.4333, 259, = .7283,
while the accurate value is .8012.

In a future paper exactly the same methods will be used for any per cent point
of z whatever in order to compare with the results of W. G. Cochran [2]. If
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ny and 7, are large we may use the approximate formulas for o., as:, and 2
to obtain to the order of o},

(20.9) 29 = 1.6440, + .7760 (l - l>, where o, = ,‘/ 11 _ l).
N2 n 2\n; m
We expand Fisher’s result [9]
1.6449 1 1 N 1
%y = %——_—;I + .7843 o by the binomial theorem, where h = b to
obtain a comparable result
(20.10) 2, = 1.6450, -+ 7843 (l -~ l).
N2 m

The numerical examples given in this chapter illustrate unfavorable cases as
well as favorable ones.

91. The distribution of F. Historically Snedecor [19] was the first to use F
for €. We find

ninx ngﬂz Fim-1

dF,
B (?_1 7_L_?> (mF + n2)é(n1+nz)
2’2
The distribution of F is J shaped if 7, < 2, and bell shaped for n; > 2, and for
n; > 2 one mode exists, Fp = M—) The two points of inflection, which
n(ny + 2)
exist for ny = 4, are equidistant from the mode. - The moments are

U <@g,2_'_n> T <7i2_:2_2ﬁ>
, (;3> , ng > 2m
1 7y Ny
r (5) : (5)

2ni(ny + ne — 2) 1 1
mnz — 2)%(n2 — 4) 2 (w ur >’

0LF

A

(21.1) P(F) =

A
8

g

Ng — 2,
~ 2\/5(2711 + ny)

\/nl nZ(nl -+ nz)
The exact results for us, ps, o3, and as are omitted because of length. We
have the theorem that as n;, ns — % in any manner whatever the distribution
1

of F approaches normality with mean F=16p,= /‘/ 2(l + - \) The proof

1 N/

is omitted. The only type of approximating curve of any value is Type IIL
Of course the distribution of F is Type VI. No tables exist for Type VI
Furthermore the F distribution approaches the Type 11 function so siowly as
to make most approximations of little value unless azr < 1.1, Other possible

>
|

ny > 2, e =

g F
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’I’Ll(’nz + 1) 7’L1F .
F,and H = , 113].

n2(n1 + 1) ny 4~ 1F [ ]

2 | a3 | approximately we see that the distribution of I iq more skewed than

parameters are § = Since | asn | =

that of z. We mention briefly also 8] — S; where S; = L5}, S; = -2 sg
1

N,
Clearly 2, F, 6, and H give equivalent levels of significance. This is not true
for z and S} — S3.

2
Finally, since F = :—; , it may be interpreted as a quotient [5]. When the
2
moments of F do not exist, it is due to the distribution function of sz .

22. Conclusion. We have found the seminvariants for the z distribution, and
approximations for them. Type III, and the logarithmic normal frequency
functions are shown to be excellent approximations to the z distribution. The
approach to normality for the z distribution is proved. A formula is given for
finding the 5%, level of significance for z. The F distribution is studied along
the same hnes. As far as the construction of tables for levels of significance is
concerned, the z distribution is much easier to use. My sincerest thanks are
due Professor C. C. Craig for his helpful guidance and many suggestions.
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